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Connection problems for Fuchsian ordinary
differential equations and regular holonomic
systems

Yoshishige Haraoka*
Department of Mathematics, Kumamoto University

1 Connection problem for Fuchsian ordinary dif-
ferential equations

In our previous paper [4], we formulated the connection broblem for regular
holonomic systems. In the present note, we shall explain our idea in more detail
by several examples of Fuchsian ordinary differential equations.

1.1 Gauss hypergeometric differential equation
The Gauss hypergeometric differential equation

&
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with parameters a, 3,7 € C has the Riemann scheme

z=0 z=1 T = 00
0 0 - o .
l-y y—a-=08 P

This scheme is a table which notes the characteristic exponents at each singular
point. For example, at z = 0, if 1 — «y ¢ Z, we see that there are local solutions

uo1(z) = ¢1(z), uo2(z) = ' Vpy(x)

with convergent Taylor series ¢1(z), p2(z) at z = 0 satisfying ¢;(0) = ¢2(0) =
1. Similarly, if v — a — B & Z, there are local solutions

u11(2) = ¥1(z), u12(z) = (1 — 7)1~ Phy(x)
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at z = 1 with convergent Taylor series 1,(), 2(z) at = 1 satisfying 91 (1) =
2(1) = 1. Since the radii of convergence of these four Taylor series are at least
1, the domain {|z| < 1} N {|z — 1| < 1} is a common domain of definition for
the above four local solutions. Then there exists a linear relation among two
sets (uo1(2), uo2(x)), (u11(2), u12(z)) of fundamental system of solutions. The
relation can be written in the form

(w01 (2), uoa(2)) = (ul,l (), u12(2))C

with a constant 2 X 2-matrix C. We call this relation a connection relation,
and C a connection matrix. The entries of C are called connection coeflicients.
When the parameter o, 3,7 are generic, we have the explicit form of C:

I()T(y — a - B) I(7)l(a+5 - 7)
_| T T(y T(a)T(3
o et P VT - (O
Tl-al(1-0) Tla—7+0TB-7+1)

This explicit form can be obtained in several ways. We can use Gauss-Kummer
identity, or an integral representation of Euler type of solutions, and so on. By
a connection problem we mean a problem of obtaining connection coefficients
explicitly. Thus we have a complete answer to the connection problem for the
Gauss hypergeometric differential equation in generic case.

1.2 Legendre differential equation
The Legendre differential equation

du
1-83)—= —2%t— + Au =
(1-t¢ ) 7 t2 7 + Au =
can be obtained from the Gauss hypergeometric differential equation by the
change of variables ‘

and the specialization of the parameters
a+pB=1, v=1.

The parameter X is given by A = —af. Note that the Legendre differential
equation corresponds to a non-generic Gauss equation because 1 —v =0 € Z.

The Legendre differential equation appears in the process of solving the
Laplace equation in R® by separation of variables. For example, in determining
the Coulomb potential, which satisfies the Laplace equation, we come to the
Legendre differential equation which possesses a solution holomorphic at both
t = 1land ¢t = —1. The last condition determines special values of the parameter
. We shall see how the connection problem is used to determine special values
of \.



The Riemann scheme for the Legendre equation is

t=1 t=-1 t=00
0 0 41 )
0 0 P2

where pj, p; are the roots of p> — p — A = 0. Since the exponents are 0,0 at
t = 1, there are local solutions

ufl(t) = ¢1(t), ut2(t) = 2(t) + u4a () log(t — 1)

with convergent Taylor series ¢1(t), p2(t) at t = 1 satisfying ¢;1(1) = 1. Simi-
larly, at ¢ = —1 we have local solutions

uoa(t) = %1 (8), ua(t) = Ya(t) +u-1(t) log(t + 1)

with convergent Taylor series 11 (t), ¥2(t) at ¢t = —1 satisfying 1 (—1) = 1.
By solving a connection problem ([3]), we obtain the relation

i1 1 — e2mia
Uy (t) = e™1-2) (u-l(t) t u_g(t))

if o ¢ Z. 1t is readily seen that the solution u.(t) holomorphic at ¢ = 1 cannot
be holomorphic at ¢ = —1. Then a solution holomorphic at both ¢ = 1 and
t = —1 can exist only when o € Z. It is shown that, when a € Z, the Legendre .
differential equation has a polynomial solution, which is entirely holomorphic.
In this way, we can determine the special values of A as

A=n(n-1) (neZ)

by using the connection problem.

1.3 Generalized hypergeometric differential equation

1,02, & . .
142,23 ; a:) satisfies a third order
B, B2

Fuchsian differential equation (3E3), whose Riemann scheme is given by

The generalized hypergeometric series 3F2 (

r=0 z=1 z=o

0 0 (051
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where 3 is determined by Z§=1 o = Z§=1 B;. The exponents 0,1 at z = 1
implies that the dimension of the space of solutions holomorphic at z =1 is 2.
Note that there is no canonical choice of basis of this 2 dimensional space.

We can study the connection problem by using an integral representation of
Euler type of solutions

ua(z) = A 5927 PL(] — s)frman—lgen—Ba(p _ gy=as(g )Pl gs gy,



We consider the domains of integration

A ={(s,t) | s<t <0},
Ay ={(s,t) | t < s<0},
Az ={(s,t) | 0< s <1,t <0},
Ay ={(s,t)]s>1,t <0},
As ={(s,t) | 0< s <t <z},
Ag={(s,t) |z <t<s<1}
With each domain we attach a branch by the standard loading (cf. [7]), and

regard the domains as twisted cycles. By using the method given by Aomoto [1],
we get linear relations among twisted cycles. For example, we have the relations

A+ 65A2 + e1e503 + ejeges Ny = 0
Ay +eg Az + (ere5)” 1A3 + (616265) 1A4 =0,
where e; = e™(@27F1) ¢y = emiFr-0a=1) o = emilas—h2) o, = emi(-3) g =
e™(Pz—22=1) (Op the other hand, we have asymptotic behaviors
upg(2) ~ Cszt =P (z — 0),
upe(z) ~ Cs(1—2)™% (z—1)
for some non-zero constants Cs,Cs. Also we see that ua, (), ua, (), ua, (),
ua,(z) are holomorphic at z = 1. Then we can choose a basis of the space of
holomorphic solutions at z = 1 from among these four solutions. Let ua,(z),
ua, (z) be a chosen basis. Then we have a connection relation
uAs (T) = csetne () + csjun, () + cspua, (z).

The connection coefficients csg, s, cs51 are calculated by using the linear rela-
tions among the twisted cycles. If we choose ua, (z),ua,(x) as a basis, we get
the relation

uns (z) = cseung (z) + cs1ua, () + csaua, (2)

with
_csesleh—1) _ sinn(B—an)
e —1  sinmfs
C51 = ——3 4
erezes(ef —1)(ef — 1)(¢§45 -1)’
Cre= (€3 = 1)(edpus — 1)(e3ss — 1)
ezeses(ef — 1)(ef — 1)(e3y5 — 1)
_sinm(B; — ay)sinm(B2 — oy — a3)sinmay
o sin7(f; — az)sinmaz sin w3 ’
where

_ 2 2 2 2 2 2 4
A=1-e75 — €y5 + €l45 — €1245 — €1345 T €124€5

2 4 2 4, .42 2 4 4 2.6
+ €134€5 — €1234€5 T+ €15€234 T €123€45 — €14€23€5-



We used the notatlon €jk... = €j€k -

- In many cases as in the case of the Coulomb potential, we are interested in-
* the vanishing or non-vanishing of connection coefficients. It is easy to see when
the connection coefficient cs¢ or cs4 vanishes, while it hard for c5;. However, we
can easily get the condition for the vanishing of ¢5; under the condition cs4 = 0.
For example, if €2 = 1, we have

A= —(6%5 = 1)(6‘215 - 1)(6%345 =1).
Note that the space of solutions V; at z =1 is decomposed into a direct sum

: ‘/1 _ V.ll ® .Vf?"”(-ﬁs),
where V;! denotes the subspace of the holomorphic solutions at z = 1 and
Ve ™ = (ua,). Then we can see when the component in V; of the solution
up, vanishes.

We note that another choice of the basis of V! works better.- Namely; if we
take ua,,ua, as a basis, we have

7 / 7
Ups = CrgUng T C51UA, T+ C53UA,

with .
, _sinw(By — 1)

Crp =
56 sin 33

o sin (B2 — o) sinw(B2 — az — a3) sinToy
L~ sin (@ — az) sin Tag sin 733 ’

= sin7(f1 — a1)sin7(f2 — a3 — as) sinmay
53 = .

sin (a2 — a1) sin Tagz sin 733

1.4 Formulation of the connection problem

Looking at the above examples, we realize that the direct sum decomposition
of the space of local solutions at a singular point is substantial for the connec-
tion problem. In order to get the direct sum decomposntlon we use the local
monodromy action.

We consider a Fuchsian ordinary differential equation (L) on the projective
line P!. Let ag,a1,...,a, be the regular singular points, and set X = P!\
{ao,a1,...,ap}. For each a;, we take a point b; € X near a; so that the circle
K; with center a; of radius |b; — a;| does not contain the other ax’s in its inside.
We attach the positive direction to K;. Let V; be the vector space of solutions
of (L) at b;. The analytic contlnuatlon along K ; induces a linear transformation
of Vj, Which we call the local monodromy action at a;. Then we can decompose

V; into a direct sum
v-@y
«



by thls action, where « is an eigenvalue and Vi is the generalized eigenspace for

the elgenva.lue a. Each V is stable under the action. For each j, «, we denote
TV oV

the projection onto the component Ve It V°‘ is not an eigenspace, we have a

filtration

a,0 - a,l
V}, C VJ C--:C Vj"‘,
which is called the logarithmic filtration, where V""c consists .of solutions con-
taining (log(z — a;))! with I < k. Each v * s also stable under the action.

In the previous examples, the decomposmons are given as follows. In the
Gauss case, we have

2mi(l—%) 2rwi(y—a—pB)
‘/0=V61®‘/Oe "G:‘Gl@'vle
with 5 _('1 ,
1 wi(l—y
Vo = (uo1), Vg = (uo2),
1 2ri(y—a—pB)
Vi = (un), V¢ = (u12)-

In the Legéndre case, we have
Vi=V}, Vo =V
with the filtrations
Vvt =, v c v =V,

where 1
= <U+1>, ‘/1 = (U+1,U+2),

V_l,o = <_u—1)’ V_l’ll = <’U,_1,'U,_2).
In the generalized hypergeometric case, we have

2mi(1=B1) £27i(1-B2)

oV§

2mi(~B3)

Vo=V @ Vs , i=W eV
The second one has already been given in the previous subsection. We note that
dim V}! = 2, and that
21n(1 B1)
Vél V= <uA5> .

We shall go back to the general case. For each pair (j, k) of indices, we take
a path ;% in X with the starting point b; and the end point b;. The result of
the analytic continuation of V;* along ~,x becomes a subspace of Vi, and hence
is decomposed according to the direct sum decomposition of Vj,. The connection
problem can be understood as a problem to obtain each component

7 (%)= V57

for B. If we take bases of V* and of V}f , the problem reduces to the usual
connection problem, the evaluation of the connection coefficients.



The vanishing of a connection coefficient can be generalized in basis free
manner as follows. We see '

dim 7 ((v;5). V) < min{dim V2, dim V{’}.
Then, the vanishing of some connection coefficients corresponds to the inequality
dim 7 ((7;%)+ V) < min{dim V, dim V%}.

When we consider the logarithmic filtrations, we are also interested in, for each
1, the minimum of m such that,

72 (1) V) C P

holds.

2 Connection problem for regular holonomic sys-
tems |

Our formulation of the connection problem for Fuchsian ordinary differential
equations depends on the direct sum decomposition of the space of a local
solution by the local monodromy action. In order to extend the problem: to
regular holonomic case, we need to define the local monodromy action, and for
the purpose, here we recall the definition of the local monodromy for regular
holonomic case.

Let D ¢ C™ be a hypersurface, and

D =|JD;
J

its irreducible decomposition. Set X = C"\ D =P" \ (DU Hy,), where Hy, is
the hyperplane at infinity, and take a base point b € X. We denote by D° the
set of regular points of D. Consider an irreducible component D;. For any point
~a € D; N D°, we can take a complex lihe IT which passes through a and is in
general position with respect to D. Take a (+1)-loop # for a in II. Connecting
b to the starting point of the (+1)-loop by a path u in X, we get a (+1)-loop
pyp~?t for a in X. It can be shown that the conjugacy class of such (+1)-loop
in 71 (X, b) is uniquely determined by D;. Then, if we consider a representation

p: m(X,b) — GL(V),

the conjugacy class [p(7)] of the image of a (+1)-loop v for a € D; N D° is
uniquely determined by D;, which we call the local monodromy at D;. Thus we
understand that, in holonomic case, each irreducible component of the singular
locus plays a similar role as a singular point of ordinary differential equations.

Now we know how to obtain a direct sum decomposition of the space of local
solutions. Let (M) be a regular holonomic system with the singular locus D.



Take an irreducible component D; of D, and a point b; near D;. Let V; be the
space of solutions at b;. Then, snfmlarly as in ODE case, we can decompose V;
by the local monodromy action into the direct sum

W:@Vf‘,

where « is an eigenvalue of the local monodromy action and Vi the generahzed
eigenspace for a. (We also have the logarithmic filtration for each generalized
eigenspace.) The connection problem will be a problem to study the relation
among V;* and Vkﬁ , ‘and, -in ODE case, we took a path «;i to relate V; to
Vk. However, in holonomic case, we do not need to take such path, since two
irreducible components D; and Dy may meet. Thus we take a point b;; near
an intersection point of D; and Dy, and consider the space Vj of solutions at
bjx. The space Vji can be decomposed in two ways as

Vik=DV7
«
='@V}c’6_
B

According to these decompositions, we have two sets of projections

o, o
Wj-‘/jk'_)v;'$

ﬂf Vi — Vk-ﬁ .
Then the connection problem is the study of the components
T (V)

for @ and B. This is our formulation of the connection problem for regular
holonomic systems.

Another distinguished nature for regular holonomic case is the existence of
simultaneous basis for several direct sum decompositions. Let a be an intersec-
tion point of several irreducible components Dj;,, Dj,,...,D;,.. Take a point
b € X near a, and let V' be the space of local solutions at b If these irreducible
components are normally crossing at a, thanks to the results by Gérard [2] and
Yoshida-Takano [12], we have a basis of V such that each member of the basis
belongs to some direct sum component simultaneously for every decomposition
by a local monodromy action. We call the problem to find such simultaneous
basis a trivialization, which is a solution of the connection problem at a nor-
mally crossing point. At a non-normally crossing point, we should solve a usual
connection problem.

In our paper [4], we solved connection problems for Appell’s hypergeometric
series F; and Fy along the above formulation. We do not repeat the results
here, however, we find that our formulation works well for these cases.

There are not so many works on the connection problem for regular holo-
nomic systems. We refer the readers to the works [5], [6],[8], [9], [10] and [11].
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