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We study disformal transformations of cosmological perturbations by vector fields in theories invariant
under Uð1Þ gauge transformations. Three types of vector disformal transformations are considered:
(i) disformal transformations by a single timelike vector; (ii) disformal transformations by a single
spacelike vector; and (iii) disformal transformations by three spacelike vectors. We show that transformations of type (i) do not change either curvature perturbation or gravitational waves; that those of type
(ii) do not change curvature perturbation but change gravitational waves; and that those of type (iii) change
both curvature perturbation and gravitational waves. Therefore, coupling matter fields to the metric after
disformal transformations of type (ii) or (iii) in principle have observable consequences. While the recent
multi-messenger observation of binary neutron stars has singled out a proper disformal frame at the present
epoch with a high precision, the result of the present paper may thus help distinguishing disformal frames in
the early universe.
DOI: 10.1103/PhysRevD.97.063521

I. INTRODUCTION
Inflation is arguably the most promising scenario of the
early universe, by which various conceptual issues in the
standard big-bang cosmology can be addressed. By definition it assumes an extended period of accelerated expansion of the universe followed by a graceful exit, which
requires an inflaton field measuring the time remaining till
the end of the accelerated expansion. Thus the system
describing inflation should include not only a metric but
also an inflaton field at least, and may include more fields.
The inflaton field may have nontrivial couplings to matter
*
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fields, and in some cases the effects of derivative couplings
may be summarized as the existence of an effective metric
to which matter fields are coupled minimally. Out of a
metric gμν and a scalar field ϕ (if the inflaton is a scalar),
one can indeed construct an effective metric of the form
geff
μν ¼ Aðϕ; XÞgμν þ Bðϕ; XÞ∂ μ ϕ∂ ν ϕ;

ð1Þ

where X ¼ −gμν ∂ μ ϕ∂ ν ϕ=2 and A (>0) and B are functions
of ϕ and X [1]. The transformation from gμν to geff
μν is called
conformal if B ¼ 0. Otherwise, it is called disformal. While
the conformal/disformal transformation is by itself nothing
but a change of variables, coupling matter fields to geff
μν
instead of gμν may have observable consequences.
One can in principle consider conformal/disformal transformations by a field describing the effects of dark energy.
In this case the transformation is again given by (1) but ϕ is
now considered as a field responsible for the accelerated
expansion of the present universe. Then, the recent multimessenger observation of binary neutron stars [2,3] puts a
stringent constraint on the choice of the function Bðϕ; XÞ,
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often called a disformal factor, if ∂ μ ϕ is non-vanishing at
the present epoch. Namely, if ∂ μ ϕ ≠ 0 at the present then
the standard model of particle physics should couple to a
frame in which the speed of gravitational waves agrees with
the speed of light within the accuracy of Oð10−15 Þ [4]. In
this sense the observation has singled out a proper
disformal frame at the present epoch with a rather high
precision.
On the other hand, a disformal frame in the early
universe has not been singled out by observations so far.
One thus might hope that cosmological perturbation might
be a probe of disformal frame in the early universe,
especially during inflation, since it is cosmological perturbation that connects theoretical predictions of inflationary
models with observations. For this reason, many authors
have investigated disformal transformations of the spacetime metric by a scalar field [5–12].
In the literature there are models of inflation in which not
only scalar fields but also vector fields play important roles,
for a review see [13]. This is well-motivated as in theories
of high energy physics and particle physics vector fields
(actually gauge fields) play important roles so one naturally
expects that they may play important roles during inflation
as well. Correspondingly, in those models, vector fields
may participate in the disformal transformation between the
original metric and the effective metric. We call such a
transformation a vector disformal transformation.
In this work we consider theories invariant under a Uð1Þ
gauge transformation so the vector fields are actually the
Uð1Þ gauge fields. We consider three types of vector
disformal transformations: (i) disformal transformations
by a single timelike vector; (ii) disformal transformations
by a single spacelike vector; and (iii) disformal transformations by three spacelike vectors. We then investigate
the way in which inflationary cosmological perturbations
transform under each of them. We find that transformations
of type (i) do not change either curvature perturbation or
gravitational waves; that those of type (ii) do not change
curvature perturbation but change gravitational waves; and
that those of type (iii) change both curvature perturbation
and gravitational waves.
The rest of the paper is organized as follows. In Secs. II
and III we investigate disformal transformations of cosmological perturbations by a single timelike vector and a
single spacelike vector, respectively. We then consider
disformal transformations by three spacelike vectors in
Sec. IV. Section V is devoted to a summary of the paper and
discussions.

transformation to models containing a charged (complex)
scalar field which is gauged under a Uð1Þ gauge field. On
the physical grounds, one expects the scalar fields in
particle physics to be charged under some gauge fields.
In addition, symmetry breaking, such as the Higgs mechanism, is a common phenomenon in early universe and high
energy physics. Under a Uð1Þ symmetry breaking the
gauge field acquires a longitudinal component by eating
one degree of freedom (d.o.f.) from scalar field. In our setup
this is achieved by the term e2 jϕj2 Aμ Aμ which generates an
effective mass term for the gauge field. As we shall see, this
effective mass term plays important roles in physical
properties of the new disformally transformed metric.
With this discussion in mind, we consider the following
disformal transformation

II. A SINGLE TIMELIKE VECTOR

Aμ ðtÞ ¼ ðA0 ðtÞ; 0; 0; 0Þ:

In our setup we have a complex scalar field ϕ which is
charged under a Uð1Þ gauge field Aμ with the dimensionless charge coupling (electric charge) e. Our motivation in
this work is to extend the previous studies of disformal

g̃μν ¼ gμν þ λReðDμ ϕDν ϕÞ;

ð2Þ

where the conformal factor is fixed to unity, λ is an arbitrary
constant factor, and the covariant derivative Dμ ϕ is
defined as
Dμ ϕ ¼ ∂ μ ϕ þ ieϕAμ ;

ð3Þ

with Dμ ϕ denoting its complex conjugation.
We decompose the complex scalar field into the radial
and angular parts as follows
ϕðxÞ ¼ ρðxÞeiθðxÞ :

ð4Þ

Therefore, the disformal metric is simplified to
g̃μν ¼ gμν þ λ½∂ μ ρ∂ ν ρ þ ρ2 ð∂ μ θ þ eAμ ÞÞð∂ ν θ þ eAν Þ:

ð5Þ

One can check that not only the action and the equations of
motion but also the disformal transformation (5) is invariant
under the following U(1) gauge transformations
θ → θ þ χ;

1
Aμ → Aμ − ∂ μ χ:
e

ð6Þ

This freedom allows us to choose the unitary gauge in
which θ ¼ 0 and then the disformal transformation is
further simplified to
g̃μν ¼ gμν þ λ½∂ μ ρ∂ ν ρ þ e2 ρ2 Aμ Aν :

ð7Þ

In this section we choose a timelike form of the gauge
field at the background level and set
ð8Þ

In this background the spacetime retains its SO(3) rotation
invariance with the usual isotropic Friedmann-LemaîtreRobertson-Walker (FLRW) metric
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ð9Þ

ds̃2 ¼ −Ñ 2 ð1 þ 2ÃÞdt2 þ 2aÑðB̃i þ ∂ i B̃Þdtdxi
þ a2 ½ð1 − 2ψ̃Þδij þ 2∂ i ∂ j Ẽ þ ∂ ði ẼjÞ þ h̃ij dxi dxj :

where NðtÞ is the lapse function and aðtÞ is the scale factor.
The disformal transformation (7) changes the above line
element into the form

By comparing the components of the line element ds̃2 with
(15), we obtain the tilde variables as follows



λðρ̇2 þ e2 ρ2 A20 Þ
2
2
ds̃ ¼ −N 1 −
dt2
N2
þ a2 ðdx2 þ dy2 þ dz2 Þ:

ð10Þ

We can rewrite the line element (10) in the following form
ds̃2 ¼ −Ñ 2 dt2 þ a2 ðdx2 þ dy2 þ dz2 Þ;

ð16Þ

ð11Þ

Ã ¼

1−

ψ̃ ¼ ψ;

λðρ̇2 þe2 ρ2 A20 Þ
N2

B þ λðρ̇δρ þ e2 ρ2 A0 MÞ=ðaNÞ
ﬃ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
;
λðρ̇2 þe2 ρ2 A20 Þ
1−
N2

B̃i ¼

Bi þ λe2 ρ2 A0 ATi =ðaNÞ
ﬃ ;
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
λðρ̇2 þe2 ρ2 A20 Þ
1−
2
N

ð12Þ

Ẽi ¼ Ei ;

;

Ẽ ¼ E;

B̃ ¼

where


λðρ̇2 þ e2 ρ2 A20 Þ 1=2
;
Ñ ¼ N 1 −
N2

A − λðρ̇δρ̇ þ e2 ρ2 A0 δA0 þ e2 A20 ρδρÞ=N 2

h̃ij ¼ hij :

ð17Þ

Therefore, under the timelike vector disformal transformation, the scale factor remains unchanged, while the lapse
function changes.
To study the disformal transformation at the perturbation
level, we decompose the perturbation of the gauge field as

In the present paper we suppose that the system is
described by a diffeomorphism invariant theory such as
general relativity. This means that physics is invariant under
the infinitesimal coordinate transformation

δAμ ¼ ðδA0 ; ATi þ ∂ i MÞ;

x0μ ¼ xμ þ ξμ ;

ð13Þ

where i ¼ x, y, z; M is a scalar and ATi is a vector satisfying
the transverse condition δij ∂ i ATj ¼ 0.
The general form of metric perturbation has the following form
ds2 ¼ −N 2 ð1 þ 2AÞdt2 þ 2aNðBi þ ∂ i BÞdtdxi
þ a2 ½ð1 − 2ψÞδij þ 2∂ i ∂ j E þ ∂ ði EjÞ þ hij dxi dxj :
ð14Þ

where ξμ is infinitesimal. By taking appropriate combinations of metric perturbations and the perturbations of the
scalar and the gauge field we can define the gauge invariant
variables. In Appendix B we have presented the coordinate
transformations of the metric, the scalar field and the gauge
field perturbations in details.
Using the forms of coordinate transformation of these
variables, we find the following gauge invariant scalar and
vector variables

Here, A, B and E are scalar perturbations, Bi , Ei are vector
perturbations satisfying the transverse conditions
δij ∂ i Bj ¼ δij ∂ i Ej ¼ 0, the symmetrization of indices is
such that ∂ ði EjÞ ¼ ∂ i Ej þ ∂ j Ei , and hij is the transverse
traceless tensor perturbation satisfying δjk ∂ k hij ¼ 0 ¼ δij hij .
In Appendix A, we have presented the prescription to
determine the hij part of the perturbed metric.
Under the disformal transformation (7), the perturbed
metric transforms as

δρflat ¼ δρ þ
Aflat

Similarly to the original perturbed metric Eq. (14), we
represent the disformally transformed perturbed metric as

ð19Þ

 
1 d ψ
;
¼Aþ
N dt H

ð20Þ

Ė 1 ψ
;
−
N aH

ð21Þ

Σi ¼ Bi −

ð15Þ

ρ̇ ψ
;
NH

Σ¼B−a

δg̃μν ¼ δgμν þ λe2 ρ2 ðAμ δAν þ δAμ Aν Þ þ 2λe2 Aμ Aν ρδρ
þ λð∂ μ ρ∂ ν δρ þ ∂ μ δρ∂ ν ρÞ:

ð18Þ

a
Ė ;
N i

ð22Þ

where H ¼ ȧ=ðaNÞ is the Hubble expansion rate. The
tensor variable hij is gauge-invariant by itself.
In addition, one finds the following gauge invariant
variable associated with the gauge field perturbations
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d A0 ψ
;
¼ δA0 þ
dt N H

ð23Þ

A0
ψ;
NH

ð24Þ

M flat ¼ M þ

while ATi is gauge-invariant by itself.
Now, we calculate the gauge transformations of the tildevariables under the coordinate transformation Eq. (18). The
corresponding gauge transformations are also listed in
Appendix B. Using these transformations, one finds the
following gauge invariants for the tilde variables
ρ̇ ψ̃
;
Ñ H̃
 
1 d ψ̃
;
¼ Ã þ
Ñ dt H̃

δρ̃flat ¼ δρ þ
Ãflat

Ẽ˙ 1 ψ̃
;
−
Ñ a H̃
a
Σ̃i ¼ B̃i − Ẽ˙ i ;
Ñ


d A0 ψ̃
;
δÃ0 flat ¼ δA0 þ
dt Ñ H̃
Σ̃ ¼ B̃ − a

M̃flat ¼ M þ

A0
ψ̃;
Ñ H̃

ð25Þ
III. A SINGLE SPACELIKE VECTOR
ð26Þ

In this section we consider a model of gauge field with a
nonvanishing background spatial component, say along the
x-direction, where

ð27Þ
ð28Þ
ð29Þ
ð30Þ

where H̃ ¼ ȧ=ðaÑÞ. Since NH ¼ Ñ H̃ and ψ ¼ ψ̃, one
immediately finds that δρ̃flat ¼ δρflat , δÃ0 flat ¼ δA0 flat and
M̃flat ¼ Mflat . Since ATi does not involve metric perturbation, it is invariant under the disformal transformation,
ÃTi ¼ ATi . Noting that the curvature perturbation is proportional to δρ̃flat , we conclude that the curvature perturbation
is invariant under this disformal transformation. In addition,
we also have shown above that the tensor perturbation hij
does not change. Therefore, we conclude that the curvature
perturbation and tensor perturbations are not affected by the
disformal transformations (7).
On the other hand, we find
Ãflat ¼

Therefore, after disformal transformation, Aflat , Σ, and Σi
change depending on A0 and ρ̇.
Comparing to the standard perturbation theory with
N ¼ 1, the gauge invariant variable Σ is the anisotropic
shear. On the other hand, the gauge invariant variable Ãflat
is related to the Bardeen potentials Φ and Ψ [14]
_
via Ãflat ¼ Φ þ Ψ=H.
We end this section by concluding that the curvature
perturbation is invariant under disformal transformation
while the Bardeen potential Ãflat is not. Our result is
consistent with that obtained in [6,9,10] for disformal
transformation from timelike derivative of a scalar field.

1
λðρ̇2 þe2 ρ2 A20 Þ
1−
N2



λ 2 2
2 2
× Aflat − 2 ðe A0 ρδρflat þ ρ̇δρ̇flat þ e ρ A0 δA0flat Þ ;
N
ð31Þ
Σ̃ ¼

Σ þ λðρ̇δρflat þ e2 ρ2 A0 M flat Þ=ðaNÞ
ﬃ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
;
λðρ̇2 þe2 ρ2 A20 Þ
1−
N2

ð32Þ

Σ̃i ¼

Σi þ λe2 ρ2 A0 ATi =ðaNÞ
ﬃ :
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
λðρ̇2 þe2 ρ2 A20 Þ
1−
N2

ð33Þ

Aμ ðtÞ ¼ ð0; Ax ðtÞ; 0; 0Þ:

ð34Þ

On the other hand, we suppose that ρ is homogeneous, i.e.,
ρ ¼ ρðtÞ, at the background level. This setup is motivated
by models of anisotropic inflation in which a background
electric field energy density is turned on during inflation.
As shown in [15] if one chooses an appropriate coupling
between the inflaton field and the gauge field kinetic term
the system reaches the attractor regime in which the electric
field energy density reaches a small but nearly constant
fraction of the total energy density. In this limit, one can
obtain a long period of anisotropic inflation which can have
interesting observational implications. In particular, these
models predict quadrupolar statistical anisotropy in the
power spectrum of the curvature perturbation which is
constrained by cosmological observations; for a review of
related works see [16].
Since the background is anisotropic the metric is in the
form of Bianchi type I with the following line element
ds2 ¼ −NðtÞ2 dt2 þ aðtÞ2 dx2 þ bðtÞ2 ðdy2 þ dz2 Þ;

ð35Þ

where NðtÞ is the lapse function and aðtÞ and bðtÞ are two
scale factors. Correspondingly, we have two Hubble
expansion rates Ha ¼ ȧ=ðaNÞ and H b ¼ ḃ=ðbNÞ.
The disformal transformation (7) changes the background metric into the form




λρ̇2
λe2 ρ2 A2x
2
2
dx2
ds̃ ¼ −N 1 − 2 dt þ a 1 þ
N
a2
2

2

þ b2 ðdy2 þ dz2 Þ:

ð36Þ

We can rewrite the line element (36) in the form

063521-4
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where


λρ̇2 1=2
Ñ ¼ N 1 − 2
;
N


λe2 ρ2 A2x 1=2
ã ¼ a 1 þ
:
a2

ð38Þ

k ¼ ðkx ; ky ; 0Þ:

ð40Þ

For the scalar and vector parts of the gauge field
perturbation, one can choose respectively [18]
¼ ðδA0 ; δAx ; ∂ y M; 0Þ;
δAscalar
μ

ð41Þ

¼ ð0; 0; 0; DÞ:
δAvector
μ

ð42Þ

The most general form of the metric perturbation can be
written in the following manner [18,19]

B
B
δg̃μν ¼ B
@

−2N A aNβ;x

bNðB;p þ Bp Þ

2

abðγ ;xp þ Γp;x Þ

−2a ψ̄

b2 ð−2ψδpq þ 2E;pq þ Eðp;qÞ Þ

where p; q ¼ y, z. Here, A, β, B, ψ̄, γ, ψ, and E are scalar
perturbations while Bp , Ep , and Γp are vectors with respect
to rotations in the isotropic y–z plane satisfying the
following transverse conditions
δpq ∂ p Bq ¼ δpq ∂ p Eq ¼ δpq ∂ p Γq ¼ 0:

0 −2N 2 A

aNβ;x

bNBz 1
abΓz;x C
C
C:
b2 Ez;y A

bNB;y

B aNβ;x
B
δgμν ¼ B
@ bNB;y

−2a2 ψ̄
abγ ;xy

2b ð−ψ þ E;yy Þ

bNBz

abΓz;x

b2 Ez;y

abγ ;xy
2

−2b2 ψ
ð45Þ

The above form of metric perturbations yields the following
line element
ds2 ¼ −N 2 ð1 þ 2AÞdη2 þ 2aNβ;x dtdx þ 2bNB;y dtdy
þ 2bNBz dtdz þ a2 ð1 − 2ψ̄Þdx2 þ 2abγ ;xy dxdy
þ 2abΓz;x dxdz þ b2 ð1 − 2ψ þ 2E;yy Þdy2
þ 2b2 Ez;y dydz þ b2 ð1 − 2ψÞdz2 :

ð46Þ

On the other hand, the perturbed parts of the disformal
transformation (7) yield (15). Therefore, under the disformal transformation, the perturbed metric transforms to



−2a2 ψ̄ þ 2λe2 ðA2x ρδρ þ ρ2 Ax δAx Þ

abγ ;xy þ λe2 ρ2 Ax M;y





2b2 ð−ψ þ E;yy Þ







ds̃2 ¼ −Ñ 2 ð1 þ 2ÃÞdt2 þ 2ã Ñ β̃;x dtdx þ 2bÑ B̃;y dtdy

ð44Þ

Therefore, applying these conditions, and noting that
kz ¼ 0 in our convention, the metric perturbations are
represented as

bNB;y þ λρ̇δρ;y

At this step, we rewrite the perturbed line element in the
same form as Eq. (46)

C
C
C;
A

ð43Þ

aNβ;x þ λe2 ρ2 Ax δA0 þ λρ̇δρ;x

bNBz

1

abΓz;x þ λe2 ρ2 Ax D C
C
C:
A
b2 Ez;y

ð47Þ

−2b2 ψ

in which Ñ and ã are determined at the background level by
(38) and (39).
By comparing the components of the line element ds̃2
with (47), we obtain the tilde-variables as follow

þ 2bÑ B̃z dtdz þ ã2 ð1 − 2ψ̄˜ Þdx2 þ 2ãbγ̃ ;xy dxdy
þ 2ãbΓ̃z;x dxdz þ b2 ð1 − 2ψ̃ þ 2Ẽ;yy Þdy2
þ 2b2 Ẽz;y dydz þ b2 ð1 − 2ψ̃Þdz2 ;

1

ð39Þ

This result shows that the spatial part of the metric in the
y–z plane is unchanged under the disformal transformation.
However, the lapse function and the component of the metric
along the direction of the background gauge field Aμ are
modified. The background gauge field Ax breaks the SOð3Þ
symmetry group down to SOð2Þ. The remaining SOð2Þ
rotational symmetry in the y–z plane allows us to decompose
the perturbations into two-dimensional vector and scalar
parts. However, in this two-dimensional decomposition,
there is no tensor part. Indeed, the three-dimensional tensor
perturbations will be restored from the combination of a twodimensional scalar and a two-dimensional vector perturbations of the metric when the background becomes isotropic,
e.g., at the end of inflation [17,18].
Because of the residual two-dimensional rotational
invariance in the y–z plane, we can choose the comoving
momentum of modes in Fourier space to have the following
form

0 −2N 2 A þ 2λρ̇δρ̇

B
B
δgμν ¼ B
@

2

ð48Þ
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Ẽz ¼ Ez ;

ð51Þ

Γ þ λe2 ρ2 Ax ∂ −1
x D=a
;
Γ̃z ¼ zpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 2 2
1 þ λe ρ Ax =a2

ð52Þ

γ þ λe2 ρ2 Ax ∂ −1
x M=a
;
γ̃ ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 2 2
1 þ λe ρ Ax =a2

ð53Þ

ψ̄˜ ¼

ψ̄ − λe2 ðA2x ρδρ þ ρ2 Ax δAx Þ=a2
;
1 þ λe2 ρ2 A2x =a2

Bz
ﬃ;
B̃z ¼ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
λρ̇2
1 − N2

ð55Þ



1
λρ̇δρ
;
B̃ ¼ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2ﬃ B þ
bN
λρ̇
1 − N2
β̃ ¼

Ã ¼

β þ ðλe2 ρ2 Ax ∂ −1
x δA0 þ λρ̇δρÞ=ðaNÞ
ﬃ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
;
2 2 2
2
ð1 − λNρ̇2 Þð1 þ λe aρ2 Ax Þ
A − λρ̇δρ̇=N 2
2

1 − λNρ̇2

ð54Þ

:

ð56Þ

ð57Þ

ð58Þ

As in the previous section, we again take appropriate
combinations of the metric perturbations and the perturbations of scalar and gauge fields to define the gauge invariant
variables. In Appendix C we have presented the coordinate
transformations of metric, scalar field and gauge field
perturbations. For the metric defined in (45) one finds
the following gauge invariant scalar variables [18]
δρflat ¼ δρ þ

ρ̇ ψ
;
N Hb



b
a
Ha
ψ̄
−
ψ
;
γ G ¼ γ − E þ ∂ −2
a
b x
Hb
b
Γp G ¼ Γp − Ep ;
a

ð59Þ
ð60Þ
ð61Þ

where p ¼ y, z and the subscript G indicates that the
corresponding variables are gauge invariant.
Correspondingly, one can also calculate the coordinate
transformations of the tilde-variables under the coordinate
transformation Eq. (18). The corresponding transformations are presented in Appendix C. Using these transformations, one finds the following gauge invariant
variables

δρ̃flat ¼ δρ þ

ρ̇ ψ̃
;
Ñ H̃b



b
ã
H̃a
˜
γ̃ G ¼ γ̃ − Ẽ þ ∂ −2
ψ̄
−
ψ̃
;
ã
b x
H̃b
b
Γ̃p G ¼ Γ̃p − Ẽp ;
ã

ð62Þ
ð63Þ
ð64Þ

˙ Ñ ãÞ and H̃b ¼ ḃ=ðÑbÞ. Since NHb ¼
where H̃a ¼ ã=ð
Ñ H̃ b and ψ ¼ ψ̃, it is obvious that δρflat ¼ δρ̃flat .
In the following, we are interested in studying the effects
of disformal transformation on the gravitational wave (GW)
modes. In Appendix A we provide a closed form expression
for the GW modes defined as the transverse-traceless part
of the perturbation of the spatial metric. By this expression
one can find the GW mode in the 2d decomposition.
Indeed, by using (A4), it is straightforward to extract the
transverse-traceless part of the spatial metric perturbation
around the Bianchi I background as
¯ 2 ¯ −2
h33 ¼ −∂¯ 2 ∂¯ −2
x h22 ¼ −∂ ∂ y h11

 1=3

a
b
a −2
−2 ¯ 2 ¯ 2
¯
¼
∂ ∂ y ∂ x γ − E þ ∂ x ðψ̄ − ψÞ ;
b
a
b


 2=3
a
b
−2 ¯ 2 ¯
¯
h23 ¼ h32 ¼ −
∂ ∂ x ∂ y Γz − Ez ;
b
a


 2=3
a
b
h13 ¼ h31 ¼
∂¯ −2 ∂¯ 2y ∂¯ x Γz − Ez :
b
a

ð65Þ
ð66Þ
ð67Þ

and
h12 ¼ h21 ¼


 1=3

a
b
a
ð
ψ̄
−
ψÞ
:
∂¯ −4 ∂¯ 3y ∂¯ 3x γ − E þ ∂ −2
b
a
b x
ð68Þ

These results show that γ G and Γi G are two GW modes in
the isotropic limit, i.e., in the limit Ha ¼ Hb .
After realizing the nature of γ G and Γi G , we now
calculate γ̃ G and Γ̃i G in terms of γ G and Γi G . The
connection between gauge invariant GW modes in both
frames help us to realize how the power spectrum of GW
changes under disformal transformations. After straightforward calculations for p ¼ z we get

where
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γ G þ Δγ G
γ̃ G ¼ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
;
2 2 2
1 þ λe aρ2 Ax

ð69Þ

Γ þ ΔΓz G
:
Γ̃zG ¼ qzGﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 2 2
1 þ λe aρ2 Ax

ð70Þ
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λe2 ρ2 Ax −2
Ax
Δγ G ¼ −
∂ x δAT þ δρflat
ab
ρ
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ð71Þ

and
ΔΓz G ¼

λe2 ρ2 Ax −1
∂ x D:
ab

ð72Þ

with

δAT ¼ δAx − ∂ x M þ

Ȧx
ψ:
NH b

ð73Þ

One can check that δAT , Δγ G , and ΔΓzG are gauge invariant.
In cosmological observations, one usually considers the
correlation functions of the physical variables. With this
motivation in mind, we calculate the power spectra of
GWhγ˜G γ˜G i and hΓ̃zG Γ̃zG i in new frame. The results are
presented as follows


 2 2 2 

λe ρ Ax
A2x
Ax
−4
hγ̃ G γ̃ G i ¼
kx hδAT δAT i þ 2 hδρflat δρflat i þ 2 hδAT δρflat i
2 2 2 hγ G γ G i þ
a
ρ
ρ
1 þ λe aρ2 Ax


λe2 ρ2 Ax −2
A
kx hγ G δAT i þ x hγ G δρflat i ;
þ2
ab
ρ
1

ð74Þ

and
hΓ̃z G Γ̃z G i ¼


 2 2 2

λe ρ Ax
−2
hΓ
Γ
i
þ
k
hDDi
:
zG zG
x
2 2 2
a
1 þ λe ρ2 Ax
1

ð75Þ

a

The correlation and cross-correlation terms can be obtained
by choosing a specific model of anisotropic inflation and
expanding the action, including the interaction terms, up to
second order, e.g., as in [17,18].
From these analysis we conclude that, unlike the
curvature perturbation, the gravitational waves are affected
under the disformal transformation. The key parameter is
e2 ρ2 A2x which comes from the “Higgs mechanism” and
which causes the gauge field to acquire a longitudinal
mode. Having said this, we further notice that at the end of
inflation and reheating the gauge field transfers its energy
to radiation, so once the isotropy is restored, we will have
Ax ¼ 0. As a result, the difference under disformal transformation actually disappears and we conclude that the two
frames become identical after the restoration of isotropy
after inflation.
IV. THREE SPACELIKE VECTORS
In the previous sections we have set θ ¼ 0 by utilizing a
gauge freedom. If one further assumes that
ρ ¼ const ≠ 0;

g̃μν ¼ gμν þ λρ2 e2 Aaμ Abν δab :

ð77Þ

In this section, for simplicity we start with this form of the
vector disformal transformation and then extend it to the

ð78Þ

Let us now introduce a background solution on which to
perform the perturbative analysis. Because we now have
three spacelike vectors, we can preserve the isotropy of the
metric. Hence, we consider a isotropic FLRW background,
already defined in (9).
We must also choose a background for the set of three
spacelike vectors which we will denote Aaμ , where a runs
from 1 to 3. This is a little less trivial as we must in principle
find a solution that fits the metric (9). However, this was
done in [20] so we will set ourselves within the inflation
solution that was constructed in the paper. Thus, at the
background level we impose

ð76Þ

e.g., by supposing that a Uð1Þ symmetric potential for the
complex scalar ϕ has a minimum at jϕj ≠ 0 with a
sufficiently large mass, then Dμ ϕ ¼ ieρAμ and the metric
g̃μν after the disformal transformation (2) is simply
g̃μν ¼ gμν þ λρ2 e2 Aμ Aν :

system with three vector fields, Aaμ (a ¼ 1, 2, 3). One may
then consider this extended system with three vectors as the
ρa ¼ const ≠ 0 limit of the system with three sets of
charged complex scalar fields with Uð1Þ gauge symmetry.
This brings us to the following extension of the disformal
transformation:

Aa0 ¼ 0;

Aai ¼ AðtÞδai ;

ð79Þ

which we notice is a set up that preserves isotropy in the
physical space. Then, the transformation (78) transforms
the background (9) into the form:


2
2 2A
ds̃ ¼ −NðtÞ dt þ aðtÞ 1 þ λρ e 2 ðdx2 þ dy2 þ dz2 Þ
a
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2

2

2

¼ −NðtÞ2 dt2 þ ãðtÞ2 ðdx2 þ dy2 þ dz2 Þ;

ð80Þ
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δAa0 ¼ δai ðY i þ ∂ i YÞ;

where
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ã ¼ a 1 þ q;

A2
:
ð81Þ
a2
Hence, at the background level, the disformal transformation only affects the scale factor. As a consequence,
the Hubble expansion rate after the disformal transformation is


1 ã˙
1
Ȧ
Hþq
H̃ ¼
¼
:
ð82Þ
N ã 1 þ q
NA

δAai ¼ AðtÞ½Qδai þ ∂ i ðM j þ ∂ j MÞδaj

q ¼ λρ2 e2

We can now proceed to introduce linear perturbations.
For the metric, we take the standard perturbations of FLRW
as in (14). For the vectors Aaμ we take the following
perturbations as defined in [20]:

þ ϵijk δaj δkl ðUl þ ∂ l UÞ þ tij δaj ;

ð83Þ

where the vector and tensor perturbation variables
satisfy the transverse and traceless condition, namely
0 ¼ δij ∂ i Bj ¼ δij ∂ i Ej ¼ δij ∂ i hjk ¼ δij ∂ i Mj ¼ δij ∂ i Uj ¼
δij ∂ i Y j ¼ δij ∂ i tjk ¼ δij hij ¼ δij tij . We are now ready to
investigate the effect of the disformal transformation on the
perturbation variables that we defined. We express the new
metric g̃μν by injecting in the disformal transformation (78)
the expression of the perturbed metric (14) and the perturbed
vectors (83), while keeping terms up to first order in
perturbations. We then obtain the following expression:

ds̃2 ¼ g̃μν dxμ dxν





aq
aq
Y þ ∂i B þ
Y dxi dt
¼ −N ð1 þ 2AÞdt þ 2aN Bi þ
NA i
NA
2

2

þ a2 ½ð1 þ q − 2ψ þ 2qQÞδij þ 2∂ i ∂ j ðE þ qMÞ þ ∂ ði EjÞ þ q∂ ði MjÞ þ ðhij þ 2qtij Þdxi dxj
¼ −N 2 ð1 þ 2AÞdt2 þ 2ãNð∂ i B̃ þ B̃i Þdxi dt þ ã2 ½ð1 − 2ψ̃Þδij þ 2∂ i ∂ j Ẽ þ ∂ ði ẼjÞ þ h̃ij dxi dxj ;
where, while A is invariant under the disformal transformation, other components of metric perturbations transform as
ψ − qQ
ψ̃ ¼
;
1þq
B þ Na Aq Y
ﬃ ;
B̃ ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þq

E þ qM
E þ qMi
Ẽ ¼
;
Ẽi ¼ i
;
1þq
1þq
Bi þ Na Aq Y i
hij þ 2qtij
ﬃ ;
B̃i ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
:
h̃ij ¼
1þq
1þq
ð85Þ

Perturbations of the four-vectors Aaμ , given by (83), are not
affected by the disformal transformation. As we shall see
below, however, the corresponding gauge-invariant variables are not necessarily invariant under the disformal
transformation.
Using the transformation laws derived in Appendix D,
we can construct the following set of gauge invariant
variables:

Σi ¼ Bi −

a
Ė ;
N i

Y flat
i ¼ Y i − AĖi ;
 
1 d ψ
;
Aflat ¼ A þ
N dt H

Mflat
i ¼ M i − Ei ;
Qflat ¼ Q þ ψ

Ȧ
;
NAH

Mflat ¼ M − E;

ð84Þ

Y flat ¼ Y − AĖ;

Σ¼B−a

Ė 1 ψ
:
−
N aH

ð86Þ

It is easy to see that hij , tij , U i , U are gauge-invariant by
themselves. The number of independent components in
these sets is 18, which is what is expected since our initial
perturbation variables carried 22 d.o.f. and we must
subtract the 4 that can be gauged out.
We now inject (85) in the variables (86) to find how the
gauge invariant variables transform:


hij þ 2qtij
d q
Mflat
i
flat
Mflat
;
Ỹ flat
;
;
M̃ flat
i ¼ Yi − A
i ¼
i
dt 1 þ q
1þq
1þq
i

1 h
a q flat a
d q
1 d
q
;
Ã
;
Y i − ð1 þ qÞ
Mflat
¼
A
−
Q
Σ̃i ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ Σi þ
flat
flat
NA
N
dt 1 þ q i
N dt H þ q Ȧ flat
1þq
NA

Qflat
d q
Mflat
flat
flat
flat
flat
Q̃flat ¼
;
Ỹ
M
¼
Y
−
A
¼
;
;
M̃
Ȧ
dt 1 þ q
1þq
ð1 þ q NAH
Þ
 q Q
i
1 h
a q flat a
d q
flat
:
ð87Þ
Y − ð1 þ qÞ
M flat þ
Σ̃ ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ Σ þ
NA
N
dt 1 þ q
a H þ q Ȧ
1þq
Ũ i ¼ Ui ;

Ũ ¼ U;

t̃ij ¼ tij ;

h̃ij ¼

NA
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While the disformal transformation is by itself nothing
but a change of variables, coupling matter fields to g̃μν
instead of gμν may have observable consequences. The
transformation laws given in (87) then gives an insight of
the way the actual observables may change. This can tell us
if the two frames are distinguishable at the level of
perturbation. In the case of a single timelike vector
considered in Sec. II and in the case of a timelike derivative
of a scalar field considered in the literature [6,9,10],
curvature perturbations are invariant under disformal transformations and thus we cannot differentiate which frame
we live in this way. Here, for example, tensor perturbation,
which essentially are gravitational waves, are not invariant
by the disformal transformation. Indeed, they mix with the
tensor perturbations of the 4-vectors. Thus, if we have a
theory where two disformally related frames are involved,
by analyzing gravitational waves measurement we may
obtain some insight concerning the frame where matter
couples. Of course, beyond that, (87) provides the
freedom of choosing a disformal frame that simplifies
the computations.
If we compare these results with what was obtained in
Sec. II we notice the transformations actually contain a few
similarities. Indeed, both conserve the isotropy of the
metric, but do so in different ways: on the one side by
introducing a time-like vector which do not affect the space
sector, on the other side by introducing a set of 3 space-like
vectors, which affect the space sector but in an isotropic way.
These different effects are most noticeable at background
level: in Sec. II the scale factor a is unaffected while the
lapse function changes. Conversely, in this section, the
lapse is unaffected while the scale factor changes. As for
the perturbation variables, both cases change Aflat and Σ.
However, the tensor perturbations hij are invariant in the
timelike case, while we saw that they are not when we
consider 3 spacelike vectors. This is due to the fact that,
unlike the case we considered in this section, the single
timelike vector does not introduce any tensor perturbation
with which gravitational waves may mix.
V. SUMMARY AND DISCUSSIONS
In this work we have studied disformal transformation in
models containing a complex scalar field which is charged
under a Uð1Þ gauge field. As argued before, in theories of
high energy physics the scalar fields are expected to be
charged under gauge fields. Because of the Higgs mechanism, the gauge field acquires an effective mass by absorbing one scalar d.o.f. As we have seen, this phenomenon has
nontrivial effects for disformal transformation.
A disformal transformation itself is nothing but a change
of variables. Nonetheless, a disformal transformation has
physical effects once matter fields are introduced. This is
because one can couple the matter sector to either the
metric before a disformal transformation or the metric after

the transformation. Our assumption is that the matter sector,
including the standard model of particle physics, couples
universally to a common metric, either the metric before a
disformal transformation or the one after. We may call the
metric to which the matter sector universally couples an
effective metric. Depending on the choice of the effective
metric, the matter sector may behave differently and
observables may depend on the choice of the effective
metric, at least in principle.
We have studied three classes of models. First, we
studied disformal transformation in models which contain
only a timelike vector field. Since the background is
isotropic, the classifications of metric perturbations in
terms of the scalar, vector and tensor perturbations are
the same as in standard FLRW backgrounds. We have seen
that neither the curvature perturbation nor the tensor
perturbations are modified under disformal transformation.
This is on par with previous studies of disformal transformation containing only (real) scalar fields.
In second example, we considered disformal transformation in models containing one spacelike vector field.
This example is motivated from models of anisotropic
inflation in which a background electric field is turned on
during inflation. These models generally predict statistical
anisotropies in curvature perturbation power spectrum.
Since the background is anisotropic the spacetime metric
is in the form of Bianchi type I. One can decompose the
metric perturbations as the scalar and vector perturbations
under the rotations of the isotropic two dimensions. In
addition, one scalar and one vector d.o.f. combine to
furnish the two polarizations of the final tensor perturbations after inflation. We have found that the curvature
perturbation remains invariant under disformal transformation in this example. However, the tensor perturbations are
affected under disformal transformation. The key parameter
is the effective mass of the gauge field e2 ρ2 Aμ Aμ . However,
this modification does not survive after inflation when the
background gauge field transfers its energy to radiation and
the universe becomes isotropic. Having said this we
conclude that, in principle, when one has a spacelike
vector field one expects the tensor modes transform nontrivially under the disformal transformation.
In the third example we studied disformal transformation
in models containing three spacelike vectors. We assigned to
each gauge field an additional index which can play the role
of color for each species. This consideration allows to keep
the background isotropic so the spacetime metric is in the
form of the FLRW metric. We have seen that again the key
parameter is the effective mass of the gauge field which is
identified by the parameter q in this example. We have shown
that both curvature perturbations (more specifically the
gauge invariant scalar perturbations) and the tensor perturbations are modified under the disformal transformation.
We comment that the second and the third examples
studied above are the first cases in literature so far where the
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tensor perturbations or curvature perturbations are affected
under disformal transformation. Mathematically, this is
because we have considered disformal transformation via
the covariant derivative Dμ ϕ ¼ ∂ μ þ ieϕAμ which is the
physical derivative when the scalar field is charged under
the Uð1Þ gauge field. This in turn explains why the quantity
e2 ρ2 Aμ Aμ , arising once the gauge field acquires its longitudinal mode after absorbing one scalar d.o.f., appears nontrivially in disformal transformation of physical quantities.

Here, hIJ is transverse and traceless, ∂¯ I hIJ ¼ 0 ¼ δIJ hIJ ,
and FI is transverse, ∂¯ I FI ¼ 0. One can extract hIJ from
δgIJ in the following form
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In this Appendix we assume that the spatial part of the
background metric is of the form
ð0Þ

ðA1Þ

where i, j ¼ 1, 2, 3; I; J ¼ 1, 2, 3; and all components of
the three spatial 1-forms eI i are constant in space. We then
introduce the inverse matrix eI i so that eI i eJ i ¼ δIJ and
eI i eI j ¼ δji , and define differential operators ∂¯ I , ∂¯ I and Δ̄
as ∂¯ I ≡ eI i ∂ i , ∂¯ I ≡ δIJ ∂¯ J , and Δ̄ ¼ δIJ ∂¯ I ∂¯ J .
For example, the FLRW background metric (9) satisfies
the above condition with ā ¼ a and eI i ¼ δIi . The differential operators ∂¯ I and Δ̄ are the standard partial derivative
and the Laplacian with respect to the isotropic comoving
coordinates. The Bianchi I background metric (35)
also satisfies the above condition with ā ¼ ðab2 Þ1=3 ,
e1 i ¼ ða=bÞ2=3 δ1i , e2 i ¼ ðb=aÞ1=3 δ2i and e3 i ¼ ðb=aÞ1=3 δ3i .
In the FLRW limit of the Bianchi I metric, i.e., in the limit
where a=b becomes constant in time (but does not have to
become 1), the differential operators ∂¯ I and Δ̄ reduce to
partial derivative and the Laplacian with respect to the
isotropic comoving coordinates.
We introduce the spatial part of the perturbed metric as
gij ¼ ½āðtÞ2 δIJ þ δgIJ eI i eJ j ;

ð0Þ

ðA5Þ

Under the spatial diffeomorphism,
t → t;

xi → xi þ δIJ eI i ξ̄J ;

ðA2Þ

δgIJ → δgIJ − ∂¯ I ξ̄J − ∂¯ J ξ̄I :

ðA6Þ

ð0Þ

ð0Þ

∂ t gij ∝ gij ;

ðA8Þ

then (A4) is invariant under the full diffeomorphism,
t → t þ ξ0 ;

xi → xi þ δIJ eI i ξ̄J :

ðA9Þ

The condition (A8) is satisfied by the FLRW background
(9). On the other hand, the Bianchi I background (35)
satisfies the condition (A8) if and only if Ha ¼ H b (the
constant value of a=b does not have to be unity).
APPENDIX B: GAUGE TRANSFORMATIONS
OF PERTURBATIONS AROUND FLRW
BACKGROUND WITH A TIMELIKE VECTOR
Here, we review how metric and gauge field components
change under coordinate transformations. Under a general
coordinate transformation xμ → xμ þ ξμ , the metric perturbations transform as
δgμν → δgμν − Lξ gμν ;

ðA3Þ

ðA7Þ

It is easy to show that the transverse-traceless part (A4) is
invariant under this transformation, provided that Δ̄−1 is
uniquely defined by a proper boundary condition. If we
further assume that

where


1
1
2
δgIJ ¼ 2āðtÞ −ΨδIJ þ F;IJ þ FðI;JÞ þ hIJ :
2
2

ð0Þ

g0i ¼ gi0 ¼ 0:

ðA4Þ

the spatial metric perturbation δgIJ then transforms as

APPENDIX A: EXTRACTION OF hIJ

gij ¼ āðtÞ2 δIJ eI i eJ j ;

1
ā2 hIJ ¼ δgIJ − δIJ ðδg − Δ̄−1 ∂¯ K ∂¯ L δgKL Þ
2
1 ¯ ¯ −1
þ ∂ I ∂ J Δ̄ ðδg þ Δ̄−1 ∂¯ K ∂¯ L δgKL Þ
2
− Δ̄−1 ∂¯ K ð∂¯ I δgJK þ ∂¯ J δgIK Þ;

ðB1Þ

where Lξ denotes the Lie derivative with respect to ξμ
given by
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ðB2Þ

B̃i → B̃i −

For the background defined in (9) and with decomposition
ξμ ¼ ðξ0 ; δij λ;j þ ξi⊥ Þ with ∂ i ξi⊥ ¼ 0 one can derive the
gauge transformations of the perturbed metric (14) in the
following manner
1 d
A→A−
ðNξ0 Þ;
N dt

ðB3Þ

B→Bþ

N 0 a
ξ − λ̇;
a
N

ðB4Þ

Bi → Bi −

a
δ ξ̇j ;
N ij ⊥

ðB5Þ

ȧ
ψ → ψ þ ξ0 ;
a

ðB6Þ

E → E − λ;

ðB7Þ

Ei → Ei − δij ξj⊥ ;

ðB8Þ

hij → hij :

ðB9Þ

ðB19Þ

Ẽ → Ẽ − λ;

ðB20Þ

Ẽi → Ẽi − δij ξj⊥ ;

ðB21Þ

h̃ij → h̃ij :

ðB22Þ

APPENDIX C: GAUGE TRANSFORMATIONS
OF PERTURBATIONS AROUND BIANCHI
I BACKGROUND WITH A SINGLE
SPACELIKE VECTOR
For the Bianchi I background defined in (35) and with
decomposition ξμ ¼ ðξ0 ; λ;x ; δpq Λ;q þ ξp⊥ Þ (p ¼ y, z) one
can derive the gauge transformations of the perturbed
metric (43) in the following manner [18]

ðB10Þ

where Aμ is the timelike background gauge field and
Lξ Aμ ¼ Aμ;α ξα þ Aα ξα;μ :

ðB11Þ

A→A−

1 d
ðNξ0 Þ;
N dt

ðC1Þ

β→βþ

N 0 a
ξ − λ̇;
a
N

ðC2Þ

B→Bþ

N 0 b
ξ − Λ̇;
b
N

ðC3Þ

b
δ ξ̇q ;
N pq ⊥

ðC4Þ

Bp → Bp −

In our case the gauge field perturbations transform under
coordinate transformations as
δA0 → δA0 −

d
ðA ξ0 Þ;
dt 0

δAi → δAi ;
M → M − A0 ξ0 :

ðB12Þ
ðB13Þ
ðB14Þ

The gauge transformation of scalar field perturbation is
given by
δρ → δρ − ρ̇ξ0 :

Ã → Ã −
B̃ → B̃ þ

1 d
ðÑξ0 Þ;
Ñ dt

ðB16Þ

Ñ 0 ã
ξ − λ̇;
ã
Ñ

ðB17Þ

ȧ
ψ̄ → ψ̄ þ ξ0 þ λ;xx ;
a

ðC5Þ

b
a
γ → γ − Λ − λ;
a
b

ðC6Þ

ḃ
ψ → ψ þ ξ0 ;
b

ðC7Þ

E → E − Λ;

ðC8Þ

b
Γp → Γp − δpq ξq⊥ ;
a

ðB15Þ

One can also check that the tilde metric perturbations
transform as

ðB18Þ

ã˙
ψ̃ → ψ̃ þ ξ0 ;
ã

As for the gauge field perturbations, we have
δAμ → δAμ − Lξ Aμ ;

ã
δij ξ̇j⊥ ;
Ñ

Ep → Ep − δpq ξq⊥ :

ðC9Þ
ðC10Þ

On the other hand, the gauge field perturbations transform
under coordinate transformations as

063521-11

δA0 → δA0 − Ax λ̇;x ;

ðC11Þ

δAx → δAx − Ȧx ξ0 − Ax λ;xx ;

ðC12Þ

VASSILIS PAPADOPOULOS et al.
M;y → M;y − Ax λ;xy ;
D → D;

PHYS. REV. D 97, 063521 (2018)
ðC13Þ

Ẽ → Ẽ − Λ;

ðC14Þ

and the gauge transformation of scalar field perturbation is
given by
δρ → δρ −

ρ̇ξ0 :

ðC15Þ

One can also check that the tilde metric perturbations
transform as
1 d
ðÑξ0 Þ;
Ñ dt

ðC16Þ

β̃ → β̃ þ

Ñ 0 ã
ξ − λ̇;
ã
Ñ

ðC17Þ

B̃ → B̃ þ

Ñ 0 b̃
ξ − Λ̇;
Ñ
b̃

ðC18Þ

b̃
δpq ξ̇q⊥ ;
Ñ

ðC19Þ

Ã → Ã −

B̃p → B̃p −

ðC20Þ

ã
b̃
γ̃ → γ̃ − Λ − λ;
ã
b̃

ðC21Þ

ḃ˜
ψ̃ → ψ̃ þ ξ0 ;
b̃

b̃
Γ̃p → Γ̃p − δpq ξq⊥ ;
ã

ðC24Þ

Ẽp → Ẽp − δpq ξq⊥ :

ðC25Þ

APPENDIX D: GAUGE TRANSFORMATIONS
OF PERTURBATIONS AROUND FLRW
BACKGROUND WITH 3 SPACELIKE VECTORS
In this section we summarize the transformations laws
of the perturbations of the metric and the three vector
fields, under a gauge transformation. We consider the
background and the perturbation introduced in Sec. IV.
We then consider an infinitesimal coordinate transformation xμ → xμ þ ξμ , where ξμ is decomposed as in
Appendix B. Then, the metric perturbation transform as
in (B3)–(B9). As for the gauge field perturbations, we have
δAaμ → δAaμ − Lξ Aaμ ;

ȧ˜
ψ̄˜ → ψ̄˜ þ ξ0 þ λ;xx ;
ã

ðC22Þ
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