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Some eXamples of coupling equations for differential
equations of normal form

By

Yasunori OKADA*

Abstract

The notion of coupling equations was introduced by H. Tahara [2], for a theory of a class
of transformations between some nonlinear partial differential equations in complex domains.
In his original coupling theory, solutions to a coupling equation were treated as formal power
series of a special form in infinitely many variables. Recently, in collaboration with R. Schéfke
and H. Tahara [1], the author studied a functional analytic treatment of coupling equations
and showed the unique solvability of their initial value problems.

At a glance; in both cases, solutions to coupling equations seem to correspond with linear or
nonlinear differential operators of infinite order. But, actually, corresponding transformations
are in general not local operators outside the initial surface.

In this report, we give some elementary and “solvable” examples of coupling equations for
differential equations of normal form, in order to illustrate such a non-local nature of couplings.

§1. Introduction

The notion of coupling equations was introduced by H. Tahara in [2] for partial
differential equations of normal form, and in [3] and [4] for partial differential equations
of Briot-Bouquet type. where he studied a class of transformations between nonlinear
partial differential equations in complex domains.

Let us recall the notion of coupling equations for partial differential equations of
normal form. (Some terminologies and notations are slightly changed.)

Consider two partial differential equations

% = F(t,z,u, %) (F), % =G, z,v, %) (G),

2010 Mathematics Subject Classification(s): Primary 35A22; Secondary 35A10, 46E50.

Key Words: coupling equations

Supported in part by JSPS KAKENHI Grant Numbers JP22540173, JP16K05170.
*Graduate School of Science, Chiba University, Chiba, 263-8522, Japan.

e-mail: okada@math.s.chiba-u.ac.jp




78

YASUNORI OKADA

with holomorphic functions F' and G in a neighborhood of the origin of C‘(‘t, 5,70,21)? and
correspondences between unknown functions u(¢,z) and v(t, z), of form

S:umv, v(t,z)= Pt z) = ¢t z,u(t, z), %(t, z), g%(t, z),...),

Tivou, ult,z) = U[(tz) = ¥t 7, 0(t, ), %(t,w), %(t,w),...),

given in terms of “holomorphic functions of infinitely many variables” ¢(t, z, 29, 21, - - - )
and ¥(¢,z, 29, 21, ... ). In what follows, we shall instead write ¢(t,z, 2) and so on, with
the notation z = (z;);en. For such correspondences to become transformations between
solution spaces of the equations (F) and (G), ¢ and 9 should formally satisfy the relation

(FG) % + 3 DPIFI(t, 2,20, ,zmﬂ)(,%“S — G(t,5,6,D]g)),
meN m

(G—F) %—’f + Y D™[G](t,z, 2, ,‘.,zmﬂ);—f- = F(t,z,%, D))
meN m

Here D denotes the formal vector field of infinitely many variables defined by
0 0
D:=— bl —-
oz " "% .

The equation (F — G) is called the coupling equation from (F) to (G), and (G — F)
is called that from (G) to (F). Sometimes (G — F) is called the reversed equation
of (F = G). We want to solve these coupling equations under the additional initial
conditions: @|¢=¢ = zp and 1|;—9 = 2o respectively. Such initial value problems are
referred as (F—G),, and (G—F),,. For example, the former is written as

%? + 2 men DMFI(, 7, 20, - -, *Zm—i-l)aaz(il = G(t,z, ¢, D[¢]),
¢(0,:E,Z) = Zp-

(F=G)

In [2], ¢(t,z, 2) was treated as a formal power series in (t, 29, 21, . .~ ) of form

(FPS) p=z20+ oz, 20,...,2)t° € Oc({lz| < RY[lz0,-. -, z]]tF, -

k>1 k>0

where the first term (i.e., the term corresponding to k& = 0) is fixed to be 2y, according
to the initial condition ¢|¢=o = 2. There, in the case G = 0, that is, for the coupling

Ou Ou ov
E = F(t,m,U, a) (F) > E =0 (O)v
the following problems were studied:

e the unique existence of a formal power series solution ¢ to (F—0).
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e the estimate of ¢ so that v = ®[u] = ¢(t, z,u,Ou/dz,- - ) makes sense as a trans-
formation between some classes of solutions.

e similar statements for the solution ¥ to (0—F).

o “reversibility” of ¢ and ), (i.e., ® and ¥ are inverses each other, for some classes
of solutions).

Recently in [1], R. Schifke, H. Tahara and the author studied a functional analytic
treatment of coupling equations for the purpose of further applicability. Let us briefly
recall its main result. ' '

We defined a “domain” QS _ ., in C, x C, x CY, a weight function wq,co(|t], z, z) of
Nagumo type on QS’ ¢,+0 and a Banach space Q‘:Ec consisting of “holomorphic” functions
on QS’ c,+0 Satisfying some estimates given in terms of wy,c,0, which are parametrized by
a function d(r) and a constant ¢ > 1. Moreover, we defined a closed subset 27" (a, B)
of ﬂ‘:fc parametrized by positive constants o and §. Finally we constructed an integral
operator T such that the integral equation ¢ = T[¢] for ¢ € %&(a, B) is expected to
be equivalent to the initial value problem (F—G),,.

Theorem 1.1 (c.f. [1, Theorem 3.3]). Under a suitable choice of constants o, § and
c, the integral operator T' becomes a contraction map from Q’;fc(a, B) to itself. As a
conclusion, the initial value problem (F—G),, has a unigue solution in foc(a, B).

Moreover, the aforementioned solution can be expanded into a formal power series
of form given in (FPS).

In this report, we do not go into details on this functional analytic approach. But,
by comparing both results on unique solvability, we can at least say that once we find a
formal power series solution, it corresponds to a holomerphic solution defined on some
domain.

In what follows, we use &, 9, and 8,, instead of 3/0t, 3/0zx and 9/0z;. Therefore,
the formal vector field D shall be written as D = 8, + ZieN Zi4105;.

§2. Examples

In this section, we shall give 3 examples of couplings among 3 differential equations.
Throughout this section, F' and G denote the functions

F(t,z,20,21) := 21, G(t,x,20,21) = 22,

and (F), (G) and (0) denote the differential equations with right hand side given by F,
G and 0.

Example 2.1. Consider a pair of partial differential equations

0w = 0zu  (F), =0 (0).
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First, we study the initial value problem of the coupling equation (F — 0),,, given
by

(F=0) {&¢+ZMW%Hﬁm¢=Q

¢(07 z, Z) = 20.

Here we used D™z; = 2,41 in the derivation of the equation. This problem seems to
_be an initial value problem of a partial differential equation, but it involves infinitely
many variables (¢, z, z0, 21, .- )-

We will take a heuristic argument, and try to solve it as an initial value problem
of a partial differential equation in (t,z,z) of 1st order. Using parameters 7, £ and
(= (Ci)ieN; the calculation goes as follows. The relations

dt  dxr  dz; d¢

1 0 o Zit1 F - dT’ (t,I,Z, ¢)IT:0 = (07 67 Ca CO)

imply
(to z, ¢) = (T9€¢ CO)’

and also
Ziyj = a‘izi, Zi|1—=0 =(;, foranyi,jeN.

The latter relations give the Taylor expansion of z; in 7 as z; = ), jeN G+ /5, Vi € N,
or,

z = exp(1J)¢;

where J denotes the shift operator ¢ = ({;)ien = J¢ = ({i+1)ien. Therefore, we have
(t7 z,z, ¢) = (7—7 £7 exp(TJ)C, 40)

Since the relation exp(rJ)¢{ = 2z can be inverted into { = exp(—7J)z, we can eliminate
the parameters and get the solution

$(t,7,2) = Y zj(—t) /L.
JeN

Note that the right hand side can be understood as a formal power series as in (FPS),
and we can easily check that it really satisfies (F—0).,. This solution ¢ corresponds to
the transformation ®¢_,o given by

Bealilt,2) = Y- Sl 0ue ) = - E0 ue ) = exp(-t2)utt, )
jeN & JjEN )
=u(t,z —t),
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if u(t, z) is analytic in z and if any Taylor expansion of u(t,z) in z at each (¢, z) admits
a radius of convergence larger than [t|.

We can see that a solution to (F) is written as v = f(z+t) with an arbitrary function
f(z) in z, and that v = ®[u](¢,z) = f(z) is a solution to (0) for any f.

Next, we study the reversed problem (0—F),,.
{atw =0t + L 2m 4102, %,

.(0_')F)zo ’Lﬁ(O,.’L‘,Z) = 20-

Similarly, a heuristic argument gives the following calculation. The relations
dt dzx dz; d
-— = = = _w = dT7 (taxyz’¢)'T=O = (O,£7C’ CO)

1 :—‘1-_"21'+1_ 0

imply
(t: z, ¢) = (Tv -7+ 57 C0)7

and also

Zivj = (—0:)2i, Zilr=0=¢, foranyi,jeN.
The latter relations give z; = e Gitj(—7)7 /4!, i €N, or,
z =exp(—7J)¢.
Therefore, we have .
(t,z,2,¢) = (1,—7 + & exp(=7J)(, o).

Using the similar inversion formula for exp(—7J), we can eliminate the parameters and
get the solution

B(t,z,2) = Y 2t /4,
. jEN

which corresponds to the transformation ®¢_r given by
Bo_r[v](t, z) = exp(tdy )u(t, z) = v(t, z + 1),

if v(t, x) satisfies a similar regularity requirement.

We can similarly see the correspondence of solutions. Moreover, we can also see, in
a straightforward manner, the reversibility of ®¢_,o and ®g_¢, that is, the fact that
Pr_,0 and ®¢_,r are inverses each other.

Example 2.2. Consider a pair of ordinary differential equations
Btu =0 (0), 8,:1) = ’U2 (G),

in the variable t, while we regard them as partial differential equations in two variables

().
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First, we study the initial value problem (0— G).,,

{at¢ = ¢21

(0_)G)ZO ¢(O,1¢,Z) = 20-

Using the uniqueness result of the initial value problems of coupling equations, we can
immediately see that ¢ depends only on ¢, z and zg. Note that ¢ is independent of z,
although we will not use this fact. Therefore, it can be solved as an initial value problem
of a partial differential equation in (t,z, 29) of 1st order. In fact, we can calculate as

? = do_z = % = Z_f :VdTy (ta z, Z07¢)l‘r=0 = (0a£7 CO? CO)
G,

= (t,z,20,90) = (1,§, o, ITCO

By eliminating the parameters, we get the solution

o(t,2,2) = 72—,

tZO
which corresponds to the transformation ®_,¢ given by

u(t, )

@0_)(;[“] (t, 1:) = m)—

We can see that a solution to (0) is written as u = f(z) with an arbitrary function f(z)
in z, and that v = ®o,6[u](t,z) = f(z)/(1 — tf(z)) is a solution to (G) for any f.
Next, we study the reversed problem (G—)O)zo.
(G—0)., O + 3 men 2o _0( )zjzm_J 8., =0,
¥(0,z,2) = 2.
Here we used the calculation D™23 = 3772 (") 2jzm~; in the derivation of the equation.
Assume that ¥(t,z, 2) is a solution. Then, by substituting z; = zo = --- = 0, we

have
Ou(t, x, 29,0,0,...) + 22 - ,%(t, 2, 20,0,0,...) =0,
’l,b(O,.’II,Zo,0,0,...) = 2p.

Here we used

50

_ Zg’ (m = 0)7
§=0 21=z="=0 0, (m=>1).

Therefore, by defining ¥(t, z, z) := ¥(t, z, (20,0,0,...)), we have 8,1 = 0, (m > 1),
and

6t1/~1+z0 201,11 at¢+zmeNz_0( )zjzm_J -8, % =0,
¢~(07 z, z) = 20.
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These relations imply that 1) is also a solution to (G—0),,. Using the uniqueness result,
we can conclude that ¥ = v. Therefore, 1 is independent of z;, (i > 1) and satisfies

| O + 22 - Byy1h = 0,
¥(0,z,2) = 2.

We can also see from these formulas that ¢ is independent of z, although we do not use
it. - _ .
The problem above is an initial value problem of a partial differential equation in
(t,z, 20) of 1st order, and we solve it as follows.
dt dr dz dy

T = F = Zg_ = T =dr, (ta z, 207¢)|7'=0 = (07£’C0vC0)

=> (t,.’IJ,Zo,’l/)) = (Ty‘fylf—oq_coaCO)-

By eliminating the parameters, we get the solution

20
t =
"1[)( 7m7z) 1+tzo7
which corresponds to the transformation ®¢_o given by
v(t, z)
lio} t,x) = ——————.
G—)O[U]( ,.’L’) 1 + tU(t, IZJ)

We can see that solutions to (G) is written as v = f(z)/(1 — tf(z)) with an arbitrary
function f(z) in z, and that '

B  fl@)/Q-tf=)
u = D 40[v](t,z) = 1+tf(z)/(1 —tf(z)) 7@

is a solution to (0) for any f.
Also note that the reversibility of ®g_,¢ and ®¢_,o can be checked in a straightforward

manner.
Example 2.3. Consider a pair of partial differential equations
Owu = F(t,z,u,0,u) = 0u (F), A = G(t,z,v,0,v) = v (G).

We expect ®r_,c = Po_c © Br-s0 and Pg_,r = Por © 0. But let us try to solve
the coupling equations directly.
First, we study the problem (F—G),,.

{atqt + Y nen Zmt102,.6 = 67,

(F=C)= #(0,z,2) = z.
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The relations
ﬁ _dx  dz _ do

10 zp ¢

= dT, (t,x,z, ¢)|r=0 - (0,5,4, CO)

imply
Go )
1- TC() ’

where J denotes the same shift operator as in Examplé 2.1. By eliminating the param-

(t,2,2,¢) = (7, exp(TJ)(,

eters, we get the solution

> jenzi(=t) /5!
1—t3enzi(=t) /5"

which corresponds to the transformation ®¢_,¢ given by

b(t,7,2) =

u(t,z —t)

®roclul(t,z) = T—tut,z—1)

if u(t, z) satisfies a similar regularity requirement as in Example 2.1.
Next, we study the reversed problem (G—F),,.

at¢ + ZmEN 27;0 (T)ijm_] ' azm¢ = 61,'7[) + EmEN zm+1azm¢’

(6=Fx {1,[1(0,:2:,2) = zp.

The relétions
dt - dz dz; d , e
G =L mtr, (2Bl = (0,6:6,6)

U -1 S (zzis —2im

immediately imply

(t7$7¢) = (Ta -7+, CO)
As for z, we use the following auxiliary function

(r+0)
X(r,0):= Z z,-(T)——T—.
ieN
(Precisely speaking, X is a formal power series in 7 and ¢.) Then, a straightforward
calculation and the relations d-2; = Y. _ (;)zjzi_j yield

0:X(1,0) = X(1,0)?,
which can be solved into

_ X(0,0)
X(T,O’) = mm
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Since X (0,0) = Yoy 2i(0)0 /it = 3,5 Gi0* /i, we have

Dien Gio' /il
1—73 enGot/it

This relation can be inverted into Y,y ¢io*/i! = X (7,0)/(1 +7X(7,0)), and by sub-
stituting o = 0, we get _
ien &t /i

147y 2Tt /il

X(T, 0') =

G =

They together give the solution

ien Zit'/i!
14+t oy 2itt/il’

which corresponds to the transformation ®¢_,¢ given by

P(t,z,z) =

v(t,z + 1)

oorllh0) = T e ey

if v(t, z) satisfies a similar regularity requirement.
We can check our expectations ®r_,qg = ®g_,g © Pr_y0 and Pg_r = Pg_sr 0 Pg_0 in
a straightforward manner, and the same is true for the reversibility of ®¢_,g and ®¢_,f.
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