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Abstract An instance of the classical stable marriage problem requires all participants to submit a strictly ordered
preference list containing all members of the opposite sex. However, considering applications in real-world, we can
think of two natural relaxations, namely, incomplete preference lists and ties in the lists. Either variation leaves
the problem polynomially solvable, but it is known that finding a maximum cardinality stable matching is NP-hard
when both of these variations are allowed. It is easy to see that the size of any two stable matchings differ by at
most a factor of two, and so, an approximation algorithm with a factor two is trivial. There are several contributions
that give approximation algorithms with factor better than two, but they are only for restricted instances, such as
restricting occurrence of ties and/or lengths of ties. Up to the present, there is no known approximation algorithm
with ratio better than two for general inputs. In this paper, we give the first nontrivial result for approximation
of factor less than two for general instances. Our algorithm achieves the ratio 2 — (:13;\,& for an arbitrarily positive
constant ¢, where N denotes the number of men in an input.
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Case (i): F™ & FY DERLV. m e wEFfFEb M T
SV T NTHB, Ll (m,w) ik My TREEST Th 5
2. m & wikBAEWI) A MIHEFEOLBIZENTWS,
TOTER (mw) B M THRRERT Thb o & EEKL .
M OREMEFET 5,

Case (ii): (m,w) I Mi» TREEXT THD L WVWIRE
LY. W Mi=(m) TH D, we FY 20T, Gale-Shapley
TN YZXLEBATEEDIIm DY X FEEELRZEC
bwDERNE m DY AMIESTWE, TOH, 54TET
Gale-Shapley 7/ Y XL EETLUTWARHZ, midwic?
BR=RXZT2TVBRTTHD, ZOZEDnD, wiEm®
TaR—XEWo TV &Y My(w) ey m EWVS T
LR D, £oT (m,w) X My» TREBEAT LERLTFE
T2,

Case (iii): Case (i) & Rk,

Case (iv): (m,w) & My« TREEXRTROT, w »m
My (m), m >u Mi(w) ThHo, 22T, BE42 L0,
M (m) = Mope(m),Mi» (w) =w Mop(w) THB, LoT,
W m Mopt(m);m = Mope(w) &72253, ZOZ L1x (m,w)
B Mopt TREERT LRV, Moy OEEMICFET S, O

R 4.1 OFERAETRETED2DIC, 6D 2THICHS
[Mix| DY A ZHFRFEL T2V, TODICEBERT 2 EHET D,
BWENTEHANTHIEE~YyFry ML TERSN D,

M(m) =wThdEo52BMEmLiHEwrEtxs, 22
T.m&wBUTOL 23 FHhEHETLEE, (mw) X M
THERT LW, (1) m & witld Mops T/— =035,
(i) w =m Mope(m). (iil) m o Mopi(w)e BAED X 572 34
BERERNEE | (m,w) X M TEEBRT7 LS,

(#RE 441 M CTOEBRT7T O 2clogN BLFTH B,

. SHITERINE I 77 G,y BEX D, LU
CHBITE & D10, G,y DERERINE . RADH A 74D
IR THD, TNHLOBERERIOFT, HFHEEOSRIZL >
TODH Mopy & M OV A XOENRRETD, 2O Ehb,
OPT-HCTHAE YD OPT-HTHD B/8AD | Mop:| — |M| AL E
BFETHZEBRDND, ZOXIRAREFNEFRID, D E
b 1 DORBRTREETEI L2 IR BRT,
HHEERRTHDIED, RAOHBIITREFNLEMEL &
HTHD, Z0D—REERSZERL, ZDLHRN-R
& mi, w1, me, W, ..., me,we EBTZENTESD, (7L,
Wi = Mope(mi)(1 L1 L) THY, wimy = M(m)(2L i< 0)
ThHD,) ZONRRCHBRTBRVERET D, mi it M
T ITNANTHDBIED, mo gy, mi THDH, (F5ThiT
T (my,w1) B M IZHTHRREST £25,) KIZ, b



L wi =m, we 25, (ma,w1) i M THBEXTTHY, =
DZERREBIZFET D, DD, wy =my, w1 THDIX
TTHD, AFOBRERT DI LI L2T, ma =w, ma,
W3 >my Wa, - LB, BB, we me We—1 NET B,
LU, we b M TYUIATHDIRED, (me,we) 1L M OFR
BERT &R0, FETS,

LoT. M| £ Mortl | log N 2T, BEAT ORIE
[Mope| — |M| 2 Mertl _clog N U ETHB, DF Y, M TO
FERBBAT OEIT 2clog N L TFTH B, O

[#87E 4.5] INCREASE @ 221TBH® M« i |Mi| > |M| &%
=L TWwWa,

SEBR.  ETWIDIZ, #RH 4.2 1V INCREASE 3¢ = i* OFF7,
8ATH THL THRELZR, £z, HE 4.3 (2) £V i =" OF
while /b —7 D FATHIZ INCREASE B RHT 5 Z Liddav, #
43 (1) &Y. | M| =|M|+Elog N ThHBH, L2L ., while
M= DREITHIE Myx — LB WL DT HEY BRhiv, M-
DY ARXP/PEL BB LRV, M —L OXTIEET M
TORT Thote Z LICER SN, Zhab, b L while
N—TIRBNT Myx — L OXTHEY IR | EDRTI
M TIHRBERTENWIZLERT, bLBIDI ERELITH
. R 4.4 XV . while A—7IZRBWTE Y BN 5T H0T
Ex2clog N THY . |Mio| 2 |M|+ Elog N —2clog N > | M|
Thd, (c<EThHBRD,)

INCREASE @ while A—71ZEBWT My 517 BEY B
PRIZETH, TOZ LIk, M KFLT (myw) &0 5 R
ERTHREEL, m & w BHON My TwyFLTHEWN
SLEEBWRTL, TRICRUTO 2 BYORERELLN
5o (1) (my My« (m)) € LT (M~ (w),w) € My» —L (-D¥ED,
(M (w), w) BEWYBRPID) . (2) (m, M= (m)) € My — L
T (M (w),w) € L (DFD . (m, My (m)) BEY BRI D),
Z 2T Case (1) #%F X2 5, (Case (2) bERIZL TEALN
B.) BUO BRI AT (Mis (w), w) 5 M THBART Thole
LEEL . FEEEL,

Case () IZDWT, SHIZ2BYDTy—RIZHZT 5, (1-
DmeF™, (1-2)me ST o2@EIThb,

Case (1-1): m € F" 20O T, miI M TV I A TH
B, £F. (M (w),w) € Mi» — L THBDT, w & M (w)
M TwyFLTWSD, DFEY, Me(w) = M(w) Th B,
(m,w) € BP(M;«) ThHIH, (m,w) € BP(M) £720, M
NEETHDZEIETET D, (ZOHE., (M (w),w) 1T M
THBERTTHI LV IHIREETAVRITHFELZEHT 5,)

Case (1-2): (M« (w), w) 1 M THERT CHHLEELE
7o M(w) =w Mop(w) ThH B, LR (1-1) & FEROERT,
My (w) = M(w) TH D, 2T, Mi»(w) = Mopt(w) TH
D, (m,w)E My OFREERT THDTZD . m w M= (W) 7w
Mopt(w) &725, WIZ, SRPICEENDERELI- mEEX

B, BB 4.2 XV Miye(m) =m Mopt(m) TH D, (m,w) I%

My OFRLREXT THIID, wm My (m) THD, £DT-
B w s My (m) mm Mopt(m) TH B, LTER-T, (m,w)
1 X BP(Mopt) £V FET D, O

PAECHIE 4.1 OFEBIZET LT, O
5. HJJL—F > SraBiLizE (M)

STABILIZE (I AST & LT~ v F Uy My ZFTERY, 44X

Mo (w* Jo———ow* Mo(w*) o w*
— /
m* o m* ¢
5 STABILIZE 2L D EH

EROTZERCRESE D, My TOREENT (m,w) 1%
FTRT, Rl ebm»wik My T I AThHDB, vv
Fr 7 MICHU., BPn(M)CBP(M) 2. m# M Ty
INTwB M TeyFLTNELIE M TOREERT
(m,w) T_TDEE LT B, FEUC, BPy (M) (BP, (M),
BPum(M) %, m®B MTvyFLTOT wit M Tovy
NTHD (m e wlERY TN, mE wlFER<yFLTH
B) X9 M TORERERT (mw) TXTOESEETH, &
BIZ BP_ o(M) = BPm (M) U BP, (M) £ & T 5, K7
13H 7 N—F > STABILIZE DFEMARERTH 5,
5.1 STABILIZE DIEHtE

(78 571 StaBiLizE ©® 4 fTTHDOBEIZ L T Mo HBUTD
Yo EH s ETE (R 22R),

M} = Mo — {(Mo(w™),w™)} U {(m™,w")}.

FBE.KRD (1) M (3) BV LD, (1) My(w") >
Mo(w*) Ty F_TD w(z w*) i22NT Mh(w) = Mo(w) T
55, (2) M| = |Mo| TH B, (3) bL BPrm(Mo) =07
BIE. BPmm (M) =0 Th 5,

SEBR. (1) (m™,w”) iX BP(Mo) WEEN DD T, m* >y
Mo(w*) ThH B, LT, My(w*) = m* TH DD,
ME(w*) s Mo(w*) TH D, (1) DBEERDIILT, TXTD
O T w* i L= =B EbosTWantH b
NTHD,

(2) BHTH 5,

(3) Mo b M) ICEF SN TR S— b F—REb 3 3 A
DANR—ZEET D, w IEEVFHOBMELEHR . Mo(w™)
By FLTOWBRERL VI MCRYD . m i ZY 7
bwyFLTOWABRBIZRS, T0D My b My WEH
ENBZEICESTEL BRBRESXTIET N TEME Mo(w*)
KT 2 b0 Th B, Mo(w™) 1 M) T 7 A THBDT,
BP(M}) - BP(Mo) DE DT b BPpm(M}) & ENI,

Wi . (mow) € BP(MY) N BP(My) # % % 5.
BPpm(My) =0 72DT, m & wdDdbRl &b bbin—HiX
Mo TY v ZAThHB, m* BRI AhbeyF LR
WZRBEDIZ, bL mEm* 2B, (m,w) & BPmm(Mg)
ThH B,

IIT, REENT (m,w) € BP(M) N BP(Mo) &8 %
By bL wid Mo T I NRRbIE, wit M ThI 7
THY . (m*,w) € BPmm(M)) Thb, £ZT, wit Mo T
<y FLTWBERET S, 2O, (m*,w*) & (m*,w) i
WHE S BP (M) ICEEND, TOTD ., w* & wDEH
B My Tm* ey T TEBEFELE ST LITRD, w PE
BNt nI e, v e w DIETTHD, LIER-T,
(m*, w) 1X My TREEXTICRVET. FET D,

Pk £ BP(MY) — BP(Mo) & BP(Mg) N BP(Mo) I
EENDEDERD BPrm(MH)ICEENRNZ LEFRLE,

O



(#8588 5.2] STaBILIZE @ 10, 121TEOBET Mo BELTD X
IEHFINTZET D,

(10 §78) M = Mo — {(m*, Mo(m™))} U {(m",w")}.
(12 178) M§ = Mo U {(m”,w™)}.

k&, RO (1) 5 (3) MY LD, (1) 104TEZETT
BEE. MH(m*) »=m> Mo(m*) THY (121TRREFTTH
A, m iE M) Ty FURRBIZEDY) . 7T m(E m*)
XL T Mi(m*) = Mo(m™) Td 5B, (2) |M§| 2 |Mo
ThH B, (3) b L BPsm(Mo) U BPm(Mo) = 0 72561,
BPs (M) U BPpm (M) =0 TH D, (GEHAKE)

[ 531 M % STABILIZE DA ETBL | M| 2 |Mo]
T, M IEEETH D,

SEBA.  StaBILIZE D 4 ITHOBEEE 2 5, FE 5.1 (1) &
V., e b b 1 ADLER LY FAROBEEBAEL . TOM
DEMEE A= b T —=REDL LRV, N ADLHERE 2 FERES
NOFELY R &2F-TWBID ., HYO while V—7 Oy
BLIZEA N2 [ETHD, M’ % SraBiLizE 2% 22 B D while-
N—TFWABBERIOY v F T T3, DEY BP (M)
22T b, (L STABILIZE BEAID while-V—7 & 1RiT 2
SMTH B, ) BPum(Mo) BRZETH D0, MRE 51 (3) %
BOBLBAIRESZ LIEL 2T BPrm(M")IZZETHDZ
LERTIENTED, D2 00HELHEAGDLEDLZ LI
£ o T, BPsm(M"YUBPr (M"Y IXZETHDHELEERLD,
TR 5.1 (2) £V, M| =M TH D,

LEEBEEC., 10, 2TBOSBEC I TEET LT
KDL N— -2 EEL (FE 52 (1) . 20kd
i2 2 5H® while V7 D VELOEIZ N> UTTH 5,
BP; o (M"YUBPy (M) = 0 720T, i 5.2 (3) &K
LBAEEBZ LI LT BPom(M) U BPnm(M) = 0
ERTIENTES, UL, StaBiLizE O ¥ T &1
BP_ (M) = 0 T Bt . BP(M)IZZETHY . Liho
T, M BEECHS, BEH2(2) &0 M| 2 |M|ThD
BB M| 2 M| TH B, O
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47 JL—F > INCREASE (M, S)
1: F™ .= M TV IADBEETRTOHES; FY =M Ty I AOEMETTOEE;
2: S DWHEESTHA RN |S|/4 DbDE S1,52,-+,8 &£ T 5;
3: fori:=1tom
4:  {S] =S, OBHOEE; SP =5 ORMEDEE;
5: BT nR— RO Gale-Shapley 74 ) XAZAWT S™ & FY O Twy Fr 7 &€ 5;
(2 OBERFT H72DIC S™ U FY & ERRV AL S—DAFTE AV S—ENTNDY A P HIY BRE.
FTRCOBEIEZERCEDST,)
6: e R — PO Gale-Shapley 74 Y XL HWT S¥ & F™ OM Ty Fr 7 385D,
(2 OBERAT H72DIC SP U F™ KEERRV AL A—DARE AV S—ERTADY 2 -0 BIY BRE,
TRTOBIELEZEBCE DT, )

7 if (3p € S™ U SY s.t. Gale-Shapley 74 U AbERNVZBIZ p R I THD)
8: exit for-loop; * IO RORIRTIE ol ¥/
9: else
10: {L :=Gale-Shapley 7/vT Y X AL K> THRLATZT~TOXT DEE,
11: M; =M — S; UL;
12: while (3(m,w) € BP(M;) s.t. m & w BHR M; THA—FF—355%)
13: {if ( (m, M;(m)) € L & (M;(w),w) € L)
14: exit for-loop; /* Z® i ILBWERTIZ2ho%k */
15: if ( (m, M;(m)) € M; — L & (Mi(w),w) € My — L)
16: exit for-loop; /* ZT® i X BVBIRTI oz */
17: if ( (m, Mi(m)) € M; — L & (M;(w),w) € L)
18: ) M; = M; — {(m, M;(m))};
19: it ( (m, Ms(m)) € L & (M;(w),w) € My — L)
20: M; = M; — {(M;(w),w)};
21: } /* end while */
22: i (M) > M) )
23: M; AL T
24: else exit for-loop; /* Z® i IXRBVIRIR TR Rd o7 */
25: } /* end else */
26: } /* end for */

27: “= 7" WAL, KT,

6 W7 I/—F 2 INCREASE

BT IL—F > STABILIZE (M)
1: while ( BPsm(Mo) +0)
2: {(m,w) € BPs m(Mo) &&%;
3: EROBME m BB BREERT (m,w') € BPsm(Mo) D&t w OHT, m ®Y AP TREUCHLLME v T2
(BHRERV D HERI 1 N8R
My := Mo — {{(Mo{w*),w*)} U {(m,w*)}:
}
while ( BP— o(Mo) £ 0)
{(m,w) € BP_ s(Mp) &85;
O w RBEDARRESRT (m',w) € BP_ (M) DB m! OF T, w DY X P TREMCHDBME m* T3
(RPN EEVCDIHEEERIC 1 ABR)
9: if (m* 3 Mo TwyFLTVD)

®» e @

10: Mo = Mo — {(m*, Mo(m*))} U {(m*,w)};
11: else

12: My := Mo U {(m*,w)};

13: }

X7 97 NA—F > STABILIZE

IV N HIRRR R L



