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1. Introduction

Let (C, t) (t = (t1, . . . , tn)) be an n-pointed smooth projective curve of genus g overCwhere t1, . . . , tn
are distinct points. We take a positive integer r, and take an element ν = (ν

(i)
j )1≤i≤n

0≤j≤r−1 ∈ Cnr such

that
∑

i,j ν
(i)
j = −d ∈ Z. Put D = t1 + · · · + tn.

Definition of parabolic connections✓ ✏

We say (E,∇, l) (l = {l(i)∗ }1≤i≤n) is a ν-parabolic connection of rank r on (C, t) if

•E is a rank r algebraic vector bundle of degree d on C,

•∇ : E → E ⊗ Ω1
C(t1 + · · · + tn) is a connection, and

• for each ti, l
(i)
∗ is a filtration E|ti = l

(i)
0 ⊃ l

(i)
1 ⊃ · · · ⊃ l

(i)
r = 0 such that dim(l

(i)
j /l

(i)
j+1) = 1 and

(resti(∇)− ν
(i)
j idE|ti

)(l
(i)
j ) ⊂ l

(i)
j+1 for j = 0, . . . , r − 1.

✒ ✑
Take rational numbers

0 < α
(i)
1 < α

(i)
2 < · · · < α

(i)
r < 1

for i = 1, . . . , n satisfying α
(i)
j ̸= α

(i′)
j′ for (i, j) ̸= (i′, j′). We choose a sufficiently generic α = (α

(i)
j ).

α-stability of parabolic connections✓ ✏
A parabolic connection (E,∇, l) is α-stable if for any proper nonzero subbundle F ⊂ E satisfying
∇(F ) ⊂ F ⊗ Ω1

C(t1 + · · · + tn), the inequality

degF +
∑n

i=1
∑r

j=1 α
(i)
j dim((F |ti ∩ l

(i)
j−1)/(F |ti ∩ l

(i)
j ))

rankF

<
degE +

∑n
i=1

∑r
j=1 α

(i)
j dim(l

(i)
j−1/l

(i)
j )

rankE

holds.✒ ✑
Moduli space of α-stable ν-parabolic connections [2]

Mα(r, d,ν) :=

{
((C, t), (E,∇, l))

∣∣∣∣
(E,∇, l) is α-stable
ν-parabolic connection on (C, t)

}
/ ∼

Moduli space of α-stable ν-parabolic connections with a quadratic differential

M̂α(r, d,ν) −→ Mα(r, d,ν)

π̂

⏐⏐' π
⏐⏐'

T ∗M̃g,n −→ M̃g,n.

where M̃g,n is a smooth algebraic scheme which is a certain covering of the moduli stack of n-pointed
smooth projective curves of genus g over C.

2. Deformation theory of parabolic
connections with a quadratic differential

((C, t,ψ), (E,∇, l)) ∈ M̂α(r, d,ν), where ψ ∈ H0(C,Ω⊗2
C (D)).

Definition of F0
C and F1

C

F̃0
C :=

{
s ∈ End(E)

∣∣∣ s|ti(l
(i)
j ) ⊂ l

(i)
j for any i, j

}

0 −→ F̃0
C −→ F0

C
symb1−−−−→ ΘC(−D) −→ 0

F̃1
C :=

{
s ∈ End(E)⊗ Ω1

C(D)
∣∣∣ resti(s)(l

(i)
j ) ⊂ l

(i)
j+1 for any i, j

}
;

F1
C := F̃1

C ⊕ Ω⊗2
C (D)

Transformation of elements of F0
C

ai
∂

∂zi
+ ηi /−→ai

∂zj
∂zi

∂

∂zj
+ θ−1

ij ηiθij + θ−1
ij

∂θij
∂zi

,

Section of symb1 for ∇(= d + Aidzi)

ι(∇) : ΘC(−D) −→ F0
C

ai
∂

∂zi
/−→ ai

∂

∂zi
+ aiAi

The complex F•
C

✓ ✏

dF•
C
:= (d∇, dψ) ◦ (Id− ι(∇̃) ◦ symb1, symb1) : F0

C −→ F1
C,

where d∇ : F̃0
C → F̃1

C ; s /→ ∇ ◦ s− s ◦ ∇ and dψ : ΘC(−D) → Ω⊗2
C (D) defined by

ai
∂

∂zi
/−→

(
∂ψi
∂zi

ai + 2ψi
∂ai
∂zi

)
dz⊗2

i

H1(C,F•
C) is the tangent space of M̂

α(r, d,ν) at ((C, t,ψ), (E,∇, l)).
✒ ✑
Symplectic structure✓ ✏
For v = [({uij}, {(vi, wi)})] ∈ H1(C,F•

C) and w = [({u′ij}, {(v
′
i, w

′
i)})] ∈ H1(C,F•

C), we put

ω1(v, w) = [({Tr(η(uij) ◦ η(u′jk))},−{Tr(η(uij) ◦ v′j)− Tr(vi ◦ η(u′ij))})] and
ω2(v, w) = [{2 · symb1(uji) ◦ symb1(u′jk) ◦ ψj},−{symb1(uji) ◦ w′

j + wi ◦ symb1(u′ij)}].

where η(s) := s− ι(∇) ◦ symb1(s).

ω := ω1 + ω2 : H
1(C,F•

C)⊗H1(C,F•
C) −→ H2(C,Ω•

C)
∼= C✒ ✑

3. Cotangent bundle on moduli space of
curves with a bundle

Let Pg,n(r, d) be the moduli stack of pairs ((C, t), (E, l)), where (C, t) (t = (t1, . . . , tn)) is an n-
pointed smooth projective curve of genus g over C where t1, . . . , tn are distinct points, and (E, l) is
a quasi-parabolic bundle of rank r and of degree d on (C, t).
Let Pα

g,n(r, d,ν) be the substack defined by the condition where a quasi-parabolic bundle admits an
α-stable ν-parabolic connection.

Tangent space at ((C, t), (E, l))✓ ✏
H1(C,F0

C) is the tangent space of P
α
g,n(r, d,ν) at ((C, t), (E, l)).

✒ ✑
Cotangent space at ((C, t), (E, l))✓ ✏

0 −→ Ω⊗2
C (D) −→ H1

C −→ (F̃0
C)

∗ ⊗ Ω1
C −→ 0.

Note that (F̃0)∗ ⊗ Ω1
C
∼= F̃1

C .
H0(C,H1

C) is the cotangent space of P
α
g,n(r, d,ν) at ((C, t), (E, l)).

✒ ✑
Transformation of elements of H1

C

(
Φi(zi)dzi,φi(zi)dz

⊗2
i

)
/−→(Φj(zi)dzi,φj(zi)dz

⊗2
i )

:=

(
(θ−1
ij Φi(zi)θij)dzi,φi(zi)df

⊗2
i + Tr

(
θ−1
ij Φi(zi)

∂θij
∂zi

)
dz⊗2

i

)
,

Extended parabolic Higgs bundles✓ ✏
We call ((C, t), (E, l), Φ̂), where Φ̂ ∈ H0(C,H1

C), an extended parabolic Higgs bundle. We call

Φ̂ ∈ H0(C,H1
C) an extended parabolic Higgs field.

✒ ✑

4. Deformation theory of extended parabolic
Higgs bundles

The complex H•
C

✓ ✏

For an extended parabolic Higgs bundle ((C, t), (E, l), Φ̂) (Φ̂ = (Φidzi,φidz
⊗2
i ) on Ui),

dH•
C
: F0

C −→ H1
C

ai
∂

∂zi
+ ηi /−→

(
Φidzi ◦ ηi − ηi ◦ Φidzi −

∂(aiΦi)

∂zi
dzi,

Tr

(
∂ηi
∂zi

Φidz
⊗2
i

)
− ai

∂φi
∂zi

dz⊗2
i − 2

∂ai
∂zi

φidz
⊗2
i

)
.

H1(C,H•
C) is the space of first order deformations of ((C, t), (E, l), Φ̂).

✒ ✑
Symplectic structure✓ ✏

ωH : H1(C,H•
C)⊗H1(C,H•

C) −→ H2(C,Ω•
C)

∼= C
which is defined by

[({
aij∂/∂fi + ηij

}
, {(v̂i, ŵi)}

)]
⊗
[({

a′ij∂/∂fi + η′ij
}
, {(v̂′i, ŵ

′
i)}

)]

/−→
[({

Tr(ηji(a
′
jkΦj)) + Tr((ajiΦj)η

′
jk)− 2ajia

′
jkφj

}
,

−
{
−Tr(ηjiv̂

′
j) + (ajiŵ

′
j)− Tr(v̂iη

′
ij) + (ŵia

′
ij)

})]
.

✒ ✑

5. Twisted cotangent bundle on moduli space
of curves with a bundle

Definition of twisted cotangent bundles [1]✓ ✏
Let T ∗ = T ∗(X) → X be the cotangent bundle on X . A twisted cotangent bundle on X is a
T ∗-torsor πφ : φ → X (i.e., πφ is a fibration equipped with a simple transitive action of T ∗ along
the fibers) together with a symplectic form ωφ on φ such that πφ is a polarization for ωφ (i.e.,

dimφ = 2 dimX and the Poisson bracket {·, ·} vanished on π−1
φ OX) and for any 1-form ν one has

t∗ν(ωφ) = π∗φdν + ω. Here tν : φ→ φ; tν(a) = a + νπ(a) is the translation by ν.
✒ ✑
Let T ∗ be the moduli stack of pairs ((C, t), (E, l), Φ̂), where (C, t), (E, l) ∈ Pα

g,n(r, d,ν) and Φ̂ is
an extended parabolic Higgs field on ((C, t), (E, l)):

T ∗ −→ Pα
g,n(r, d,ν).

Let M̂α(r, d,ν) be the moduli stack corresponding to M̂α(r, d,ν):

π
M̂α(r,d,ν)

: M̂α(r, d,ν) −→ Pα
g,n(r, d,ν).

T ∗-torsor structure on π
M̂α(r,d,ν)

Action of an extended parabolic Higgs field Φ̂ = (Φidzi,φidz
⊗2
i ) on a parabolic connection with

quadratic differential (d + Aidzi,ψidz
⊗2
i ):

(d + Aidzi,ψidz
⊗2
i ) /−→

(
d + (Ai + Φi)dzi,ψidz

⊗2
i + φidz

⊗2
i − Tr

(
ΦiAi +

1

2
ΦiΦi

)
dz⊗2

i

)
,

Main result✓ ✏
(π

M̂α(r,d,ν)
,ω) is a twisted cotangent bundle on Pα

g,n(r, d,ν).
✒ ✑
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