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We investigate the instability of a classical Yang-Mills field in an expanding geometry under a color

magnetic background field within the linear regime. We consider homogeneous, boost-invariant, and time-

dependent color magnetic fields simulating the glasma configuration. We introduce the conformal

coordinates which enable us to map an expanding problem approximately into a nonexpanding problem.

We find that the fluctuations with finite longitudinal momenta can grow exponentially due to parametric

instability. Fluctuations with finite transverse momenta can also show parametric instability, but their

momenta are restricted to be small. The most unstable modes start to grow exponentially in the early stage

of the dynamics, and they may affect the thermalization in heavy-ion collisions.
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I. INTRODUCTION

Recent developments in physics of high-energy heavy-
ion collisions have unveiled the property of the quark-gluon
plasma (QGP) and have raised a puzzle in the preequili-
brium dynamics before the QGP formation. High-energy
heavy-ion collision experiments have been performed
extensively at the Relativistic Heavy-Ion Collider (RHIC)
at Brookhaven National Laboratory and LHC at CERN.
Theoretical analyses of data based on hydrodynamical
approaches are found to be successful in explaining various
observables such as hadron momentum spectra and collec-
tive flows in the nucleus-nucleus collisions [1-3]. The
hydrodynamical analyses suggest that QGP formed at the
RHIC and LHC would be a strongly interacting fluid
rather than a weakly interacting gas. However, it should
be noted that the hydrodynamical models still pose a puzzle.
The early thermalization required by the hydrodynamical
analyses appears inconsistent with perturbative QCD results,
such as those given by the bottom-up scenario [4,5]. To
resolve the puzzle, we need deeper understanding of the
dynamical nature of the initial stage of the created matter,
say, in view of far-from-equilibrium dynamics of non-
Abelian gauge theory.

The initial stage of relativistic heavy-ion collisions may
be well described by the effective theory based on the
notion of the color glass condensate [6,7]. It is shown that
the longitudinal color-flux tubes which consist of both
color electric and magnetic fields should be formed right
after the collision of two nuclei. This state with the
longitudinal color-flux tube is called glasma [8]. The time
evolution of the low-energy sector is well described by
classical Yang-Mills (CYM) theory as the first approxima-
tion although quantum fluctuations can significantly affect
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the dynamics. For instance, quantum fluctuations would
trigger plasma instabilities, which in turn might cause the
emergence of chaoticity, turbulent spectra, rapid particle
production, and thermalization [9-12].

Glasma instabilities in heavy-ion collisions have been
extensively discussed. Among them, longitudinal fluctua-
tions are found to cause an instability in glasma [13-18].
One possible underlying mechanism of the instabilities is
the non-Abelian analog of the Weibel instability [19-22],
which leads to an exponential amplification of the color
magnetic field and current in anisotropic systems. The
longitudinal color magnetic field may also induce the
Nielsen-Olesen instability [23—28], which is the exponen-
tial growth of gauge fluctuations caused by the anomalous
Zeeman effect in spin-1 systems.

Recently, it has been suggested that the CYM field
under a time-dependent homogeneous color magnetic
background field shows instability in a nonexpanding
geometry [29]. It has been clarified that the origin of the
instability is parametric instability and the CYM field in a
homogeneous background has multiple instability bands
extending to the transverse as well as the longitudinal
momentum directions [30]. The parametric instability is
ubiquitous in physics from classical mechanical problems
on a pendulum to quantum field theories [31], as well as
in the cosmic inflation [32]. These results suggest that the
parametric instability may also play an essential role in the
thermalization process in heavy-ion collisions.

From a phenomenological point of view, it is natural to
ask ourselves whether and how the parametric instability
found in a nonexpanding geometry persists in an expanding
geometry. In general, background fields decrease in time
due to the expansion, so one may expect that the instability
would disappear or at least become less significant than in
the nonexpanding geometry. However, the detailed studies
of a scalar field theory suggest that the parametric
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instability can keep significance even in an expanding
geometry [33,34].

In this article, we investigate the instability of the CYM
field in an expanding geometry in the linear regime.
Specifically, we focus on the system with the longitudinal
color magnetic field which is homogeneous, boost invariant,
and time dependent. We also assume the one-dimensional
Bjorken expansion. The background field considered here
damps due to the expansion and at the same time oscillates in
time. We introduce a natural chronological variable called
conformal time which enables us to map an expanding
problem into a nonexpanding problem. Then, the relevant
equation is found to have a form of a temporally periodic-
driven equation like f+ p>f + Acn?(t;k)f = 0. This
equation involves the Jacobi elliptic function cn(#;k)
and is called Lamé’s equation for a constant momentum
p and a constant coefficient 1. Lamé’s equation shows an
exponential instability at A =—1 and 2 for a small
momentum p. In the expanding case, the equation of
motion is found to contain an effective momentum, which
is a function of the initial momentum and the conformal
time and has decreasing longitudinal and increasing
transverse components in time. As a result, fluctuations
with finite longitudinal momenta tend to be unstable due
to the parametric instability, while those with a finite
transverse momentum can also show instability but their
momenta are restricted to small values.

This article is organized as follows. In Sec. II, we
introduce the conformal time and derive equations of
motion of a CYM field in an expanding geometry. We
also discuss properties of a homogeneous, boost-invariant,
and time-dependent background field. In Sec. III, we give
a brief outline of the Floquet theory and the instability band
structure of Lamé’s equation as a useful tool to understand
the expanding problem. In Sec. IV, we show the results of
the linear stability analysis. Finally, we summarize our
results and give concluding remarks in Sec. V. In
Appendix A, we show the explicit form of the linearized
equation of motion of fluctuations. In Appendix B, we
comment on the origin of a linearly divergent solution. In
Appendix C, we give a quantitative discussion on the
growth rate.

II. CLASSICAL YANG-MILLS FIELD IN AN
EXPANDING GEOMETRY

In this section, we derive the equation of motion (EOM)
of the CYM field in an expanding geometry under a
color magnetic background field, which is homogeneous,
boost invariant, and time dependent. In Sec. I A, we
introduce the conformal time for the sake of mapping
the expanding problem into a nonexpanding problem. In
Sec. II B, we discuss properties of the background field. In
Sec. I1 C, we show an explicit form of the linearized EOM
of fluctuations.
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A. Expanding geometry and conformal time

We introduce the proper time 7 and the space-time
rapidity #n to describe boost-invariant longitudinal expan-
sion. They are defined by

=V -2 (1)
1 t+z

=—-log—. 2

n=log— (2)

The action of the CYM field in the 7z-n# coordinate is
given by

1
S = /dezdeﬂ\/—_g(—Zgﬂygiafzifgg> . (3)

Here, F4, = 0,A%+ 9,A% + fc AL AL is the field
strength tensor, and f“¢ is the structure constant. The
coupling constant is included in the definition of the gauge
field Ajj. The explicit form of the metric g** is given by

[rad :diag(l,—l,—l,—l/fz), (4)
G = diag(1,-1,-1,-7%), (5)
detg,, =g = —1% (6)

Gauss’s law in the 7-n coordinate is expressed as
D& + D&y =0, (7)

where the color electric fields are defined as &; = 70,4,
(i=x,y) and &, :%@AW. The covariant derivative is
given by D, = 0, — i A,

It is useful to see how the gauge field decreases by
the expansion of the system. The Bjorken solution of the
longitudinally expanding hydrodynamics tells us that the
energy density decreases as € o 7~*3 [35]. Provided that
this behavior also applies to the gauge field, we expect
that the amplitude of the gauge field decreases as
A « 771/3, since the energy density of CYM fields contains
terms proportional to A% Motivated by this observation,
let us consider the following time-dependent scale
transformation [33],

8, = 9, (®)
Ar =g, 9)
Ay = 1Ay, (10)

where 4 and A denote the gauge fields in the 7- coordinate
and in the scaled coordinate, respectively. We introduce the
new chronological variable called conformal time 6. The
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relation between the conformal time and the proper time is
explicitly given by

7(0) = (ge> g (11)

Taking the Schwinger gauge A% = 0, the action in the new
coordinate reads

11 1
S = / dedledq[ (0pA9)? — = —- AZAY

— _Fafa
2962 [y 4 ity

L1, . 17 1=y 2
+?<§(69A,7)2—5@A,1A,7 EF,,,F,?,H. (12)

From now on, the capital letters denote all space compo-
nents as /,.J, ... = x,y,n, and the lower letters only trans-
verse components as i, j,... =x,y. The field strength
tensor and covariant derivative in the new coordinate are
defined by

Fo, = ,A% + 0,A4 + [ ALAL, (13)
D§P = 8,5% + focbAS, (14)
é] - 71/351 = é]/zal. (15)

In the action Eq. (12), the overall time dependence
coming from the metric is absorbed into the coefficient of
the quadratic terms and the spatial derivatives, so that the
action has a similar form to that in a nonexpanding
geometry. The Euler-Lagrange equation is given by

1

O2A9 + — A¢ — 16
0% 992 i ( )

neomn Jo ot ’

IDF” DF% =0
&

RN N A G
89(;3914,,) +ﬁAU _é_3DiFin =0. (17)

Substituting Egs. (8), (9), and (10) into Eq. (7), we see
that Gauss’s law is expressed in terms of the conformal
variables as

~ A 1 Al
D; Ad — = A2 ——1) =0. (1
1<89 i 29) + = 9 r/ (aﬁ n 29> 0 ( 8)

B. Background field configuration

In this subsection, we introduce the gauge configuration
which makes a homogeneous and boost-invariant longi-
tudinal color magnetic field. In order to extract the essential
ingredients of the non-Abelian gauge theory in a simple
manner, we consider color SU(2). The color magnetic field
in the z-n coordinate is defined by
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B[ = €1JK (aJAK abcAbAc > (19)

From Egs. (8) and (9), the color magnetic field in terms of
the conformal variables are expressed as

= 1
B? = €1jK (aJA?( - EeabCA‘l;A%> . (20)

We assume that the gauge field itself is also homogeneous
and boost invariant. One possible realization of the gauge
configuration is given by

= A(0) (5", + 825,,), (21)

Ay =0, (22)
which fulfills the above requirements and exactly satisfies
Gauss’s law. Taking the configuration Eq. (21), only the
second term in Eq. (20) remains. This is the generalization
of the nonexpanding case [29,30]. We also mention that
there exists not only color magnetic fields but also
transversely polarized color electric fields.
The EOM of the background field is now given by

- 1 ~ -
PA+—A+A=0. 23
o + 492 + ( )

The second term comes from the quadratic term in the
action which makes it difficult to get exact solutions
analytically. Nonetheless, the qualitative behavior is well
understood in some limiting cases as we shall show.

In the earlier time 6 < 1/A, the self-interaction term A*
can be neglected, and the EOM is reduced to a linear
equauon Suppose that the initial condition is given as

= /By and 9pA =0 at 6 = 6;; then, the solution is
given by

~ By6 0
A(0) = 1- —1 24
O=\2(1-50eg ) @4
The nonlinear term dominates over the linear term in
Eq. (23) after a time, and the EOM becomes nonlinear but
solvable at the later times 6 > 1/ A where the linear term is
negligible. The background field should behave as
A(0) = Byfen(0Bf +851/V2),  (25)
where cn(6; k) is the Jacobi elliptic function of modulus &,
which is a periodic function in time of which the period
is T = 4K (k). K(k) is the complete elliptic integral of the

first kind. Specifically, T = 7.42 for k = 1/+/2. This is
nothing but the homogeneous background field discussed
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in Refs. [29,30] in the nonexpanding geometry with a
phase shift A quantifying the earlier time effects.

In our setup, Béf/fQ is the only dimensionful scale, and its
strength depends on the initial condition. It is convenient to
introduce dimensionless quantities so as to normalize the
final amplitude of the background gauge field in accor-

dance with Eq. (25); that is, the final amplitude of A / Bi{fz is

normalized to unity, and the combination QBéf/fz is the
dimensionless time variable.

Figure 1 shows the numerical solution of the EOM
Eq. (23) rescaled by the final amplitude Bi{fz. We also show
the solution of the linear equation Eq. (24), the Jacobi
elliptic function, and the shifted Jacobi elliptic function
Eq. (25). At the initial time, the initial gauge field and its
derivative are chosen to be 6, =0.01, A(6y) =1 and
dA/df(0y) = 0, respectively. The final amplitude and

the time shift are found to be B;{fz =4.68 and A =1.69.
Thus, the numerical result in Fig. 1 starts from
0oBLIE = 0.01 x 4.68.

The linear solution Eq. (24) fails to reproduce the
numerical solution at QBéf/f2 2 1 as expected. Let us
compare this time with the transition time from the linear
to the nonlinear regime 6, obtained from the balance
condition 1/6, ~ A(6,,). Ignoring the logarithmic correc-
tion, we get O, ~ (6y/B,)"/> from Eq. (24). By assuming
0.B2 ~ 1, we find Bu ~ (By/6)"3 = (1/0.01)"/3 =
4.64 for the present initial condition, which deviates from
the numerical results only by around 1%.

Before finishing this subsection, we comment on the
physical time scale. From Eqs. (9), (11), (24), and (25), the
solutions at the earlier and later times in the original z-n
coordinate are given by

numerical sol. —
2r Jacobi cn ===
Jacobi cn (shifted)
1 linear sol. ==
S ;5 -‘s g ~.‘\
Q N Vi AN
IE \ ‘\ 'I' \\
0 3 23, G ‘\
\\ 'I g‘
N\ "I &
~ 4
-1 O S
AS ‘
0 2 4 6 8 10
12
6 B¢

FIG. 1. Background field A in an expanding geometry. We
show the numerical solution of the EOM Eq. (23) rescaled by the
asymptotic amplitude (red solid line), the linear solution Eq. (24)
(blue dash-dotted line), the shifted Jacobi elliptic function
Eq. (25) (green dotted line), and the Jacobi elliptic function

(green dashed line). The temporal variable § and the amplitude A

are normalized by the asymptotic amplitude B;f/fz.
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Al(z) = Al(z) = 7713A(0)

3/4
I 1 - o)

1/2
Hren(3erm ) @8l > )

(6BY? < 1),

(26)

respectively. Equation (26) tells us the strength of the
background gauge field. If the initial strength at 7y =
(20,/3)%/? is given by the saturation scale Q,, we get the
relation between the physical and conformal scales,

3 3
Qs:\/;Bef/f’

For instance, we can evaluate the proper time as

Q. = 0.67, 3.46 and 21.1 for 6BY> =1, 3 and 10,
respectively.

[SSIINS)

O =3 (0B (27)

C. Equation of motion of fluctuations

We write down the linearized EOM of fluctuations on
top of the background gauge field Eq. (21). This is easily
done by shifting AY = A{ + af in Eqgs. (16) and (17) and
keeping terms of order O(a'). The resultant EOM of
fluctuations af is given by

1 1\1a A\1a
Ohat + ozsat + @A)+ @Ay =0, (28)

1 7 ~ -
oL + Ly + @A + 102 =0,

93 ny-J nm=n
(29)
where £2 and Q7 are defined by
, & 24
1= 4 T Gde’ (30)
and
@ = (BUADA) + 5 D,(AD,D)) s,
+ (D;(A)D;(A) + 2iF;;(A))*, (31)
@1 = = (DiA)D (A) + 2F, (A", (32)
Q2]er = %(DW(A)D J(A) +2iF,;(A)*™,  (33)
Q22 = — = (D (A)Dy(A)), (34)

03
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respectively. The color indices ab appear in the covariant

derivative D and the field tensor F. Q2 depends on
conformal time not only explicitly but also implicitly

through the background gauge field A(6). Here and in

the later discussions, we adopt the unit B;f/fz = 1. Namely,

all variables are normalized by Béf/fz such as 6’B¥f2

and af/ B;f/»fz.

Even though we consider the color magnetic back-
ground, both the transverse momenta p; and the longi-
tudinal momentum p, are well defined because the
background gauge field does not depend on spatial coor-
dinates. Therefore, it is useful to introduce the Fourier
representation of the EOM, Egs. (28) and (29), through

d*p

(27)*

a$(0. py. py. p”)ei(p,xﬁpyyﬂvnn)‘

aj(0,x,y,n) = /
(35)

It should be noted that we can set p, =0 without loss
of generality from rotational symmetry in the transverse
plane. The matrix Q? at py = 0 becomes block diagonal as
Q? = diag(Q],Q2%), as found in the nonexpanding
case [30].

In the later discussion, we consider finite Py modes
(py #0, pr = 0) and finite p; modes (p, =0, py # 0).
From now on, py denotes a transverse momentum. The
EOMs of these modes at later times have the form of

d2 a
W"; + K2,(0)ad + Jen2(0 + A)ad = R(0),  (36)

and d?/d6* is replaced with L; for the longitudinal
component ay. Here, we defined the effective momenta
k2;(0) for convenience. R(6) denotes an inhomogeneous
term. The effective momenta for the transverse and
longitudinal components of the finite p, (finite py7)
modes, k%; = kyy and ky, (ki; and k7,), are defined by
Egs. (37)-(41) below. The explicit forms of the EOMs
[namely, R(0)] are summarized in Appendix A.

For finite p, modes (pr =0), we find the effective
momenta of the transverse and longitudinal components of
fluctuations af and aj given by

p;  149p;
0> 40*

K2 (6) = M3(6) + (37)

(0) = M30) = 5. (38)

where M% and M; are effective masses defined by

PHYSICAL REVIEW D 94, 016001 (2016)

1 1 7 7
M29:T:_, MZG — =5 — 5 - 39
0= = MO= = (9
Note that ky; and k3, decrease in time monotonically.

In the same manner, we define the effective momenta for
finite py modes (p, = 0) by

12
T2 t20pt.  (40)

ki7(0) = M3(0) + Op7

402 " 3
12 (0) = M2(0) + §p2 = 292 41
(0) = M;(0) + PT—@JFg PT- (41)

In contrast to the finite p, modes Eqgs. (37) and (38), k%T
and k%n increase at later times.

Before we close this section, we comment on the
similarities and differences in EOMs in the expanding
and nonexpanding geometries. The forms of EOMs
expressed by using the conformal variables Egs. (28) and
(29) are similar to those in a nonexpanding geometry. For
example, the background field at later times is described by
the elliptic function; then, the Eq. (36) is similar to Lamé’s
equation, which appears in the nonexpanding geometries
and discussed in the next section. In addition, Q? is block
diagonalized in the same way as in the nonexpanding case
[30]. On the other hand, the form of EOMs in the expanding
geometry is different from that in the nonexpanding geom-
etry in the appearance of the time dependence of the effective
transverse and longitudinal momenta. Thus, the original
problem defined in the expanding geometry is mapped into
the nonexpanding problem where the momenta of the
fluctuations depend on time.

III. FLOQUET THEORY

In general, a temporally periodic-driven system can show
instability due to the resonance between an external force
and eigenmodes of the system. The resultant instability is
called parametric resonance or parametric instability. It is
well known that the Floquet theory is best suited to analyze
instabilities of temporally periodic-driven systems. Floquet
theory provides the criteria whether the solution is expo-
nentially divergent, polynomially divergent, or bounded. In
the expanding problem, Floquet theory is not directly
applied but gives some insights into the growth rates in
the expanding geometry. An account of the Floquet theory
is given in our previous paper [30]. In this section, we
recapitulate them to be self-contained in a brief way.

Let us consider Lamé’s equation

f 4 [p? 4 Aen®(t;k)]f = 0. (42)

Here, p and A are control parameters of this equation. It
should be noted that, at later times, EOMs in the expanding
geometry, Eq. (36), become the Lamé equation if we ignore
the time dependence of the effective momenta and the
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inhomogeneous terms. In the context of the CYM theory,
the cases with p < 1 and 4 = %1, 2, 3 are important. Let us

define a fundamental matrix by ®(7) = ((f1.£1)". (f2.f2)"),
where {f;} ;) are independent and complete solutions
of the Lamé equation. If ®(z) is a fundamental matrix, or in
this specific case a Wronskian matrix, ®(¢ + T) is also a
fundamental matrix due to the periodicity of the elliptic
function, where T is the period of the elliptic function.

The criterion of the existence of unstable solutions is
expressed in terms of the monodromy matrix M defined by
O (1 + T) = ®(¢)M which is regular and time independent.
By construction, the fundamental matrix is also regular, and
we get

M = 3(0)"'®(T). (43)

Because the Wronskian det ® is constant in time, we also
find det M = u u, = 1. The eigenvalues of M are called
characteristic multipliers, and we denote them as y; and p,.
These multipliers are the solutions of the characteristic
equation: y? — (rM)u + 1 = 0.

One can easily show that the solution of the Lamé
equation must have the following form,

O(1) = F(t) exp {(log M) %], (44)

where F(t) is a T-periodic matrix of which the specific
form is irrelevant to our discussion. It is useful to define the
characteristic exponent or growth rate by y = (logu)/T.
Thus, the eigenvalues of the monodromy matrix determine
the stability of the solution. The complete classification is
listed below:

(1) If |trM| > 2, the solution is exponentially divergent.

(2) If |trM| = 2, the solution is (anti)periodic or linearly

divergent.

(3) If |trM| < 2, the solution is bounded.
For more complete discussions about linear divergence, see
also Appendix B. Figure 2 shows that the real part of the

0.7
0.6
051

>~ 04
2 03}
0.2
0.1 "

0

FIG. 2. Growth rates in Lamé’s equation. We show the real
part of the growth rates for A = —1 (red solid line), 4 = 1 (blue
dashed line), 4 = 2 (magenta dotted line), and 1 = 3 (green dot-
dashed line).
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growth rates of Lamé’s equation for 4 = £1,2 and 3. The
growth rate has a maximum at p> = 0 for 1 = —1 and 2, the
values of which are 0.66 and 0.23, respectively. For 4 = 1
and 3, the exponential growth rates are equal to zero at
p =0, and the solutions are bounded or diverge at most
linearly [30].

IV. STABILITY ANALYSIS

In this section, we perform a linear stability analysis for
fluctuations by solving the EOMs, Egs. (28) and (29),
around the background field (21). We first show the
numerical results in Sec. IVA, and then in the following
subsections, we shall give a semianalytical analysis in some
limits, which helps to understand the numerical results.
We shall only show the results for finite p, modes (p, # 0,
pr =0) and finite p; modes (p, =0, pr # 0), which
should be sufficient to see how instabilities emerge in an
expanding system. The details including all explicit expres-
sions of the equations are presented in Appendix A.

A. Numerical results

We choose the initial conditions for fluctuations so that
Gauss’s law Eq. (18) is satisfied, which leads to

.. ~ 3. | B ~ 4.
uW%w&mﬁ—§4%ﬁ+%%wﬁ
0

+ e 5 (A(0y) s — A(6y)as)

+ e (A(Bp)as — A(6p)as) = 0, (45)

where p; = é(l)/ 2 p;- We can choose the initial transverse
components as af =1 and Oyaf =0 in the rescaled
dimensionless unit [36]. The initial longitudinal compo-
nents are determined by Gauss’s law. The initial condition
of the background field is the same as that shown in
Sec. 1IB; 6,Bl? =0.01 x 4.68, A/B!/? =1/4.68, and
DpA/ Bilf > = 0 in the rescaled dimensionless unit.

Figures 3 and 4 show the numerical results of squared
fluctuation amplitudes obtained by solving the EOM given
by Eq. (29) for finite p, and finite p; modes, respectively.
For comparison, we show the exponential functions e%0¢
by black solid lines in those modes where exponential
growth is expected. The comparison shows that there are
several exponentially unstable modes. The amplitudes of
a, and ag_ components in finite p, modes obey the Lamé
equation with A = —1 at later times and have a growth rate
7o = 0.66. The Lamé equation with 1 = —1 describes the
most unstable mode also in the nonexpanding geometry.
Therefore, we conclude that the parametric instability
emerges also in the expanding geometry for finite p,
modes. Finite p; modes also show instability when pr
is small but finite.
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FIG. 3.

Squared fluctuation amplitudes in finite p, modes. We show the time evolution of fluctuations in finite p, modes for
p,% = 1.0, 2.0, and 3.0. Black solid lines in the upper panels show exponential function e

2109 with y, = 0.66. The vertical lines show

the transition times for each momentum mode. The transition times of a,,, ag_ are given by 2.46, 3.40, and 4.13 for each
momentum mode. The transition time of a,37 is 1.97 and independent of p,. Shaded areas show the time regime where exponential

growth is expected for p; = 1.0.

We also find that unstable modes grow exponentially
after some times or in a limited time regime and show
oscillating behavior outside of the exponential regime.
The transitions between the oscillating behavior and the
exponential growth occur at certain times marked by
vertical lines in Figs. 3 and 4. For typical momenta,
say p,% = 1.0, the exponential growth is observed in the
shaded areas while fluctuation amplitudes just oscillate
outside the areas. The oscillatory behavior in the earliest
stage is caused by the nonperiodic evolution of the
background field.

In the following subsections, we interpret these numeri-
cal results in detail, namely, clarifying the difference
between finite p, modes and py modes. In Sec. IV B,
we discuss the evolution in the earliest stage. In Secs. IV C
and IV D, we estimate the growth rates and the transition
times of the unstable modes. In Sec. IV E, we discuss the
applicability range of the linear stability analysis. Finally,
in Sec. IV F, we comment on the physical time scale of the
parametric instability and the relevance to the heavy-ion
experiments.

B. Earliest stage
We discuss the behavior of fluctuations in the earliest
stage characterized by 6 < 1. In this stage, the effective
momenta give rise to the most singular terms k2 o 672,

which is much larger than the background field A ~ 6'/2 as
given in Eq. (24).

The EOMs for finite p, modes in the earliest stage read
af + k(0. py)ai = f(0), (46)
E,%a,‘; + M%(@)af; = f(0). (47)

Here, f(6) denotes higher order terms in 6 which are
irrelevant in this stage. Both of the effective momenta, kf;T
and k2, = M3 given in Eqs. (37) and (38), are proportional
to 872. The general solutions for the transverse components
are given by af = c@'/?+31Pi/2 ¢ c. where ¢ is an arbi-
trary constant; one sees that the p, dependence of kﬁT
causes the oscillating behavior of the solution. The longi-
tudinal components do not have p, dependence, and the
general solutions are given by af = ¢,0'/? + ¢,0"/2.
For finite py modes, we have

dad + M2(0)ad = O(67%3,0), (48)
L2al + M2(0)ad = O(072/3,0), (49)

where O(67%/3,0) indicates that the term is of order
O(67%/3) or O(H). In the earliest stage, p; dependence
appears in O(0) terms, as found in Egs. (40) and (41). Note
that EOM of the transverse components has the same form
as that of the background field; then, the general solution is
given by af = ¢,0'? + ¢,0'/?1og §. The solution for the
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FIG. 4. Squared fluctuation amplitudes in finite p; modes. We show the time evolution of fluctuations in finite p; modes for
p% =0.1,0.5, and 1.0. In the upper and middle panels, the growth rates of the function e*”? are given by 7 = 0.57 for p2 = 0.1. Two
transition times are indicated with vertical lines for each momentum mode. In the Q2 sector which includes a, aﬁ, a?, the first transition

time is given by 0.38, 0.39, and 0.41 for p7 = 0.1, 0.5, and 1.0, respectively. In the Q sector which includes ay, a3, a;, the first
transition time is given by 0.39 and 0.41 for p% = 0.1 and 0.5, respectively.

longitudinal components grows in time with the same time
dependence as the solution of finite p, modes.

From the above arguments, we find that fluctuation
amplitudes in both finite p, and pr modes behave as
a « 6"+ (higher order of 6) in the earliest stage, except
for the logarithmic corrections in 6. The fluctuation
amplitude in the 7- coordinate is given by z~'/3a from
Egs. (9) and (10); then, they will not grow as a function of
the proper time, i.e. 77'/3a(7) x z7'/30(7)'/? = O(Y), if
we ignore logarithmic corrections. The numerical results
are in good agreement with the above discussion. In fact,
no exponential growth is found in Figs. 3 and 4 at the
earliest stage.

C. Growth rates

We shall now discuss exponential instability of fluctua-
tions. In Figs. 3 and 4, there are some exponentially
growing modes, namely, a,, and ag components of the

finite p, modes and a{ and a§ components with p% =0.1.

As we shall see below, the growth rates of them are nicely
described by utilizing the Floquet analysis in the non-
expanding geometry which was worked out in the previous
work [30]: the (time-dependent) effective momenta in the
expanding geometry are mapped in the contour map of
the instability bands for the nonexpanding geometry. In the
following analysis, we shall first recapitulate and utilize
the results in the previous work for later convenience.

In Fig. 5, we show the maximal growth rate in the
nonexpanding geometry as a function of transverse and
longitudinal momenta. The contour maps are obtained for
Q} and Q2 sectors, separately. Figure 5 clearly shows the
band structure of the parametric instability. The boundaries
of instability bands are depicted by gray solid lines. We
note that the zero momentum mode is most unstable, and its
growth rate is given by

7o = 0.66. (50)
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FIG. 5. Maximal growth rates as functions of transverse and
longitudinal momenta for Q3 sector (top) and Q2 sector (bottom)
in the nonexpanding geometry. The band boundaries denoted by
gray solid lines are determined by |y|,,« = 0.01. Black squares
denote the minimum values of k7. In both sectors, min kyp =
0.20 and y = 0.57 for p3 = 0.1.

These results in the nonexpanding geometry enable us to
estimate the growth rates of the numerical solutions in the
expanding geometry by paying attention to the time
dependence of the effective momenta.

Let us evaluate the growth rates in the finite p, modes by
using the growth rates in the nonexpanding geometry. We
neglect terms with negative powers of € and obtain the
asymptotic EOMs as

d*aé
do?

+ Aen?(0 + A)a§ = R(0), (51)

where 1 = +£1, 2, or 3, and we have replaced the back-
ground field with its asymptotic form, A~ cn(0+A;1//2)
shown in Eq. (25). These equations are nothing but
Lamé’s equation with inhomogeneous terms R(0). [See
Egs. (A5)-(A12) for full expression of R(0) and details of
the derivation.] The solutions are unstable for A = —1 and 2

PHYSICAL REVIEW D 94, 016001 (2016)

due to the parametric instability as we show in Fig. 2. Their
growth rates are given by those of the zero momentum
mode in the nonexpanding geometry and are found to be
y = 0.66 and y = 0.23 for 1 = —1 and 1 = 2, respectively.
We summarize instability properties of finite p, modes in
Table I.

For the finite p; modes, we need to be cautious about
the nonmonotonic dependence of the effective momenta
on 6. The EOMs of the finite p; modes are given in
Egs. (A15)—(A23). The effective transverse momentum
Eq. (40) first decreases, takes a minimum at a finite
positive value, and increases again with increasing 8. We
expect that the maximum growth rate may be evaluated at
which k77 has the minimum value. In both Q2 and Q3
sectors, the growth rate at the minima of k;;, marked by
squares in Fig. 5, reads

7=0.57 (52)

for p2 = 0.1.

We now examine the growth rates estimated from the
Floquet analysis by comparing them with the numerical
results in the expanding geometry. In the upper panels of
Fig. 3, we compare the numerical results of finite p, modes
with exponential functions exp(2y,6) shown by the solid
line, where y, is the growth rate of the zero momentum
mode obtained in the nonexpanding geometry, Eq. (50).
The numerical solutions are plotted for p,% = 1.0, 2.0, and
3.0. The unstable components are a,, = (al + ag) /2
and ap_ = (a} — a?)/+/2 of which the asymptotic growth
rate is expected to be y = 0.66 from the (inhomogeneous)
Lamé equation Eq. (51) with 4 = —1. As expected, the
growth rates for a, and ap_ in the expanding geometry
approach the upper bound determined by those in a
nonexpanding geometry. We have found that other com-

ponents such as aj_ and a; exhibit only oscillating

TABLE 1. The classification of the asymptotic behavior for
finite p, (pr =0) modes. Here, a,. = (a} :I:a%)/\/i and
ags = (al £ a?)/V/2. *For the a,_ component at p, =0, the
inhomogeneous term R(€) vanishes and shows only linear
divergence as ordinal instability of Lamé’s equation with A = 1.

Sector Component 4 R(6) Instability Growth rate

Q2 Ay —1 R(0) #0 Exponential y = 0.66
Q2 as_ +1 (*)R(0) # 0 Exponential* y =0.23
Q2 ag, +3 R(O)=0 Linear .
Q2 ag_ —1 R(0) =0 Exponential y = 0.66
Q2 al +1 R(O)=0 Linear .
Q2 a; +1 R(O) =0 Linear

Q2 a, +1 R(0)#0 Linear

Q2 a +1 R(0)#0 Linear e
Q2 a; +2 R(0)#0 Exponential y =023
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behavior within the time range shown in Fig. 3, although,
according to Table I, a_ and a; can be unstable. This is
due to the fact that they have too small a growth rate. In
principle, one will find the exponential growth of these
components by carrying out unreasonably long-time sim-
ulation, where the linear analysis is no longer valid.

Let us turn to the finite p; modes. In Fig. 4, we compare
the exponential functions exp(2y#) with numerical solu-
tions. Here, a}, aZ, and aj belong to the Q sector, and aj,
a2, and a3 belong to the Q2 sector. At earlier times, the
growth rate Eq. (52) agrees well with that of the numerical
solutions for p% = 0.1. As the effective momenta become
large, the numerical solutions deviate from the exponential
functions exp(2y#). This behavior is in accordance with the
fact that there is no significant instability band in the high
transverse momentum region.

D. Transition times

We now discuss the temporal regime where the expo-
nential growth is expected. The main difference between
nonexpanding and expanding geometries comes from the
time dependence of the effective momenta k3 = kir, Ky,
k%T, or k%”, defined in Eqgs. (37), (38), (40), and (41). They
control the transition between oscillating behavior and the
exponential growth; when k2 is in the instability bands of
the corresponding nonexpanding case, we can expect
exponential growth. The shaded area in the top left panel
of Fig. 3 shows the temporal regime, where exponential
growth is expected.

Figure 6 shows the time dependence of the effective
momenta Ky, ky,, and k7. The horizontal lines correspond
to the boundaries of the instability bands. For finite p,
modes, the effective momenta (37) and (38) decrease in
time, and then the infrared band structure of the nonex-
panding geometry is relevant and responsible for the
emergence of instabilities. Two horizontal lines in the
top panel of Fig. 6 represent the longitudinal momenta
on the boundaries of the instability band around the zero
momentum region, 0.41 for the Q sector and 0.81 for the
Qg sector. Using the momentum on the boundary point p;,,
we define the transition time 6, by

plzm = k%n(gtr) = M%(Qtr) (54)
for transverse and longitudinal components, respectively.
Note that the latter has no p, dependence. Specifically, the
transition time of the most unstable modes a4, (p = 0) and
ap_(p = 0) reads pj, = M7(6y). Then, we obtain

0. (p, = 0) = 0.78, (55)
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FIG. 6. Time dependence of the effective momenta. The
horizontal lines show the boundaries of the instability bands.
(Upper panel) Effective momenta in finite p, modes. The
boundaries are given by k%,,(or kZ,) = p%”:O.Sl and
k%ﬂ(or kf,,,) = 0.41. (Lower panel) Effective momenta of finite
pr modes. The boundaries are given by k#; = p7, = 1.75
and k%, = 1.64. In both panels, vertical lines show the
transition times.

with pin = 0.41. The transition times at p% = 1.0 are

0, = 2.46 (1.46) for a,, and ap_ (a,?) components. The
transition times defined here are denoted by vertical lines
in Fig. 3.

For finite py modes, there is a finite time interval in
which the effective momenta stay inside of the instability
bands. Two horizontal lines in the lower panel of Fig. 6
represent the transverse momenta on the band boundaries,
1.64 for the QF sector and 1.75 for the Q2 sector. All
unstable components are transverse a{, so the transition
time 6, is defined by

2

PiT = k%‘T(Htr) = M%‘(Qtr) + 3

etrp %‘ (5 6)
Since effective momenta are not monotonic in time, there
are two transition times. For instance, the first transition
time at p7 = 0.1is 6, = 0.39 (0.38) for the Q3 (Q2) sector,
which is the starting time of the exponential growth. The
second transition time is 6, = 24.6 (26.2) for the QF (Q32)
sector, which is the finishing time of the exponential
growth. Thus, this mode has a finite time interval in which
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an exponential growth is expected for small p;. Indeed,
unstable behavior is clearly observed in Fig. 4 at p2 = 0.1.

We discuss the behavior of high transverse momentum
modes. In contrast to the finite p, modes, the effective
momentum of the transverse modes always has a minimum
value at k77 > 0. As a result, fluctuations with higher py
can only have a smaller growth rate. This is the reason
why any exponential growth is not clearly identified for
these modes.

E. Applicability of the linear analysis

We discuss the applicability range of the linear analysis
that we have adopted. To this end, we focus on the zero
momentum mode which shows the strongest instability.

Recalling that the unstable behavior emerges after the
transition time 0, the typical time interval 0};, in which the
linear approximation is valid is estimated as

glin = etr + agrow’ (57)

where 0,,,, is the time scale at which the amplitude of the
most unstable mode becomes comparable to that of the
background field. As we saw in the previous section,
the most unstable mode is the zero momentum mode,
and its asymptotic growth rate is well described by that in
the nonexpanding geometry. Let us denote the growth rate
by 7o. Then, the time scale O, is approximately given by

A ~ aoey()egrow' (58)

Here, A and a, denote the amplitudes of the background
field and initial fluctuation. Equations (57) and (58) lead to

1 A
Hlin ~ elr + 710g — (59)
70 ap

If we write the gauge coupling constant g explicitly, the
fluctuation amplitude « is initially of order O(1), and the
background field gA is of order O(1). Thus, the ratio of
the amplitude of the background field to that of the initial
fluctuation parametrically becomes A/ag~ 1/g. In the
weak coupling regime where, say, g = 1073, Eq. (59) reads
Oin = 11 because of Egs. (50) and (55).

In Fig. 3, we display the time evolution of fluctuations
within the time region 6 < 6y;,. In this time interval,
only a,, and ap_ components show instability. We also
found that not only low-momentum modes but also high-
momentum modes, say p% = 3.0, show instability. Even
when the initial longitudinal momentum is large so that it is
located outside the unstable region shown in Fig. 5, it can
eventually become small enough to enter the unstable
region due to its time dependence. We emphasize that this
feature differs from the nonexpanding case.

PHYSICAL REVIEW D 94, 016001 (2016)

F. Physical time scale

Finally, we should estimate the physical scale of the
transition times. In order to do that, it is instructive to see
the results in the original coordinate instead of the
conformal coordinate. We illustrate the numerical solution
of as. (p,) and a,,(pr) as a function of the proper time in
Fig. 7. Vertical lines indicate the transition times. The time

interval shown in Fig. 7 is 0 < 7 < 735, = 263/%/3 = 24.3,
where the linear analysis is valid. We also show the time
evolution of the background field in the inset figure for
comparison. The time evolution of the unstable modes is
well described by the exponential function. For instance,

the squared amplitude of a,,(p,) agrees well with

771/36200037/2%” denoted by the black solid line, where
7o = 0.66 is the largest growth rate given in Eq. (50). This
figure shows that these modes start to grow exponentially
in the early stage of the dynamics even in the original
coordinate.

As we have seen in Sec. 11, all quantities are scaled by the
strength of the background magnetic field B in our setup.
By using the relation between the conformal and proper
times in Eq. (27) and the empirical value of the saturation
scale, Q, = 1 GeV for the RHIC or Q, =2 GeV for the
LHC, the transition time for the fastest growth modes (a4
and ap_) is estimated as

2 1
o=l
_ {0.53(1.12) fm/c for the RHIC, (60)

0.26(0.56) fm/c for the LHC

for p,% = 1.0(3.0). These fastest growth modes can emerge
in the dynamics of relativistic heavy-ion collisions. In heavy-
ion experiments, the rapidity gaps between the projectile and

squared amplitude

00 f py=30

0 5 10 15 20

2 2
la; Bogr|™ ==

0 5 10 15 20
3/4
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FIG. 7. Squared amplitudes of fluctuations as a function of
proper time. Solid line: a4, with p% = 1.0. Dotted line: a,, with
p3 = 3.0. Dashed line: a;, with p7 = 0.1. Vertical lines indicate
the corresponding transition times shown in Figs. 3 and 4. The
Inset figure shows the time evolution of the background field as a
function of proper time.
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target are about AY = 10.7 in the RHIC and 17.4 in the
LHC. The rapidity gap gives the lower bound of the
longitudinal momentum of fluctuations; in order to observe
half a wavelength of the fluctuation, A,AY ~ 7 is required.
For the RHIC and LHC, we find A; ~ 0.08 and A; ~ 0.03,
respectively. The typical momenta of the fastest growth
modes, say p2 = 1.0(3.0), are sufficiently larger than these
lower bounds.

We also estimate the physical scale of the instability of
finite pr modes. In Fig. 7, the small transverse momentum
mode with p% = 0. lBgf?/ 2 grows as fast as finite p, modes.
In the physical unit, this value is estimated as
pr =0.30,=0.3-0.6 GeV. In heavy-ion collisions, a
significant portion of particles are produced in the region
pr < 0.30Q,, and the instability can be relevant.

These results suggest that the parametric instability
might be relevant in the dynamics of CYM field in an
expanding geometry.

V. CONCLUSIONS

We have studied the instability of the CYM field in an
expanding geometry under the longitudinal color magnetic
background which is homogeneous, boost invariant, and
time dependent. We have introduced the conformal vari-
ables and mapped the expanding problem approximately
into the nonexpanding problem. Since the background
gauge field at later times is described by the elliptic
function in the conformal coordinate, we can carry out
the stability analysis in a semianalytic way in the expanding
geometry on the basis of the Floquet theory in a non-
expanding geometry by introducing the time-dependent
effective momenta.

We have performed a linear stability analysis of fluctua-
tions on top of the oscillating background field. We have
elucidated that the EOM of fluctuations at later times in the
expanding geometry has the same form as in the non-
expanding geometry. At the same time, the EOM in the
expanding geometry contains the effective momentum
which is a function of the initial momentum and the
conformal time. As a result, we have found that the
expanding system under the time-dependent background
field can show parametric instability, but the instability
emerges in a different way from the nonexpanding
geometry.

The way of growth is qualitatively different between
finite p, and finite p; modes. Since the longitudinal
effective momentum decreases monotonically, unstable
fluctuations with finite p, grow exponentially after the
transition from the oscillating behavior in the earliest stage.
The remarkable point is that not only low-momentum
modes but also high-momentum modes show parametric
instability. On the other hand, since the transverse effective
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momentum is not monotonic in time, exponential growth in
finite pr modes is limited in a particular temporal interval.
In this regime, effective momenta are small and located
within the instability band, and then fluctuations can grow
exponentially. In accordance with the band structure found
in the nonexpanding geometry, only the modes with small
pr show significant instability. Finally, we have estimated
the physical scale of the transition times. For finite p,
modes, the typical unstable modes start to grow at 7 =
0.26(0.53) fm/c at LHC (RHIC) energy. These results
suggest that the parametric instability could be relevant to
the gluodynamics in heavy-ion collisions.

One of the notable points is that the parametric instability
emerges at early times in some classes of field theories as
discussed, for example, in cosmic inflation [32]. The
appearance of the parametric instability seems to be a
universal phenomenon in field theories including the Yang-
Mills theory. While we have established that the parametric
instability emerges under the color magnetic background
fields in the homogeneous system, there are still unsolved
and interesting questions. One is associated with the
robustness of the parametric instability. It is nontrivial
whether this instability is relevant or not to inhomogeneous
systems, in particular glasma evolution from a more
realistic initial condition. It is also important to investigate
how the parametric instability affects the particle produc-
tion where the nonlinear interaction of the gluon fluctua-
tions must be taken into account. Investigations of these
problems are beyond the scope of the present work and left
as future problems.
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APPENDIX A: THE LINEARIZED EOM
OF FLUCTUATIONS IN AN
EXPANDING GEOMETRY

In this Appendix, we show the explicit form of the
linearized EOM of fluctuations in the color magnetic
background Eq. (21). The symbolic form of the EOM is
given by Eq. (29). Without loss of generality, the coefficient
matrix Q7 is decomposed into two independent sectors Q3
and Q2 due to the rotational symmetry in the transverse
direction. In the momentum representation, the explicit
forms of them are given by
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PR+ pr+A? 2A2 0 —2iAp,
(1) 247 07 by + A =07 pyps —iAp, o
e 0 ~07p,p. 0C(PR+AY) —07iAp, |
2iAp, iAp, 07iAp,  pr+O7pr+A’
07p; 07 pybs ~A? 0 0 iAp,
—07p,py 07 (P2 +AY) 0 07 iAp,  —02iAp,
([Qz]45) = -A? 0 pr+07pr  —iAp, -07iAp, | (A2)
237 ~ T -3~ 12 73~ ~
0 -0 "iAp, iAp, 0 p% + A =07 p,Dy
—07%iAp, 07 2iAp, 073iAp,  —07p,p. 0 (P2 +24%)

where p; = 0" 2p, and we use the following notation:
af,...=(1y,2x,2n,3y) and A, B, ... = (1x,1#,2y,3x,37).

For the sake of the stability analysis performed in
Sec. 1V, we consider two specific limits p, # 0, py =0
(finite p, modes) and p, = 0, py # 0 (finite p; modes). In
these limits, the coefficient matrices (Al) and (A2) are
further decomposed to lower rank matrices:

diag(Q%, Q) (finite p, modes
Qz_{-g(f 2c) ( Dy )’ (A3)

diag(Qz,Qg)  (finite pr modes)

diag(Q2, Q2 finite p, modes
sz{'g<2 §> ( Py ) (Ad)

diag(Q7, Q) (finite p; modes)

In the case of finite p, modes (p, #0, pr = 0), the
EOM is decomposed into four independent sectors A, B, C,
and C*. The EOM of the A-sector is given by

dA+ + kngaA+ - AZCIA+ = 0, (AS)

dA— + k,%TaA_ + A2QA_ + \/Eié_s/zpn;la,% = 0, (A6)

L2a} + M2a) +2A%a) — V2i0'*p,Aa,_ =0, (A7)
> 2d

22 2% A8

where a,, = (a} +a})/V2, ki = M3 +9p}/46*, and
M3} = M? = M? = 1/46°. Dots denote derivatives with
respect to conformal time 6. The EOM of the B-sector reads

gy + Kipag, +3A%ag, =0, (A9)

dB— + k?ITaB_ - AzaB_ == 0, (AlO)

where ap, = (a! +a?)/v2. The EOMs of the C- and
C*-sectors have the same form: for the C-sector,

al + kppad + A%dd - ié_s/zpq;la,g =0, (All)
Lla) + Mlal + A’a) +i0'*p,Ad} =0,  (Al2)
and for the C*-sector,
@+ k2pal + A’a} + i p,Aa2 = 0, (A13)
L2a2 + M2a2 + A’a2 — i0'*p,Ad} = 0. (A14)

We note that M7 = 7/46°.

In the case of finite pr modes (p, =0, py #0), the
EOM is decomposed into four independent sectors D, E, F,
and G. For of the D- and E-sectors, we get

al + Mal — A’a =0, (A15)
az+ k%Taf - Aza}c - iél/szgai =0, (Al6)
@+ Mial + A*d} + 0" p,Add =0,  (Al7)

and
b+ kjpal + Aal +24%a} - 2i0'*p Aa} =0,  (Al8)
@2 4+ M3+ A%a? +2A%) — 0" p Add =0, (A19)

y T X y X y ’

&+ kpad + A%ad +i0'7p A(2al +a2) =0, (A20)

respectively. The EOM of the F- and G-sectors is given by

E,zia,% + k2 al +A2(1,17 — Zié]/szﬁag =0,

Tnln (A21)
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L2a} + k3, a) + 2A°a5 + 2i0'*p Aa) = 0, (A22)

and

L2a2 + K}, al + A’a} =0, (A23)
respectively. Here, we use the notion of the effective
momenta, k7, = M7 +20p3/3 and k7, = Mj; +20p3/3.

In the following subsections, we give the solutions
of the EOM in the early stage € <1 and the late
stage 6> 1.

1.0«1

Assuming 6 <« 1, the dominant term with respect
to @ is of order O(672). Recalling A ~ O(6'/2), other terms
depending on @ explicitly are of higher order in 6.
Collecting leading order terms, we get

das + kpraq, +0O(0) =0, (A24)
g+ kpay_ 4+ O(6732) =0, (A25)
Lyay + Mja; +0(0) =0 (A26)
for the A-sector and
apy + krag, +0(0) =0, (A27)
dap- + kjrag_ 4+ O(0) =0, (A28)

for the B-sector. The EOMs of the C- and C*-sectors are
given by

a3 + kirai + O(607%) = 0, (A29)

Lyay + Myay + O(0) =0, (A30)
and

@3 + kiray + O(607%) = 0, (A31)

Lyai + Mja}+ O(0) =0, (A32)

respectively. In summary, when p, # 0, py = 0, all trans-
verse components satisfy

as + k%Taf.‘ =0, (A33)
while all the longitudinal components obey
Lyay + Myag = 0. (A34)
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Thus, their general solutions are given by af =
¢,0'213im/2 L cc. and af = ¢,0'2 + c,07/%, where ¢,
are arbitrary constants.

In the case of finite p;y modes, the pr dependence
vanishes for k7, — M7 and k7, — M as 6 — 0. This

leads to

il 4+ M2al + O(6) =0, (A35)
a3 + M}ak + O(0) =0, (A36)
i+ Miai+00) =0 (A37)
for the D-sector and
il + Ma! + O(0) =0, (A38)
it + M2a: +O(0) =0, (A39)
i+ Mia, + 0(0) =0 (A40)
for the E-sector. We also obtain
Liay + M}a), + O(6) = 0, (A41)
Llay + M}a; + O(0) =0 (A42)
for the F-sector and
Lia} + M}a; + O(6) =0 (A43)

for the G-sector. In summary, when p, =0, py # 0, all
transverse components obey

a¢ + Mza? =0, (A44)
and the general solution is given by af = c10'? +

c,0"?1logd. The solutions of longitudinal fluctuations
are equivalent to the case of p, #0, pr =0.

2.0>1
Assuming that 8 > 1, terms involving @ with a negative
exponent can be neglected in the first approximation.

Recalling that A ~cn(6;1/y/2), we can write the EOM
in the form

iiA+ —anﬁaA+ = 0, (A45)
ds_ +cen’fay_ + O(07%a}) = 0, (A46)
L2a) + 2en*0a) — v/2i0'*p,Aa, =0 (A47)

for the A-sector and
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d3+ + 3Cn20a3+ B O, <A48)

dB— - Cn29a3_ =0 (A49)

for the B-sector. The EOMs of the C- and C*-sectors are
given by

al + en?0al + O(07%a)) = 0, (A50)
L2a) + cn®0a) +i0'*p,Aal = 0, (A51)
and
a3 4 cn’0a; + O(07/%a) = 0, (A52)
L2a} + cn’0al — i0'*p,Aa} =0, (AS3)

respectively. Thus, we get Lamé’s equations when p, # 0,
pr = 0: asy, ag_, and a3, have exponential instability and
their growth rates are determined by the Floquet theory
independent of p,. It should be noted that a,_ has only
linear instability in the first approximation, but the last term
in Eq. (A46) can be relevant at later times because af, grows
exponentially.

On the other hand, the contribution from the background
field is washed out for finite p; modes. In the first
approximation, the dominant contribution with respect to
0 is of order O(0). The EOMs of the D- and E-sectors are
given by

dy —cn*fa} =0, (A54)
a2 +20p2/3a3 + O(0'?) = 0, (AS5)
a4+ 00'"%) =0 (A56)
and
al +20p2/3al + O(0'/?) = 0, (A57)
a2+ 0(0'?%) =0, (A58)
a3 +20p2/3a3 + O(0'?) = 0, (A59)
respectively. The EOM of the F-sector,
Lla) +20p?/3a) + O(6'%) =0, (A60)
L2a3 +20p2/3a3 + O(0'/?) =0, (A61)
and the EOM of the G-sector,
Llak +20pi/3ak =0, (A62)
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have the same form. In summary, we find that a3, a}, and a;
obey the Airy equation,

2
a-+ gé’p%a =0, (A63)
the solution of which is given by a=

c1Ai((=2p2/3)'/30) + .... The longitudinal components
satisfy the Bessel equation,

3 2
'G.Z — 5&,‘; + ggpia,‘; = 0, (A64)
the  solution of which is given by aj=

c192J4/3 (pxé3/ %) 4 .... Therefore, these modes do not
show exponential instability in this stage.

APPENDIX B: LINEAR INSTABILITY

Floquet’s theorem states that the stability of the solution
of Lamé’s equation (42) is governed by trM. If |trM| = 2,
there is not only stable solution but also linear divergent
solution. Here, we show the origin of the linear divergence.
Suppose that p; and u, are the eigenvalues of M; the
condition |trM|=2 is realized if and only if
Uy = ur = £1. The monodromy matrix cannot be semi-
simple but only has the Jordan normal form due to the
degeneracy of the characteristic multiplier. If ttM = 2,
without loss of generality, we can take

= (o 1)

The logarithm of M is now given by

logleog[lnL(g (1))]:(8 (1)> (B2)

Finally, we get

@(z):F(t)exp<g t{)T>:F(t)<(1) t/lT>, (B3)

(B1)

where F(¢) is a periodic function. Actually, one solution is
periodic in time, and the another solution is linearly
divergent. The case of trM = —2 can be discussed in a
parallel way, and then we get antiperiodic and linearly
divergent solutions. In general, the degeneracy occurs at the
boundaries of the instability bands.

APPENDIX C: EFFECTIVE GROWTH RATE

In Sec. IV, we have shown that the growth rates of finite
p, modes approach the upper bound which is determined
by the Floquet analysis in a nonexpanding geometry. More
quantitative discussion can be performed as follows.
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FIG. 8. The effective growth rate of the a,, (p = 0) (expand-
ing) and Lamé’s equation with 1 = —1 (nonexpanding). The
black solid line describes the Floquet exponent.

Suppose that ®(6) is a Wronskian matrix of the given
second order differential equation, and let us define

PHYSICAL REVIEW D 94, 016001 (2016)
M(60.6) = 2(6)"'B(0). (1)

M(6y, T + 6,) is equivalent to the monodromy matrix for
the periodic-driven system with period 7. Thus, the
straightforward generalization of the Floquet exponents
are given by the eigenvalues of the T'(0) = log M /(0 — 6y),
say {y7;}. We call them effective growth rates.

We calculate the maximal effective growth rate for
a,(p=0) and Lamé’s equation with A = —1 which is
the nonexpanding counterpart. Figure 8 shows the real part
of the effective growth rate as a function of the conformal
time. The effective growth rate of the Lamé equation agrees
well with the Floquet exponent of which the value is
approximately 0.6559 as it should be. The effective growth
rate of a, (p = 0) is slightly larger than that of Lamé’s
equation, but it approaches the Floquet exponent.
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