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THE MODULI SPACES OF PARABOLIC CONNECTIONS WITH A

1. Introduction

Let (C,t) (t = (.
are distinct poi] s
that Zl/ ' 7—d€Z Put D=ty + - +t,.

Definition of parabolic connections

..., tn)) be an n-pointed smooth projective curve of genus g over C where ty,..., t,

o P (i)\1<i<n nr
. We take a positive integer r, and take an element v = (v i )()<,<,,1 € C" such

We say (E,V.,1) (I = {li')}lgig,,) is a v-parabolic connection of rank r on (C,t) if
e Eis arank r ulg,ohmir vector bundle of degree d on C,
oV:E— E®Q) o(t1+ -+ +tn) is a connection, and

o for each #;, /*‘ is a filtration By, = l(') o) l“) -+ D l:") = 0 such that (hm(l(/')/lgz]) =1and

(vest, (V) — V.E‘)i(lE‘h)( i\ ) C ]lll for j=0,..., r—1

Take rational numbers @
O<o <o U <call <

fori=1,...,n satisfying o] @ # a ") for (i,7) # (', j"). We choose a sufficiently generic o = (ul/”)v

a-stability of parabollc conncctlons

A parabolic connection (E, V,1) is ee-stable if for any proper nonzero subbundle F' C E satislying
V(F)CF® Qb(il + -+« +tp), the inequality

degF + Y11, Z’,A uy"y\luu((F\T, n 1521)/(1;“{’ n ljm‘))
rankF
. deg B+ Y7L Z;:l nr}l] (lim(l.‘/'l‘/l(l'))
rankE

holds.

Moduli space of a-stable v-parabolic connections [2]

M r,d,v) = {(((T,t). (E,V.1)

(E,V.,1) is a-stable /
v-parabolic connection on (C, t)
Moduli space of a-stable v-parabolic connections with a quadratic differential

ﬁa(r. d,v) — M%(r,d,v)
7 ™
T*Myn —  Mgp.

where Mg 5, is a smooth algebraic scheme which is a certain covering of the moduli stack of n-pointed
smooth projective curves of genus g over C.

2. Deformation theory of parabolic
connections with a quadratic differential

(C,t.0), (E,V,1)) € M%(r, d, v), wher

b€ HY(C,QF(D))
Definition of F. and .F%v

7

{s € Snd(E)‘ sl (i 1“’ )c zj’) for any 1,_;}

~ symb,
0— Fo— Fo 2 00(-D) — 0

]?%, = {S € &nd(E)® Q%v(l))‘ ms,,(s)L[ ) [« llJrl for any z',j}:
Fb=FlLe0giD)

Transformation of elements of }'?7

d Dz O 101
a,a—z’ +n; —a; e (?z +0; 1],6',1 + 6’0

ISOMONODROMIC DEFORMATIONS
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Section of symb; for V(= d+ A;dz;)

«V): Oc(—D) — F&
9
alﬁ—zy — a‘?z, +a;A;

The complex F¢.

s = (dy,dy) o (Id = (V) 0 symby, symby): F& — F,
where dy: F — Flis = Vos—soV and dy: Oc(~D) — Q*(D) defined by

0 ¢ da;\ | w9
3 ,>—> (021 ,+21Hd )d,,/

H\(C, F¢) is the tangent space of Me(r,d,v) at ((C,t,4), (E,V,1)).

Symplectic structure
For v = [({u;}, {(vi,wi)})] € H(C, Fo) and w = [({u:]}, {(W}, wh})] € HI(C,]:(';) we put

wi(v,w) = [({Te(n(u) o n(uy))} —{Tr(n(uiy) o v) — Te(v; o n( uu N} and
w(v,w) = [{2 - symb; (uj;) o symby (uy) o 465}, —{symby (uj;) 0wy + w o symby (u)}].

where 7(s) := s — ¢(V) o symby(s)

w1 +wp: HY(C, F&) @ HYC, F&) — HY(C,08) = C

3. Cotangent bundle on moduli space of
curves with a bundle

Let Pgn(r,d) be the moduli stack of pairs ((C,t), (E,1)), where (C,t) (t = (ty,..., tp)) is an n-
pointed smooth projective curve of genus g over C where #q, ..., t, are distinct points, and (E,1) is
a qum\i parabolic bundle of rank r and of degree d on (C. t)

Let P, (r, d, v) be the substack defined by the condition where a quasi-parabolic bundle admits an
astable v-parabolic connection.

[Tangcnt space at ((C,t),(E,1)) J

HY(C, ]-'8,) is the tangent space of B, (r,d,v) at ((C,t), (E,1))

Cotangent space at ((C.t),(E,l))
0 — QF2(D) — HE — (FO)* @ Qf — 0.

Note that (FO)* @ {Zév = _7:(17.
HO(C, H%{) is the cotangent space of B, (r,d,v) at ((C, 1), (E,1)).

UADRATIC DIFFERENTIAL AND

The complex H¢.
For an extended parabolic Higgs bundle ((C.¢), (E,1), E)) (<l> = (Pidzi, ¢; dz %) on Uj),
=) 1

dye: Fo — He
] D,
ajz—+1; »—><<l>,dz, on; —m; o Pidz; — (a i)

0z
2 29 99 oa 5
Tr (%@,dlfgl) - u,a 'd,,x) ')az:d),dzfg‘]).

— 4

H'(C, Hg,) is the space of first order deformations of ((C,t), (B, 1), D)

Symplectic structure
wir: H(C,HE) © HY(C, 1Y) — H(C,08) = C
which is defined by
[({ais0/01;+ s} Ao )] @ [({afj0r08 +al;} AGh D) ]
— [( {’I'r(nj,(ajkd)j)) + 'I’r((aj,d)jjr];,\) - ZaJ,a’/k(.oj} N

- {41',»(7,1,@]’) + (aji}) = Te(mly) + (uﬁv,aij)} )} .

5. Twisted cotangent bundle on moduli space
of curves with a bundle

- Definition of twisted cotangent bundles [1]
Let T* = T*(X) — X be the cotangent bundle on X. A twisted cotangent bundle on X is a
T*-torsor my: ¢ — X (i.e., my is a fibration equipped with a simple transitive action of 7% along
the fibers) together with a symplectic form wy on ¢ such that my is a polarization for wy (i.e.,

dim ¢ = 2dim X and the Poisson bracket {-, -} vanished on 7 ~10y) and for any 1-form v one has

=midv +w. Here ty: ¢ = ¢ ty(a) = a+ vy, is Llnc translation by v.

Let T* be the moduli stack of pairs ((C,t), (E,1), ll>] where (C, %), (
an extended parabolic Higgs field on ((C, ¢), (E 1):

) € PGulr.d,v) and B is

" — Pgu(r.d,v).
Let ‘/.m\o‘(r. d, v) be the moduli stack corresponding to ﬁ‘)‘(r. d,v):
Ta(rdw)’ MY (r,d,v) — B, (r,d,v).

*
T*-torsor structure on Tte (1 dw)

Transformation of elements of H%

(0= dzs r(2)d=) (@ (z0) i, 5 (2)d)

905 o
N ((0'7@'( i)0ij)dzi, 9il24) df/7+Tl (6 @ <Zl>£) )d N )

Extended parabolic Higgs bundles
We call ((Ct), (E‘l),i)). where & € HY(C, H](V) an extended parabolic Higgs bundle. We call
de HY(C, Hl ¢) an extended parabolic Higgs field.

4. Deformation theory of extended parabolic
Higgs bundles

Action of an extended parabolic Higgs field & = (<I)Idz,,<;§‘dz/22) on a parabolic connection with
quadratic differential (d + A;dz;, ¢;d27):

(d+ Agdz, =) — (d (A + )z iz 4 gideP? — T (tb A+ - 4> ®; ) dz;\"z) ,

Main result
[ (i Fo(rd)’ w) is a twisted cotangent bundle on P, (r,d,v). J
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