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1 Introduction

Entanglement entropy provides us quite a lot of information on quantum states in quantum
many-body systems and quantum field theories [1-3]. To define the entanglement entropy,
we first decompose the total Hilbert space Hiot into two subsystems H 4 and Hp such that
Hiot = Ha®Hp. Then we trace out the subsystem B and define the reduced density matric
pa for the subsystem A. The von-Neumann entropy of p4 is the entanglement entropy.

In quantum field theories, a quantum state or equally a wave functional is defined on
a time slice. Therefore, in order to define entanglement entropy in quantum field theories
we need to specify the time slice which defines the quantum state. If we divide the time
slice into the region A and B, then we have the decomposition of the Hilbert space as
Hiot = Ha ® Hp. In most of all examples studied so far, we choose the simplest time slice
(canonical time slice) defined such that the canonical time ¢ takes a fixed value. However,
in Lorentz invariant field theories, we can choose any time slice as long as it is space-like to
define a quantum state. Therefore we can consider entanglement entropy on such generic
time slices as in the left picture of figure 1. For example, this plays a very important role
in the entropic proof of c-theorem [4] and F-theorem [5].

The entanglement entropy and mutual information on generic time slices provide us
with more general information of quantum field theories e.g. properties of ground states and
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Figure 1. The left picture explains entanglement entropy and mutual information can be defined on
any space-like time slices in relativistic field theories. A constant time slice is described as 31, while
generic one (deformed one) by Y. We can define the entanglement entropy Sa,, Sa,, Sp, and Sp,
and their mutual informations. The right picture describes a special setup with a Lorentz boosted
interval and an unboosted interval. The dotted curve ¥ represents the time slice in this setup.

their reduced density matrices. For instance, in two dimensional conformal field theories
(2d CFTs), the mutual information for two intervals on a generic time slice [5-7] gives us
the information of four point functions for generic values of cross ratios. To study these
generalized quantities is the main purpose of this paper. If we consider 2d CFTs, for
example, then the simplest entanglement entropy S4 is the one for which A is an interval.
If we assume this interval is on a generic time slice, we can always relate it to an interval on
a constant time slice by a Lorentz boost and thus the entanglement entropy 54 is essentially
reduced to the result for a constant time slice. To get a non-trivial result we consider a
mutual information I(A, B) = S4+Sp—Saup, where A is a boosted interval, while B is not.
This is depicted in the right picture of figure 1. The mutual information for such generalized
setups have been studied in two dimensional field theories: refer to [6] for free field theories
and to [7] for orbifold theories (based on the computations in [8, 9]). One of the main aim of
this paper is to study this quantity by using the holographic entanglement entropy [10-14].
In two dimensional CFTs, the special feature of holographic entanglement entropy and
mutual information have been well understood from field theoretic computations [15-18].
Our direct calculation using the holographic entanglement entropy allows us to obtain
results in higher dimensional CFTs.

On the other hand, in non-relativistic field theories, it is a highly non-trivial ques-
tion whether we can specify a quantum state by choosing a generic time slice. Therefore
the second aim of this paper is to study this question by calculating the holographic en-
tanglement entropy for gravity duals of non-relativistic scale invariant field theories (or
so salled Lifshitz-like fixed points) [19] and its modification called hyper scaling violating
geometries [20-22]. As we will see later, if we take a generic time slice, we can define the
entanglement entropy S only when the size of the subsystem A is sufficiently large. This
shows that the real space factorization of Hilbert space is not always possible on the generic
time slices in non-relativistic field theories.

This paper is organized as follows. In section two, we analyze the mutual information
for boosted subsystems in AdS3/CFTy at zero and finite temperature. In section three,



we study the mutual information for boosted subsystems in higher dimensional AdS/CFT
setups, including a finite temperature case. In section four, we study the holographic
entanglement entropy for gravity duals of non-relativistic scale invariant theories when
we boost the subsystem. We also analyze the same problem for hyper scaling violating
geometries. In section five, we summarize our conclusions.

2 AdS;/CFT; case

Consider a two dimensional holographic CFT on R, whose coordinate is defined by (z, t).
We define the subsystem A and B by two intervals whose end points are P4 g and Q4 B.
In particular we choose the points in R!! as follows (refer to the right picture of figure 1):

P4y =(0,0), Qa = (x,t),
Pg = (b,0), Qp = (b+r,0). (2.1)

We are interested in the limit where the interval A(= [Pa,Q4]) and the interval [Q 4, Pg|
are both null. Therefore we parameterize

2t =t4+ax=2+e, 2 =x—t=¢€, b=x+t+ e, (2.2)

and consider the limit ¢ — 0 and €5 — 0.
The mutual information I(A, B) between A and B is defined as

I(A,B) = Sa+ Sp — Saus, (2.3)

where the UV cut offs cancel out.
The CFT on RY! is dual to the gravity on Poincare AdSs3

2 _ 12 2
4s? — 12 (dz dt2 + dx ) . (2.4)
z
The holographic EE [10, 11] in AdS3/CFTs reads
Ly
Sp=— 2.5
A 4GN7 ( )

where L4 is the geodesic length which connects the two end points of A at the AdS
boundary. The central charge ¢ of the 2d CFT is related to the AdS radius [23]

3R

=— 2.6
= 2ay (2.6)
2.1 Poincare AdS3
By applying the AdS3/CFTy, the holographic entanglement entropy S4 is given by
c x? — 12
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Figure 2. The sketch of the transition in the holographic computation of S4yp. When the invari-
ant length of subsystem A gets smaller, the extremal surface for the computation of holographic
entanglement entropy changes into the disconnected ones (the right picture) and the mutual infor-
mation becomes vanishing. A similar phase transition occurs when the invariant length between
Q4 and Pp changes.

where ¢ is the UV cut off or lattice constant. If we set ¢ = 0, this is reduced to the well-
known formula in [24, 25]. Note that S4 is well-defined only |z| > |t| i.e. P4 and Q4 are
space-like separated.

In the same way, we can calculate the mutual information I(A, B) = Sz + S — Saus,
assuming I(A, B) > 0:

_c rvata~ _C r/€1
I(A,B) = 3 log N T x_)] ~ g log [] . (2.8)

If the above expression gets negative we should interpret it as I(A, B) = 0, which is due
to the phase transition phenomena in holographic CFTs [15-17] (refer to figure 2).

This is comparable to the result in two dimensional rational CFTs (RCFTs) [7]
— log dtot7 (29)

where dyio is the total quantum dimension. In the holographic CFT, we expect dio = 00
and this leads to the different result.

The holographic result (2.8) shows that when Q4 and Pp get close to the light like
separation, the mutual information gets divergent as I(A, B) ~ —(c¢/6)logez. The same
behavior can also be seen in the RCFT result (2.9). On the other hand, the invariant
length of subsystem A gets smaller (i.e. €; gets smaller), the mutual information goes to

zero. When €; and e are the same order, the holographic result (2.8) behaves differently
than that for the RCFT (2.9).



2.2 BT?Z black hole

Let us perform the same analysis for the BTZ black hole dual to a finite temperature CFT:

ds® = f; <—f(z)dt2 + }ii) + d:p2> , (2.10)
22
fz)=1- 7 (2.11)

where R is the radius of AdS spacetime and zy is a positive parameter related to the
inverse temperature via 8 = 2wzg. The space coordinate x is assumed to be non-compact.

First, consider a general situation and set the end points as P4 = (0,0) and Q4 = (x, t).
The calculation for HEE can be accomplished by noting that the BTZ black hole is obtained
from a quotient of pure AdSs as in [12]:

Sa=cln Lf; sinh (g(:r + t)) sinh <g(x = t)ﬂ . (2.12)

Again S, is well-defined if P4 and @ 4 are space-like separated. This is plotted in figure 3.

Now it is straightforward to compute the mutual information between arbitrary sub-
regions. In particular we focus on the previous choice (2.1) and then we obtain

sinh (%) c
— log

. sinh (%(w + t)) sinh (%(w - t))
sinh (@) 6

sinh (%(az —b+ t)) sinh (%(x —b— t))
(2.13)
As a check, when we take the zero temperature limit 5 — oo, it reproduces (2.8). In

I(A,B) = glog

particular, if we use the same limit ¢ — 0 and €2 — 0 in the previous section, we get the
same singularity structure:

sinh? ( £ ) sinh ( 22t
I(A,B):g — (gégm)smiz;) +glog [2] (2.14)

We focus on the divergence come from the light-like limit between @4 and Pp. The
mutual information is plotted in figure 4.

3 Higher dimensional cases

Here we study the holographic entanglement entropy and mutual information for boosted
subsystems in higher dimensional AdS/CFT setups (i.e. AdS4+1/CFTy with d > 3).

3.1 AdS4q.1/CFTq

First, we consider a pure AdS;;1 whose metric is given by

—dt? 4 d2? + da? + Y dy?

ds® = R? : ,

(3.1)



Figure 3. We plotted S4 (2.12) as a function of z and ¢, which are the space and time-like width of
the interval A for the BTZ black hole d = 2. We subtracted the holographic entanglement entropy
for a disconnected geodesic from the one for connected one: AS4 = Sy — qudis) to remove the UV
divergence. Note that the interval A has to be space-like and therefore we need to require = > ¢.
We set the parameters zy = R =Gy = 1.
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Figure 4. In the left graph, we describe the setup of the two intervals parametrized by € and 6,
defined as (z,t) = (rcosf,rsinf) and b = z + t + €. The dashed line denotes a light-like surface.
In the right graph, we plotted the mutual information I(A4, B) (2.13) as a function of (eq, #) fixing
7 = 0.5. The horizontal coordinate and depth coordinate are €5 cos# and €5 sin 6.

where R is the radius of anti-de Sitter space. The subsystem A is specified by the boosted
strip defined by

A L L
—A-’L'/2§.%'SA.T/2, _At/2StSAt/27 x:_xta —§§1/17927---7Z/d—2§§;

At
(3.2)
where we take the limit L — oo. The extremal surface 4 is specified by the functions
x =x(z) and t = t(z). The HEE is computed by extremizing the functional:

Ld_2Rd_1 Zx o
— 1 N2 _ (#)2 .
Sa="ag— [ /TP (33)

where § is the UV cut off and L is the length of the infinite space length. The extremal
surface extends for the region § < z < z,, where z = z, is the turning point.

Even though we can find the extremal surface directly, we can easily obtain the final
answer by boosting the standard result of holographic entanglement entropy [10, 11] for



the canonical time slice At = 0. If we define the width of the strip by the invariant length
I = \/(Ax)? — (At)2, then the holographic entanglement entropy is given by the known

formula s s
1 1\ 1\
L (5) kg (l) ] (3.4

(d=1)/29d2 (

d—2 (

Then the mutual information I(A, B) for the setup

Ld_2Rd_ 1

S —
4 2G N

where we defined

kg = (3.5)

0\

7)

) (2.1) is

I(A,B) = Ld—zgcjv—lkd <7ib)d_2 . (\/37217_752)51_24_ (W)dd ) <i>d—2

L2 Rd-1}, [ 1 d—2 1 d—2 1\42 1 \¢2
~ - =) —-|=) +|-—7 . (3.6)
4GN v/ 2teq V/2tes r r+b

This shows that when Q4 and Pp get close to the light-like separation, the mutual in-

formation gets divergent as ~ (e3)~(*=2/2. On the other hand, as the invariant length of
subsystem A gets smaller, the mutual information goes to zero.

3.2 AdS black brane

We can repeat the computation of I(A, B) for the d + 1 dimensional AdS black brane (in
Poincare coordinate). This metric is given by

d 2d2
ds? R2f()dt2+R2 - +— —l——Zdyl,

270
ﬂ@=1—<23a

where R is the radius of anti-de Sitter space and zp is the location of the horizon, related

(3.7)

to the inverse temperature by 5 = d Tzm. The extremal surface 4 is specified by the
functions = = z(z) and t = t(z). We choose the subsystem A to be defined by (3.2). The
holographic entanglement entropy is computed by extremizing the functional:

d—2 pd—1 Zx P
$i= Sy ) \/f(1z> =@, (33)

where § is the UV cut off. The constant z, describes the turning point where ¢ and z’ get

divergent. The equations of motion for ¢ and = read

Ol 1
A iy — 2+ @) 59
x 1 '

A - QWP+ @2 P




where p and ¢ are positive integration constants. These equations can be solved as

1
S0 [+ 1) (b — )

I _ 1 )
by + 1) (b - )

The turning point z, condition allows us to eliminate the parameter ¢ by the relation

=

(3.10)

1 1 1
el = f(2) (172 - Zz(d—l)) : (3.11)

The sizes of interval At and Az are rewritten as follows:
S
2 "l VRG]
Ar_1 / Tode
2 plo Vh(z)

where we introduced the function h(z):

(3.12)

1 1 1 1

Now S4 is found as

Rd—lLd—Z Zx dz
= . .14
S Tee /5 201 /h(z) (3:14)

In order to z, to be the turning point, z, should be the smallest solution to h(z) = 0.

p12 < 802 <2(dd_ D_ <d ; 2) sz) : (3.15)

Note that when the inequality is saturated, z = z, is a double root.!

This condition requires

The behaviors of entanglement entropy S4 and the mutual information I(A, B) are
plotted in figure 5.

LAt this special value of z., Az and At go to infinity due to the double zero. When z is very close to 2.,

we can find (Az)?/(At)? ~ qz(f;%))z =1- 2(dd121>zf < 1. This means that there exist extremal surfaces

with At > Axz. However such an extremal surface should be discarded when we compute the holographic

entanglement entropy as we require the existence of a space-like surface [26] whose boundary is the union
of the subsystem A and its extremal surface y4. Also such a time-like configuration contradicts with the
original covariant computation [12].
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Figure 5. In the left graph, we plotted S as a function of Ax and At, which are the space and
time-like width of the strip A for the AdS, black brane d = 3. We again subtracted the disconnected
entropy from the connected one ASy = S4 — 5 ()¢5 remove the UV divergence. Note that the
strip A has to be space-like and therefore we need to require Az > At. We set the parameters
zg = R = Gx = 1. In the right graph, we plotted the mutual information I(A, B) with the choice of
subsystems (2.1) for the AdS, black brane as a function of (e, 8) defined by (z,t) = (r cos 8, rsin§)
and b = x + t 4 €5 fixing r = 0.5, as in the figure 4.

3.2.1 Light-like limit

We are interested in S4 when the subsystem A is boosted such that it is almost null.? This
corresponds to the following limit:

= finite

(Zf) . , (;:) _ — finite. (3.16)

P, q, 2z« — 0, with

In particular we have

2
1
qiz N1+pz2(d1)

2 () - 2y

(3.17)

3

where p?z, 24-1) - O(22) is the next leading contribution in the limit.
In this light-like limit, we can approximate f(z) ~ 1 and therefore the computation is
reduced to that of the pure AdS. Therefore we get

At / z4- 1dz _ vl (2(d€i1)> (2:)4
V1= (2/2)2 T
(3.18)

29- 1dz _ vl (2(d€i1)> (2)?
\/1 —(2/24)? r

where note that At and Az are finite in the limit (3.16). We find the light-like property
At ~ Az from (3.17).

2If we take a double scaling limit by combining the zero temperature zg — oo limit and the infinite
boost, then we get the AdS plane wave geometry [27]. The holographic entanglement entropy was analyzed
n [28]. Our light-like limit discussed in here is different from this. However we can confirm the same
conclusion of the singularity structure also in this double scaling limit.
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Figure 6. We plotted the holographic entanglement entropy S4 for an interval (Axz, At) = (t+e€,t)
as a function of € at ¢ = 0.5. The upper curve describes the AdS, black brane and the lower one
does the pure AdS,. We subtracted the area law divergence % from the both entropies.

Thus the invariant length of the subsystem A becomes

I =VAz2 — A2 ~ 2\/7?F(2(dd_1))z*. (3.19)
r (3d)

Finally the holographic entanglement entropy is estimated as
Rd—l Ld—2 Zx dz
S~ /
2GN S5 2471/1 — (2/2)2@d-1)

L A L F(ﬁ%) —(d-2)
T 2Gy d—2 *d_z( 1 )Z*

(3.20)

2(d—1)

This reproduces the result in pure AdS (3.4) as expected.

The mutual information for the choice (2.1) can be done in the similar way. It is
now obvious that in the light-like limit ¢; — 0 and e; — 0 limit, the dominant singular
behavior (i.e. the terms ~ (e1)~(4=2)/2 and ~ (e3)~(4=2)/2) is exactly the same as that in
pure AdS (3.6), while the finite contributions change.

In the same way, we expect that this singular behavior (3.6) is common to all asymp-
totically AdS geometries as the only near boundary region is involved in the computation of
extremal surface in the light-like limit. In figure 6, we also numerically confirmed this fact.

4 Non-relativistic scale invariant theory

The d + 1 dimensional gravity background [19],

d—2
ds* = R? <—22”dt2 + 272d2? + 27 2da? 4 272 Z dyf) , (4.1)
i=1

is dual to a fixed point (called Lifshitz-like fixed point) with a non-relativistic scale
invariance

(t.2,5) = (V£ Az, A9). (4.2)

~10 -



The parameter v is called the dynamical exponent and the gravity dual is sensible only
when v > 1 [19, 29]. Note that v = 1 corresponds to the pure AdSg1.

4.1 Holographic entanglement entropy

We would like to study the holographic entanglement entropy in this theory. We choose
the strip shape subsystem A which extends in # direction as in (3.2). Its holographic
entanglement entropy is computed as the area of extremal surface. The profile of this
extremal surface is described by

t=1t(z), x=uz(z). (4.3)

Note that when ¢(z) = 0 (the constant time slice), the computation is the same as that for
the Poincare AdS4y1. Below we would like to focus on more general solutions.
The holographic entanglement entropy S4 is computed by extremizing the functional:

14— 2Rd1 *
— »2(1—v 2
1= L [ s i s, )

where § is the UV cut off. The constant z, describes the turning point where ¢ and z’ get

divergent.
The equations of motion for ¢ and = read

22(1—1/).[:/ 1
d-1./1 Ne _ 20—1) (N2 g
21 /14 ()2 = 209 ()2 g (4.5)
x’ 1
20-1,/1 + (/)2 — 220-V) (g2 p’
where p and ¢ are integration constants.
The turning point z, satisfies
1 + g2 =20 q—zz =) _ (4.6)
p
Thus we can eliminate ¢ by
I a1 1
The sizes of interval At and Az are calculated as
At 1 /Z* dz
2 49Jo L1-v fz(z)
4.8
Az 1 /Z* 2 vdz (48)
2 pJo B(z)
where we introduced the function h(z):
~ 1 1 _ 1 1
_ 20wy (Y ANy 2y
h(z) = 2207 (22(d_1) p2> 2 (ZE(d-l) p2> . (4.9)

- 11 -



Thus S4 is re-expressed as

LA—2Rd-1 [z —2(d—1)+(1-v)
—R/ P (4.10)
0

Sa=

As in (3.15), we also have the following condition because z, should be the smallest

solution to h(z) = 0:
1 d+v—2
n2

< ——.
pe zf(d_l)(u —1)

And since the left side of (4.7) should be positive, we can get the other bound for p. Hence

(4.11)

we finally get the following inequality:

v—1 P
A/ < <1. 4.12
d"‘V—Qizf_li ( )

It is obvious that there is a (non-relativistic) scale symmetry

(At, Az, 2., p) — (N AL, NAz, Az, A7 1p). (4.13)
Therefore we focus on the ratio
At
= «)- 4.14
= frale2) (4.14)

Actually owing to the scale symmetry, this ratio only depends on the combination: z!=%p.

Thus we can set z, = 1 without loss of generality. We plotted this function in figure 7
when v = 2 in various dimensions. As is clear from this plot, there is an upper bound for

this ratio.
(Az)Y — vd '
For example, we find
2y a—o = 0.132488, X5, 5 = 0.268549,  f)2F 4 = 0.410864. (4.16)

Note also that this bound (4.15) is reduced to the space-like condition ﬁ—fe < 1 at the
Lorentz invariant point ¥ = 1 (i.e. the pure AdS space).

4.2 Analytical solution: d = v = 2

In the special case: d = v = 2, we can analytically find the geodesic [30]. First we can

solve z, as
2 2\ 2
2_ 4 () _ e 4.17
T gy <2p2> q' (.17
Finally we find
At q+2p> ¢
= lOg - q
2 4p? q—2p* 2
(4.18)
Ax q q + 2p?

- 12 —
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Figure 7. The plot of f, 4(p, z:) as a function of p at v = 2 and z, = 1 for d = 2 (blue), d = 3
(green) and d = 4 (red). Note that the domain of f, 4(p, z+) perfectly matches (4.12).

The holographic entanglement entropy is found as

42
5= 2 1og(52 ba ) (4.19)

4G N /q2 _ 4p4

If we define n = %, then we find

M) -

(B~ e
2 [1os (/157))
which has the upper bound mentioned before. Finally we obtain
A 2,2
log (Az)7 51 (4.21)

_ R
AT T flog ((/E2)]

The special value 7 = 0 corresponds to At = 0 and in this case we reproduced the known

Sa

result S4 = % log % [31], which actually takes the identical form as the one in a relativis-
tic CFT. To see the general behavior, we plotted S4 in figure 8 as a function of At when we
fix Ax = 1. It is monotonically decreasing as At gets larger, though it is always positive.

4.3 Consistent time slices in Lifshitz theory

Now we would like to come back to our original question: can we take generic time slices
in non-relativistic scale invariant theories as in relativistic field theories 7 Our analysis
shows that the holographic entanglement entropy is defined only when the condition (4.15)
is satisfied. Consider a deformation of the constant time slice (canonical time slice) ¢t = 0
to a generic time slice described by t = t(x). If we can define a quantum state on this
time slice, we expect that the total Hilbert space Hiot can be decomposed into the direct
product of H, which corresponds to each lattice point = such that

Htot = ®x/H ) (422)

~13 -
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Figure 8. The plot of holographic entanglement entropy S4 as a function of At at Az = 1. We
subtracted the entanglement entropy for At = 0 from S4. We set R = 4Gy in (4.21). There are
two branches which correspond to two extremal surfaces. We need to choose the lower blanch for
the computation of S 4, while the upper one is unphysical.

assuming an appropriate lattice regularization. Then we should be able to define the
entanglement entropy for any intervals on this non-canonical time slice. However, by
choosing the length of the interval A enough small, we can easily find an interval A on
this non-canonical time slice which does not satisfy the bound (4.15). This shows that
the entanglement entropy is not well-defined® and shows an inconsistency of the real space
decomposition of the Hilbert space (4.22). This also suggests that a quantum state in
the non-relativistic scale invariant theory may be not well described or may be at least
highly non-local on a time slice unless it is a constant time slice t = const.* It might be
useful to recall that extremal surfaces for holographic entanglement entropy exist only for
special subsystems in the NS5-brane gravity backgrounds [10, 11], where the dual theory
is expected to be non-local.

Let us comment on the mutual information for Lorentz boosted subsystems. If the
separation of @4 and Pp in (2.1) is almost light-like, the bound (4.15) is satisfied only if
b — x ~t is large enough. In that case, there is no singular behavior in the light-like limit
as we can also see from the plot figure 8. This is in contrast with the relativistic results in

previous sections.

4.4 Non-relativistic theory with hyperscaling violation

Finally we would like to study a more general class of gravity duals, called the hyper scaling
violating geometry. [20—22]. This describes a non-relativistic theory with a scale symmetry

30ne might worry that in such cases, the holographic entanglement entropy formula itself can break
down. Even though we do not have a solid argument which denies this possibility, it is natural to believe
we can still apply the extremal area formula, remembering that it can be derived from the bulk-boundary
principle without using special properties of AdS spaces [32, 33]. Also note that the Bekenstein-Hawking
formula of black hole entropy can be applied to various spacetimes, not only AdS but also flat spaces.

41t is intriguing to note that another interesting and exotic aspect of holographic entanglement entropy,
related to entanglement wedge, in the Lifshitz background has been found in [30].
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violation and its gravity dual is given by the following class of d + 1 dimensional metric:

d—2
ds®> = R? <2_2“d22 — 27 2dt? ¢ 27 2da? 4 272 Z dy?) , (4.23)
i=1

where a and b are given by

azl—L b:1+w

d—1-6’ d—1-10 (424)

The parameter v is the dynamical exponent as before and the new one 6 is the hyper
scaling violation exponent. Obviously the metric (4.23) does not have any scale symmetry
for 6 # 0 as opposed to the pervious Lifshitz case (i.e. § = 0).

We can repeat the previous analysis of holographic entanglement entropy S for the
same choice of strip subsystem A. Introducing positive integration constants p and ¢ as
before, we find

Z—a—l—l
— :/ dz , (4.25)
0 \/Z—2b+2 _ §Z—4b+4 4 q22-2(d—1)—4b+4

Z—a+1—2b+2

(4.26)

= / dz
2 Y
P Jo \/272b+2 — ;1?2—4b+4 + 2z~ 2d=1)—4b+4

Ld 2Rd 1 —2d—2b—a+5
Sa= / dz a= . (4.27)
\/ —2b+2 _ §2—4b+4 + 22-2(d—1)—4b+4

-1
We can eliminate ¢ dependence by ¢ = <zib z% — 2(3_1)> .
E

Actually, even though the full gravity dual does not have any scale symmetry, we can
find the following scale symmetry for the integral equations (4.25) and (4.26):

(At, Az, z,,p) = (\At, NAx, Alf%z*, )\d_l_ep). (4.28)

Thus again the ratio (AATt),, is universal. Combining with numerical studies, we eventually
find that this ratio has an upper bound as in (4.14). Therefore the conclusion of the
existence of extremal surfaces for the hyperscaling violation geometry is the same as that
for the Lifshitz geometry.

5 Conclusions

In this paper we studied computations of holographic entanglement entropy and mutual
information when we take a non-canonical time slice (refer to the right picture in figure 1).
In the first half of this paper we studied them in CFTs at zero and finite temperature by
using the AdS/CFT. We find that the mutual information I(A, B) gets divergent as the
separation of one end point of A and that of B becomes light-like. From the viewpoint of the
deformed time slice which includes both A and B (refer to the left picture in figure 1), this
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light-like limit corresponds to the limit where the region A and B get causally touched with
each other. Moreover, we confirmed that the same behavior in the light-like limit occurs in
finite temperature holographic CFTs by studying extremal surfaces in AdS black branes.

In the latter half of this paper, we performed a similar analysis for gravity duals of
non-relativistic scale invariant theories (Lifshitz geometries). Such a theory is characterized
by the dynamical exponent v. In this case, the holographic entanglement entropy for a
single interval or strip shows non-trivial behavior under a Lorentz boosting. Note that for
a pure AdS, the boosting a single subsystem is trivial as the theory is Lorentz invariant.
By studying the extremal surfaces in Lifshitz geometries, we find that the extremal surface
exists only if the time-like width At and space-like width Az of the subsystem satisfy
(AATt),, < fmax. Here f™2* is a certain O(1) constant, which depends on the dynamical
exponent v and the dimension d. The presence of this bound for the choices of subsystems
in holographic entanglement entropy tells us that a real space decomposition of Hilbert
space is not possible on generic time slices except the canonical ones. This may also suggest
that we cannot define a quantum state in a standard way by taking any non-canonical time
slice. Moreover we found that the same result is obtained for more general geometries so
called the hyperscaling violation. It would be an interesting future problem to analyze
the non-canonical time slice from the non-relativistic field theory viewpoint. At the same
time, another interesting question is computations of boosted mutual information for more
generic shapes of subsystems such as round balls [34-36], where quantum corrections in
gravity will play an important role [15, 37, 38] in addition to the classical contributions [39].

Finally it is worth mentioning possible applications of our analysis. Our results of
non-relativistic scale invariant theories show that if an observer is Lorentz boosted, then
the observer will probe some sort of non-locality, which prevents us from a real space
decomposition of the Hilbert space. This suggest that if we do an experiment of a condensed
matter system at a non-relativistic critical point from a boosted observer, we may encounter
interesting non-local effects. This deserves a future study.
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