Progress of Theoretical Physics Supplement No. 118, 1995 343

Representation Theory of the Wi .. Algebra®

Hidetoshi AWATA,'" Masafumi FUKUMA,* Yutaka MATSUO** and Satoru ODAKE***

Research Institute for Mathematical Sciences, Kyoto University, Kyoto 606
* Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606
**Uji Research Center, Yukawa Institute for Theoretical Physics
Kyoto University, Uji 611
*** Department of Physics, Faculty of Liberal Arts, Shinshu University, Matsumoto 390

We review the recent development in the representation theory of the Wi« algebra. The
topics that we are concerned with are,

® Quasifinite representation

® Free field realizations

® (Super) Matrix generalization

® Structure of subalgebras such as W. algebra
® Determinant formula

® Character formula.

§1. Introduction

Symmetry is one of the most important concepts in modern physics, e.g., SU(3)
symmetry in quark model, gauge symmetry in gauge theory, conformal symmetry in
conformal field theory. To study physical system from symmetry point of view, we
need the representation theory of the corresponding symmetry algebra; finite dimen-
sional Lie algebra for quark model or gauge theory, infinite dimensional Lie algebra
(the Virasoro algebra) for two-dimensional conformal field theory. Conformal sym-
metry restricts theories very severely due to its infinite dimensionality.!® In fact, by
combining the knowledge of the representation theory of the Virasoro algebra and the
requirement of the modular invariance, the field contents of the minimal models were
completely classified.'® Another example of the powerfulness of the symmetry
argument is that correlation functions of the XXZ model were determined by using the
representation theory of affine quantum algebra Uq sk .*®

When conformal field theory has some extra symmetry, the Virasoro algebra
must be extended, i.e., semi-direct products of the Virasoro algebra with Kac-Moody
algebras, superconformal algebras, the W algebras and parafermions. The Wy
algebra is generated by currents of conformal spin 2, 3, ---, N, and their commutation
relation has nonlinear terms.”'* The W infinity algebras are Lie algebras obtained
by taking N — oo limit of the Wy algebra.

Y Invited talk at “Quantum Field Theory, Integrable Models and Beyond”, YITP, 14-17 February 1994.
1) JSPS fellow.
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The W infinity algebras naturally arise in various physical systems, such as
two-dimensional quantum gravity,?-2:2®30:4D:2) the quantum Hall effects,'”?” the
membrane,’®?? the large N QCD,*®2? and also in the construction of gravitational
instantons®*®**® (see also Ref. 9)). To study these systems we first need to prepare
the representation theory of W infinity algebras, especially the most fundamental one,
the Wi~ algebra.

To begin with, we present a short review of the history of the W infinity algebras
before the appearance of Ref. 30). By taking an appropriate N - oo limit of the Wy
algebra, we can obtain a Lie algebra with infinite number of currents. Depending on
how the background charge scales with N, there are many kinds of W infinity
algebras. The first example is the w. algebra.? Its generators wx (k, nEZ, k=2)
have the commutation relation,

[k, whl=((1=Dn— (k=D )witt*, (1-1)
w3 generates the Virasoro algebra without center and wx has conformal spin .. This
w. algebra has a geometrical interpretation as the algebra of area-preserving

diffeomorphisms of two-dimensional phase space. However, w. admits a central
extension only in the Virasoro sector,

[0k, whl=((1 =D — (k=D awhHi™ + 5= )8 emad™8". (1-2)
To introduce a central extension in all spin sectors, we must take another type of the
limit N - oo or the deformation of the w. algebra. By deforming w., Pope, Romans
and Shen constructed such algebra, the W. algebra, in algebraic way by requiring
linearity, closure and the Jacobi identity.’” The W. algebra is generated by Wy

(b, neZ, k=2) and its commutation relation is given by

[ Wﬂk, Wﬂll]: rZo g: Zkrl( n, m) Wnk:ﬂlt_z—zr

-1 -1
L 1 (2(k—1)\ [2F A1 . .
+ &8 6n+m,oﬁ( b—1 P j=_I(£_1)("+J), (1-3)

where & is the central charge of the Virasoro algebra generated by W, and the
structure constant g7’ is given by

G8(n, m) =gz 40, ONE(n, m), (1-4)

NF(n, m)=§:(—1)8(7:1)[x—1 +nlri1-slz—1—nls

X[y—1—m]ra1-s[y—1+m]s, (1-5)
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—%—x—Zy,%—x-i—Zy, - 7—21_1 x, —77+x
¢z, y)=4F3 3 3 3 ; 1, (1-6)
—kt3, — I+ kT —5
@, @2, @3, @s | _ & (a1)n(a2)n(as)n(@s)n 2" .
4F3|: bl, bz, bs ,Z:I_"Z:O (bl)n(bz)n(bs)n n' ’ (1 7)
[2h=TL—), @=L+, (2)2%- (1-8)

The we. algebra is obtained from W. by contraction; we take the ¢—0 limit after
rescaling Wi— ¢**Wy. Furthermore they constructed the Wi algebra which con-
tains a spin 1 current.’®® The Wi+« algebra is generated by Wi (k, n=Z, k>1) and its
commutation relation is given by

[ Wi, Wal= Z}g o, m) Wiia 272"

N 2(k—1) ' oaa :
+cd 8n+m0?< b—1 ) (k) A (), (1-9)

where ¢ is the central charge of the Virasoro algebra generated by W7, and the
structure constant g7’ is given by

g (m, m)=m¢¢‘<0, —%)Nr""(n, m). (1-10)

Since §¥(n, m)=0 for k+1—r» <4 and g¥(n, m)=0 for £+ !—» <3, the summations
over 7 are finite sum and the algebras close. These commutation relations are
consistent with the Hermitian conjugation Wit= W2, Wi*'=W?,, and have diagonal-
ized central terms. The Wi, algebra contains the WW algebra as a subalgebra,* but
it is nontrivial in these bases. Moreover various extensions were constructed; super
extension (Wi'),2" 3 (M) matrix version of We (WH),® %(N) matrix version of Wite
(W), and they were unified as W2M3* On the basis of the coset model
SL(2, R)x/U(1), a nonlinear deformation of W, Ww(k), was also constructed.'”

When we study the representation theory of W infinity algebras, we encounter the
difficulty that infinitely many states possibly appear at each energy level, reflecting the
infinite number of currents. For example, even at level 1, there are infinite number of
states WA|hws> (=1, 2, 3, ) for generic representation, so we could not treat these
states, e.g., computation of the Kac determinant. Moreover they are not the simulta-
neous eigenstates of the Cartan generators Wi* (=1, 2, --*). Only restricted class of
the representation were studied by using Z. parafermion and coset model® or free
field realization.®® In the free field realization, there are only finite number of states
at each energy level because the number of oscillators is finite at each level.

Last year Kac and Radul overcame this difficulty of infiniteness*® They
proposed the quasifinite representation, which has only finite number of states at each
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energy level, and studied this class of representations in detail. From physicist point
of view, this notion is the abstraction of the property that the free field realizations
have.

In this article, we would like to review the recently developed representation
theory of the W infinity algebras, mainly the Wi« algebra.l~:3032:2  In § 2 we give
the definition of the Wi+~ algebra and its (super) matrix generalizations. Various
subalgebras of Wii« are also given. In § 3 free field realizations of Wie and WALY
are given. Using these we derive the full character formulae for those representa-
tions. In §4 the quasifinite representation is introduced, and its general properties
are presented. In §5, after describing the Verma module, we compute the Kac
determinant at lower levels for some representations (its results are given in Appen-
dix A). On the basis of this computation we derive the analytic form of the Kac
determinant and the full character formulae. Appendix B is devoted to the descrip-
tion of the Schur function.

§2. W infinity algebras

In this section we define the Wi+~ algebra and its (super) matrix generalization

M. We also give a systematic method to construct a family of subalgebras of

Wite.
2.1. The Wit algebra

Since the W algebras were originally introduced as extensions of the Virasoro
algebra, we first recall the Virasoro algebra. Let us consider the Lie algebra of the
diffeomorphism group on the circle whose coordinate is z. The generator of this Lie
algebra is /»=—2"""(d/dz) and its commutation relation is

[lﬂy lm]:(n_ m)ln+m .

The Virasoro algebra, whose generators are denoted as L, is the central extension
of this algebra,

[Ln, Lm]:(n_ m)Ln+m +T%(7l3_ n)3n+m, 0.

Besides /», we may consider the higher order differential operators on the circle,
2°(dldz)" (n, meZ, m=>0). Instead of z2*(d/dz)™, we take a basis z"D* (n, kEZ,
k=>0) with D=2z(d/dz). Since f(D)z"=z"f(D+ n), the commutation relation of the
differential operators is

[2"/(D), z"g(D)]=2"*"f(D+m)g(D)—z"*"f(D)g(D+n) , (2-1)

where f and g are polynomials. The Wii. algebra is the central extension of this Lie
algebra of differential operators on the circle.*'V*® We denote the corresponding
generators by W(z"D*) and the central charge by C. The commutation relation is*”

[W(2"F(D)), W(z"g(D))]= W(z**"f(D+m)g(D))— W(z"*"f(D)g(D+ n))
+ C¥(z"f(D), z"g(D)) . (2-2)
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Here the 2-cocycle ¥ is defined by
¥ (z"f(D), z"g(D))

= bnemol B(n=DF A~ )gln—)— 0(m=DZfm=g(~)), (2+3)

where @(P)=1 (or 0) when the proposition P is true (or false). The 2-cocycle is
unique up to coboundary.? By introducing z"e¢*® as a generating series for z”D*, the
above 2-cocycle and commutation relation can be rewritten in a simpler form:

w(znezD zmeyD)= _ e — e_ny ) (2'4)
’ ez+y_1 n+m,0 ,

em.z_ eny

[ W(z"ew), W(zmeyD)] =(em1‘_ e”y) W(z"*”‘e‘“”’”) — C‘Warwm,o . (2 . 5)

Since Wi+« is a Lie algebra, we can take any invertible linear combination of
W(z"D*) as a basis. The basis Wi in § 1, Eq. (1-9), is expressed as

=W (="fHD)), (k=0), c=C,

2k

k) jz::o(—nf(?) [~ D= n—1la-A DL =(~ 1D 4. (2-6)

f nk(D)=(
Wi+e contains the #(1) subalgebra generated by J.= W(z") and the Virasoro
subalgebra generated by L,.=— W(z"D) with the central charge cvir=—2C. Lo
counts the energy level; [ Lo, W(z"f(D))]=—nW(2"f(D)). We will regard W(z"f(D))
with #>0 (#<0) as annihilation (creation) operators. The Cartan subalgebra of
Witw is generated by W(D*) (£=0), so it is infinite dimensional. WZ=L,
—((n+1)/2)]» also generates the Virasoro algebra with cvie=C. Moreover there are
two one-parameter families of the Virasoro subalgebras generated by?*

L.—(an+B)J», (a=B,1-8;B€C), 2-7)
whose central charge is
Cv1r=2(—1+63—632)c . (2'8)

The #(1) current /. is anomalous except for 8=1/2.
Since Wi~ contains the #(1) subalgebra, Wi+~ has a one-parameter family of

automorphisms which we call the spectral flow.”!® The transformation rule is
given by"
e**—1
W'(2"e™)= W (2"e*P*V)—C S5 1 on, (2-9)

where A= C is an arbitrary parameter. For lower components, for example, it is
expressed as

]r,t:]n_/icano ’
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L’,,=Ln—A]n+—%—/1(/1~1)C6no . (2-10)

One can easily check that new generator W’(-) satisfies the same commutation
relation as the original one W(-), Eq. (2-5).
The Hermitian conjugation f is defined by

W(z"D*)'=W(z~"(D—n)*), (2-11)

and (eA+bB)'=aA'+ bB', (AB)'=B'A'. The commutation relation Eq. (2+5) is
invariant under f. fXD), Eq. (2+6), satisfies fi#(D—n)=f*.(D), which implies W'
= W—kn.

Finally we remark that Wi« is generated by W(z*') and W(D?), namely W(z"D*)
is expressed as a commutator of W(z*) and W(D?).

2.2. (Super) Matrix generalization of Witw

We can construct a (super) matrix generalization of Wi+w. Let us consider the
(M+N)X(M+N) supermatrices M(M|N; C). An element of M(M|N; C) has the
following form:

A© A&
Az(A(—) Au)) ’ (2-12)

where A©, AW A® AC are M XM, NXN, MXN, NXM matrices, respectively,
with complex entries. Z,-gradation is denoted by |A|; |A|=0 for Z.-even and |A|=1
for Z;-odd. A and AV are Z;-even and A and AT are Z:-odd. Z.-graded
commutator is

[A, B}=AB—(—1)I51BA (2-13)
The supertrace is
strA=trAQ—trAY (2-14)

and satisfies str(AB)=(—1)""8'str(BA).

M(M|N; C) generalization of Wi+, whose generators are W(z"D*A) (n, kEZ,
k>0, A M(M|N; C)) and the center C, is defined by the following (anti-) commuta-
tion relation:

| (27 (D)A), W(z"o(D)B)}
= W(2"*"f(D+m)g9(D)AB)—(—1)“""'W(2"*"f(D)g(D +n) BA)

— C¥(2"f(D), z2"g(D)) str(AB) . (2-15)

We call this (Z,-graded) Lie algebra the WY algebra, which satisfies the Jacobi
identity

(—0] (e A(D) A, [ W AD)AD, Wiz HD)AY))
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+cyclic permutation=0. (2-16)

The original Wi;. algebra corresponds to M=0, N=1. M =0 case was constructed
in Ref. 35), and M=N=1 case in Ref. 2).

The Wia' algebra contains M(M|N; C) current algebra generated by W(z"A).
For M=0, it is the ¢/ (N) (or #(N)) algebra with level C. Since W contains
M+N %(1) subalgebras, Wif:¥ has (M + N)-parameter family of automorphisms
(spectral flow). Its transformation rule is

W/(znezDE(o)) W(Z" —pa4pb .z(D+;tb)E(0)) + C 6ab6n0 ,

W’(Z e.tDE(l)) W(zn —Ai+ A9 x(D+A!)E(1)) C auano ,

W' (2"e™EQ)= W (2" ***¥ e P+ EWD) |

W/(ZnexDEg)) — W(zn—Ai+ybez(D+#b)E$g)) , (2 . 17)
where y* (a=1, -, M) and A’ (i=1, ---, N) are arbitrary parameters, and E{ is a

matrix unit, (E$2)pe= 0pprSaqr.

L,=—W(z"D-1) generates the Virasoro algebra with the central charge cvir
=2(M—N)C. L, counts the energy level. The Cartan subalgebra of WY is
generated by W(D*EQ) (£=0, a=1, ---, M) and W(D*E{) (k>0, =1, ---, N).

2.3. Subalgebras of Witw

Although Wi+« was constructed from W. by adding a spin-1 current historically,
it is natural to regard that W is obtained from Wi.. by truncating a spin-1 current.®®
The higher spin truncation of Wi+ was also constructed.' We will give a system-
atic method to construct a family of subalgebras of the Wi+~ algebra.®

Let us choose a polynomial (D) and set

W(z"D*)=W(z"D*s(D)), (n, kEZ, k=0) (2-18)
Then commutator of W(z"D*) closes:
[W(z"(D)), W(z"g(D))]
=W(="*"f(D+m)g(D)p(D+m))— W(2"*"f(D)g(D+ n)p(D+ n))
+ C¥(2"f(D)p(D), z"9(D)p(D)), (2-19)

or equivalently
[W(z"e), W(z"e))= (o2 )em— (2 )em ) W(zrmete)

- cp< o )p(d%)f_—eam 0. (2-20)

We call this subalgebra Wi+«[(D)].
In this subalgebra there are no currents With~spin <deg p(D). The W. algebra
corresponds to the choice p(D)=D. The basis Wi Eq. (1-3) is expressed as
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Wit=W(z"f(D)), (k=0),

f,,k<p>=—(2f:)>_ g,<—1>f(f)(k+2)[ ~D—n-1JdD-1),

=(—1)*"1D*+--- . (2-21)

We remark that the Virasoro generators exist only if deg p(w)<1. In the case of W,
the Virasoro generator L. is given by L,=— W(z") whose central charge, &, is
related to C as ¢wir=—2C3 For deg p(w)=2, we extend the algebra introducing
the Lo operator such as to count the energy level, [Lo, W(z"f(D))]=—nW(z"f(D)).

Next we give another type of subalgebra of Wii».. For any positive integer p,
Wi+w with the central charge C contains Wii» with the central charge pC.*® We
denote its generator by W(z"D*) (n, kEZ, k=0). W(-) is given by

17/ n_ n I 1
W(Z e D)= VV(Z‘J e (”p)D)—c< TPz 7 ezp_l )8”0

p-1 e(J/P)z -1

— W(ZP .r(l/P)D) C Z

o) e _1 6710 . (2'22)

Essentially this is interpreted as the change of variable, {=2z?, ¢(d/d¢)=(1/p)D.
For WY, these type of subalgebras such as W#® and W” N39.2) can be treated
similarly.

§3. Free field realizations

In this section we give the free field realizations of Wi+~ and Wi:Y. Using these
realizations, we give their full character formulae.

3.1. m+oo

The Wi+ algebra is known to be realized by free fermion'® or be ghost®?

— —r—A-1 — —§+A €
b(2)=Z bz , d@)=ZFea, zZ—w’
b-A>=es|A>=0, (r=0,s=1), el=b_s, (3-1)

where e=1 for fermionic ghost bc or e=—1 for bosonic ghost 8y. The Wi+ algebra
with C=¢€ is realized by sandwiching a differential operator between bc:

W(z"e™)= f op - 2 b(2)z"e*Pe(2) :

= fﬂ_ b(z)z"e™c(z): —e 3no
Z(A-8) e —1
= HEEZ e E(r,s)— 6*@7:1‘67;0 . (3-2)

r+s=n

Here the normal ordering : = means subtracting the singular part and another
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normal ordering : b.cs : means brcs if »<—1 and eesb, if »=>0. E(7, s) is defined by
E(7, s)=:b-cs:, (3-3)
and generates the gl (o0) algebra:
[E(7, s), E(7', $)]=0r+50E(7, )= 8rss0E(7", 5)
+ Corss08r+50(0(r 20)— 6(r'20)) (3-4)

where C=c¢ in this case. We remark that the spectral flow transformation Eq. (2:9)
with parameter A’ is obtained by replacing b, ¢ in Eq. (3-2) with b(z)=z"%b(=2), ¢'(z)
=z"¢(2).

From Eq. (3:2) we obtain

W(z"D®)|A>=0, (n=1, k=0),

-1

— W(e™)|A>=¢ ee =11 (3+5)

This means that |A> is the highest weight state of Wi+~ and its weight is
W(D")|A>=edi|A>, (3-6)

where 4} is the Bernoulli polynomial defined by

Ar ___ )
e 1 2 X (3-7)

To express how many states exist in the simultaneous eigenspace of the Cartan
generators W(D*), the full character formula is introduced as

ch=tr exp(glogk W(D*)), (3-8

where the trace is taken over the irreducible representation space and g. are parame-
ters. The states in the representation space are linear combinations of the following
states:

W(z"D*Y)--- W(z~""D*™)|A> .
This state, however, is not the simultaneous eigenstate of W(D*), because
[W(D*), W(z*f(D))]=W(z"*((D—mn)*—D*)#(D)). (3-9)

On the other hand, the states in the Fock space of be ghosts are linear combinations
of the following states:

b—rl"' b—n.C—s{"C—szl/i) ,
which are simultaneous eigenstates of W(D*), because

[W(D"), b_r]=(A—7)*b-,, [W(D*), c-s]=—(A+s)*c_s. (3-10)

Using this property, we derive the full character formula.””? For the fermionic

case (e=1), it is well known that the fermion Fock space can be decomposed into the
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irreducible representation spaces of #(1) current algebra (cf. Eq. (B-3)). Since
Wi+o-generator does not change the U(1)-charge and Wi+ contains #(1) as a subalge-
bra, each #(1) representation space is also the representation space of Wii» and
irreducible.**”® For the bosonic case (¢=—1), the sector of vanishing U(1)-charge in
the Fock space is the irreducible representation space of Wi+».” By taking a trace
over whole Fock space, we define S#€ as follows:

D! Sietm=e%% °g""é'l'[ 1+ etur(A))¢ H 1+ et tvs(A))e, (3-11)

mez
where ¢ counts the U(1)-charge and u-(1), vs(1) are

r(A)= BBy (1) o BR0skit)t (3-12)
Then the full character for [A> is given by

ch=5¢¢. (3-13)

We remark that S7'=S§*™" by the above statement. So we abbreviate S;=Sé"
Products in Eq. (3:11) can be written as

i’:[l(l + etur(/i))€= e—eEi‘;lzz(/l)(—et)t , !j:o(l + et—lvs(/l))ez e—eililwz(/l)(—et)—l , (3. 14)
where
xl(’l)“llg ur(A)*, yt(/i)=—1]‘éovs(/1)l . (3-15)

By introducing the elementary Schur polynomials P, (see Appendix B, Eq. (B-18)),
S#i€ is expressed as

Shie=(— e)”‘eszﬁ""""}'agzPa( — €x(A) Pasn(—€y(R)) . (3-16)

To understand the full character formula, we specialize the parameter g. as
Ge=—21it8n1, (g=e&**), (3-17)

which correspond to tr g*°. For this choice, Eq. (3-15) becomes

1=z Al

r, D=7 1L (3-18)

2D =54,

Then the specialized character is given by

Slzq(l/z)m—l)goqminﬂ_(_l__lq#)z , (3-19)
= DA~ 1)JH1#, (3-20)
Si L= g-amAG- 1)mzo 1 1_(_1_—147)2’ (3-21)
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_ _ o 1 o
— ,—(1/2)A(A-1) . —1)m,1/2)m(m+1) .
q =7 2~ D" : (3-22)

Equations (3:19) and (3-21) are derived by Eq. (3:16) and Egs. (B-32) and (B-33) in
Appendix B. Equations (3:20) and (3:22) are derived by Eq. (3-11) and Jacobi’s triple
product identity or characters of W. with ¢=2.3"

By tensoring the above free field realizations, we obtain free field realizations of

Wito with integer C:
C=Xe, —W(ED)|D= Zel 1 |A> (3-23)

However, the character for this representation cannot be obtained by the method
given in this section. We will give another method in § 5.
Free field realization of Wit<[p(D)] is obtained from that of Wi;e.?

3.2. (it
Results in the previous section are generalized easily.? Let us introduce M pairs
of By ghosts and N pairs of bc ghosts:

B*(2z)= 2 Btz ', 7“(2)=86227s"2‘“"", (a=1,-, M),

b(R)=Z biz 7, c@)=F el (=1, N),

B2, 7%, b, cstlu, D=0, (r=0,s=1), (3-24)

where some conditions will be imposed on #, and A: later. Then the Wi algebra
with C=1 is realized as follows:

0) (+)
W(z"e™A)= f2m (B8(2), b(Z))Z”e’D<j(—) 1:(1))(223) :

o AP AD\[9(2)
- 27rz :(B(2), b(2))z" (A“’ A(l))(Z(z)):

M HaT _ © et —1 -
<§ A _2 e,z-_l Azi )87!0

i=1

M M o b M HaZ __
:agl bgl rZEZ A(ab)ex(#b_S)an (7", S)+ g Aaaano
r+s=’;—un+ub

N N
TR S AP OBy, )1 5L L AP,
i=1 j=1 7,SEZ et
r+s=n—Ai+i;
M N
+2 X N AP eV OE %(y, 5)

Il
-
<

a =1 7,SEZ

r+s=n—p.+A;
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+

M=
Mx

)
A

Y AR e OF_*(r,s).  (3-25)
r+s;’§16—i+,ub

[ b

Here the E’s are defined by

Eo®(r, s)=: B, Ei%(r,s)=p"cs,

E_*(r,s)=blys", E\%(r,s)=:blcs":, (3-26)
and they generate (super) matrix generalization of gl ():

[Eo®(7, s), Eo®® (7", s)]=0%%81450Ec™ (7, §)— 8% Srssr0Ea® (7, 5)
- caab'aa’bamr,oam,o(H(r =0)—0(r'= 0)) :

[E\“(r, s), Ex"7 (7', ")]= 08" 0rss0Er" (1, ') — 0¥ Srssro 1" (77, s)

= C8Y8"8r swabrrsol Or=0)—6(20)),
{E+9(7, ), E-(7", $)}=0"0r+50Ea®(7, ) — 8% OrssroE1™(7, )

— caabaffaﬁsf,oam,o(e(r =0)— ﬁ(r’ZO)) :
[Eo®(7, s), E+% (7", s)]=8%0r4s0E+%(7,s"),
[Ev®(7, s), E-®' (7, s)]=— 0% 8r+srnE-(7", s),
[Ev9(7, s), Ex¥' (7', s")]=— 87 8r1s0E+% (7', s),
[

E¥(7,s), E-7%(r, s)]=8"8r1s0E-*(r, §'), (3:27)

where C=1 in this case and the other (anti-) commutation relations vanish.
When . and A; satisfy the following condition,

Ma— =0, 1,

Ai—A4;=0, £1,

ta—2:=0, =1, (3-28)
Eq. (3-25) implies that |z, 2> is the highest weight state of WY

W(z"D*A)ly, =0, (n=1, £=0),

W(D*A™)|y, A>=0, (k=0),

HaX __
— W(ePEDu, == >, ie, WDED|s, d=—au, 2,

—W(e™EP)|p, D=

X __
e lum >, ie, WDEDl H>=4u d>. (3:29)

The full character is defined by
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ch=tr exp 3} ai::lg'k“ W(D*ED)+ ﬁl G W(D*ED)) | (3-30)

where the trace is taken over the irreducible representation space. By taking a trace

K1y BMA1s AN

over whole Fock space, we define Sui.-mig,m1,my as follows:

K1y BMyALy AN —mA,, /Mg —M1,, 4 —MN
i S S BB T
N

M, M

ZR-0(— ¥ 197k 41"+ 21 gridpd)

=e
M .
X t:zl;[l I:Il(l - t{lur(ﬂa))_lsl;lo(l - t,a_lvs(:ua))_llgk=a’k"
N o o
X z];'[l 71,;[1(1 + tzur(/iz))};.[o(l + ti_lvs(Ai))lgk___gk: s (3 . 31)

where we have used
[W(D*ESQ), B2r]1=8as(ta—7)*B2r, [W(D*EQD), r2s]=—8as(ttats)*72s,
[ W(DkEg)), bir]= 6u(/11_ V)kbir 5 [ W(DkEg)), Cis]= - 6ﬁ(/1i+$)kcis , (3'32)

H1ye My ALy A . .
miminmimy Can be expressed in terms of Sx°,

M N
K1y My AL, A; - .
Sm;,...’,ﬂhlﬂ’“,..fmlv=(:ll___Ile,,‘Z' 1]9k=y'k”. ;'I':IIS;}{; 1|Ul¢=0k‘ . (3' 33)

Since the sector of vanishing U(1)-charge in the Fock space is again the irreducible
representation space of WY, the full character for the representation |z, A) is given
by

K1y My AL, A,
ch= > mz:,flr‘l{i{,lr;u:’jmzv . (3 ‘ 34)
mamiEZ
Samiat Xim=0

Setting all ¢’x* and g:’ to Eq. (3:17), we obtain the specialized character. For
example, in the case M =0, the specialized character is essentially #(1) character
times level 1 sz (N) character.®® For N=M=1 and u=A4, the specialized character
is given by*

. 1 oo 1+q.7'—(1/2) >2 .
ch=rr 1 () - (3-35)

By interchanging By with bc, obtain the realization with C=—1. Although
realizations with integer C can be obtained by tensoring, the character cannot be
derived by the method in this section.

*) Equation (79) in Ref. 34) can be expressed as

1,1 — " 7—1/2 ~1_3~1/2
ch,"* (0, T)= (1+zq"+1’2§(1$z_1q'"+1/2) TI5zy (1+zq (1)_(1(;-)5 g )
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§4. Quasifinite representation of Wi«

We study the highest weight representation of Wi+w. The highest weight state
|A> is characterized by

W(z"D)|1>=0, (n=1, £=0),
W(D*|AD>=4A>, (£=0), (4-1)

where the weight 4, is some complex number. It is convenient to introduce the
generating function 4(x) for the weights Jx:

Az)=— godk% , (4-2)

which we call the weight function. It is formally given as the eigenvalue of the
operator — W(e™):

—W(e™)|D>=d(x)|A>. 4-3)
The Verma module is spanned by the state
W(z=" D*")--- W(z""D*")|A> . (4-4)

The energy level, which is the relative Lo eigenvalue, of this is 227%1#:. Reflecting the
infinitely many generators, the Verma module has infinitely many states at each level.
The irreducible representation space is obtained by subtracting null states from the
Verma module. A null state is the state which cannot be brought back to |A> by any
successive actions of Wit generators. Of course, in other words, a null state is the
state which has vanishing inner products with any states.

In the rest of this article, we will study the quasifinite representations*® A
representation is called quasifinite if there are only a finite number of non-vanishing
states at each energy level. The representations obtained by free field realizations in
the previous section have this property, because there are only finite number of
oscillators at each energy level. To achieve this, the weight function must be severe-
ly constrained. We will show that if there are a finite number of states at level 1, then
it is so at any level.

Let us assume that there are only a finite number of non-vanishing states at level
#n. This means that the following linear relation exists:

W(z "#(D))|A>=null, (4+5)
where f is some polynomial. Acting W(e*®*™) to this state, we have
null= W(e* ) W(z"f(D))|A>
=[W(e*®*™), W(z~"F(D))]|A>+null
=(1—e™)W(z "e®f(D))|A>+null,
and thus the state W(z "D*f(D))|A> is also null for all £>0. In other words, the set
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L.={f(w)e Clw] | W(z7"f(D))|A>=null} (4-6)

is an ideal in the polynomial ring C[w]. Since C[w] is a principal ideal domain, I-»
is generated by a monic polynomial b.(w), ie., I.={f(w)b.(w)| f(w)E C[w]}.
These polynomials b.(w) (#=1, 2, 3, :**) are called characteristic polynomials for the
quasifinite representation.

Let f»(w) be the minimal-degree monic polynomial satisfying the following
differential equation:

#(-L)E (e~ a)+C)=0. (47)

Then the characteristic polynomials #.(w) are related to each other as follows:*

(i)  ba(w) divides both of bp+m(w+m) and bain(w), (m=1),
Gi)  fa(w) divides ba(w).

The b.(w)’s are determined as the minimal-degree monic polynomials satisfying both
(i) and (ii). The property (i) is derived from the null state condition,

null= W(z"e* P+ +™) W (2" "buin(D))|A>
=[W(z"e* P+ *™) W(z™" "bnsm(D))]|A>
= W(z(™bnsm(D)—e*P*"*™ by (D +m)))|A> .
The property (ii) is derived from the following null state condition,
0= W(2"e*®*) W(z""ba(D))|A>
=[W(z"e*"*™), W(z""b.(D))]|A>

(W (8D~ W(e=® b, D+ ) + C L ™™ ban—7) )13>

- bn<%>geﬂ((e”—l)d(x)+ c)|/1> .

The solution of these conditions are given by*”"®

bn(w)zlcm(b(w), b(w—1), ---,b(w—n+1)), (4-8)

where b(w)=bi(w)=#(w) is the minimal-degree monic polynomial satisfying the
differential equation,

b(—%)((e"—l)d(x)-%— c)=o . (4-9)

Therefore, the necessary and sufficient condition for quasifiniteness is that the weight
function satisfies this type of differential equation. Moreover it has been shown that
the finiteness at level 1 (i.e., existence of b(w)) implies the finiteness at higher levels
(i.e., existence of b.(w)).

If we factorize the characteristic polynomial 8(w) as

*) We can also show that basm(w) divides ba(w— ) bn(w).
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K
b(w)=iI;[1(w—/1,-)"”, (A A5) (4-10)
then the solution of Eq. (4+9) is given by

K
g‘.lih-(x)e""— C

M)y =B, (4-11)

where pA{x) is a polynomial of degree m;—1.* Since 4(x) is regular at x=0 by
definition, p.’s satisfy 2%, p:(0)=C. Therefore 4(x) has 2%, (m.+1) parameters;
C, A: and coefficients in p{x)s. In contrast to the weight function for general
(non-quasifinite) representation, the weight function for quasifinite representation has
thus only finite parameters. The representation realized by free field studied in § 3.1
has the weight function 4(x)=e(e**—1)/(e*—1), which corresponds to the character-
istic polynomial &(w)=w—A. We can explicitly check that #.(w) is given by Eq.
(4-8).%

Under the spectral flow Eq. (2:9), the representation space as a set is kept
invariant. Furthermore the highest weight state with respect to the original genera-
tors W(+) is also the highest weight state with respect to the new generators W'(-).
On the other hand, the weight function 4(x) and the characteristic polynomial &(w)
are replaced by the new ones:"

1
1 ’

b(w)=b(w—2A). (4-13)

Az _
A(x)=e*A(x)+C ee — (4-12)

This implies that the spectral flow transforms A, in Eq. (4-10) into A;+A.
To study the structure of null states, let us introduce the inner product as

An=1,
(caw )=l wias) =l wizs, (4-14)

and the corresponding bra state <4 as

AW(z"D*)=0, (n<-—1,k=0),

LAW(D*)=4:42), (£=0). (4-15)
Then the quasifinite condition for bra states is

AW(2"bn(D+n)D*)=null, (n=1, £=0). (4-16)

These are consistent with the Hermitian conjugation Eq. (2:11) when 4:ER (or 4
e C if T is modified, (ecA+bB)'=aA'+bB").

Unitary representation was studied in Ref. 30). The necessary and sufficient
condition for unitary representation is that C is a non-negative integer and the weight
function is

*) Since b(w) is minimal-degree, deg p{x) is exactly m.:—1.
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Az)=34o=L  cr 1
x)—zl a—1 » MER. (4-17)

This weight function corresponds to the characteristic polynomial &(w)=II{w—A;)
where the product is taken over different A;. We remark that all the unitary represen-
tations can be realized by tensoring C pairs of bc ghosts, Eq. (3-23).

Quasifinite representations of W% and subalgebras can be treated similarly (for

M=N=1, see Ref. 2), and for Wi+-[p(D)] see Ref. 4)).
§5. Kac determinant and full character formulae of Wi,

In this section we compute the Kac determinant for some representations, on the
basis of which we derive the analytic form of the Kac determinant and full character
formulae.

51. The Verma module

Let us study the quasifinite representation of Wii. with central charge C and the
weight function 4(x). Characteristic polynomials 5.(w) are determined from 4(x).
Since there are linear relations W(z "D*b,(D))|A>=null, only deg b.(w) states are
independent in the states { W(z "D*)|A>}. We may take independent states as follows:

W(z"D")|A>, (k=0,1, -, deg ba(w)—1). (5-1)

The Verma module for the quasifinite representation is defined as the space spanned
by these generators. Therefore the specialized character formula for the Verma
module is

Lo_ ,—41 eo 1 .
trg~°=q A A= g - (5-2)

For example, for 6(w)=w—A, we have
Lo+4{_ — A 1 .
trg"* ' =x(g)=]IL =g (5-3)
This x(g) has a close relationship with the partition function of three-dimensional free

field theory (see Ref. 1)).

5.2. Determinant formulae at lower levels

In this subsection we will present explicit computation of the Kac determinant for
quasifinite representations.” First let us consider the representation with 4(x)
=(C(e**—1)/(e*—1). The characteristic polynomial is &(w)=w—A1 (6(w)=1 for C
=21=0). For the first three levels, the relevant ket states are,

Levell W(zH)A>
Level 2 W(z™9)|A>, W(z2A>, W(z72D)|A>,
Level 3 W(z 3D, W(z ) W(z72)|A>, W(z1)3A>,
W(z72D)|A>, W(z ) W(z72D)|A>, W(z2D?)|A> . (5-4)
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n

Corresponding bra states may be given by changing 2" into 2". The number of

relevant states grows as,

x(@)=1+q+3¢*+64>+13g*+24¢°+48¢°+ 864" +160g°+2824° +5004°+--- .
(5:5)

Inner-product matrices are straightforwardly calculated; for example, at level 2,

2C 0 2A+1)C
0 2C? —-C
(24-3)C —C (@r-22-1)C

The determinant for this matrix is 2C*(C—1). We computed the Kac determinant up
to level 8 by using computer:”

det[1]e<C,

det[2]c C¥C~-1),

det[3]oc CH(C—1)(C~2),

det[4]oc(C+1)C¥(C—-1)¥(C—2)(C-3),
det[5]oc(C+1PCH*(C—-1D(C—2)%(C—-3)(C—4),
det[6]o<(C+1)°C*¥(C—1)"(C—2)"*(C—3)(C—4)*(C—5),
det[7]c(C+1)2C¥(C—1)Y(C—2)*(C—3)**(C—4)*(C—5)(C—6),
det[8]oc(C+1)*C*(C—-1)*¥(C—2)*(C—3)**(C—4)"*(C—5)*(C—6)*(C—T).

We remark that A-dependence disappears due to nontrivial cancellations. This is
explained by the spectral flow.” We computed also the corank of the inner product
matrix:

cor[n]=det[n], (n=1,-,7),
cor[8]=(C+1)*C*(C—1)*¥(C—2)*(C—3)*(C—4)*(C—53C—6*C—-1T),

where the exponent stands for a corank, i.e., a number of null states. Subtracting this
number from Eq. (5:5), we get the specialized characters at lower levels. We will
present the determinant and full character formulae in § 5.3.

Next we take the representation with

Az)=3c4=L, c=3cC 5
@)=ZC =1, =2, (5-6)

where the A,’s are all different numbers. The characteristic polynomial is given by
K
b(w)=11(w—2), (5:7)

(if C;=A:;=0, then the factor w—A; in b(w) should be omitted). Assuming that the
difference of any two A/s is not an integer, we computed the Kac determinants at
lower levels for K=1, -+, 5, and they are given in Appendix A." The determinant
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formula may be written in the following form:

det[n]ocIT An( C")Ej Bu(Ai—2;). (5-8)

A:-dependence appears only through their differences due to the spectral flow symme-
try.?® The functions A. and B, have zero only when C: or A;—4; is integer.

We will give an analytic expression for Ba(4). Let us consider the case when one
pair A;—A; is an integer /. In this case the characteristic polynomial b.(w) may have
degree less than # deg b(w). The weight function becomes

A (z; D)=A(2)|s-2s=1, (5-9)

and we denote the corresponding characteristic polynomial as & (w; /) and bx(w; /),
and the discrepancy of degree as

d(m; 1)=ndegb'(w; I)—degbn(w; [) . (5-10)
Then Bn(A) is

Bn(/i)=lle_lz(/1— 1o, (5-11)
where Bx(!) is defined by

=) ) — An\d(n;l)

S0 =2t I G ] ey (5-12)

Its proof can be found in Ref. 3).

We remark that the determinant formula for the representation with 4'(x; /) is
not given by Eq. (5-8), because Eq. (5-8) is the determinant for the inner-product
matrix of size given by Eq. (5:2) with b.(w) not b,(w, I). Such a determinant has
mixed C; factors, e.g., C:+C;+1. We here give some examples in the A;—A;s1=1
case. When K=2, the determinant for the first five levels are

det[1]ec CiC;,
det[2]oc(Ci+ cz+1)igzc,-3(c,~—1) ,

det[3]oc(Ci+ Co+1)* IT CX(C:—1)%(Ci—2),

i=1,2

det[4]oc(Ci+ Co+1)B¥(Ci+ Cz)iEZCizo(Ci—l)g(Ci—2)3(Ci_3) ,

det[S]OC(C1+ Cz+1)34(01+ Cz)4 II Ci46(Cz'_'1)22(Ci_2)9(Ci_3)3(Ci_4) ,

i=1,2
and when K=3, that of the first three levels are
det[l]oc . H C: s
i=1,2,3

det[Z]OC(C1+C2+1)(C2+ C3+1). Ci4(Ci_1),

i=1,2,3

det[3]°C(C1+ Cz+1)4(Cz+ C3+1)4(C1+ C+ C3+2)‘ c;ls(Ci—1)4(Ci—2) .

i=1,2,3
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5.3. d(x)=C(e*—1)/(e*—1) case

In this subsection we study the representation with 4(x)=C(e*—1)/(e*—1).?
The corresponding characteristic polynomial is &(w)=w—A4 (8(w)=1 for C=A1=0,
but in this case non-vanishing states are |A> only. So we do not care about this case).
We have already known the full character formula for C==*1. The numbers of
states, Eqs. (3:20) and (3-22), are less than that of the Verma module Eq. (5:3). The
determinant formula at lower levels given in the previous section suggests that
additional null states appear only when C is an integer. This is indeed the case, and
we will derive the analytic form of the determinant and full character formulae.

As we have shown, the basis Eq. (4+4) is not a good basis because of Eq. (3:9).
The construction of the diagonal basis becomes possible if we view the Wi+« algebra
from the equivalent g/ (o0) algebra, which is implicitly used in § 3.1. It was proved
that the quasifinite representations of those algebras coincide.*® The g/ (o) algebra
is defined by Eq. (3:4) and the relation with Wiiw is®

AT __
W(z"e™)= ZE‘,Z " IE(r, s)— C%ﬁ&no . (5-13)

r+s=n

The highest weight state of g/ (0) is defined by
E(7, s)lA>=0, (r+s5>0),
E(r,—n|>=ald>, (r€2Z). (5-14)

The quasifiniteness of the representation is achieved only when finite number of %
=gr—gr-1+ CSr0 are non-vanishing.3® In this case the following E(7, s) annihilates
the highest weight state:¥

E(r, s)iA>=0, (r=0,s=1). (5-15)
The generator E(7, s) is already diagonal with respect to the action of the Cartan
elements,
(WD), E(r, )=((+ 7V = (A=) )E(7, ). (5:16)

Therefore the state
E(_Tl, _31)"'E(_7’n, _Sn)|/1>, (7'(121, SaZO), (5'17)
is the simultaneous eigenstate of W(D*) with the eigenvalues

i+ gl((A—ra)k—<A+sa)k> . (5-18)

The representation space is decomposed into the eigenspace with the above
eigenvalues. So we need to consider only this subspace, which is spanned by

*) This relation should be modified for different 6(w). When 5(w)=0 has multiple roots, for example
b(w)=(w~A)™, gl () also need to be modified.**
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}_:IIE(— rﬂ; —So'(a))|/1> ) (7’121, 3‘120) ) (5.19)

where ¢ is a permutation of # objects. The number of these states is equal to the
number of onto-map from I={n, -+, 7a} to J={s1, ***, Sa}.

We calculated the inner-product matrix of these states.® By symmetrizing the
indices of Eq. (5:19) according to the Young diagram with » boxes, this matrix can
be block-diagonalized. Each block can be further diagonalized. In fact, when 7.’s
and s.’s are all different respectively, we obtained an explicit form | Y; @, 8> (see Ref.
3) for details). In general, by taking appropriate linear combination of Eq. (5-19), an
orthogonal basis | Y; a, 8> (e=1, -+, d¥%; =1, ---, d¥) is obtained:

)

I
(Yia, BlY" &, B> =Ovy-SerSos ‘f;!d"’ T(C—Cy). (5-20)

Here, to each box & in the Young diagram Y, we assign a number C, as

0 1 2 3
—-11 0 1 2
-2|-11 0 1
=3|—-2|-1; 0

(5-21)

dt is the number of assignment of 7. to each box in the Young diagram Y with »
boxes such that 7.’s are non-decreasing from left to right, and increasing from top to
bottom. When 7,’s are all different, d+ is equal to dv, the dimension of irreducible
representation Y of permutation group S

The determinant formula given in § 5.2 is reproduced from the above results.
For example, at level 4,

det[4]oc(C+1)C¥(C-1)](C—2)*(C—3)
=CXCXCXCXC(C-1)XC(C-1)
XC(C—-1)-C(CH+)xC(C-1xC(C-1)xC(C-1)(C—2)
X C(C—1)(C—-2)xC(C—-1)(C—2)(C-3),
where each factor comes from
(Z, N={4}, {oh), ({3}, {1}, ({2}, {2}), ({1}, {31, ({3, 1}, {0, o}, ({2, 2}, {0, O}),
({2, 1}, {1, 00, ({1, 1}, {2, 0}, ({1, 1}, {1, 1)), ({2, 1, 1}, {0, 0, O})
({1,1,1),{1,0,0}), ({1,1,1,1},{0,0,0,0}) .

As a simple corollary of the inner-product formula, we may derive the condition
for the unitarity. The positivity of the representation space may be rephrased as the
positivity of the right-hand side of Eq. (5:20) for any Y. From Eq. (5-21), we can
immediately prove that this condition is achieved only when C is non-negative
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364 H. Awata, M. Fukuma, Y. Matsuo and S. Odake

integer.

The full character is defined by Eq. (3:8). From the above determinant formula,
when C is not an integer, there are no null states aside from those coming from
characteristic polynomials. Therefore combining Eqgs. (5:-16) and (5-17) we get the
full character formula for non-integer C,

8

CZ%=09rdrt
7

ch=e (5-22)

< 1
1520 1— u-(A)vs(A)

where 4%, u-(A) and vs(A) are defined by Eq. (3:7) and (3-12) respectively.
If we expand this product as

32 NECHIuDI o),

[11=[fl=n
then N(Z, J) gives the number of the states of the form Eq. (5:19). We need to go
further to classify those states after the Young diagram. The following result gives
such classification (see Appendix B),

r=1 §=

M=oy = 3@, (5-23)

where the summation is taken over all Young diagrams, and zy is the character of
irreducible representation Y of ¢/ (o0), and the parameters x and y are the Miwa
variables for # and v defined by Eq. (3-15). If we expand each factor in the summa-
tion, we can get the degeneracy with respect to each Young diagram Y, and the
eigenvalues. The coefficient of ITre/%-(A) in tv(x(R)) is d¥, and N(Z, J)=2vd¥d¥.

Combining these Young diagram classifications Egs. (5:20) and (5-23), we get the
full character formula with integer C,*

Chean=e"=Foomtrt 1 1. (2(A)) rv(¥(A)), (5-24)
wd(I):)Sn

che=on=e "ZFomdrt 1 . (2(A)ze(¥(A)), (5-25)
ht(%Sn

where # is a non-negative integer, and wd(Y) (4#t(Y)) stands for the number of
columns (rows) of Y. The full characters obtained in § 3.1 agree with this result.

By setting gz to Eq. (3:17), we obtain the specialized character. In this case the
Schur polynomial is expressed as

n

— 1-2 =1J = j(i— .

rr(z(R)=¢" 2R e1imy+2F-1(1/2)5 G ”"”Ele(q, M, *, Mr) ,
n

— A AZF=1Ji = 2)j(i—1 .

rv(y(A)) = g*ZHims+ 111236 ™11 Fulg; ma, -+, ma) ,
n
- =17 = "= "u s .
rty(2(A))=¢g" A 2a1ims+(1/2)2F-1(28=5ms)(28-yms I)J_-_IIF};(Q, ma, *+*, M) ,
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n - n n n
z.ty(y(A))=q/le-1.7m;+(112)2?=1(2s=jms)(Es-JMs—l)gle(q; my, -, mk) , (5'26)

where Y=(my+ -+ mn, mz+--++ma, -, mn), and *Y is the transpose of the Young
diagram Y, and Fx(q; m, -+, ms) is

Fulg; ma, -, ma)=11 H (1—g=hrmeersts)=t (5-27)
This expression is obtained from Eq. (B+26) by setting f;— fix1i=m. (or Eq. (B-37) by

setting g:—g:+1=m.). The full characters Egs. (5-24) and (5-25) reduce to the special-
ized characters,

Chc:”:q(llz)x(x—l)n 20 Zoqz?-l(zs-zms)zn Fk(q, ma, -+, ms)? , (5'28)
mi1= mn=
Chc=_n=q(—1/z)a(a-1)nm20 mz q2?=1.72m_i]:[ Fk(q, my, - mk)z . (5,29)
1= n=

As we will show in the next subsection, Eq. (5-28) can be rewritten in a product form:
cheop=g1/P*&-Dn lj I}% . (5-30)

This character is consistent with the conjecture that the representation space is
spanned by W(z™?D*™') with 1<k<# (of course with j>1,1<k<j).?

5.4. Other cases
In Ref. 24), the quasifinite representation with the weight function,

A _ N e/lfx_l C_N
(x)_g—l e.t_l ] - ’ (5.31)
was studied. This representation is realized by bc ghost, Eq. (3:23). We review
their results. Let us break the set {Ai, ---, A4} in the following way:

{/H, - /Uv}=51U -USh ,

Si={A:+=D, -, A +HEDY, A—AEZ, BO>--2RPEZ . (5-32)

Then the representation for the weight function 4(x) is a direct product of the

@0 -
representations for 4:(x)=27%1(e%**7*—1)/(e*—1).3” Therefore, the character is
factorized as

ch= 12'[1 ch:, (5-33)

where ch; is the character of the representation for J:(x), and we need to consider
only the quasifinite representations with
(A+kz)x_1

n
Az)=2% -7, C=n, h=22k20€Z. (5-34)
The full characters for these representations are given by?**
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Chzdet(S/l+k¢—-t+j)ISz,an ] (5'35)
where S; is defined in § 3.1. By setting gx to Eq. (3:17) and using Eq. (3-20), Eq. (5-35)
reduces to the specialized character,

Ch:qzx’-‘sl(l/2)<a+k;)u+k4—1)ﬁ___l___ M (Q—gk* i), (5-36)

J=1 (1 - qj)" 1<:<7<n

For C=#>0, the weight function 4(x)=C(e**—1)/(e*—1) studied in the previ-
ous section is a special case of Eq. (5:34); ki=+-=k,=0. So the full character Eq.
(5-24) must be obtained from Eq. (5-35). In fact we can show that the full character
Eq. (5-35) is expressed as a summation over all Young diagrams:

Ch:det(SA+ki—i+.i)1Sz,]Sn

=det<( - 1)j_i+ki€z:=°g”'lm§ZPm—n—1+i-ki( - ~Z'(A))Pm—n—1+j( - y(/l)))

1<, 71<n

=(~1Meromin 5 et Pryerii(—2(@)__ det{ Passsl —3(0)
1<:y<n

== =0 1<17<n

= g"ER-oondst ; trivx(A) v (v(A)) (5-37)

wd(Y)<n

where Y3 is a Young diagram with ‘Y.=(%, **-, k»), and rv/v is a skew S-function (see
Appendix B). Here we have used the determinant formula for the product of non-
square matrices,

N
det(rrtglaimbjm> = 2 " det(aiMJ)1S1JSndet(bim;)ISz,]Sn . (5 * 38)

1<iy<n 1€<m << ma<

For ki=---=k,=0, v,y reduces to zv. So we establish the equivalence of Egs. (5:24)
and (5-35) in this case. Equation (5-30) is obtained from Eq. (5-36).
Similarly we can rewrite the full character Eq. (5-25) as

ChC=—n:det(S,;}—;z‘_l)ISuSn . (5'39)
5.5. Differential equation for full characters

Finally we comment on the differential equation of the full character. From Eq.
(3-11), S%€ as a function of x and y satisfies the differential equation,

oSk =(—e)"ISk, S-Sk (— ) ISk (5-40)

Thus the full character Eq. (5-35) satisfies the following differential equation,

n
—a_g.js{/lk Ly kn} ( - ]-) l+1i§18‘(‘k1,"',ki+ Ly Bn} y
a n
a_w_silkl,"'ykn}:(-1)l+1i§1S(Aklx"',ki—ls"'rkn} , (5-41)

where S{Akl,---,kn)=det(S/1+ki—l+j)1Sz,;Sn.
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Appendix A
—— Determinant Formulae at Lower Degrees ——

In this appendix, we give the explicit form of the functions A.(C) and Ba(A)
defined in Eq. (5-8).” We can parametrize those functions in the form,

K=1: B,=1 due to the spectral flow symmetry.”
n || a(—1)| a(0) a(1) a(2) a(3) a(4) a(5) o(6) o(7)
1 0 1 0 0 0 0 0 0 0
2 3 1 0 0 0 0
3 0 6 3 1 0 0 0 0 0
4 1 13 8 3 1 0 0 0 0
5 3 24 17 8 3 1 0 0 0
6 10 48 37 19 8 3 1 0 0
7 23 86 71 41 19 8 3 1 0
8 54 161 138 85 43 19 8 3 1
K=2
n|a(=1)| a0) | al) | a@) | «@) | B0O) | B1) | B2 | BQ)
1 0 1 0 0 0 2 0 0 0
2 0 4 1 0 0 10 2 0 0
3 0 12 4 1 0 34 8 2 0
4 1 34 14 4 1 108 30 8 2
K=3
nla(=1| a0 | al) | a@) | a@®) | B80) | B1) | B(2) | BOB)
1 0 1 0 0 0 2 0 0 0
2 0 5 1 0 0 12 2 0 0
3 0 19 5 1 0 50 10 2 0
K=4
nlla(=1)| a0 | 1) | 2 | «@® | B0 | 81 | B2 | BB
1 0 1 0 0 0 2 0 0 0
2 0 6 1 0 0 14 2 0 0
3 0 27 6 1 0 68 12 2 0
K=5
nla(=1| a0) | o) | a@) | a@) || B0) | 81 | B2) | BAB)
1 0 1 0 0 0 2 0 0 0
2 0 7 1 0 0 16 2 0 0
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An(C)=IIEIZ(C— n=, Bn(/1)=lIEIZ(/1— 1o

We make tables for the index a(/) and 3(/). We note that 8(I)=p8(—1). Hence we
will write them only for /=0.

Appendix B
—— The Schur Function —

The Schur function, which is the character of the general linear group, can be
expressed in terms of free fermions.*™'® In this appendix we summarize the useful
formulae (Ref. 3), see also Ref. 33)).

B.1.

Free fermions™® 4(z), 4(z) and the vacuum state |0) are defined by

5(2)=n§Z[nz‘”‘l : A(Z)anzﬁnz‘” ,

{[;n, An}=6m+n,o , {A—m, Z_n}z{ﬁm, An}=0 s
Anll0Y=4410)=0, (m>0,n=>1). (B-1)

The fermion Fock space is a linear span of I1:4-mIl;4-x,0). The U(1) current 4 ()
=Nz 12" is defined by & (2)=:4(2)4(2):, ie, Fn=mez:Bnbn-n:, where the
normal ordering: n4»: means dmbn if m<—1 and —4n4n if m=0. Their commutation
relations are

[gn, gm]:n8n+m,0 , [gn, Z;n]:A_n+m ) [ﬂn,ﬁm]=—5n+m . (B'Z)

The fermion Fock space is decomposed into the irreducible representations of #(1)
with the highest weight state [|[N) (N€2Z),

bonb-25-10), N=1,
INY=1l0}, N=0,
AN+1"'A—150"0>> , N<Z-1. (B-3)

A free boson #(z) and the vacuum state ||p)s are defined by

4 ’
n

#(z)= G + alogz— E.

[(l’n, am]=n8n+m,0 s [ao, a]"——l ,
allpYs=0, (>0) alp)s=plpds. (B-4)

The boson Fock space is a linear span of IT:@-»/p)s. The normal ordering: :means
that a» (#=0) is moved to the right of a» (m<0) and §. |p)sis obtained from [|0) as
lpYs=:e*®: |pYs. The vertex operator satisfies

*) We use this notation to avoid a confusion with the free fermions used in the free-field realization of
Wire. Relation to usual free fermions ¢(2)=21rez+120:27 "% $(2)=regng="""" is given by 4.

= Jn+ll2; bn=dnp2.
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. eﬂ¢(2): :eP'¢(uJ): :(z_ w)PP': eﬁ¢(z)+1”¢(w): . (B'5)
Boson-fermion correspondence is

5(2)=:e*®:., 4(2)=:e"?P: |NY=|N)s. (B-6)

U(1) current is 4 (2)=04(z).
A Young diagram has various parametrization:

ma fl
. a1 gc
y=| |~ = . = , (B+7)
mh L] L]
n ﬂ fr °

where mi>-->mnp=1, m>->np=20, i=--=>f=21, gg=---=g.=1. According to
these parametrizations, we denote the Young diagram Y by Y =(mu, -, mn; n1, -+,
), Y=, fr) or 'Y =(gi, ***, gc) respectively, and the number of boxes as |Y]|
=3 (mitn) =21 fi=2%19:. Corresponding to the Young diagram Eq. (B+7), we
define a state |N; Y) as follows:

IN; Y= £ mecsbmesn(— 1IN, (B-8)
=4 7-nb-FnboF-n|N—7), (B-9)
=(=D"%-g,+nb-genb-g+nIN+c), (B-10)

where
fi=fi—it+l, gi=gi—i. (B-11)

These states | N; Y) with all Young diagrams are a basis of #(1) representation space
of the highest weight [N). We abbreviate [|0; Y) as | Y).

Bra states are obtained from ket states by T operation (4} =4-») with the normali-
zation (0[0)=1; for example, {N|=|N)'" and {(N|N'Y=6wm-, (Y|=|Y)"
={O|TT%14 nbm(—1)" and { Y| Y’)=0vy.. Note that {|N; Y)} is an orthonormal basis
of the fermion Fock space with U(1)-charge N.

Irreducible representations of the permutation group S. and the general linear
group GL(N) are both characterized by the Young diagrams Y. We denote their
characters by xv(%k) and rv(x), respectively. Here (k)=1%'2**---n** stands for the
conjugacy class of S »; ki+2ke+ -+ nk,=n=the number of boxes in Y. z=[x]
(1=1,2,3, --+) stands for x:=(1/I)trg'=(1/I)2 1€/ for an element g of GL(N) whose
diagonalized form is g=diag[e, &, ***, ev]. In this case the number of boxes in Y is
a rank of tensor for GL(N). We take N—oo limit formally. v is called the Schur
function. The skew S-function zy,y- is defined by

Ty/Y'(x)zyz”C},'Y"Z'Y"(x) ’ (B'IZ)
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where the Clebsch-Gordan coefficients C¥ -y~ are
tv(x) ryu(x)=Zy‘.C Frynty(x) , (B-13)
namely decomposition of the tensor product of representations Y  and Y7, YQY”

=@yC¥v»Y. tvv(x) is non-vanishing only for Y’'C Y.
xv(k), tv(x) and rv,»(x) are expressed in terms of free fermion as follows:

xr(B)=(0] g ** 4 2**- F | YD, (B-14)
re(2)=(0lexp(Zz:d ) V), (B-15)
trivAz)=( Y’Ilexp(glxzé’ YY. (B-16)

We remark that they can also be written as xv(B)=(Y| & 21 4 *3--- 4 #3[0), rv(x)
=( Y“exl)(Zﬁlng—l)"O)) and TY/Y'(x):« YlleXD(2?=1ng -z)" Y.
Under the adjoint action of exp(Z-ox:d -1), 4(2) and 4(2) transform as

exp(éx;g )4 (2)exp(— ;zlxzé( z)=exp(gxzz’) 5(2),

exp(glng D4(2)exp(— gxz 4 )=exp(— gxzz’)/!(z) . (B-17)

B.2.
Let us introduce the elementary Schur polynomial Px(x),

exp(gxﬂ’)zngan(x)z" . (B-18)

Note that P.(xz)=0 for #<0. Then the Schur functions with one row, one column and
one hook are respectively given by
7:(x)=Ps(x), (B-19)

n(2)=(—=1)Ps(—2), (B+20)

Tm; n(x)z(—1)nng+l(x)Pn—l(_x)

=(=1)" 5 Paos-i2) Prsisd — ). (B-21)

Using this, the Schur function with the Young diagram Eq. (B+7) is given by
ry(x)=det( Tmy; n;(x))lsi,jzh , (B'ZZ)
=det(Pr-i+s(2Dh<r<r (B-23)
=(_1)|YIdet(Pgi—tti(—x))lsx,;Sc . (B‘24)

The Schur function with the transposed Young diagram 'Y is

Tey (x):(_1)|Y|Z'Y(_l‘)- (B'25)
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The skew S-function with Young diagrams parametrized in the second and third form
of Eq. (B+7), is given by
ty vAx) =det(Pri-si-i+H(X)h=<s <7 , (B-26)
=(—=D""""""det(Pg-gs—i+i(— T)h<ss=c - (B-27)
Since the 7y’s are a basis of the space of symmetric functions, we have

M1 —=S(2)n(), (B-28)

where the summation runs over all the Young diagrams and x, y are the Miwa
variables for u, v,

2=t =t (B-29)
72 T2

Similarly we have

Srvivlx)te(v)=Dev(@) v (v) 1vy) . (B-30)

Those formulae are easily proved by using free field expression Egs. (B-15),
(B-16) and bosonization. For example, Eq. (B+23) is obtained as follows. By rewrit-
ing |Y) Eq. (B+9) as

1) = f A2t 27 fla) Fanl— 7)),

1271

Eq. (B+15) becomes

@)= f [Tz et O S e Bl 7).

271

Bosonization tells us that
€Ol Flanl = r)=T(a—2)- [z

Since IT:<;(z:i—z;) is the Vandermonde determinant (—1)*®7"Vdet(z/ )i<i <,, We
obtain Eq. (B-23) after picking up residues.
Equation (B-28) is proved as follows:

1 _
=g, oo 23

J=ex(Z2E T (wour)

gl_urvs =1

=exp(glxzyz)Z((OIIexp(gxzc? z)exp(gyzg ~0)0Y

=Zy‘.<<0||exp(gxz£ YN YIIeXD(gM ~I0Y=rr(z) v () .

Here we have used the completeness of {|Y)} in the fermion Fock space with
vanishing U(1)-charge.
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B.3.
In this subsection we set x: as follows:
al

_1 _gq .
Xi= l l_ql . (B 31)

Then the Schur functions with one row and one column are given by

P=T1%, (B-32)

(=1)"Po(—2)= H ¢ (B-33)
From Eq. (B-21), the Schur function with one hook becomes

Tm; ()= g8 FWHAARAD T 11— 1 (B-34)

,71]. q.;l].q]-q

By combining those and Egs. (B-22)~(B-24), the Schur function with the Young
diagram Eq. (B+7) is given by

rv(x)= qalY!+25'=1((1/2)ns(m+1)+(i—l)(mi+m))
ko (mi=1 ] n: 1 ) H;</(1 qmi—mf)(l ni"n.i)
X I=Il< i l—qjo=1 1—¢’ IT..(1— q”“*”’) ’ (B-35)
:qalYl+2L1(i—1)fiﬁ s H(]_ qf"ff"'”) (B'36)
=ogm 11— q i<y
qalYl+2.—1(1/2)gi(a; l)ﬁ g‘ﬁ:’c I<I(1 q° gf—zﬂ) (B.37)
J= 2
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