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We investigate the AdS/CFT correspondence for higher-derivative gravity systems and
develop a formalism in which the generating functional of the boundary field theory is given
as a functional that depends only on the boundary values of bulk fields. We also derive a
Hamilton-Jacobi-like equation that uniquely determines the generating functional, and give
an algorithm calculating the Weyl anomaly. Using the expected duality between a higher-
derivative gravity system and N = 2 superconformal field theory in four dimensions, we
demonstrate that the resulting Weyl anomaly is consistent with the field theoretic anomaly.

§1. Introduction

Over the past few years, many attempts have been made to check the AdS/CFT
correspondence. ) 7% (For a review, see Ref. 4)). As an example, it is shown in
Ref. 3) that the spectrum of chiral operators of N' = 4 super Yang-Mills in four
dimensions coincides with that of the Kaluza-Klein modes of type IIB supergravity
on AdSs x S°. Also, the computation of anomalies via bulk gravity has been shown
to exactly reproduce the results of the super Yang-Mills theory.?) =6 However, this
matching of the anomalies is valid only in the regime where N — 0o, A = g2 ;N > 1,
since the analysis is based on a classical supergravity computation. At present, it
remains an important issue to test the duality beyond this regime.

There have been several attempts to confirm the validity of the duality beyond
the classical gravity approximation.” =) Among these, Ref. 8) treats N =2 G =
USp(N) superconformal field theory (SCFT) in four dimensions. This SCFT can be
realized on the world volume of D3-branes situated inside eight D7-branes coincident
with an O7~ brane, and is known ' to be dual to type IIB string on AdSs x S%/Zs.
The authors of Ref. 8) showed that this duality reproduces the 1/N correction to
the U(1)r chiral anomaly correctly. In Refs. 9) and 10), the 1/N correction to the
Weyl anomaly of the SCFT is computed using a higher-derivative gravity theory in
which a curvature square term is added.

However, higher-derivative gravity theories”) exhibit some features in the
AdS/CFT correspondence that differ from those in Einstein gravity. To see this,
we first recall that the equation of motion for Einstein gravity is a second-order
differential equation in time r. Thus, a classical solution can be totally specified by
prescribing the value at the boundary if we further impose the regular behavior of the
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1018 M. Fukuma, S. Matsuura and T. Sakai

solution inside the bulk,®) and the boundary value can be identified with an external
field coupled to an operator in the dual CFT.2)3) The situation changes drastically
if we consider higher-derivative theories. In fact, a higher-derivative system with
Lagrangian density £(g, g, ---,g™"), where gij is the metric and - = 0/0r, generi-
cally gives an equation of motion that is a differential equation of 2(N+1)-order in r.
We then would need (N+1) boundary conditions for each field to specify a classical
solution, even if we require its regular behavior inside the bulk.

The main aim of the present paper is to formulate higher-derivative gravity sys-
tems in accordance with the holographic principle. In this paper, we say that the
holographic principle holds when the following two conditions are satisfied: (1) the
classical solution of a higher-derivative system is specified uniquely by the bound-
ary value of each bulk field, and (2) the bulk geometry becomes AdS-like near the
boundary. In order to satisfy the first condition, we first note that the system
L£(g,3,,9g™b) can be transformed into a Hamilton system with (N +1) pairs
of canonical variables (g,Q?), (p,Pa) (@ = 1,---,N) by defining Qf; = 9%g;;/0r*.
(See the next section for details.) Thus, by setting boundary conditions that are of
the Dirichlet type for ¢ and the Neumann type for Q%, the classical solution of this
system can be specified only by the boundary value of g. Note also that the classical
action of this system, which is obtained by plugging this solution into the action,
becomes a functional of these boundary values of bulk fields. The second condition
ensures the existence of a UV fixed point of the dual theory at the boundary, and
such a fixed point enables us to take the continuum limit.'*) We see below that
appropriate boundary terms need to be added to the bulk action in order for the
bulk metric to exhibit such asymptotic behavior when higher-derivative terms exist.

For a systematic treatment of these issues, we employ the Hamilton-Jacobi for-
mulation, as introduced by de Boer, Verlinde and Verlinde'® to investigate the
holographic RG structure of Einstein gravity. (See Refs. 16)—24) for more details
of the holographic RG.) This formulation is further elaborated in Refs. 25)-31). In
particular, a systematic prescription for calculating the Weyl anomaly in arbitrary
dimensions is developed in Ref. 26). In this paper, we show that the Hamilton-Jacobi
equation is quite a useful tool also to study the holographic RG structure in higher-
derivative systems. Actually, we can derive a Hamilton-Jacobi-like equation that
determines the classical action in accordance with the holographic principle. That
is, the classical action can be solved as a functional of a boundary value for each
bulk field. As a check of our formulation, we compute 1/N corrections to the Weyl
anomaly of the N'=2 SCFT by solving the Hamilton-Jacobi-like equation. In the
course of this analysis, we find that the prescription developed in Ref. 26) is again
helpful. We show that our result can reproduce that of Refs. 9) and 10).

The organization of this paper is as follows. In §2, we formulate the Hamilton-
Jacobi equation for a higher-derivative system with emphasis on applications to the
AdS/CFT correspondence. In §3, we apply the formulation to higher-derivative
gravity and derive an equation that determines the classical action. In §4, we solve
the equation following the prescription given in Ref. 26), and demonstrate how to
calculate the Weyl anomaly. We show that the resulting Weyl anomaly correctly
reproduces that given in Refs. 9) and 10). Section 6 is devoted to a conclusion.
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Higher-Derivative Gravity and the AdS/CFT Correspondence 1019

There, a comment is given on the holographic RG structure in higher-derivative
gravity systems. Some useful results are summarized in the appendices.

§2. Hamilton-Jacobi equation for a higher-derivative Lagrangian

In this section, we give a prescription for determining the classical action when
higher-derivative terms are added. We start our discussion for a system of point
particles with the action

Sl = [ dri(a.da™) (@) =age) . @

The extension of our argument to gravitational systems is straightforward and will
be carried out in the next section.®

The action (2:1) can be rewritten into the first-order form in the following
way. We first introduce the Lagrange multipliers p, Py, --, Py_1, so that ¢, Q! =
g, -, QN =¢W) can be regarded as independent canonical variables:

L(Q,Ql,"',QN,QN;p,Ph"‘aPNfl)
:p(Q—Ql) +P1(Q1 _ Q2) _|_._._|_pN_1(QN—1 —QN)

+L(q7Q17"'7QNaQN)' (22)
We then carry out a Legendre transformation from (QY, QN ) to (QY, Py) through
_ 0L 1 N AN

We here assume that this equation can be solved with respect to QY (E flg, QY -,
QN PN)>, and thus obtain the following action that is equivalent to (2-1) classically:

t
S[Q)le"'vQN;p,Pb"'aPN]:\/t‘, dr

N
P+ > PaQ* — H(q,Q% p, Pa)] ,

a=1

(2-4)

where Q" is now the time-derivative of the independent variable QV, and the Hamil-
tonian is given by

H(q,Q% p.P) =pQ' + PLQ* + -+ + Pv_1Q" + Py (¢, Q% Py)
_L(q7Q1a7QN7f(Q7Qa, PN)) (25)

The variation of the action (2-4) is given by

*) See also Ref. 32), where higher-derivative systems are discussed from the viewpoint of string
theories.
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1020 M. Fukuma, S. Matsuura and T. Sakai

5S = /dr[ép(q—g—)—l—ZCSP <Q“ gg)
oo )02

t

(p Sq+> P, 5@@)

t/

(26)
and thus the equation of motion consists of the usual Hamilton equations,
OH . OH OH . OH
= — a:— ) — ——— Pa:——7 27
q 8]) ) Q aPa ) p aq ) 8Qa ( )

and the following constraint, which must hold at the boundary, r=¢ and r=t:

pog+ Y PadQ* =0 (r=tt'). (2-8)

The latter requirement, (2-8), can be satisfied when we use either Dirichlet boundary
conditions,

Dirichlet : §¢g=0, dQ*=0 (r=tt), (2-9)

or Neumann boundary conditions,
Neumann: p=0, P,=0 (r=tt), (2-10)

for each variable q and Q® (a = 1,---,N). If, for example, we take the classical
solution (g, Q%, p, P,) that satisfies the Dlrlchlet boundary conditions for all (¢, Q%)
with the specified boundary values as

dr=t) =a, QU=0)=@" ad qr=t)=d, QUr=t)=q",
(2-11)

then after plugging the solution into the action, we obtain the classical action that
is a function of these boundary values,

S(t.q, Q% t',q',Q") = S [4(r),Q"(r); B(r), Pa(r)] - (2-12)

However, as we discussed in the Introduction, this classical action is not of great
interest to us in the context of the AdS/CFT correspondence, since the holographic
principle requires that the bulk be specified by only the values ¢ and ¢’ at the
boundary. This leads us to use mixed boundary conditions:

§q=P,=0 (r=t, t). (2:13)

That is, we impose Dirichlet boundary conditions for ¢ and Neumann boundary
conditions for Q. In this case, the classical action (to be called the reduced classical
action) becomes a function only of the boundary values ¢ and ¢':

S=8tqt.qd). (2-14)
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Higher-Derivative Gravity and the AdS/CFT Correspondence 1021

A renormalization group interpretation of this condition is discussed briefly in the
concluding section, and will be discussed in detail in a forthcoming paper. 3%

Now we derive a Hamilton-Jacobi-like equation that determines the reduced
classical action (2-14). This can be derived in two ways, and we start with the more
complicated way, since this gives us a deeper understanding of the mathematical
structure. To this end, we first change the polarization of the system by performing
the canonical transformation®)

R t
S=8- [ dF, (2-15)
t/
with the generating function

F=) PQ". (2-16)

Although the Hamilton equation does not change under this transformation, the
boundary conditions at r=t and r=t' become

péq—ZQ“(SPa:O (r=t,t'). (2-17)

These boundary conditions can be satisfied by imposing the Dirichlet boundary
conditions for both ¢ and P,:

gr=t)=¢q, P,r=t)=P,, and q(r=t)=¢, P,(r=t)= P (2-18)

Substituting this solution into S , we obtain a new classical action that is a function
of these boundary values,

S (t,q, Pa; t',q', PL) = 8 [q(r), Q%(r); p(r), Pu(r)] . (2-19)

By taking the variation of S and using the equation of motion, we can easily show
that the new classical action S obeys the Hamilton-Jacobi equation:

05 =—-H <Q7_§' +§7Pa> 5

ot oP, ' dq
S , 08 9§
%—‘i‘H <Q7+8PC,L7 _a_q,a a) (2 20)

The reduced classical action S(t,q;t’,¢") is then obtained by setting P, = 0 in S:
S(t,q;t',q') = S (t,q, Pa=0; t',¢', P = 0). (2-21)

*) The following procedure corresponds to a change of representation from the Q-basis to the
P-basis in the WKB approximation:

U(t,q,Q) = DM gt q,P) = B/ = / dQe """ w(t,q,Q).
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1022 M. Fukuma, S. Matsuura and T. Sakai

Note that the generating function F' vanishes at the boundary when we set P, = 0.

Here we briefly describe how the Hamilton-Jacobi equation (2-20) is solved. For
simplicity, we consider the case N = 1 and focus only on the upper boundary at
r =t. Motivated by the gravitational system considered in the next section, we
assume that the Lagrangian takes the form

L(q,4,4) = Lo(q, ) + cL1(q, 4, ), (2:22)
where
Lo(g,q) = %mij(Q)qiqj - V(g),
La(a:d6) = oy (@)@ — Aila D) — 6(a.9). (22
with

Ailg,4) = al}(0)d¢" + ol (q),
3(0,4) = 60 (@i dd"d + 6 ()i + 6O (). (2:24)
We further assume that the determinants of the matrices m;;(¢) and n;;(¢q) have the

same signature.”) Following the procedure discussed above, this Lagrangian can be
rewritten into the first-order form

L:pq'"i_PQ_H(qu;paP)? (225)

with the Hamiltonian

H(q,Q;p,P) = piQ" — %mij(Q)Qin +V(q)

@) (Pt cAia. @) (P4 edy(a.@)) + c6(a.Q),

T2
(2-26)

where n"/ = (n;;)~'. The Hamilton-Jacobi equation (2-20) is solved as a double

expansion with respect to ¢ and P by assuming that the classical action takes the
form
~ 1
S(ta q, P) = %

+0(3?). (2:27)

§_1/2(t,q,P) + §0(t7Q7P) + \/E§1/2(t7qvp) +C§1(t,q,P)

After some simple algebra, the coefficients are found to be

~

1 ..
S_12 = EUW(Q)Pin +0(P?),
§0 = S(](t,Q) - R,GZSO + O(PQ)a

*) In fact, it is easy to see that this is the case in the higher-derivative gravity system considered
below.
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Higher-Derivative Gravity and the AdS/CFT Correspondence 1023

. g S
Si2 = Pl (@nule) | Tl 0150070 + 9V (@) + 0 (@A (0. 52 )|

dq
+0(P?). (2-28)
Here,
) . y
8Z~ =, b= t iy 2:2
g 9" =m"0 (2-29)
and F;k is the affine connection defined by m;;. Also u¥ is defined by the relation
uik(Q)Ujl(Q)mkl(Q) = nij(Q)- (2:30)
Furthermore, Sy(t,q) = gg(t,q,P = 0) and Si(t,q) = §1(t, q, P = 0) satisfy the
equations
05y 1 850 850
051 mi(q )851 Z?So
ot oq' Og7
1 . ) .
—5mis(4) (Ihy 8808 S0 + 0V (9)) ([ 0™ S0 0" So + DV (q))
850 i k 1 ’i 850
A0 52) (Tud s 050+ 0V (@) +o(0.52) . (23D

which can be expressed as a Hamilton-Jacobi-like equation for the reduced classical
action S(t,q) = So(t,q) + ¢ Si(t,q) + O(c?):

35 ~ oS

. 2-32
- (2:32)

where
m(q)pip; + V(q)

c {—%%(Q) (Fiz pipt + 8iV(q)) (Fﬁ}m pp" + 8jV(q))

H(q,p) =

+ o=

- Ada.p) (Tiass' +0V(0)) + dla.p)] (233)

It is important to note that H is not the Hamiltonian. In fact, the Hamilton equation
for H does not coincide with that obtained from (2-26).

In solving the full Hamilton-Jacobi equation (2-20) for 5(t, ¢, P), we imposed the
condition that everything becomes regular around ¢ = 0 when we set P = 0. This is
because in most interesting cases (like those of the gravity systems we discuss in the
following sections) the higher-derivative term is regarded as a perturbation, so that
the reduced classical action must have a finite limit for c— 0. Once such a regularity
condition is imposed, we have an alternative way to derive this pseudo-Hamiltonian
H with greater ease. In fact, for any Lagrangian of the form

L(¢",d',d") = Lo(q',¢") + ¢ L1(¢", ¢", ¢") , (2:34)
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1024 M. Fukuma, S. Matsuura and T. Sakai

one can prove the following theorem, assuming that the classical solution can be
expanded around ¢ = 0:%)

Theorem

Let Hyo(q,p) be the Hamiltonian corresponding to Lo(q,q). Then the reduced classical
action S(t,q; t',q') = So(t,q; t',q') + c¢Si(t,q; t',q') + O(c?) satisfies the following
equation up to O(c?):

oS ~ oS oS ~ oS
——=H P = — d — = H({,p = 2
at (Q’p)7 p aqu a‘n + at/ (q 7p)) pz aq/,L? ( 35)
where

g(qap)EHO(qvp) - CLl(Q: fl(Q7p)7 fQ(Q7p))7

fila,p)={Ho,q'} = %ﬁf,

; _ i 82H0 8H0 82HO 8H0
f2(q’P):{H0’ {Ho,q }} ~ Opidgi dp;  Opidp; O

oF 0G  0G OF

((F@.p).Glap)} = S 5 a—ma_qi) (2:36)

A proof of this theorem is given in Appendix A. It can easily be confirmed that this
correctly reproduces (2-32) and (2-33) for the Lagrangian given in (2-22)—(2-24).

§3. Application to higher-derivative gravity

In this section, following the prescription developed in the previous section, we
derive an equation that determines the reduced classical action for a higher-derivative
gravity system.

We first recall the holographic description of RG flows in the dual boundary field
theory. We parametrize the bulk metric with the Euclidean ADM decomposition.
(For more details of the ADM decomposition, see Appendix B.) We then have

ds?® = G dX"dX"
= N(z,r)%dr?® + gij(x,7) (d:vi + Ni(x, T)d?") (dwj + M (x, r)dr). (3-1)

) As long as we think of L; as a perturbation, any classical solution can be expanded as
q(r) = Go(r) + cq(r) + O(c*).

Here Go is the classical solution for Lo, and §; is obtained by solving a second-order differential
equation. Note that we can, in particular, enforce the boundary conditions

o(r=t)=q, @r=t)=0 and q@(r=t)=q¢, @@r=t)=0.

In this case, due to the equation of motion for go(r), the classical action is simply given by
t
S(g,t;4',t) = / dr[Lo(do, dy) + ¢ L1(do, 4o, o)) + O(c?).
t/

This corresponds to the classical action considered in Ref. 10).
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Higher-Derivative Gravity and the AdS/CFT Correspondence 1025

Here X# = (2%,7), with 4,5 = 1,2,---,d, and N and A are the lapse and the shift
function, respectively. The signature of the metric g;; is taken to be (+---4). By
assuming that the geometry becomes AdS-like in the limit » — —oo, the Euclidean
time r is identified with the RG parameter of the d-dimensional boundary theory, and
the time evolution of other bulk fields (such as scalars) is interpreted as an RG flow of
the coupling constants with a UV fixed point at the boundary. To avoid a singularity
of the metric g;; at r = —o0, we restrict the region of r such that ro < r <oo. 2),3),33)
This corresponds to the introduction of a UV cutoff to the boundary field theory. In
the following, we consider a (d + 1)-dimensional manifold My, ; = {(2%,7)} that has
a topology given by My, ~(R% U co) x Ry, with 1o <7< oo.
We consider classical gravity on Mg, with the action

S=8+5;. (3'2)

Here Sp is the bulk action given by

Sk :/ XL (3-3)
Mgy

5322/1—}?—&}?2—12}?/31,—6@2

uvpo

(3-4)

where a,b and ¢ are some given constants. S} contains boundary terms defined on
the boundary Yy = 0Mgy1 at r = rg. The form of S can be determined by requiring
that it is invariant under the diffeomorphism

XH— X" = fH(X), (3-5)
with the condition
fr(r=mro,z) =ro. (3-6)

Equation (3:6) implies that the diffeomorphism does not change the location of the

boundary. It is then easy to verify that S} takes the form (for details see Appendix
C)

Sy = / dz\ /3B, (37)
2
with
B =2K +x1 RK + 23 RjK" + 23 K* + 14 KK}, + x5 K}, (3-8)
where Kj;; is the extrinsic curvature of Xy given by

r .

Kij = 537 (95 = Vidj = ViAi), (3-9)
and K = ¢ K;;. V; and R;jy, are, respectively, the covariant derivative and the Rie-
mann tensor defined by g;;. The first term in B ensures that the Dirichlet boundary
conditions can be imposed in the Einstein theory3? and also plays an important
role in the context of the AdS/CFT correspondence. ®) We argue below that the
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1026 M. Fukuma, S. Matsuura and T. Sakai

coefficients x1,-- -, x5 must obey some relations so that the holography holds even
for higher-derivative gravity.*)
The action (3-2) is expressed in terms of the ADM parametrization as

s= [ ax[Vits- 5 (/3B

Mgt
= [ “dr [ d'ayg [Colg. K5 NN+ La(g. K K NN (3:10)
To

where **)

1
N£0:2A—R+K%—K2, (3-11)

%El = —aR* - bR2 cRZ]kl + {(—Ga + 21’1)Ki2j + (2a — xl)KQ}R
+| = 2(2b + 4e — x9) (K2 + (2b + 221 — xz)KKZ‘]} RY
+2(6¢ + 2) K1 K lRijkl
—2(2b+ ¢ — 3w5) K + (4b + 4wy — 25) KK

9a + b+ 2¢ — 2:1:4) (Kfj) + (6a — b+ 6x3 — x4)K2KZ~2j

—(
—(a+x3)K

— (4b + 221 — 22) K VIVIK 4 2(b — 4c + 19) K;; VIV, K*
+ (8¢ + xg)KwV K74+ 2(b+21)KV?K

(4a + b)g" g"t + (b + 4¢)g™* ﬂ]L”Lkl

+ {(4@ —21)R+ (12a 4 2b — 24) K2, — (4a + 3x3)K2}g”
+(2b — 22) R + (4b + 8¢ — 3w5)(K?)" — 2(b + u)KK”] Lij,
(3-12)
with
Kij 2N (g,] V,-)\j - V])\z) 5 (313)
L=~ (K — N VLK — VidF Ky — VAR K +VV-N) (3-14)
iy — N i kAt ag % kj 7 ik iV .

By regarding g;; and K;; as independent canonical variables,”*) the action (3-10)

*) See, e.g., Refs. 37) and 38) for another discussion of boundary terms in higher-derivative
gravity.
**) We here use the following abbreviated notation: K7 = Kl2 Kl3 K (K?)i = KiK.
***) The correspondences between the variables in §2 are as follows q < Gij, P /9T UQ —
Kij, P < \/gPY.
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Higher-Derivative Gravity and the AdS/CFT Correspondence 1027

can be further rewritten into the first-order form
S = / dr/ddx\/g [Wij (gZJ — QNKZ']' — Vi)\j — Vj)\l) + Loy + El}
7o
:/ dr/dd:c\/§ {Wijgij —l—Pinij —H(g,K;7, P;N, )\)} . (3-15)
70
Here the Hamiltonian density  can be evaluated as
H = 7 (2NKZ']' + Vz‘Aj + V])\l) + Pinij —Ly— L1
= NH(g, K;m, P)+ A\P'(g, K;m, P), (3-16)
with

1 4a +b 2
(b+4c) 4(b+4c) (4da + (d+ 1)b + 4c)

~ ViV P 4 [A1 R + Ay (K*)7 4 Ag KKV P,

H(g, K;m, P) =219 K;; — 1 P’ +

+[As R+ A5 K2 + A K| P

—2A+R- K+ K*

+B1 R* + By R%, + By R,

+ (C1KZ + Cy K?) R+ |Cs (K2)ij + CiK Ky | RY
+C5 K Kj; R

+ D1 K5+ Dy KK + D3 (K3)? + Dy K*K} + Ds K*
+ B KijVIVIK + By Ki; VIV K"

+ B3 K;;V*K"Y + By KV*K, (3-17)
Pi(g, K;m, P) = —2V;7' + Py V K™ — 2V*(K Py,). (3-18)
The coefficients Aj,---, E4 are not important in the following discussion, and are

listed in Appendix D. The classical equivalence between the two actions (3-10) and
(3-15) can be easily established by noting that the latter gives the following equation
of motion for 7%:

P = —2((4a+) g7g" + (b+ 40) ') Ly
+ (40— 21)R + (120 + 2b — 24) K, — (40 + 323) K?| g7
+(2b — 22)RY + (4b + 8¢ — 325)(K*)Y —2(b+x4) KKY . (3-19)
This correctly reproduces the original action (3-10) when substituted into (3-15).

Following the prescription given in §2, we now make a canonical transformation
that changes the polarization of S from (g;, Kij) to (gsj, PY):

~ o iy
S=8— dHlx — K,;; PV
Mgy or (\/§ J )

= / / d?z \/g (wij gij — Kij PV — NH — /\73) , (3-20)
T0
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1028 M. Fukuma, S. Matsuura and T. Sakai
with

H(g, K;m, P) = H(g, K;7, P) + KK;j P,
= —2V,7 — V'PI* K, — 2VF (K Py, (3-21)

where we have used the relation
Or/G =g (NK + V). (3-22)

Since N and \; are the Lagrange multipliers, we obtain the Hamiltonian and mo-
mentum constraints

1 68 .~
= _ K:7.P) = -2
\/g 6N H(g7 77'(_, ) 07 (3 3)
1 68 =,

S =P (g,K; m, P) = 0. (3-24)

Vi on

We now let g;; and P represent the solution to the equation of motion for S
that obeys the boundary conditions

Gij(x,r =10) = gij(2), P (z,r =rg) = PY(x). (3-25)

We also require that the solution be regular or be set to some specific value in-
side the bulk (r — o0), and assume that the above boundary condition is sufficient
to specify the classical solution completely.?) Plugging the solution into S', we ob-
tain the classical action S[g(x), P(x)], which satisfies the following Hamilton-Jacobi
equation:*)

1 68 g 1 68
— = 7%, — = +4K;;, 3-26
\/§5gij \/§5PW J ( )
H(g, K;m, P) =0, (3-27)
Pi(g, K;m,P)=0. (3-28)

*) The last equation demonstrates the invariance of S under a d-dimensional diffeomorphism,

O:—/ dz geﬂ/D\i
PP
S

= / ddx (vzeg + vjez)d—s + (—ak€l ij — 8k;€j Plk + Gk akPZ])— )
4 (591‘]‘ opPY

~

with €*(z) an arbitrary function. This also demonstrates the invariance of the reduced classical
action,

0:/ ddl’(viEj-i-VjEi);—S,
4 Gij

for arbitrary €' (x).
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Since the Hamiltonian density is a linear combination of the constraints, the classical
action S does not depend on the coordinate of the lower boundary:

9 & d o AN

a—ms_/d 2v/g (NH +AP') =0, (3-29)

This implies that the reduced classical action
Slg(@)] = Slg(x), P(x) = 0] (3:30)

is also independent of rq:
0

2 9-—0. .31
37"05 0 (3-31)

The Hamiltonian and the momentum constraints (3-27) and (3-28) can be trans-
lated into equations for the reduced classical action, as we sketched for point-particle
systems in Egs. (2-27)—(2-33). However, the resulting equation can be derived most
easily by using the Theorem, (2-35) and (2-36), as follows: We first rewrite the
Lagrangian density of zero-th order, Ly, into the first-order form

Lo — 7 gij — Ho, (3:32)
where the zero-th order Hamiltonian density Hg is given by
Ho(g,m: N,A) = N (ﬁ] _ d—ilﬁ oA+ R) oM Vi (3-33)
Then by using the Theorem, the pseudo-Hamiltonian density is given by
H(g,m; N,A) = Holg,m; N, A) — £1(g, K%(g,7), K'(g,m); NN (3-34)

Here K?j(g, ) is obtained by replacing g;;(z) in (3-13) with {f d%y\/GHo(y), gij (I)},
and it is calculated to be
1

Kjj=mj— =

T iy - (3-35)

On the other hand, K}j = {fddy\/E’Ho(y), KZO]} is found to be equivalent to re-
placing L;; in £1 by

1

) —
K 2(d —1)?

[2(d A+ (d- DR+ (d— Dad — 372 gy

3
d—1

Using Eqgs. (3-:31)—(3:36), we obtain the following Hamilton-Jacobi-like equation for
the reduced classical action:

OZ/dd:c ga'v((g(x),ﬂ(az);N,)\i)

= [ @tayg [N Hlg(a), (@) + N Bilg(@),n@)] . (337

+ Ri]’ + 2(7r2)ij —

T . (3-36)

Downl oaded from https://acadeni c. oup. com ptp/article-abstract/105/6/1017/ 1834076
by Kyoto Dai gaku user
on 13 March 2018
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’ -1 68
() = ———, 3-38
(2) 5395 (3-38)
where *)
. 1
— ., 2 2
H(g,m) =75 — 7" —2A+R
2
+ aq Wf‘j =+ o 7T7T§j + a3 (7‘(22]) =+ ay 7r27ri2j + a5 7r4
+ By Al + B An® + B3 Rl + By R
+ B35 Rij(n*)" + Be Rij wn" + Br Rija o' n?!
+71 A% + 799 AR + 43 R? + 74 R} + 5 Rijpy (3-39)
Pi(g, 7)) = —2Vim; (3-40)
with
a1 = 2¢, a9 = 20
1= ; 2 = (d — 1))
_ 1 2
—2(d — 1)(dxy + 3x5) |,
oy = b [—4a — (d* = 3d + 4)b — 4(2d* — 5d + 4)c
2(d—1)3
— 3dwg + (2d2 — 7d + 2)as — 3(2d — 1)) ,
_ 2 _ 2 _
a5 = 1= [4a+(d 3d + 4)b + 4(2d% — 5d + 4)c
+2(3d — 4)z5 — 2(d* — 6d + 6)z4 + 2(5d — 6)5) , (3-41)
1
b= [4da —d(d—3)b—4(d — 2)c — (d — 1)(daws + 3955)] ,
. —4 - 4(d -2
B2 CESE { da+d(d—3)b+4(d —2)c
— 3dxs + (d2 —2d —2)xq + 3(d — 2)1‘5] ,
_ L0 2
Bs = CTCE 4o+ (d* = 3d + 4)b — 4(3d — )e
—(d—1)(dey + 22 — (d— )z + 3z5)} ,
L
= | —da— (- 4)b+ 4(d — 2
B4 Sd—17| a— (d°—3d+4)b+4(d —2)c

*) We have ignored those terms in H that contain the covariant derivative V. This is justified
when we consider the holographic Weyl anomaly in four dimensions. Actually, it turns out that
they give only total derivative terms in the Weyl anomaly.
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—(d—1)(d -4z —3(d — 1)z2 4 3(d — 2)x3
— (d? — 8d + 10)z4 + 3(3d — 4)x5 |,

2 2x9 — -3
Bs = 16c+ 305, Py 2TLT22 T TIT) g g,

d—1
(3-42)

d

[4da+ (d+1)b+ 4c|,

N= @12

o = ﬁ [4da —d(d—3)b— A(d — 2)c — (d — 1)(da1 + xQ)} ,

s = ﬁ [4@ (2 = 3d+4)b — 4(3d — A)e + 2(d — 1)((d — 2)1 — m)},
Y4 = 4dc+ xo, V5 = C. (3-43)

Since the classical action S[g(x), P(z)] is independent of the choice of N and A¢ (and,
thus, so is S[g(z)]), from Eqgs. (3:37)—(3-40) we finally obtain the following equation
that determines the reduced classical action:

I
V9 69i(x)

H(gij(l'), ﬂij(m)) =0, ﬁi(gij(m)ﬂrij(x)) =0, Wij(x)

(3-44)

We conclude this section by making a few comments on the possible form of
the boundary action Sj and the cosmological constant A. As discussed above, in
order that the boundary field theory has a continuum limit, the geometry must be
asymptotically AdS:

ds* — dr? + e 2/ly(x)da'da?  for r — —oc. (3-45)

This should be consistent with our boundary condition P¥ = 0. By investigating the
equation of motion derived from the action (3-15) explicitly, it can easily be shown
that this compatibility gives rise to the relation

r1 = 4a,

xTro = 2b,

4
d2$3—|-d:c4+:n5:—§<d(d+1)a+db—|—20>. (3-46)

It can also be shown that the asymptotic behavior (3-45) determines the cosmological
constant A as

d(d—1) , d(d-3)

A=-—5 214

[d(d +1)a+db+ 20] . (3-47)
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1032 M. Fukuma, S. Matsuura and T. Sakai

§4. Solution to the flow equation and the Weyl anomaly

In this section, we solve the equation (3-44), using the derivative expansion that
was developed in Ref. 26). We then apply the result to computing the holographic
Weyl anomaly of A/ = 2 superconformal field theory in four dimensions, which is

dual to IIB supergravity on AdSs x S°/Zs.

We first note that the basic equation, (3-44), can be rewritten as a flow equation

of the form

{S,8} +{S,8,5,8} = Lg, (4-1)

5s\* 1 ([ 85\’
5gij d —1 91] 5gij
9 9 2
0S 0S 6S
+ 61 A +062A | gij— | +B3R
0gi; 0gi; 09ij

2
S 0S 68
+ B4R (%g) + B5 Rijgui——
ij

with

(v9)* {8, 5} =

8gir 0951

oS oS 0S 68
+ s Rzgd o Ikl =— 5o + 067 R i 5o 59;1]

4 3 2\ 2
4 _ S ( 0S > oS 6S
(v9) {S5,8,8,8}= |1 (5% + ap Mg 500 + a3 590

2 4
oS )2 ) oS
+ — +as | gij— ; 4-3
! (gm Okl <5gz‘j> ° (g] 59z‘j> } 43)
Li=2A— R — A% — AR — v R? — ’}’4jo - V5Rizjkz- (4-4)

Following Refs. 15) and 26), we then assume that the reduced classical action S[g(z)]

takes the form
1 1

Slg(x)] =

2
2K 2 Kat1

57— Sloclg(@)] + T'lg(2)], (4-5)

where 257 is the (d+1)-dimensional Newton constant. The functional I'[g] is iden-

tified with the generating functional of the boundary field theory in the background

metric g;;(x), with any local sources set to zero, and Sioc[g] is the local counterterm

in S[g]:
Sloc /ddxmﬁloc( )
_ / iz \Jol@) Y [Loe@)] . (4-6)

w=0,2,4,--
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Here we have arranged the sum over local terms according to the weight w, 26) which
is defined additively from the following rule:

weight
9ij (), I'lg] 0
0i 1
R, Rij,--- | 2
0I'/6gi;(x) d

We then substitute (4-5) into the flow equation (4-1) and rearrange the resulting
equation with respect to the weight. The parts of weight 0 and 2 give

2A — '71/12 = |:{SIOC7 Sloc}:| + [{51007 51007 Sloc: Sloc}:| ’ (47)
0 0
—R— ’YQAR = {{Slom Sloc}} + [{Slom Slom Slom Sloc}} . (48)
2 2
These two equations determine [Lioc]o and [Loc]2 as
[Eloc]() = W, [Eloc]g =9 R, (49)
W = —M +ll3{_4d(d+ 1)a—4db—80+d(d2x3+dx4+x5)},
l 2
d = — 1 2
T3~ EDE=T {d(aH— Ya + db -+ c}
1 3(d*zs + d g + x5)

where (3-47) has been used. It is worthwhile to note that W and & can be written
in terms of only a,b and ¢ upon substituting into (3-46):

W= —2(dl_1) _ 4(62;3) {d(d+1)a+db+2c},
45:di2—|—(d_22)l{d(d—5)a—2b—2c} (4-11)

For d > 4, the flow equation of weight 4 simply determines {ElOCL in the local

counterterm, as in the case of Einstein gravity (cf. Ref. 26)), while for d = 4 this
gives an equation that characterizes the generating functional I'[g(x)]:

2|:{SIOC7 F}:| + 4|:{Sloca Sloca SIOC7 F}:|
4 4

1

= _2—2 (|:{SIOC7 SIOC}:| + [{Sloca Sloc, Sloc; Sloc}]
K3 4 4

+73R* + 4R + 75Rzzjk:l)- (4-12)
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1034 M. Fukuma, S. Matsuura and T. Sakai

From this, we can evaluate the trace of the stress tensor for the boundary field theory:

=2,
Vg ogi’
In fact, using the values in (4-10), we can show that the trace is given by
-213—15abc 1 5a b 3
T — 2 s . 2, (2 ¥ Y 2
Tie = 3,2 [( 3z Tt 3z2) R (8 2P 212) RE + g R

(4-14)

(T)g (413)

This correctly reproduces the result*) obtained in Refs. 9) and 10), where the Weyl
anomaly was calculated by perturbatively solving the equation of motion near the
boundary and by looking at the logarithmically divergent term, as in Ref. 6).

For the case of NV = 2 superconformal USp(N) gauge theory in four dimensions,
we choose 2x2 such that

1 Vol(S°/Z5) (radius of S°/Z4)>

= 4-15
2r2 2K2 ’ (4-15)

where 2k2 = (27)7¢g2 is the ten-dimensional Newton constant,?) and the radius
of S°/Zy could be set to (8mg,N)'/%.8) In this relation, we note the replacement
N — 2N as compared to the AdS5 x S° case. This is because here we must quantize
the RR 5-form flux over S5/Z5 instead of over S5.12) For the AdS5 radius [, we may
also set | = (8mgsN)'/4. Setting the values @ = b = 0 and ¢/2I> = 1/32N +O(1/N?),
as determined in Ref. 10), we find that the Weyl anomaly (4-14) takes the form

A N2 1 1 3
T! — )R>+ (= — 2 ] NO).
(Tidg = o272 [(24 + 48N> R+ <8 32N> i + 32NR”“ +OWT)
(4-16)
This is different from the field theoretical result, )
. N2 /-1 1 1 1
(Tidg 272 [(24 32N> R+ <8 + 16N> i + 32NR”“ +OWT)
(4-17)

As was pointed out in Ref. 10), the discrepancy could be accounted for by possible
corrections to the radius [ as well as to the five-dimensional Newton constant. In

*) The authors of Refs. 9) and 10) parametrized the cosmological constant A as

o dd-1)
N T
so that their L is related to our [, the radius of asymptotic AdS, as
2 _ g2 (d—3)
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fact, if these corrections are

3 1 Vol(S°/Z5) (8mgs N )%/ n
l—(SWgSN)1/4(1+N), 2—,%: 2/4/2 (1+N>7

(4-18)

then the field theoretical result is correctly reproduced for 3§ +n = 5/4.
§5. Conclusion

In this paper, we investigated higher-derivative gravity systems in the context
of the AdS/CFT correspondence. Although higher-derivative gravity requires more
boundary conditions than Einstein gravity, we pointed out that by choosing the Neu-
mann boundary conditions for higher-derivative modes, the classical action can be
made such that it depends only on the boundary values of bulk fields. We further
derived a Hamilton-Jacobi-like equation that determines such a classical action. Us-
ing this equation, we computed the 1/N correction to the Weyl anomaly of N' = 2
G = USp(N) superconformal field theory in four dimensions on the basis of the
holographic description in terms of type IIB string theory on AdSs x S®/Z5. 12) We
found that the resulting Weyl anomaly correctly reproduces the holographic Weyl
anomaly given in Refs. 9) and 10), and is consistent with the field theoretical result
if we take into account the possible corrections discussed in Ref. 10).

Finally, we comment on how our Neumann boundary condition P = 0 can be
interpreted in the context of the holographic RG. To this end, we consider a toy
model with the Lagrangian

1 1 c
L= 2?4 22024 2 5.1
SRS (51)
whose first-order form reads
LZPQ+PQ_H<q7Q;p7P)7 (52>
with
1 1 1
H(q,Q; p, P) = —-p’¢® — Q%+ Qp+ —P°. (5-3)
2 2 2¢
By performing an almost diagonal canonical transformation,
q al az #a:& ﬁ% q
Q _ a3 a4 aj az Q/ (54)
P cM?as em2ay cMZ?a; cmas |’
P cm?a; ¢ M?3as cas cay P

with

o 1—V1—dep?

m- =

w1+ 0(e)),

2c
M2 — 1++1—4cp? 1

— ~(1+0(c), (55)
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1036 M. Fukuma, S. Matsuura and T. Sakai

21 o 1 R 1

AT ST g TN T T g (56)
the Lagrangian can be rewritten into the following form with normalized kinetic
term:

L=p'{+PQ -H(p;Q,P), (5:7)
where
e A Dl 1/21/212/212/2
H'(q, Q50 P) = 5p" + 5P% — gmq” — SM7Q". (5-8)

Since a bulk mode with mass M is coupled to a scaling operator with scaling di-
mension A = (d +Vd+ 4M2),2)’3) the relation (5-5) shows that the mode Q' is
coupled to a highly irrelevant operator with large scaling dimension when c< 1. The
essential point of this conclusion does not change even if the variable ¢ corresponds
to a bulk field with spin.

Turning to higher-derivative gravity systems, the above example shows that
Kij (~ Q ~ Q') is highly irrelevant in the dual CFT and is approximated well by
assuming that it takes a constant value along the renormalized trajectory, as long as
we consider the vicinity of the conformal fixed point. This is equivalent to demanding
that the corresponding beta function vanishes along the renormalized trajectory.
Since P, the conjugate momentum of K;j;, can be regarded as the RG beta function
of K;;, this leads to our requirement, PY = (. The holographic RG structure in
higher-derivative systems will be explored in more detail in a subsequent paper. 34)
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Appendix A
—— Proof of Theorem ——

In this appendix, we give a detailed proof of Theorem, (2-35) and (2-36), for the
action

t S S
S= [ dr|Lofa’ i)+ eLula' 4. ). (A1)

where i runs over some values. In the following discussion, we focus only on the
upper boundary, for simplicity.

We first rewrite the zero-th order Lagrangian Lg into the first-order form by
introducing the conjugate momentum po; of ¢* as

Slq(r), po(r)] = /t dr [pm’di — Ho(q,po) + ¢ Li(q, 4, ('1')} (A-2)
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through the Legendre transformation from (g, q) to (¢, po) defined by

0Ly, .
Poi = 5 (¢:9) - (A-3)

From this, the equation of motion for pg; and ¢’ is given by

. OH,

i _ OHo A4
@ = P (A-4)
, 0H, oL, d <8L1> d? (8L1)
R L4 (o) @ (O A5
po 0q" T [6qZ dr \ 0¢* + dr? \ 9¢t (A4:5)
Let q(r), po(r) be the solution to this equation of motion that satisfies the boundary
condition
g(r=t)=¢". (A-6)

Since this condition determines the classical trajectory uniquely [together with the
lower boundary values ¢'(r=t") = ¢’* that we have not written here explicitly], the
boundary value of py is completely specified by ¢ and ¢: po(r =t) = po(t,q). By
plugging the classical solution into the action S, the classical action is obtained as
a function of the boundary value ¢* and t:

S(t7 Q) = S[Q(T),ﬁo(r)] (A7)

In order to derive a differential equation that determines S(¢,q), we then take the
variation of S(t,q). Using (A-4) and (A-5), this is easily evaluated to be

48 =6t {poz-q'i — Ho(q,po) + ¢ L1(q, 4, ij)}

—_q ) aLl . d 8L1 s
+6q'(t) {pm +c ( 9 (4:4,4) = - <aq'i (4,4, Q)> Lt)]
o OLy,
g (t) — A.
+c0q (t) oG (¢,4,9), (A-8)
where
g dg, AP,
q IW(T—W q :?(r—t), (A-9)

and 0 (t) and 6 (t) are understood to be 67 (r)|,— and d 6 (r)/dr|,—, respectively.
By expanding the classical solution g'(r) around r =t, we find that the variations
§G'(t) and ' (t) are given by

5q'(t) =6q" — ¢’ 6t, 84 (t) = 6¢° — i ot. (A-10)

Here it is important to note that ¢ can be written in terms of ¢ and ¢, since the
classical solution is determined uniquely by the boundary value ¢q. Actually it can
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be shown that

9¢7 Opoi 0P0iPo;

9*Hy - 0%H, (8])0' Opo;
=~ 5¢ Lot + 20 ’“) :

g’ Opo; 1 Opoipo; \ Ot dq* 1

-0

dq

dpo;

(A-11)

where we have used (A-4) as well as the fact that pg = po(¢, ¢). From these relations,
the variation (A-8) is found to be

S = p; 6q' — H(q,p) ot, (A-12)

with

L [0Li, . d (9L
pz—POz‘FC{aq-i(Qa%Q) ( ;

oL, { 8%H, 9*Hy  Opox,
g7 \ 0¢'0po;  Opo;Opor Oq* ) |’

H(q,p) = Ho(q; po)
. .7 8Ifl R d 8L1 T

oLy (.,  0*Hy Opo,
Rl e I A'l4
aq" (q OpoiOpoj Ot ( )

In order to compute H (q,p), we first note that the Hamilton equation appearing in
(A-4) and (A-5) gives the relation

. 0%Hy 0H,  0°H, (apoj dH, 3p0k> (A15)
@ = Opwidgi Opo; | Opwdpe; \ OF dpor | Ot
It is then easy to verify that H(q,p) takes the form
H(q,p) = Ho(q,p) — ¢ L1(g, 4, d) + O(c?). (A-16)
Here ¢* and §* in L; can be replaced by
fia.p) = {Hola.p)sa'} = 55 2ap) (A17)
and
fZZ(Q7p) = {HO(Q7p)7 {HO(Q7p)7 ql}}
9*H, OHy 0*H, OHy
opiog P) ap; (4,p) 0D, (@.9)5 7 (@p),  (A18)

respectively, up to O(c?). This completes the proof of (2-35) and (2-36).
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Appendix B
—— ADM Decomposition

In this appendix, we summarize the components of the Riemann tensor, Ricci
tensor and scalar curvature written in terms of the ADM decomposition.
In the ADM decomposition, the metric takes the form

ds? = G, dX"dX"
= N(x,7)%dr® + gij(z,r) (dwi + N(x, r)dr) (dxj + M (x, r)dr). (B-1)
Here we use the following basis instead of the coordinate basis 0,:

e = %(ar —\9;,), & =0 (B-2)

In this basis, the components of the metric are given by
gemen) gene) \ _ (1 0 ) (B:3)
9(ej,e;)  g(ei &) 0 gi
For the purpose of computing the Riemann tensor in this basis, it is useful to start
with the formula

R, 80 = R(6,,6.)8,
- [ gH,Vaj} &~V (B-4)

S o~ ok
VaeE—KZ €k,

o 1 N 1 N

Vot = OiN e+ (KJ’? + @»A’“) ek

~ 1 .

Vgﬁea =% gkl ok N €,

SR 1 N 1 K~

e, 6] = N OiN e + N O A" €, (B-5)

where K;; is the extrinsic curvature and ij. is the affine connection with respect to

gij- We thus obtain

~

Rijri = Rijr — K Kji + Ky Ky,
Ry = Vil — ViKj,

Ry = (K%)j— Ly, (B-6)
with
1 /.
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The components of the Ricci tensor ﬁ,w = Epupv = R,“ are given by

Rij = Rij + 2(K%);; — KK;j — Lij,

Ry = V'K — ViK,

Ren =K% — gLy, (B-8)
and the scalar curvature is

R=R+3K} — K*—2¢"L;. (B9)

Appendix C
—— Boundary Terms

In this appendix, we supplement the discussion of the possible boundary terms
given in §3.
We first consider the infinitesimal transformation

gt — 2 =2t (), r—r' =r+e(xr). (C1)

Under this transformation, N, \; and g;; are found to transform as

1 1 ;

— = —(1 e — N\ 1€ )

N = NN |

o= X = B Ny — i — e (N? + 0?) = gijé

9ij = 9ij — Oie"gr; — 05" gir. — Die Aj — Dje Ny, (C2)

Furthermore, I ;k, the affine connection defined by g;;, transforms under the diffeo-
morphism (C-1) as

I =T — 05 Ok€ + Ij O’ — Ip 05€™ — Iy Oke™ + 0T, (C-3)
with

0Ty = —A'V;Vie — 0,6V — 03V \ — Ng'(9je Ky, + Oe Kij — O K ).
(C-4)

Note that 5F;k does not contain €. From these relations, it is straightforward to
verify that the extrinsic curvature transforms as

Kj; = Kij — 0 Kij — O Kjy
+NV,Vje+ die (9;N — N Kj)) + 9je (9;N — N Ky;). (C-5)

We can also show that the Riemann curvature Rijkl transforms under (C-1) as

Rlijkl = RZ]kl + amﬁi R’r?kl - 3]6m Rimkzl - ak;em RZ]ml — alﬁm lek.m
—Oke I}, + O I + VoI, — V0T (C-6)

Downl oaded from https://acadeni c. oup. com ptp/article-abstract/105/6/1017/ 1834076
by Kyoto Dai gaku user
on 13 March 2018



Higher-Derivative Gravity and the AdS/CFT Correspondence 1041

As argued in §3, we focus on the diffeomorphism that obeys the condition (3-6).
This is equivalent to the following relation in an infinitesimal form:

aiG(T = 7“0) = 0. (C?)

Therefore, we find that the boundary action (3-7) is invariant under this diffeomor-
phism.
We remark that in the above, we have discarded boundary terms of the form

S = L de /g (KL + KgLsy). (C8)
d
although these are allowed by the diffeomorphism.*) The reason is that if there were

such boundary terms, they would require us to further introduce an extra boundary
condition, since

68y = /2 d*z\/g [ ot 5KijP2ij(9k:l,Kkz)] : (C9)
d

Appendix D
—— Coefficients in Eq. (3-18) ——

We have the following values for the coefficients in Eq. (3-18):

A — 2b — o 74b+86—3x5 7_b+$4
T2+ 40) 2T T 2(b440) 5T b4
A = _4ab — 16ac + bxy + 4exy — daxs + 202 — bxo
1T 2(b+ 4c)(4da + (d + 1)b + 4c) ’
e — _4ab — 16ac + 2b2 + bxy + 4cxy — 12ax5 — 3bxs
o 2(b + 4c)(4da + (d + 1)b + 4c) ’
4ab — 16ac — 3bxs — 12cx5 + 8axy + 2b% + 2bxy
Ag = , (D-1)
2(b+4c)(4da + (d+ 1)b + 4c)
B 1
T A(b+ 40)(dda + (d + 1)b + 4c)
x |43 + 4(d + 1)ab2 + dazs® — 42wy + bzo® + 64ac® — Sabxs
+16(d — 2)abc — ddex,? — dbxi? + 4b%z1 + 16bcx; — Scxixo
+32acry — 2bx1x + 8dabri + 32dacxy |,
16bc + 4bxo — 92
By = Bs = D-2
2 4(b+4c) b 3 C? ( )
1
C =

4(b + 4¢)(4da + (d + 1)b + 4c)
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) By definition, the (d + 1)-dimensional scalar curvature R is a scalar. It thus follows from
(B-9) that L;;(r = ro) transforms as a tensor under the diffeomorphism with (C-7).
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x |83 — 8abxy — 16(d + 1)bcx; — 64c’x, — 32dacry

—4db%zq + 8dabxy — 4b%x9 + 32acry + 8 dabxy — 24abxs
+24azoxs + 6broxs — 12675 + 32(d — 2)abe — 2dbx x4

+8(d + 1)ab® + 16bcxy + 4b*xy — 2bxoxy — 6bx12s

—8cxoxy — 8dcxi1x4 + 32dacry — 24cx1x5 + 96acxs + 128ac? ,

1
4(b+4c)(4da + (d + 1)b + 4c)

Ch =

x | — 16b%c + 8bczy + 64c2z1 + 32dacry — 32(d + 2)abc

—8(7d + 5)ab® — (d — 3)bxoxy — 4(d — 4)azozy

+8(d — 2)abxy + 2(d — 3)b%z4 + 3(d — 1)bxozs — 6(d — 1)b%z3
—4(d + 3)b® 4 32acxy + 24(d + 1)abag + 16(d + 1)bcxy
+64da’zs — 12cxzox3 + 2(d + 3)b%zy + 8dabxy + 4db*xy
—6dbx1xs + 24bcxy — 4bx1x4 + 12daxsxs + 8bcxry + 96dacxs

—4cxory — 16cx124 + 64acry — 24dcxix3 — 128da’b — 128ac? ,

32bc + 6bxs — 3xoxs + 64¢? — 8cay
2(b + 4c) ’
—8bc + 2bxy — 2bx1 — X914 — 8Cx1 + dexo

Cy = Cs5=—12¢ —2
4 b+ 4 ) 5 c €2,

Cs =

(D-3)
8bc — 9252 — 48cx5 — 32¢2
Dl - y
4(b + 4c)
—4bxs — 16bc — 16cx4 — 6425 + 8cas
D2 = )
2(b + 4c)
1

4(b + 4¢)(4da + (d + 1)b + 4c)

X | — 6bxyrs — 64c?z4 + 96acrs — 16(d + 1)bczy — 32dacxy + 128¢3
—4db*zy — 24czaxs + 32(d + 2)bc? — dbxy® — ddexy® + 8(d + 1)b%c
+4b% 4+ 64(2d + 1)ac® + 4(d + 1)ab® + 16(3d — 2)abc — 24abas
—12b%25 — 8dabzy + 9bxs> + 36axs52|,

1
" 4(b+4c)(4da + (d + 1)b + 4c)

x| — 80> — 32¢x4? + 48ax4xs — 16dax,® + 24abxs + 12b2x5 + 12bx4xs

—24dabxs — 96daczs + 64c*xs — 96acxs — 192¢% x5
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—T2cx3ws 4+ 32(d + 2)abe — 48(d + 1)bcxs — 8(3d + 2)abxy
+16(d — 1)bexy + 32(d + 2)aczy + 16(d 4 1)b*c — 4(d + 2)ba4?
—4(d + 4)b*x4 — 8(d + 1)ab® — 128ac?® — 6dbr3ry

—18bzsxs — 24dcxsry — 12db%xs + 64bc? |,

1
" 4A(b+4c)(4da + (d + 1)b + 4c)

x [16ax4? + 64?25 — 8dabxs — 32dacxs — 12bx314 — 48cx3x4,
+4(d — 2)b*x3 — 64aczy + 8b%xy + 4bxy® + 4b° + 64ac® — 9dbxz?
—36dcx3® 4 4(d + 1)ab® + 16(d — 2)abe + 16abxy + 16(d — 1)bexs |,

(D-4)
FEy =4b+ 2z — x9, Ey = —2b+ 8¢ — 2x9, E3 = —8c — x9,
Ey =2b—2x;. (D-5)
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