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あらま し 安定結婚問題は,GaleとShapleyに よって提案されたマ ッチングの問題である.任 意の例題 について,解

が存在 し,そ れを見つける多項式時間が存在す ることが知 られている.し かし,こ のアル ゴリズムによって得 られる

マッチ ングは｢男 性最適｣,つ まり,男 性 にとっては好 ましいが女性 にとっては好 ましくないマッチングである(逆

に,男 女の役割を入れ替 えれば,女 性最適なマッチングになる).Gus丘eldとIrvingに よって提案された男女平等安

定マ ッチング問題は,男 女両者に とって｢公 平な｣安 定マッチングを求める,つ ま り,男 性側の不満足度の和が女性側

の不満足度の和になるべ く近づ くような安定マッチングを求める問題 である.こ の問題は,強NP困 難であることが

知 られてい る.本 稿 では,男 女平等安定マ ッチング問題 に対 して,ほ ぼ最適な解を求める多項式時聞アルゴリズムを

与える.さ らに,評 価指標を一つ増やして,男 女平等(sex-equality)の 観点 でほぼ最適な ものの うち,全 体の公平さ

(egalitarian)が 最小の安定マッチングを求める問題を考える.我 々は,こ の問題がNP困 難であることを示 し,こ の

問題に対 して近似度が2よ り良い多項式時間アル ゴリズムを構築 した.

キーワー ド 安定結婚問題,男 女平等安定マッチング問題,近 似 アルゴリズム
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AbstractThestablemarriageproblemisaclassicalmatchingproblemintroducedbyGaleandShapley.Itis

knownthatforanyinstance,thereexistsasolution,andthereisapolynomialtimealborithmtofindone.However,

thematchingobtainedbythisalgorithmisman-optimal,thatis,thematchingispreferableformenbutunprefer-

ableforwomen,(or,ifweexchangetheroleofmenandwomenラtheresultingmatchingiswoman-optimal).The

sex-equalstablemarriageproblem,posedbyGusfieldandIrving,askstofindastablematching"fair"forboth

genders,namelyitaskstofindastablematchingwiththepropertythatthesumofthemen'sscoreisascloseas

possibletothatofthewomen's.ThisproblemisknowntobestronglyNP-hard.Inthispaper,wegiveapolyno-

mialtimealgorithmforfindinganearoptimalsolutioninthesex-equalstablemarriageproblem.Furthermore,we

considertheproblemofoptimizingadditionalcriterion:amongstablematchingsthatarenearoptimalintermsof

thesex-equality,findaminimumegalitarianstablematching.WeshowthatthisproblemisNP-hard,andgivea

polynomialtimealgorithmwhoseapproximationratioislessthantwo.

Keywordsthestablemarriageproblem,thesex-equalstablemarriageproblem,approximationalgorithms
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1.Introduction

AninstanceIofthestablemarriageproblemconsistsofn

men,nwomen,andeachperson'spreferencelist.Aprefer-

encelistisatotallyorderedlistincludingallmembersofthe

oppositesexdependingonhis/herpreference.Foramatch-

ingMbetweenmenandwomen,apairofamanmanda

womanwiscalledablockingpairifbothprefereachother

totheircurrentpartners.Amatchingwithnoblockingpair

iscalledstable.GaleandShapleyshowedthateveryin-

stanceadmitsatleastonestablematching,andproposed

alineartimealgorithmtofindone,whichisknownasthe

Gale-Shapleyalgorithm[2].However,ingeneral,thereare

manydifferentstablematchingsforasingleinstance,and

theGale-Shapleyalgorithmfindsonlyoneofthem(man-

optimalorwoman-optimal)withanextremeproperty:In

theman-optimalstablematching,eachmanismatchedwith

hisbestpossiblepartner,whileeachwomangetsherworst

possiblepartner,amongallstablematchings.Hence,itis

naturaltotrytoobtainamatchingwhichisnotonlystable

butalso"good"insomecriterion.

Therearethreemajoroptimizationcriteriaforthequality

ofstablematchings.Letp,,,,(w)(pw(m),respectively)denote

thepositionofwomanwinmanm'spreferencelist(thepo-

sitionofmanminwomanw'spreferencelist,respectively).

ForastablematchingM,definearegretcostr(M)tobe

r(M)=max
__max{p,,,,(w),pw(m)}.

(m,w)∈M

Also,defineanegalitariancostc(M)tobe

･(M)一 Σpm(w)+Σpw(m),

(m,w)EM(m,w)EM

andasex-equalnesscostd(M)tobe

d(M)一 ΣPm(w)一 ΣPw(m)･

(m,w)EM(m,w)EM

Theminimumregretstablemarriageproblem(theminimum

egalitarianstablemarriageproblemandthesex-equalstable

marriageproblem,respectively)istofindastablematching

Mwithminimumr(M)(c(M)andld(M)1,respectively)[4].

Notethatthenumberofstablematchingsforoneinstance

growsexponentiallyingeneral(see[6],e.g.).Nevertheless,

forthefirsttwoproblems,Gusfield[3],andIrving,Leather

andGusfield[7],respectively,proposedpolynomialtimeal-

gorithmsbyexploitingalatticestructurewhichisofpoly-

nomialsizebutcontainsinformationofallstablematchings.

Incontrast,itishardtoobtainasex-equalstablematch-

ing.ThequestionofitscomplexitywasposedbyGusfield

andIrving[4],andwaslaterprovedtobestronglyNP-hard

byKato[9].Thus,thenextstepshouldbeitsapproximabil-

ityforwhichwehavenoknowledgesofar.

d(M)
d(Mo)-E△OE△d(ル1z)

図1Thesex-equalnesscostsofstablematchings

OurContribution.Inthispaper,weconsiderfindingnear

optimalsolutionsforthesex-equalstablemarriageproblem.

LetMoandMzbetheman-optimalandthewoman-optimal

stablematchings,respectively.Notethatd(Mo)sd(M)s

d(Mz)foranystablematchingM(seeFig.1).Ourgoalis

toobtainastablematchingMsuchthat‐EOSd(M)sEO

fbragivenconstantE,where△=min{ld(-Mo)1,ld(-Mz)1}.

Namely,wedefinethefollowingproblemcalledNearSexE-

qual(NSEforshort).GivenastablemarriageinstanceI

andapositiveconstantE,itaskstofindastablematching

Msuchthatl4(M)1≦e△ifsuchMexists,oranswer"No"

otherwise.WegiveapolynomialtimealgorithmforNSE,

whi･h･un･intim･0@3+1e).

NSEaskstofindanarbitrarystablematchingwhosesex-

equalnesscostlieswithinsomerange.However,wemay

wanttofindagoodoneifthereareseveralsolutionsinthe

range.Infact,thereisaninstanceIthathastwostable

matchingsMandM/suchthatd(M)=d(M')=Obut

c(M)≪c(M').`Phismotivatesustoconsiderthefollow-

ingcorrespondingoptimizationproblemMinESE(Minimum

EgalitarianSex-Equalstablemarriageproblem):Givenasta-

blemarriageinstanceIandapositiveconstantE,finda

stablematchingMwhichminimizesc(M)underthecondi-

tionthatld(M)1≦6△,(oranswer"No"ifnoneexists).We

showthatMinESEisNP-hard,andgiveapolynomialtime

(2-(E一 δ)/(2十36))-approximationalgorithm蛋)ranarbitrary

SsuchthatO<S<E,whoserunningtimeisO(n4+1sE).

Here,AlgorithmAissaidtobeac-approximationalgorithm

ifA(1)/OPT(∫)≦choldsforanyinputI,whereA(1)and

OPT(1)arethecostsofA'ssolutionandanoptimalsolution,

respectively.

Althoughdetailsareomitted,ourresultsinthispaper

canbeeasilyextendedtotheweightedversionsoftheabove

problems,inwhichP 2(w)(Pw(m),respectively)represents

notsimplyarankofwinm'spreferencelist,butanar-

bitraryscoreofmforw(ofwform),whereP,,,,(w)>0

(pw(m)>O)andpm(w)〈pm(wノ)ifandonlyifmprefersw

tow'(pw(m)<pw(mノ)ifandonlyifwprefersmtom')fbr

allmandw.

RelatedResults.Asmentionedabove,theminimum

regretstablemarriageproblemandtheminimumegalitar-

ianstablemarriageproblemcanbesolvedinpolynomial

time[3],[4],[7],butthesex-equalstablemarriageproblemis

stronglyNP-hard[9].Ifweallowtiesinpreferencelists,all

theseproblemsbecomehard,eventoapproximate,ifweseek
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foroptimalweaklystablematching:Foreachproblem,there

existsapositiveconstantSsuchthatthereisnopolynomial-

timeapproximationalgorithmwithapproximationratioSn

unlessP=NP[5].

2.RotationPoset

Inthissection,weexplainarotationposet(partially-

orderedset),originallydefinedin[6],whichisanunderly-

ingstructureofstablematchings.Here,wegiveonlya

briefsketchnecessaryforunderstandingthealgorithmsgiven

later.Readerscanreferto[4]forfurtherdetails.

WefixaninstanceI.LetMbeastablematchingforI.

ForeachsuchM,wecanassociateareducedlist,whichisob-

tainedfromtheoriginalpreferencelistsbyremovingentries

bysomerule.Onepropertyofthereducedlistassociated

withMisthat,inM,eachmanismatchedwiththefirst

womaninthereducedlist,andeachwomanismatchedwith

thelastman.ArotationexposedinMisanorderedlistof

pairsp=(mo,wo),(ml,wl),...,(m,._1,wr_i)suchthat,for

everyi(OSiSr‐1),m2andwiarematchedinM,and

wz+1isatthesecondpositioninmz'sreducedlist,where

i十1istakenmodulor.Thereexistsatleastonerotation

foranystablematchingexceptforthewoman-optimalstable

matchingMz.

ForastablematchingMandarotationp=

(mo,wo),(ml,wl),...,(ηzr_1,2Ur_1)exposedinM,elimi-

natingpfromMmeanstoreplacem2'spartnerfromwito

w2+iforeachi(Osisr‐1),(andtoupdateareducedlist

accordingly).Notethatbyeliminatingarotation,menbe-

comeworseoffwhilewomenbecomebetteroff.Theresulting

matchingisdenotedbyM/p.ItiswellknownthatM/pis

alsostablef6rI.IfarotationisexposedinM/ρ,thenwe

cansimilarlyobtainanotherstablematchingbyeliminating

lt.

Now,letル{bethesetofallstablematchings丘)rI,and

--bethesetofrotationspsuchthatpisexposedinsome

stablematchingin,M.Then,itisknownthatIISn2

Therotationposet(H,《),whichisuniquelydeterminedfc)r

instanceI,isthesetHwithapartialorder一 くde丘nedfor

elementsinH.Fortworotationsρ1andρ2inH,ρ1《 ρ2

intuitivelymeansthatplmustbeeliminatedbeforep2,0r

p2isneverexposeduntilpliseliminated.Itisknownthat

therotationposetcanbeconstructedinO(n2)time.

AclosedsubsetRoftherotationposet(H,×)isasubset

ofHsuchthatifρ ∈Rand〆 一く ρthenρ'∈R.There

isaone-to-onecorrespondencebetweenノ ㌧4andthesetof

closedsubsetsof(n,一 く):Let｣Rbeaclosedsubset.Starting

fromtheman-optimalstablematchingMo,ifweeliminate

allrotationsinRsuccessivelyinanyorderfbllowing《,then

wecanobtainastablematching.Conversely,anystable

matchingcanbeobtainedbythisprocedureforsomeclosed

subset.Wedenotethestablematchingcorrespondingtoa

closedsubsetRbyMR.Forsimplicity,wesometimeswrite

c(R)andd(R)insteadofc(MR)andd(MR),respectively.Es-

pecially,theemptysubsetcorrespondstotheman-optimal

stablematchingMo,andthesetIIitselfcorrespondstothe

woman-optimalstablematchingMz.FromMo,ifweelimi-

nateallrotationsaccordingtotheorder×,thenweeventu-

allyreachMz.

Forarotationρ=(mo,ωo),(γ 几1,ω1),...,(mr_1,wr_1),

wedefinew｡(ρ)andwd(ρ),whichrepresentthecostchange

ofegalitarianandsex-equalness,respectively,byeliminating

ρ:

r-1

ω･(ρ)一 Σ(Pm､(ω･+･)-pmz(ω の)

乞=O

r-1

+Σ(酬m･一･)一 酬 祠),

乞=O

r-1

wd(ρ)一 Σ(Pm､叫･)-pmz(ω の)

乞=O

r-1

一 Σ(酬m･ 一･)-P頭mの)･

乞=0

Here,notethatwd(p)>Oforallpsincebyeliminating

arotation,somemenbecomeworseoff,somewomenbe-

comebetteroff,andotherpeopleremainmatchedwiththe

samepartners.Now,letpbearotationexposedinastable

matchingM.Then,itisobviousfromthedefinitionthat

c(M/ρ)=c(M)十w｡(ρ)andd(M/ρ)=d(M)十wd(ρ).Also,

itiseasytoseethatforanyclosedsubsetR,

･(MR)一･(M･)+w･(ρ)

pER

and

d(MR)-d(M･)+wa(P)･

pER

Hence,theminimumegalitarianstablemarriageproblem

(thesex-equalstablemarriageproblem,respectively)is

equivalenttotheproblemoffindingaclosedsubsetRsuch

th･t･(Ma)+Σ,∈Rw･(ρ)(ld(M･)+Σ ρ∈R'wa(P)1,･e･pec-

tively)isminimum.Forexample,thealgorithmforfinding

aminimumegalitarianstablematchingin[7]e伍ciently丘nds

suchRbyexploitingnetworkflow.

3.TheSex-EqualStableMarriageProb-

lem

RecallthatMoistheman-optimalstablematchingand

Mzisthewoman-optimalstablematching.Notethatany

stablematchingMsatisfiesd(Mo)sd(M)sd(Mz).Thus,

thisproblemistrivialifd(Mo)ZOord(Mz)SO,namely,if
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(a)

Rmin

(b)

図2ExamplesOfRminandRmax.

(c)

d(Mo)?0,Moisoptimal,whileifd(Mz)SO,Mzisoptimal.

Therefore,weconsiderthecasewhered(Mo)<0<d(Mz).

Recallthat△=min{ld(Mo)1,ld(Mz)1}.Inthefbllowing,

weassumewithoutlossofgeneralitythatld(Mlo)1≦ 【d(-Mz)l

sinceotherwise,wecanexchangetheroleofmenandwomen.

Hence,D=min{Id(Mo)1,Id(Mz)}=d(Mo)･

Wefirstbrieflygivetheunderlyingideaofouralgorithm

presentedinthissection.Recallthat,foragiveninstance

IandE,wearetofindastablematchingMsuchthat

‐EDSd(M)SEpifany
.Asaneasycase,assumethat

allrotationspofIsatisfywd(p)s2EO.Now,wecon-

structarotationposet(H,一 く)ofI,andstartingfrom.Mo,

weeliminaterotationsinanorderofanylinearextensionof

×.Recallthatbyeliminatingarotation,thesex-equalness

costincreases,butbyatmost2EObyassumption.Note

thatd(Mo)<0<d(Mz),andrecallthatifweeliminateall

rotationsfromMo,weeventuallyreachMz.Then,inthis

sequence,wecertainlymeetadesirablestablematchingat

somepoint.

However,thisprocedurefailsifthereisarotationwith

largesex-equalnesscost:Ifweeliminatesucharotation,then

wemay``jump"fromMtoM/suchthatd(M)〈-E△and

d(Mノ)>E△evenifthereisafeasiblesolution.Toresolve

thisproblem,wewilltryallcombinationsofselectingsuch

"large"rotations
,andtreat"small"rotationsintheabove

manner.Toevaluatethetimecomplexity,weshowthatthe

numberoflargerotationsislimited.

Beforegivingadescriptionofouralgorithm,wegive

acoupleofnotations.LetRbeany(notnecessarily

closed)subsetofaposet(n,一 く).ThendefineRmin=

RU{ρlthereexistsa〆 ∈Rsuchthatρ 一くP}andRmax=

RU{ρlthereexistsaP∈Rsuchthat〆 一く ρ}.SeeFig.

2forexample.Fig.2(a)representsaHassediagramofa

poset,whereblackcirclesareelementsofR.RminandRmaX

aredepictedinFig.2(b)andFig.2(c),respectively.Intu-

itivelyspeaking,whenconstructingaclosedsubsetA,ifwe

decidetoincludeallelementsofRtoA,thenRm;nisthe

setofelementsthatmustbeincludedinA.Similarly,ifwe

decidetoincludenoelementsofR,thenR,naXisthesetof

elementsthatmustnotbeincludedinA.

Algorithml

1.Constructtherotationposet(H,《).

2.LetRLbethesetofrotationspsuchthatwd(p)>2EO,

andRSbeII¥RL.

3.F･･ea･h･LetRin2R･u･hth･tlRl≦1+2e･,d･,

(a)If‐EOSd(Rm,n)SEO,thenoutputMR,n;,,.

(b)Fixanarbitraryorderpi,p2,…,pkERS¥(Rm;nU

(RL＼R)max)whichisconsistentwith一 く.

(c)For2=1to々

if-6△ ≦d(RminU{ρ1,ρ2,…,ρ 乞})≦6△,

thenoutputMRminu{ρ1,ρ2,_,ρ 信}andhalt･

4.Output"No,"andhalt.

[Theorem3.1]ThereisanalgorithmforNSEwhoserun-
1

ningtimeisO(n3+

Proof.CorrectnessProof.Clearly,ifthereisnosta-

blematchingMsuchthat‐EDSd(M)SEp,thenthe

algorithmanswers"No."Ontheotherhand,supposethat

thereisstablematchingMXsuchthat‐EOSd(Mx)sEO,

whereXisthesetofrotationscorrespondingtoMX.Let

xL=X∩RLandXS=X∩RS.Then,d(xL)≦

d(X)=d(Mx)SEp.Becausewd(p)>2Epforanyro-

t･ti･nρ･XL,IXLI〈d(XL)‐d(Mo2eO)≦ld(Mo)12eO+･△ 一･E2e.

So,AlgorithmlselectsXLatStep3asR,andweconsider

thisparticularexecutionofStep3.

First,notethatd((XL)min)≦E△sinceotherwise,d(X)≧

d((XL)m;n)>EO,acontradiction.If‐EOSd((XL)m;n)s

EO,thenAlgorithmloutputsM(XL)
minatStep3(a).

Finally,supposethatd((XL)min)<‐EO.Notethat

d((XL)minU{ρ1,ρ2,…,ρ ん})≧d(X)≧-E△andthatany

rotationρ 乞(1≦2≦ 鳶)satisfieswd(ρ の ≦2E△.Hence

theremustbej(1≦ ゴ ≦ ん)suchthat-e△ ≦d((XL)minU

{ρ･,ρ2,…,ρ ゴ})≦6△.

TimeComplexity.Stepsland2canbeperformedin

O(n2).InsidetheloopofStep3canbeperformedinO(n2)

sincethenumberofrotationsisatmostO(n2).Clearly,Step

4canbeperformedinconstanttime.

WeconsiderthenumberofrepetitionsofStep3,i.e.,the

numberofRsatisfyingtheconditionatStep3.Letthis

numberbet.Recallthatthenumberofrotationsisatmost

nza･m･nti･n･dinSec.2..S･,IRLI≦n2.Sincel珂 ≦1+e2
e,

t-L善｣n2)≦L鑑 ヰ｣一･(1+enE)･

Hencethetimecomplexity

O(1十FnE)-O(n･+1¥E/1.

ofAlgorithmlisO(n2)

口
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Remark.WecanimproveAlgorithmlwhend(Mo)and

ld(｡Mz)lareclose,moreprecisely,whentheydifferatmost

l･gnfa･t…L･t△'bel｡1maxgn{ld(M.･)1,ld(Mz)1}andw･

canfindastablematchingMwhichsatisfies-Eム ノ≦d(M)≦

Eム ノinpolynomialtimebyusingamodi丘edversionofAlgo-

rithm1(Algorithm1ノ).WemodifyAlgorithmlsothatit

usesム ノinsteadof△andexecutesStep3forallsubsetsof

2RL.Notethat,fromthediscussioninSec.2.,

d(Mz一 鯉･)+Σ ω･(ρ)･

pEn

H･nCelRLI<d(M『z)-d(Mo2∈ ムノ)≦2max{ld(課1･ld(吻1}一'°gnE.

ThusthenumberofrepetitionsofStep3isatmost21RLI=

nl/∈,whichispolynomial.

Remark.Thereareseveralgoodnessmeasuresofanap-

proximationalgorithmAforaminimizationproblem.The

usualmeasureistheα 即 γo¢伽 α伽 ηratioof.4,whichis

definedasmax{A(x)/opt(x)}overallinstancesx,where

opt(x)andA(x)arethecostsoftheoptimalandthealgo-

rithm'ssolutions,respectively.However,thismeasurecan-

notbeusedforthesex-equalstablemarriageproblem,be-

causeopt(x)canbezero.Forsuchacase,thereisanother

measure:therelativeaccuracy[1],[10],whichisdefinedas

max{(max(x)‐opt(x))/(max(x)‐A(x))}overallinstances

x,whereopt(x),max(x),andA(x)arethecostsoftheop-

timalsolution,theworstsolution,andthealgorithm'ssolu-

tion,respectively.ByusingAlgorithm1'intheabovere-

mark,wecanconstructanalgorithmTwhichachievesthe

relativeaccuracy1十6/lo9η･fbranarbitraryconstant6>0.

LetMostbeanoptimalsolutionforthesex-equalsta-

blemarriageproblem.Recallthatweareconsideringthe

casewhered(Mo)<0<d(Mz).IfId(Maps)1>D/2,

whereD=max{【d(Mo)1,ld(Mz)1},.M｡p古canbeobtained

inpolynomialtimeinthefollowingway:LetMme,bethe

stablematchingsuchthatnootherstablematchingMsat-

isfiesd(Ma)<d(M)<‐D/2andletMbbethestable

matchingsuchthatnootherstablematchingMsatisfies

D/2<d(M)〈d(Mb).Then,MopsiseitherMme,orMb.

Since(1(Mb)-d(ルfα)>D,thereexistsarotationρHsuch

thatwd(pH)>D(otherwisetheremustbeastablematch-

ingM｡suchthatd(Mα)〈d(Mc)〈d(Mb)).Also,thisρH

isuniquebecause

Σ ω･(ρ)-d(Mz)一 畑･)≦2D･
pEII

Itiseasytoseethatthemaximumclosedsubsetwhichdoes

notcontainpHcorrespondstoMaandthattheminimum

closedsubsetwhichcontainspHcorrespondstoMb.Thus,

MaandMbcanbeobtainedinpolynomialtime.Finally,

assumethatld(-M｡p∂1≦L)/2.Foreach乞suchthat2=

1,2,…,｢'°gn
E1,w･丘nd･･t･bl･m･t･hingwith･ex-equalness

costbetween‐alognDiand210gnDiifanyusingAlgorithm

1',andoutputthebestone.`Then,itiseasytoseethatan

･utputm･t･hingM･ati･且･･ld(M)1-ld(M…)1≦21ま､-Dn･

Now,therelativeaccuracyis

max(x)‐opt(x)T(x)‐opt(x)
=1十

max(x)‐T(x)max(x)‐T(x)

(e/2109η･)L)s1十
一D/2

El十

logn

4. TheMinimumEgalitarianSex-Equal

StableMarriageProblem

InNSE,weareaskedtofindastablematchingwhose

sex-equalnesscostisinsomerangeclosetoO.However,if

thereareseveralstablematchingssatisfyingthecondition,

theremightbegoodonesandbadones.Infact,thereisan

instanceIthathastwostablematchings.Mand.M/whose

sex-equalnesscostsarethesame(0),butegalitariancostsare

significantlydifferent.(Becauseofthespacerestriction,we

omittheconstructionofthisinstance.)Thismotivatesus

toconsiderthefollowingproblem,MinESE(theMinimum

EgalitarianSew-Equalstablemarriageproblem):Givenan

instanceIandaconstantEsuchthatO<E<1,findastable

matchingMwithminimumc(M),undertheconditionthat

ld(M)1≦E△,(oranswer"No"ifnosuchsolutionexists).

First,inSec.4.1,weshowthatMinESEisNP-hard.Then,

inSec.4.2,wegiveanapproximationalgorithmforMinESE.

4.1NP-hardnessofMinESE

Itturnedoutthatthereisapolynomial-timealgorithmfor

obtainingastablematchingMsuchthat(a)‐EOSd(M)s

EOor(b)c(M)isminimum.Interestingly,itishardtoob-

tainMsatisfying(a)and(b).

[Theorem4.1]MinESEisNP-hard.

Proof.Becauseofthespacerestriction,wegiveonlya

roughideaoftheproof,andomitthedetails.

WeshowthatMinESEisNP-hardbyareductionfrom

theκ 一cliqueproblem.Inthisproblem,wearegivenagraph

G(V,E)andaninteger鳶,andaskedifthereexistsaclique

ofsize々.ThisproblemisNP-complete.

GivenagraphG=(V,E)andanintegerκ,wefirstcon-

structaposet(H,イ)inasimilarmannerastheconstruction

in[8].LetHbeVrUE,anddefinethepreCedenCerelatiOn一 く

asfollows:v《eifandonlyifv∈Visincidenttoe∈E

inG(V,E).Wethengiveweightstoeachelementin(H,×):

Wegivesomenegativeweighttoeachelementcorresponding

toanedge,andpositiveweighttoanelementcorresponding

toavertex.Notethatifwewanttoselectaclosedsubset

withsmallerweight,wewanttoselectmanyelementscorre-

spondingtoedges,buttomakethesubsetclosed,weneed
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toselectelementscorrespondingtoadjacentvertices,which

mayincreasetheweight.Wegiveweightstoverticesand

edgesappropriately,sothatonlyclosedsubsetscorrespond-

ingtoκ 一cliquescanhaveadesirable(negative)weight.

Next,weconstructaninstanceIofMinESEfromtheposet

(n,×)usingasimilarconstructionas[9],sothattherotation

posetofIisexactly(H,図).Intheconstruction,weensure

thattheegalitariancostofeachrotationisexactlythesame

totheweightofthecorrespondingelementdefinedabove.

Wealsoadjustsex-equalnesscostofrotationssothatifRis

aclosedsubsetcorrespondingtoak-cliqueofG,thend(MR)

liesbetween‐EDandEO.Insummary,ourreductionsatis一

且esthefbllowing:Ghasa鳶 一cliqueifandonlyifthereisa

stablematchingMinIsuchthat‐EOSd(M)SEOand

c(M)<c(Mo).

WecanshowthatMinESEisNP-hardasfollows:Given

aninstanceofthecliqueproblem,weconstructaMinESE

instanceIbytheabovereduction.Then,wefindanopti-

malsolutionMandtheman-optimalstablematchingMo.

Finally,wecomparec(Mo)andc(M):Ifc(M)<c(Mo),the

answertothecliqueproblemis"yes,"otherwise,"no." 

c(M)

Meg

B

で

証
so

M

Remark.Althoughdetailsareomitted,thereductioninthe

NP-hardnessproofproducesaninstance(1,E)ofMinESE

suchthatl4(ル10)1=ld(ハ4z)linI,andeisanyconstantsuch

thatO<E<1.Observethatifl4(Mo)1=ld(Mz)lande=1,

thenMinESEisequivalenttotheminimumegalitarianstable

marriageproblem,whichcanbesolvedinpolynomialtime.

4.2ApproximationAlgorithmsforMinESE

Here,wegivea(2‐(E‐S)/(2十3E))-approximationalgo-

rithmforMinESEforanarbitrarybsuchthatOGSGE.

SimilarlyasSec.3.,weassumethatld(Mo)1≦ld(Mz)1.In

thissection,weprovetwosimplebutimportantlemmas

thatlinktheegalitariancostandthesex-equalnesscost,

whoseproofsaregivenlater.(i)Foranystablematching

-M,ld(M)1<c(-M)(Lemma4.4).(ii)恥ranystablematch-

ingMandarotationpexposedinM,byeliminatingpfrom

M,thecostchangeintheegalitariancostislessthanthe

costchangeinthesex-equalnesscost(Lemma4.5).

Toillustrateanideaofthealgorithm,wefirstconsider

arestrictedcaseandshowthatouralgorithmachieves2-

approximation.ForafixedSsuchthatE>S>0,suppose

thatallrotationssatisfywd(p)SSO.GivenIandE,we

firstfindaminimumegalitarianstablematchingMeg,which

canbedoneinpolynomialtime.If‐EOSd(Me9)SEO,

thenwearedonesinceMegisanoptimalsolutionforMi-

nESE.Ifd(Meg)<‐EO,thenweeliminaterotationsone

byoneasAlgorithmldoesuntilthesex-equalnesscostfirst

becomes‐EOorlarger.Ifd(Mey)>EO,thenwe"add"

rotationsonebyoneuntilthesex-equalnesscostfirstbe一

d(M)
‐EOofEO

図3(フ<･(i)andA<Oby(ii).HenceA+B<0+B<2B.

comesEOorsmaller.Here,"addingarotation"meansthe

reverseoperationofeliminatingarotation.Ifwedonot

reachafeasiblesolutionbythisprocedure,thenwecancon-

cludethatthereisnofeasiblesolution,byasimilarargu-

mentasinSec.3..IfwefindastablematchingMsuch

that‐EOSd(M)SEO,thenwecanshowthatthisis

a2-approximation,namely,c(-M)≦2c(Meg)using(i)and

(ii)above(notethattheoptimalcostisatleastc(Me9)):

Suppose,forexample,thatd(Mey)<‐EO(seeFig.3).

Then,by(ii),c(M)‐c(Me9)<d(M)‐d(Mey),andby

(i),14(Me9)1〈c(Meg).Also,sincethecostsofrotationsare

atmost80,andsinceMisthefirstfeasiblesolutionfound

bythisprocedure,d(M)s‐(E‐S)0<0.Puttingthese

together,wehavethatc(M)/c(M.g)〈2.

However,wemayhaverotationsoflargecosts.Thenwe

takeasimilarapproachasinSec.3.:LetRLbethesetof

suchlargerotations.Then,foranypartitionRlandR20f

RL(RlURZ=RLandRlflRZ=Ql),wewanttoobtain

aminimumegalitarianstablematchingwhosecorrespond-

ingclosedsubsetAcontainsallrotationsinRlbutnonein

R2.Forthispurpose,weneedtosolvethefollowingprob-

lem:GivenaninstanceIanddisjointsubsetsofrotations

RlandRZofRL,findaminimumegalitarianstablematch-

ingMAundertheconditionthatthecorrespondingclosed

subset.4satis且es.4⊇RIand.4∩Ra=の.Fbrthisproblem,

wecanusethesamealgorithmfortheminimumegalitarian

stablemarriageproblemin[4].Wedenotethisprocedure

byminEgalitarian(Rl,R2).First,wereviewthefollowing

propositiondescribedin[4]

[Proposition4.2][4]Givenaposet(H,×),thereisan

O(n4)-timealgorithmwhichfindsaminimum-weightclosed

subsetof(n,一 く)withrespecttotheegalitariancost.

OurprocedureminEgalitarian(Rl,R2)isasfollows:With-

outlossofgenerality,assumethattherearenoelementssuch

thatγ2一 く γ･1(T1∈RIandγ･2∈R2)sincethereexistsnosolu-

tioninsuchacase.Constructtheposet(H',×)byremoving

alltherotationsin(R1)minand(R2)maxfrom(n,図)(recall

thedefinitionsofRm;nandRmaXgivenbeforeAlgorithm1),

andletR'bethesubsetobtainedbyusingProposition4.2

to(H',図).Then,itiseasytoseethat(R1)minUR/isan
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optimalsolutionforminEgalitarian(Rl,RZ).Now,weare

readytogivethealgorithmforMinESE.

Algorithm2

1.Constructtherotationposet(H,×).

2.LetMbest=NULL.

3.LetRLbethesetofrotationspsuchthatwd(p)>SO,

andRSben＼｣RL.

4.F･･ea･h･etRin2RL･u･hth･tlRl≦1吉･,d･,

(a)LetA=minEgalitarian(R,RL¥R).

Ifd(A)<‐EO,goto(b).

Ifd(A)>EO,goto(c).

If-EOsd(A)SEO,goto(d).

(b)Fixanarbitraryorderρ1,ρ2,…,Pk∈､配8＼(ノ1∪(.配L＼

R)max)whichisconsistentwith《.

For2=1toん ,

if一 ξ△ ≦(メ(ノ1U{ρ1,ρ2,…,ρ 乞})≦E△,

thenletA=AU{pl,p2,…,p2}andgoto(d).

(c)Fixanarbitraryorderρ1,ρ2,…,ρ 鳶 ∈(且 ∩RS)＼Rmin

whichisconsistentwith一 く.

Fori=κto1,

if-E△ ≦d(/1＼{ρ 乞,ρ乞+1,…,Pk})≦e△,

thenlet/1=ノ1＼{ρ 乞,Pz+1,…,Pk}andgoto(d).

(d)Ifc(A)Gc(MbeSt),thenletMbest=Ma･

5.IfMbest十NULL,thenoutputMbest,otherwiseoutput

"No
,"andhalt.

wd(ρ の ≦ δ△.Hencetheremustbeゴ(1≦ ゴ ≦ κ)suchthat

-6△ ≦d(AoptU{ρ1
,ρ2,…,ρ ゴ})≦ 一(6一 δ)△.

(iii)d(AoP∂>E△.Notethatdl(･4｡P舌 ＼{ρ1,ρ2,…,pk})≦

d(Mops)≦E△andthatanyrotationρ 乞(1≦ 乞≦ ん)satis且es

wd(ρ の ≦ δ△.Hencetheremustbeゴ(1≦ ゴ ≦ κ)suchthat

(E一 δ)△ ≦d(ノopt＼{ρ ゴ,ρゴ+1,…,ρ 鳶})≦E△.

Next,weanalyzetheapproximationratio.LetM*bethe

matchingfoundinthisparticularexecutionofStep4.We

showthatc(M*)S(2‐(E‐S)/(2十3E))c(Mopt),whichgives

aprooffortheapproximationratio.Wefirstprovethefol-

lowingtwolemmas:

[Lemma4.4]ForanystablematchingM,ld(.M)1〈c(M).

Proof.Ifd(M)?

2Σ( m,切､Mpw(m)>

2Σ(
m,切.Mpm(w)>o･

o,thenc(M)-1(メ(M)1=

O.Otherwise,c(M)ld(M)1=

口

[Lemma4.5]LetR={pl,...,pr-i}beasetofrotations

andletMl,…,MrbestablematchingssuchthatM2+1=

雌/ρ 乞fbr1≦ 乞くr.Then,Ic(Mr)-c(M1)1<d(Mの 一d(M1).

Proof.Supposethatforapair(m,w)EMZ,mandware

includedinarotationρ 乞.Letmノ=1鴎+1(ω)andω ノ=

MZ+1(m).Bythepropertiesoftherotation[4],mprefersw

toω ノandwprefersm'tom.Letd(m)=pm(wノ)-pm(w)

andd(w)=pw(m)‐pw(m').Thend(m)>Oandd(w)>0,

anditfollowsthat

[Theorem4.3]Thereisa(2‐(E‐8)x(2十3E))-

approximationalgorithmforMinESEwhoserunningtime

i･0@4+1吉e)飴･ana･bit･a･yδ･u･hth･tO<δ<･.

Proof.CorrectnessProof.Clearly,ifthereisnostable

matchingMsuchthat‐EOsd(M)sEO,thenthealgo-

rithmanswers"No."Ontheotherhand,supposethatthere

isafeasiblesolution,andletMopsbeanoptimalsolution.

WefirstshowthatAlgorithm2findsafeasiblesolution.Let

OPTbetherotationsetcorrespondingtoMops,andde-

fineOPTL=OPTnRL.Then,d(OPTL)sd(OPT)_

d(Mopの ≦E△.Becausewd(ρ)〉 δ△fbranyrotation

ρ ∈･PTL,1･PTLI〈d(°PTL>-abO(M･)≦1姻o>ISD+･△ 一･吉･.

So,Algorithm2selectsOPTLatStep4asR,andwecon-

SiderthisparticularexecutionofStep4.Weshowthatin

thisexecution,Algorithm2findsafeasiblesolution.Let

.4｡Pt=minEgalitarian(OPTL,RL＼0-PTL).Therearethree

cases:

(i)-6△ ≦d(ノ40Pの ≦6△･MAoPtisclearlyafeasible

solution.

(ii)d(AoP亡)<-6△.Notethatdl(･goptU{ρ1,ρ2,…,ρ ん})≧

d(Mopt)?‐EOandthatanyrotationp2(1sisk)satisfies

lC(M乞+1)-C(雌)1一

G

Σ 伽)一 Σd(w)
m w

Σ 伽)+Σd(w)
m匂 ワ

ーd(M乞+･)-d(雌).

Bysumminguptheaboveinequalityforalli,wehave

lC(Mr)-C(M･)1

じ  

≦ Σ1･(必･･)一･(鵬)1

嵩

く Σ(d(MZ+1)一 嘱))

乞=1

=d(Mr)-d(M･).

口

Notethat.4曜=minEgalitarian(OPTL,RL＼0-PTL).So,

c(Aopt)Sc(Mopt)sinceOPT,therotationsetcorresponding

toMops,isoneofthecandidatesforAopt.Wewillconsider

thefollowingf6urcases(notethat(1(･4｡pの ≧ 一 △fbrany

stablematchingIVI)

Case(i):‐EOSd(Aopt)SEO.Inthiscase,M*_

M,40pt,whichisanoptimalsolutionsincec(Aopt)=c(Mopt).

Case(ii):EO<d(Aopt)S(2十3E)0.Inthis
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c(M)

Mo砿

一EO

iM*
ヤ

ヤ▼

ヤ

■Mopt

ヤ
ヤ

ヤ

MAoPt

d(M)

[3]

[4]

EO

図4Case(iii)

case,Step4(c)ofAlgorithm2isexecuted.Wehave

lc(.4｡pの 一c(M*)1<d(.4｡p∂-d(MりbyLemma4.5.Since

d(M*)≧(6一 δ)△and(ii)hold,lc(Aopt)-c(M*)1〈(1-(E一

δ)/(2十3E))d(A｡pの.SinceId(.4｡p∂1<c(.4｡pのbyLemma4.4

andc(Aopt)sc(Mopt),c(M'")<(2‐(E‐S)/(2十3E))c(Mopt).

Case(iii:(2十3E)0<d(Aopt).SincebothMops

andM'"canbeobtainedbyrepeatedlyeliminatingrota-

tionsfromMo,lc(Mops)-c(Mo)1<d(M｡pt)-d(Mo)and

lc(-M*)-c(-Mo)1<d(M*)-d(.Mo)byLemma4.5(See

Fig.4).Sincebothd(Mopt)andd(M*)areatmostEO,

c(M*)-c(Mops)≦2(1十e)△(notethatld(Mo)1=△).It

followsthatc(M*)‐c(Mopt)s2(1十E)d(Aopt)/(2十3E)_

(2-E/(2十3E))d(.4｡Pの.Sincewehaveld(.4｡Pの1<c(.4｡pの

byLemma4.4andc(.4｡pの ≦c(M｡pの,c(M*)<(2-6/(2十

3E))c(Mopt).

Case(iv):‐OSd(Aopt)<‐EO.ThesameasCase

(ii).
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TimeComplexity.Steps1,2,3,and5canbeexecuted

inO(n2)time.Step4(a)isperformedinthesametime

complexityas丘ndingaminimumegalitarianstablematch-

ing,namely,O(n4).WecanseethatSteps4(b)through

4(d)canbeperformedintimeO(n2)byasimilaranalysis

ofAlgorithm1.ThenumberofrepetitionsofStep4can

beanalyzedinthesamewayastheproofofTheorem3.1,

whichisO(nlbE).HencethetimecomplexityofAlgorithm

2i･0(n4+1去 し).□

5.ConcludingRemarks

Inthispaper,wegaveapolynomialtimealgorithmfor

findingnearoptimalsex-equalstablematching.Further-

more,weprovedNP-hardnessanddevelopedapolynomial

timeapproximationalgorithmwhoseapproximationratiois

lessthan2forMinESE.Ourfutureworkistoimprovethe

approximationratioofMinESE.
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