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1 Notation

Gix, ARBLTS. ()1, g G2ELGOHBELT S, cl(G) 3, GOEBRELEROELELT S,
Wo(H) (713 WH) 13, HIRBE Ng(H)/H, %%, H G OWAEE, Ne(H) 13 Ho G s ER
LB, L33, —oOWIBH, K <G AL, H\G/K XG0 H & K i< X 3TRMEA%E, [H\G/K] 1k,
2DRERKZRLTS. (H) X, GORIBHH 2 EUHEE, Thbd, (H)={H|geG}, &L,
gEG KL, 9H = gHgl, LT5. G-HBEX KKK, [X] 1} X 2&L G-AEOFMNE, X HHRE
ADLE, |X|1, X 0BEROBEHELTS. D, G OWIBD collection 2RT; Thbb, DIk, G-3#
B2 2BETHACTWE G OFIHOELTHS. C(D) X, DO G-ERELEORELTS; Thbb,
C(D) = {(H) | H € D). DG ORIMWAED L2 C(D) # C(CG) B!, BAEFRET 2Ky b D
DAY AEEE up LEL, AHTR, REBETEFO2 OLTE, O* i, RO OBTHET 3.

2 Introduction

HIREED collection D—M/N— ¥4 FE ([Yo90]) DBITGH ORI, [I015] THO SN, WHEEL 2
® Young S EED collection 2258 6N 53— N— V¥4 FEIL, 1 TRWVWEIL o 272 (I015]). Hit o
RAFHOLZREEL2E 25, RX[0TY16] T, R4 IHIE o PEEFBEACTRBTEE L 2R,
AT, B DOHER Coxeter # & % D parabolic subgroups ? collection iZH LT o & FAROEE 2 &Ko7t
%, Solomon DRMRIBMONRDOEL» SHRL, ThVBEITLTHZ L, £, Zomd, FEEHREZMA
THEETE5 I LEERLERK [OTY] OBEZL~ 3,

W = (S) % Coxeter system(W, S) 28 D>HMR Coxeter B & T2, EROBIELA I CSkHNL, WD
WAIBEW; = (s | s € J) & W O standard parabolic subgroup £™5, kb —Ric W ORIHIZ, 2
standard parabolic subgroup & W-3#£%&CH % & ¥, parabolic subgroup LN 3, P2 W DT RTD
parabolic subgroups D& L T3, QW,P) 5. [W/H], 7:¥XL, H € P, TERINIEEDONN—Y
4 PB QW) ORSMBEL T3, coLE, QW,P)IREE ([W/H) | (H) € C(P)} &> H Z-MBET
B%5. GOrR—vH4 FBQG) & G/H OREE [G/H)((H) € C(G)) D LITURA 26 7 5 TR
THB, LEL, BEOLOBORKIZ

[G/H)-[G/Kl= Y.  [G/(HNIK). (2.1)
HgKe|H\G/K)]
TEZoNn%, EROZODHEDPEE I KCS EWePIiZxL,
(W/Wy] - [W/Wk] = > W/(W; n9W)| (22)

WygWke[Wi\W/Wk]

DERILT 3 ([So76)) B & W, P) 13 2(W) OBARTH S, ZDOB% partial Burnside ring (8733 —>4
4 FBY, £7:13 PBR LBEEET ) relative to the parabolic subgroups of W ((BBTH92|, [Ta06]) & "5,
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my REREW/W, 85525 W OBBRIEEE T3, c 8T _XTOTLs e SIKHL g(s) = -1 TEBEEN S
W oORREEL TS, AR
=Y (-0, (2.3)

JCs

1% Solomon iZ & h &5 N7 ([So66]).
EROBWIL e 226 QW,P) D 1 THWETEE5L52LTH 3.

Theorem 4.3 Let W be a finite Cozeter group with Cozeter system (W, S) and let o be an element
> ()Viwywy]
Jcs

of the PBR £2(W, P) relative to P of W. Then « is a non-identity unit of 2(W,P).

TLweWBHREL JY = K ([GP00, 2.3.1])) PBRETELE, ZOo0HIEAITKCSHW ORL
Cozeter class W 2 &), ik, Wy & W W c#&<ch 22 L LAMETH 2 ((GPOO, 2.1.13)).
ps % J O Coxeter class DFLOfEE T2, Hpy ik, Wy & W ATHRE standard parabolic subgroups
DES L% Lv>, Theorem 4.3 DFRE L TR2H 5.

Corollary 4.5 Let W be a finite Cozeter group with Cozeter system (W, S) and let  be an element
> )Viwywy)
Jcs

of 2(W,P). Then
a= Y (=1)VIpsw/wy).
(Wy)eC(P)

oL, ERDOHENEIR Coxeter BHIXN LT, HEBEEA: o OAR (F 4.6) bBON S,

3 Burnside ring
WABEH < G LFEGHE X ITHL,
invg(X)={z € X | hz =z for all h € H}
L§ 3. [to79, Proposition 1.2.2] it &k b, f£E®D (K) € C(G) kxxfL,
on : [G/K] ~ |inva (G/K)|,(H) € C(G)

THEALNBER ¢ = (pu) : 2C) = 2G) = mec) Z ¥ HHBERBTH 2. ¢ &, Burnside
homomorphism % %<1, mark homomorphism & I T2,
EED z € Q) XL, o) = (za)umnece) € ANG), %¥EL, zyg=pn(z) LEL.

4 Units of PBR relative to P of W

W,8) 222y %, WEERLTS. (W,8) D Coxeter element £ 13, [[,cgz € W DETRENS
Wonths, Woarzesy—nekiz W o—o>0fRE 2R T 2 ([Car2, Theorem 10.3.1]) 5, 7
E=oDHEHE (cs) € (W), 72#L, cs e W Ekar ey —it, MEET?.

Lemma 4.1. Let P be a parabolic subgroup of W with (P) = (W) € C(P), where J C S. Then
P includes an element op with (op) = (cy) € cl(W), where c; is a Coxeter element of the standard
parabolic subgroup W.

Proof. REX DTG w e W BEEL P="W; 28745, op =weyw™?, HFL, csRW; a7k
y—3t, LBLCLRED, (0p)=(c)) 2182 o
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FEEOHIBE H < W Iz L, parabolic subgroup Py % H % &3 X T® parabolic subgroups D358
WL LTERT S, Lemmad.liZkbh, W OFEED parabolic subgroup P T (P) = (W) 28k T30
X, Jeop TP = Ppry, (op) = (cj) ZW=TLDEEL,

a= Y (-)VI[W/W,] € 2W,P) (4.1)
JCS

LB Tald QW) KbE&END. £A P IIGERES % L 2BETHL T ([So76, Section 2]), W € P
BROILODS, AW,P) ik QW) OEIBTH 3 ([Yo90, 3.15 (b)]).

Lemma 4.2. If p(a) = (an)@m)ccw), then ag = ap, for oll (H) € C(W), and ap = e(op) for all
(P) e C(P).

Proof. H % W O3 8 & § % &, parabolic subgroup Py DEEL D,
invp,, (W/Wy) = {oWy | Py < Wy} = {oWs | H < "Wy} = invy (W/Wy)

BFRTOWHES T C § K20 TRIT B, 2T an = ap, HEED (H) € C(W) kK LTRY 1.
P= P(,,P) 2, PePIKNLTHILTZ25, invp(W/Wy) = inv(,,,,)(W/WJ) BIRTOFFEAEI CS
IZ2WTH D 2D, [So66, Theorem 2] Itk b, f£ED P P IcHL,

elop) = Y (-1)"Ims(op)

JCS
= 3 (=)o) ((W/ W)
Jcs
= S () lpp((W/W,))
JCS
=¢p (Z(—l)"'[W/WJ])
Jcs
DBERD IO T by b, °

Remark 1. Lemma 4.2 follows from [GP00, 3.1.8] also. However, our proof does not require Deodhar’s
Lemma [De77).

[Yo90, Corollary 4.3] & Lemma 4.2 W3 Z &z kb,
1
a= Yy (Z up(P, H)e(aH)) wy/P),
(P)EC(P) Ww(P)l \ fe
%L, og €W, H=Hyy,y, PBRHIMDILDBbH S, 51K, aDERE (Eq. (4.1)) 1Kk,
1 _{ps if glop)=1,
IWW(P)| (HEE_:PAU"P(PyH)e(UH)> - { —pJ if S(O'_P) = -1,
%L, pr=[{K CS|(Wk)= W}, (P)= (W), 283,
Lemma 4.2 ZUTOEHE 2T,
Theorem 4.3. Let W be a finite Cozeter group with Cozeter system (W, S) and let o be an element
> ()Yiwywy
Jcs
of (W, P). Then a is a non-identity unit of 2(W,P).

Corollary 4.4. Let 2(W,P) be a PBR relative to P of W. Then there is a subgroup of the unit group
(W, P)* generated by —1 and a.



199

BRI index % S DEHELLBHS, CP) KRV BLSZ LIk VUTORLES,

Corollary 4.5. Let W be a finite Cozeter group with Cozeter system (W, S) and let a be an element

> (=)Miwywy)

JCc§

of 2(W,P). Then
a= Z (—l)lleJ[W/WJ].
(W1)eC(P)

EEOBNER2 7y —BICH L, B p; DED Geck & Pleiffer KX DEHEIN T3, ZhoDER
[GP00, 2.3.8, 2.3.10, 2.3.13] 26 U FOFR %2185,

Corollary 4.6. 1. Let W be the Coxeter group of type A,,_1, then

a= S0y )

Askn

where Ay = (14,...,n%) is a partition of n, ky = & +---+ £, and Wy is a subgroup in the class
with label \j.
2. Let W be the Cozeter group of type B,,, then

a= E Z (_l)ul (ZIJ’ kJ’e;{‘) [W/WJ]v

m=0 X Fm

where Ay = (l[!J,...,m‘"J») is a partition of m, ky = Zl" + .- +Z;’,,, and W is a subgroup in the
class with label \j.
8. Let W be the Cozeter group of type Dy, then

n—2

a= Y S 0¥, M )

m=0AsFm

+ ) Y (gi,,.’f{ ’ e,{) w/w,]

Askn: all-even
o ks
- k,) (e{,...,eg W/wil

where Ay = (14,...,mn) is a partition of m <n—2, n, ky = &+, and Wy is a subgroup
in the class with label ).

+ (=t (
Astkn: has an odd part

&
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