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1. Introduction

A birational map ¢: Xy --» X_ between smooth varieties, orbifolds, or Deligne—
Mumford stacks is called a K-equivalence if there exists a smooth variety, orbifold, or
Deligne-Mumford stack X and projective birational morphisms f4: X — X4 such that

fo :(pof+ and fiK}q = f*Kx_:

In this case, the celebrated Crepant Transformation Conjecture of Y. Ruan predicts
that the quantum (orbifold) cohomology algebras of X, and X_ should be related
by analytic continuation in the quantum parameters. This conjecture has stimulated
a great deal of interest in the connections between quantum cohomology (or Gromov—
Witten theory) and birational geometry: see, for example, [9,10,17,18,20,22,23,27,40,44,
52,55-58,61,67,70,74,75]. Ruan’s original conjecture was subsequently refined, revised,
and extended to higher genus Gromov—Witten invariants, first by Bryan—Graber [19]
under some additional hypotheses, and then by Coates—Iritani—Tseng, Iritani, and Ruan
in general [33,34,49]. Recall that a toric Deligne-Mumford stack X can be constructed
as a GIT quotient [C™ /K] of C™ by an action of a complex torus K, where w is an
appropriate stability condition, and that wall-crossing in the space of stability conditions
induces birational transformations between GIT quotients [36,71]. Our main result im-
plies the CIT/Ruan version of the Crepant Transformation Conjecture in genus zero, in
the case where X and X_ are complete intersections in toric Deligne-Mumford stacks
and p: X, --» X_ arises from a toric wall-crossing. We concentrate initially on the
case where X1 and X_ are toric, deferring the discussion of toric complete intersections
to §1.3.

1.1. The toric case

We consider toric Deligne-Mumford stacks X4 of the form [(Cm JoK ]7 where K is
a complex torus, and consider a K-equivalence ¢: X, --» X_ determined by a wall-
crossing in the space of stability conditions w. The action of T'= (C*)™ on C™ descends
to give (ineffective) actions of T on X, and we consider the T-equivariant Chen—Ruan
cohomology groups Heg 1(Xx) [25]. There is a T-equivariant big quantum product *,
on Heg r(X+), parametrized by 7 € Heg (X4 ) and defined in terms of T-equivariant
Gromov—Witten invariants of X4. The T-equivariant quantum connection is a pencil of
flat connections:
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N

V=d+z 'Y (¢ix)dr (1.2)

=0

on the trivial Heg (X4 )-bundle over an open set in Heg 7(X4); here z € C* is the
pencil variable, 7 € H&g p(X+) is the co-ordinate on the base of the bundle, ¢o, ..., ¢n
are a basis for H('JRT(XjE)7 and 7°,..., 7" are the corresponding co-ordinates of 7 €
Heg 7(X2), so that 7= 3 (76

Theorem 1.1. Let X and X_ be toric Deligne—Mumford stacks, and let p: X --+» X_
be a K-equivalence that arises from a wall-crossing of GIT stability conditions. Then:

(1) the equivariant quantum connections of X1 become gauge-equivalent after analytic
continuation in T, via a gauge transformation O(7,2): Heg 7(X-) — Heg p(X4)
which is homogeneous of degree zero, regqular at z = 0, and preserves the equivariant
orbifold Poincaré pairing;

(2) there exists a common toric blowup X of X+ as in (1.1) such that gauge transfor-
mation © coincides with the Fourier—Mukai transformation

FM: Kq(X-) — Kp(X4) Ew (f4)«(f2)"(B)
via the equivariant Gamma-integral structure introduced in §3 below.

Here:

e The Gamma-integral structure on equivariant quantum cohomology is an assignment,
to each class E € K%(X4) of T-equivariant vector bundles on X4, of a flat section
s(E) for the equivariant quantum connection on X . This gives a lattice in the space
of flat sections which is isomorphic to the integral equivariant K-group K%(Xy). The
flat section s(F) is, roughly speaking, given by the Chern character of E multiplied
by a characteristic class of X, called the f—class, that is defined in terms of the
I-function. Part (2) of Theorem 1.1 asserts that the flat section s(E) analytically
continues to s(FM(E)).

e The gauge transformation ©(r,z) will in general be non-constant: it depends on
the parameter 7 for the equivariant quantum product, and also on the parameter
z appearing in the equivariant quantum connection. When written in terms of the
integral structure, however, it becomes a constant, integral linear transformation.

Remark 1.2. Throughout this paper, when we consider K-equivalence (1.1) of Deligne—
Mumford stacks X4, Kx, means the canonical class as a stack; in general this is different
from the (Q-Cartier) canonical divisor K|x_| of the coarse moduli space |X+|. In par-
ticular, we do not require the coarse moduli spaces | X4 | to be Gorenstein.
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Remark 1.3. Gonzalez and Woodward [44] have proved a very general wall-crossing
formula for Gromov-Witten invariants under variation of GIT quotient, using gauged
Gromov—Witten theory. Their result, which is a quantum version of Kalkman’s wall-
crossing formula, gives a complete description of how non-equivariant genus-zero
Gromov—Witten invariants change under wall-crossing. Thus their theorem must im-
ply the non-equivariant version of the first part of Theorem 1.1, and the first part of
Theorem 1.4. Our methods are significantly less general — they apply only to toric stacks
and toric complete intersections — but give a much more explicit relationship between
the genus-zero Gromov—Witten theories.

Theorem 1.1 is slightly imprecisely stated: we give precise statements, once the neces-
sary notation and definitions are in place, as Theorems 5.14, 6.1, and 6.3 below. We now
explain how Theorem 1.1 implies the CIT/Ruan version of the Crepant Transformation
Conjecture.

The CIT/Ruan version of the Crepant Transformation Conjecture is stated in terms
of Givental’s symplectic formalism for Gromov—Witten theory [43]. In our context, this
associates to X the vector spaces H(X1) := Heg p(X+)(27")) equipped with a cer-
tain symplectic form, and encodes T-equivariant genus-zero Gromov—Witten invariants
via a Lagrangian cone £ C H(X4). The Givental cone L4 for X1 determines the big
quantum product %, on HéR,T(Xi), and vice versa. The CIT/Ruan Crepant Trans-
formation Conjecture, made in the context of non-equivariant Gromov—Witten theory,
asserts that there exists a C((z7!))-linear grading-preserving symplectic isomorphism
U: H(X_) — H(X;), such that after analytic continuation of L4 we have U(L_) = L.
See [33,34] for more details.

There are various subtle points in the notion of analytic continuation of the (infinite-
dimensional) cones L, especially under the weak convergence hypotheses that we
impose, and some necessary foundational material is missing. Thus we choose to state
Theorem 1.1 in terms of the equivariant quantum connections for X. rather than in
terms of the Givental cones L. The two formulations are very closely related, however,
as we now explain. Let Ly (7, 2) denote a fundamental solution for the equivariant quan-
tum connection V, that is, a matrix with columns that give a basis of flat sections for V.
The assignment

T Lo(7,2) " Hy T € Hog r(X1) where H := Hlg 7(X+) ® C[z]

gives the family of tangent spaces to the Givental cone £1. As emphasized in [33], this
defines a variation of semi-infinite Hodge structure in the sense of Barannikov [5]. The
Givental cone L4 can be reconstructed from the semi-infinite variation as:

Ly = U 2Ly (1, 2) "H,y

Thus part (1) of Theorem 1.1 implies the CIT /Ruan-style Crepant Transformation Con-
jecture whenever it makes sense, with the symplectic transformation U defined in terms
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of the gauge transformation © by U = Ljrl@L,. The fact that U is independent of
7 follows from the fact that © is a gauge equivalence. The fact that U is symplectic
(or equivalently, the fact that © is pairing-preserving) follows from the identification, in
part (2) of Theorem 1.1, of © with the Fourier—Mukai transformation FM. The Fourier—
Mukai transformation is a derived equivalence and thus preserves the Mukai pairings on
K%(Xi); this implies, via the equivariant Hirzebruch—Riemann—Roch theorem, that ©
is pairing-preserving. The identification of © with FM also makes clear that the symplec-
tic transformation U has a well-defined non-equivariant limit, since the Fourier—Mukai
transformation itself can be defined non-equivariantly.

In terms of the symplectic transformation U, part (2) of Theorem 1.1 can be rephrased
as the commutativity of the diagram

Kp(X_) — Kp(Xy)
H(X_) —— H(X4)

where ﬁ(Xi) is a variant of Givental’s symplectic space and \I/i are certain ‘framing
maps’ built from the Gamma-integral structure: see Theorem 6.1. This identification of
U with a Fourier-Mukai transformation was proposed in [49]. Our results also imply
Ruan’s original conjecture that the quantum cohomology rings of X1 are (abstractly)
isomorphic, and that the associated F-manifold structures are isomorphic. We refer the
reader to [27,28,33,34,50] for discussions on the consequence of these conjectures and
several concrete examples.

1.2. The Mellin-Barnes method and the work of Borisov—Horja

The main ingredients in the proof of Theorem 1.1 are the Mirror Theorem for toric
stacks [26,29], which determines the equivariant quantum connection V (or, equiva-
lently, the Givental cone £1) in terms of a certain cohomology-valued hypergeometric
function called the I-function, and the Mellin-Barnes method [6,21], which allows us
to analytically continue the I-functions for X4. From this point of view, the symplec-
tic transformation U arises as the matrix which intertwines the two I-functions (see
Theorem 6.1):

On the other hand, components of the I-function give hypergeometric solutions to the
Gelfand-Kapranov—Zelevinsky (GKZ) system of differential equations. The analytic con-
tinuation of solutions to the GKZ system has been studied by Borisov—Horja [12]. They
showed that, under an appropriate identification of the spaces of GKZ solutions with the
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K-groups of the corresponding toric Deligne-Mumford stacks, the analytic continuation
of solutions to a GKZ system is induced by a Fourier-Mukai transformation between
the K-groups. Our computation may be viewed as a straightforward generalization of
theirs. The differences from their situation are:

(a) we work with a fully equivariant version, that is, the parameters §; in the GKZ
system are arbitrary and we use the equivariant K-groups (here ; corresponds to
the equivariant parameter);

(b) we compute analytic continuation of the I-function corresponding to the big quantum
cohomology; in terms of the GKZ system, we do not assume that lattice vectors in
the set' A lie on a hyperplane of height one.

Since we work equivariantly, we can use the fixed point basis in localized equivariant
cohomology to calculate the analytic continuation of the I-functions. It turns out that
analytic continuation via the Mellin—-Barnes method becomes much easier to handle in
the fully equivariant setting, because we only need to evaluate residues at simple poles.”
It is also straightforward to compute the Fourier—Mukai transformation in terms of the
fixed point basis in the localized equivariant K-group, and hence to see that analytic
continuation coincides with Fourier—-Mukali.

Regarding part (b) above, we choose A to be the set {b1,...,b,} C N of ray vectors
of an extended stacky fan [11,53]. Since we do not restrict ourselves to the weak Fano
case, and since we work with Jiang’s extended stacky fans, the generic rank of the GKZ
system can be bigger than the rank of H(.jR,T(X:E)' To remedy this, we treat one special
variable analytically and work formally in the other variables. In fact, the big I-functions
are not necessarily convergent in all of the variables, and we analytically continue the
I-function with respect to one specific variable y,.. This amounts to considering an adic
completion of the Borisov—Horja better-behaved GKZ system [14] with respect to the
other variables. The analytic continuation in Theorem 1.1 occurs across a “global Kéhler
moduli space” M°® which is treated as an analytic space in one direction and as a formal
scheme in the other directions.

1.3. The toric complete intersection case

Let ¢: Xy --» X_ be a K-equivalence between toric Deligne-Mumford stacks that
arises from a toric wall-crossing, as in §1.1. Let X be the common toric blow-up of X4
and let X denote the common blow-down; X here is a (singular) toric variety, not a
stack.

1 Recall that Gelfand—Kapranov—Zelevinsky defined the GKZ system in terms of a finite set A C Z%. They
called it the A-hypergeometric system.

2 For an example of the complexities caused by non-simple poles, see the orbifold flop calculation in
[27, §7].
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Consider a direct sum of semiample line bundles Ey — X, and pull this back to give
vector bundles Fy — X, E — )Z', and F_ — X_. Let s;, §, and s_ be sections of,
respectively, F, E7 and E_ that are compatible via fi and f_ (so fisi =5= frs_)
such that the zero loci of sy intersect the flopping locus of ¢ transversely. Let Y, 17,
and Y_ denote the substacks defined by the zero loci of, respectively, sy, §, and s_. In
this situation there is a commutative diagram:

N
IZCN)

where the vertical maps are inclusions, the bottom triangle is (1.1), and the squares are
Cartesian. The K-equivalence ¢: Xy --» X_ induces a K-equivalence p: Y, --» Y_.
We now consider the Crepant Transformation Conjecture for ¢: Y  --» Y_.

Since the complete intersections Y1 will not in general be T-invariant we consider
non-equivariant Gromov—Witten invariants and the non-equivariant quantum product.
(Our assumptions on Xy ensure that the non-equivariant theory makes sense.) Denote
by H? (Y1) the image im ¢} C H3g (Y% ), where ¢4 : Yy — X4 is the inclusion map. If

7€ H? (Y1) then the big quantum product x, preserves the ambient part H? , (Vi) C

amb amb
H¢R (Y1), We can therefore define a quantum connection on the ambient part:

N
V=d+z'> (gix)dr’

=0

This is a pencil of flat connections on the trivial HY . (Y% )-bundle over an open set in

H? (Y1) where, as in (1.2), z € C* is the pencil variable, 7 € H?, , (Y4) is the co-
ordinate on the base of the bundle, ¢y, ..., ¢y are a basis for H?_, (Y1), and 7°,..., 7V
are the corresponding co-ordinates of 7.

In §7.1 below we construct an ambient version of the Gamma-integral structure, which

is an assignment to each class F in the ambient part of K-theory
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Ko (Vi) = im e} € K°(Yz)
of a flat section s(F) for the quantum connection on the ambient part Hg, (Y% ). This
gives a lattice in the space of flat sections which is isomorphic to the ambient part of
(integral) K-theory K2 , (Yi).

Theorem 1.4. Let ¢: Y --» Y_ be a K-equivalence between toric complete intersections
as above. Then:

(1) the quantum connections on the ambient parts HY

(Yi) C Hag(Yy) become gauge-
equivalent after analytic continuation in T, via a gauge transformation

®Y(7-7 Z>: Hz;mb<Y*> - Ha.umb(y+)
which is homogeneous of degree zero and regqular at z = 0. If Y is compact then Oy
preserves the orbifold Poincaré pairing;

(2) when expressed in terms of the ambient integral structure, the gauge transformation
Oy coincides with the Fourier—Mukai transformation

FM: K (Y-) = Ko (Y5) B (FL ) (F2)"(E)
given by the top triangle in (1.4).

As before, Theorem 1.4 is slightly imprecisely stated: precise statements can be found
as Theorems 7.2, 7.9, and 7.11 below. Arguing as in §1.1 shows that Theorem 1.4 implies
the CIT/Ruan version of the Crepant Transformation Conjecture for ¢: Y, --» Y_
whenever it makes sense, with the corresponding map

Uy: Hamb(Y_) — Hamb(Y+)
between the ambient parts of the Givental spaces for Y1 being given by:
UY — (Limb)fl(%)YLaimb

where L3P are the fundamental solutions for the quantum connections on the ambient
parts H o (Yy).

The proof of Theorem 1.4 relies on the Mirror Theorem for toric complete inter-
sections [30], and on non-linear Serre duality [31,41,42,73], which relates the quantum
cohomology of Y to the quantum cohomology of the total space of the dual bundles
EY. Since EY is toric, it can be analyzed using Theorem 1.1.

Remark 1.5. The idea of using non-linear Serre duality to analyze wall-crossing has
been developed independently by Lee-Priddis—Shoemaker [59], in the context of the
Landau-Ginzburg/Calabi-Yau correspondence.
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Example 1.6. A mirror Y to the quintic 3-fold arises [7,21,46] as a crepant resolution of
an anticanonical hypersurface in X = [IP"L /(Z/ 5Z)3]. A mirror theorem for Y has been
proved by Lee-Shoemaker [60]. The variety Y is a Calabi-Yau 3-fold with A*!(Y) = 101.
There are many birational models of Y as toric hypersurfaces, corresponding to the many
different lattice triangulations of the boundary of the fan polytope for X. Theorem 1.4
implies that the quantum connections (and quantum cohomology algebras) of all of
these birational models become isomorphic after analytic continuation over the Kéahler
moduli space (which is 101-dimensional), and that the isomorphisms involved arise from
Fourier—-Mukai transformations.

1.4. A note on hypotheses

Since we work with T-equivariant Gromov-Witten invariants of the toric Deligne—-
Mumford stacks X4, we do not need to assume that the coarse moduli spaces |X1| of
X4 are projective. We insist instead that | X | is semi-projective, i.e. that |X 4| is pro-
jective over the affinization Spec(H°(|X<|,0)), and also that X4 contains at least one
torus fixed point. These conditions are equivalent to demanding that X is obtained as
the GIT quotient [(Cm JoK } of a vector space by the linear action of a complex torus K;
they ensure that the equivariant quantum cohomology of X1 admits a non-equivariant
limit. In particular, therefore, the non-equivariant version of the Crepant Transformation
Conjecture follows automatically from Theorem 1.1.

We do not assume, either, that the stacks X1 or Yy satisfy any sort of positivity
or weak Fano condition; put differently, we do not impose any additional convergence
hypotheses on the I-functions for X1 and Y. This extra generality is possible because
of our hybrid formal/analytic approach, where we single out one variable y, and ana-
lytically continue in that variable alone. The same technique allows us to describe the
analytic continuation of big quantum cohomology (or its ambient part), as opposed to
small quantum cohomology. In general, obtaining convergence results for big quantum
cohomology is hard.

1.5. The hemisphere partition function

Recently there was some progress in physics in the exact computation of hemisphere
partition functions for gauged linear sigma models. Hori-Romo [48] explained why the
Mellin—Barnes analytic continuation of hemisphere partition functions should be com-
patible with brane transportation [47] in the B-brane category. In the language of this
paper, the hemisphere partition function corresponds to a component of the K-theoretic
flat section s(FE), and brane transportation corresponds to the Fourier—-Mukai transfor-
mation. Theorem 1.1 thus confirms the result of Hori-Romo. Note that the relevant
equivalence between B-brane categories should depend on a choice of a path of analytic
continuation, and that the Fourier—-Mukai transformation in Theorem 1.1 corresponds
to a specific choice of path (see Fig. 1).
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1.6. Plan of the paper

We fix notation for equivariant Gromov—Witten invariants and equivariant quantum
cohomology in §2, and introduce the equivariant Gamma-integral structure in §3. We
establish notation for toric Deligne—-Mumford stacks in §4. In §5 we study K-equivalences
w: Xy --» X_ of toric Deligne-Mumford stacks arising from wall-crossing, constructing
global versions of the equivariant quantum connections for X.. We prove the Crepant
Transformation Conjecture for toric Deligne-Mumford stacks (Theorem 1.1) in §6, and
the Crepant Transformation Conjecture for toric complete intersections (Theorem 1.4)
in §7.

1.7. Notation

We use the following notation throughout the paper.

e X denotes a general smooth Deligne-Mumford stack in §2 and §3; it denotes a
smooth toric Deligne-Mumford stack in §4 and later.

o T =(C*)™.

e Rp = H3(pt,C).

e \j € H2(pt,C) = Lie(T)* is the character of T = (C*)™ given by projection to the
jth factor, so that Rr = C[Aq, ..., An].

e St is the localization of Ry with respect to the set of non-zero homogeneous elements.

o Z[T] = K3(pt), so that Z[T] = Z[e*™, ..., eF n].

o p,={z€C*:2 =1} is a cyclic group of order .

2. Equivariant quantum cohomology

In this section we establish notation for various objects in equivariant Gromov—Witten
theory. We introduce equivariant Chen—Ruan cohomology in §2.2, equivariant Gromov—
Witten invariants in §2.3, equivariant quantum cohomology in §2.4, Givental’s symplectic
formalism in §2.5, and the equivariant quantum connection in §2.6.

2.1. Smooth Deligne—Mumford stacks with torus action

Let X be a smooth Deligne-Mumford stack of finite type over C equipped with an
action of an algebraic torus T' = (C*)™. Let | X| denote the coarse moduli space of X
and let IX denote the inertia stack X x|x| X of X: a point on IX is given by a pair
(z,9) with z € X and g € Aut(z). We write

IX =| | X,
veB
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for the decomposition of I X into connected components. We assume the following con-
ditions:

(1) the coarse moduli space |X| is semi-projective, i.e. is projective over the affinization
Spec H°(|X|,0) = Spec H(X, O);

(2) all the T-weights appearing in the T-representation H°(X, ) are contained in a
strictly convex cone in Lie(T)*, and the T-invariant subspace H°(X,0)? is C;

(3) the inertia stack X is equivariantly formal, that is, the T-equivariant cohomology
HY(IX;C) is a free module over Ry := H3%(pt;C) and one has a (non-canonical)
isomorphism of Rp-modules H%(IX;C) = H*(IX;C) ®c Rr.

These conditions allow us to define Gromov—Witten invariants of X and also the equivari-
ant (Dolbeault) index of coherent sheaves on X. The first and second conditions together
imply that the fixed set X7 is compact. The third condition seems to be closely related
to the first two, but it implies for example the localization of equivariant cohomology:
the restriction H3(IX;C) — HA(IXT;C) to the T-fixed locus is injective and becomes
an isomorphism after localization (see [45]). Later we shall restrict to the case where X
is a toric Deligne-Mumford stack, where conditions (1)—(3) automatically hold, but the
definitions in this section make sense for general X satisfying these conditions.

2.2. FEquivariant Chen—Ruan cohomology

Let H(.]R,T(X ) denote the even part of the T-equivariant orbifold cohomology group
of Chen and Ruan. It is defined as the even degree part of the T-equivariant cohomology

Hépr(X)= @ Hf > (X.,;C)
vEB:k—21,€27Z

of the inertia stack IX. The grading of H&g 1(X) is shifted from that of H$(1.X) by the
so-called age or degree shifting number v, € Q [24]; note that we consider only the even
degree classes in H2(IX). (For toric stacks, all cohomology classes on I X are of even
degree.) Equivariant formality of 1.X gives that Heg 7(X) is a free module over Ry. We
write

(o, 8) = /annv* B, a,B € Hog 7(X)

11X

for the equivariant orbifold Poincaré pairing: here inv: I X — I X denotes the involution
on the inertia stack /X that sends a point (z,g) with z € X, g € Aut(z) to (x,g71).
Since X is not necessarily proper, the equivariant integral on the right-hand side here is
defined via the Atiyah-Bott localization formula [3] and takes values in the localization
St of Ry with respect to the multiplicative set of non-zero homogeneous elements® in R

3 Note that Ry C St C Frac(Rr); we use St instead of Frac(Rr) since we need a grading on St later.
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2.83. Equivariant Gromov—Witten invariants

Let X 5,4 denote the moduli space of degree-d stable maps to X from genus g orb-
ifold curves with n marked points [1,2]; here d € Hy(|X|;Z). The moduli space carries
a T-action and a virtual fundamental cycle [X, ., 4]"" € Ae¢r1(Xgna;Q). There are
T-equivariant evaluation maps ev;: Xy, 4 — IX, 1 < i < n, to the rigidified iner-
tia stack IX (see [2]). Let 1; € H2(X,na) denote the psi-class at the ith marked
point, i.e. the equivariant first Chern class of the i¢th universal cotangent line bundle
Li = Xgna- For ay,...,a, € HEg p(X) and non-negative integers ki, ..., ky,, the
T-equivariant Gromov—Witten invariant is defined to be:

<a1¢k1,...,anwk">;nyd: / [ (ev; ciyel (2.1)

cog=1
[AXg,n,ul]vlr ¢

where we regard «; as a class in H%(IX) via the canonical isomorphism H%(IX) =
H2(IX). The moduli space here is not necessarily proper: the right-hand side is again
defined via the Atiyah-Bott localization formula and so belongs to Sy. Conditions (1)
and (2) in §2.1 ensure that the T-fixed locus ngjn)d in the moduli space is compact, and
thus that the right-hand side of (2.1) is well-defined.

2.4. Equivariant quantum cohomology

Consider the cone NE(X) C Ha(|X|,R) generated by classes of effective curves and
set NE(X)z :={d € Hy(|X|,Z) : d € NE(X)}. For a ring R, define R[Q] to be the ring
of formal power series with coefficients in R:

RIGI={ Y a@'ieicr

dENE(X)z

so that @ is a so-called Nowikov variable [62, 111 5.2.1]. Let ¢q, ¢1,...,édn be a homo-

1 ...,7V be the corresponding linear

geneous basis for Hep (X ) over Ry and let 70,7
co-ordinates. We assume that ¢o = 1 and ¢1,..., ¢, € HA(X) are degree-two untwisted
classes that induce a C-basis of H2(X;C) & H2(X)/H2(pt). We write 7 = Ziio Ti¢,; for
a general element of Heg 7(X). The equivariant quantum product . at 7 € Heg 1(X)

is defined by the formula

< d
(¢1 *r ¢j7¢k) = Z Z% <¢i’¢j’¢k’T""’T>OXm+3vd

dENE(X)z n=0

or, equivalently, by
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n+3
Gi*r Gj = Z Z — inv* evs (ev1 ¢i) evs(d)) H ev; (7) N [Xo,n+3,d ir) .

dENE(X)z n=0
(2.2)

Conditions (1) and (2) in §2.1 ensure that evs : Xo 434 — X is proper, and thus that
the push-forward along evs is well-defined without inverting equivariant parameters. It
follows that:

Gi *r ¢j € H(.JR,T(X) QRr Rr [[T’ Q]]

where Rr[r, Q] = Rr[7°,...,7V][Q]. The product *, defines an associative and com-
mutative ring structure on Hg 7(X) ®r, Rr[7, Q). The non-equivariant limit of *-
exists, and this limit defines the non-equivariant quantum cohomology (HéR(X ) ®c

Clr, Q] *-).

Remark 2.1. The divisor equation [2, Theorem 8.3.1] implies that exponentiated H?2-
variables and the Novikov variable @) play the same role: one has

d,(o,d)
ORI SEND Dl DL AT

dENE(X)z n=0

where 7 = o + 7/ with 0 = >/, 7'¢; and 7/ = 7o + Zfiﬂ_l Ti¢;. The String Equa-
tion [2, Theorem 8.3.1] implies that the right-hand side here is in fact independent of 7.

2.5. Givental’s Lagrangian cone

Let St((271)) denote the ring of formal Laurent series in z=! with coefficients in Sz
Givental’s symplectic vector space is the space

H = Heg p(X) @y Sr((=)[Q]

equipped with the non-degenerate Sp[Q]-bilinear alternating form:

Q(f,9) = —Res,—oo(f(—2),9(2))dz

with f,g € H. The space is equipped with a standard polarization
H=Hi®H-
where

Hy = Heg r(X) @r, ST[2][Q] and  H_:=z"'Heg r(X) ®r, ST[7'][Q]
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are isotropic subspaces for 2. The standard polarization identifies H with the cotangent
bundle of H. The genus-zero descendant Gromov—Witten potential is a formal function
FY: (H4,—21) = Sr[Q] defined on the formal neighbourhood of —z - 1 in H, and
taking values in St[Q]:

0 ~d
Rt = Y 2 Lww). ),
deNE(X)zn=0

Here t(z) = > tn2" with t, € H(.:R,T(X) ®ry ST[Q]. Let {¢'} C H(.JR,T(X) ®pry ST
denote the basis Poincaré dual to {¢;}, so that (¢;, ¢’) = 47.

Definition 2.2 (/29,/3]). Givental’s Lagrangian cone Lx C (H,—=z1) is the graph of the
differential dF%: Hy — T*Hy = H. It consists of points of H of the form:

co N d ) )
—2l+t(z)+ Y ZZ%<_Z¢iw,t(¢),...,t(u))> ¢ (2.3)

dENE(X)z n=0 i=0 0,n+1,d

where 1/(—z — 1) in the correlator should be expanded as the power series
Yreo ¥ (—2)7%1 in 271, In a more formal language, we define the notion of a ‘point
on Ly’ as follows. Let © = (z1,...,%,) be formal parameters. An St[Q, z]-valued point
on Lx is an element of H[z] of the form (2.3) with t(z) € H. [z] satisfying

t(2)|Q=2=0 = 0.
It should be thought of as a formal family of elements on Lx parametrized by z.
The submanifold £x encodes all genus-zero Gromov—Witten invariants (2.1). It has
the following special geometric properties [43]: it is a cone, and a tangent space T of Lx
is tangent to Lx exactly along zT. Knowing Givental’s Lagrangian cone Lx is equivalent

to knowing the data of the quantum product *., i.e. Lx can be reconstructed from *.
and vice versa. See Remark 2.5.

2.6. The equivariant quantum connection and its fundamental solution
Let v H(.JR,T(X ). The equivariant quantum connection
Vi Heg p(X) @y Rrl2lr, Q] = 27 Heg 1(X) ®ry Rrlz][r, Q]
is defined by

Vof (1) = 0uf (1) + 2 v xr f(7)
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where 9, f(1) = <L f(7 + sv)|s—0 is the directional derivative. We write V; for V,, and
Vf for Zf\;o(vif)dﬂ. The associativity of x, implies that the connection V is flat,
that is, [V;, V;] = 0 for all ¢, j. Let p denote the equivariant first Chern class (in the
untwisted sector):

pi= c{(TX) € H%(X) - H%R,T(X)

For homogeneous ¢ € Heg 7(X), we write deg ¢ for the age-shifted (real) degree of ¢,

so that ¢ € Hg;g_g(X ). The equivariant Euler vector field £ and the grading operator
p € Ende(Heg 7(X)) are defined by

N

.7m 0 dego;\ , O
5._§Ala)\i+§<l 5 >Taﬂ.+ap

() = (deg(b - M) 5

(2.4)

2 2

where A1,..., A\, € H2(pt) are generators of Ry (see §1.7). The grading operator on
HéR,T(X) ®pry Rr[z][r, Q] is defined by

Gr(f(r.2)0) = (22 + &) f(r.2)) 6+ A7, 2)u(@)
where ¢ € Heg p(X) and f(A,7,2) € Rr[z][7, @]. The quantum connection is compat-
ible with the grading operator in the sense that [Gr, V;] = V(g 5 ;) = (3 deg ¢ — 1)V,
i =0,...,N. This follows from the virtual dimension formula for the moduli space of

stable maps.

Notation 2.3. Let v € H2(X) be a degree-two class in the untwisted sector. The action
of v on Heg 7(X) is defined by v-a = ¢*(v) U a, where ¢: IX — X is the natural
projection. (This coincides with the action of v via the Chen—Ruan cup product.)

Consider the flat section equations for V, and a fundamental solution
L(r,2) € Endp, (Heg 1 (X)) @, Rr(=~")[7, Q]
determined by the following conditions:
V.L(1,2)$ =0 fori=0,...,N (flatness) (2.5)
(UQi - 8,,) L(r,2)¢ = L(r, z)gqb for v € HA(X) (divisor equation)

oQ
(2.6)
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L(7, 2)|r=0=0 = id (initial condition)
(2.7)

Here ¢ € Hog p(X) and UQ% with v € H2(X) acts on Novikov variables as Q¢ —
(v,d) Q% (it acts by zero when v € H2(pt) C H2(X)). The flatness equation fixes L(7, 2)
up to right multiplication by an endomorphism-valued function g(z; Q) in z and @Q; the
divisor equation implies that the ambiguity g(z; @) is independent of @ and commutes
with vU, v € H2(X); finally the initial condition fixes L(7, z) uniquely. The fundamental
solution satisfying these conditions can be written explicitly in terms of (descendant)
Gromov—Witten invariants:

Q! & * ;
Lo —6+3 3 Z () e

—0 dENE(X 0,n+2,d
J=0dENE(X)z | M%—0)

This is defined over Rp (without inverting equivariant parameters) because it can be
rewritten in terms of the push-forward along the last evaluation map ev, o as in (2.2).
A straightforward equivariant generalization of [41, Corollary 6.3], [66, Proposition 2],
[49, Proposition 2.4] gives:

Proposition 2.4. The fundamental solution L(7,z) in (2.8) satisfies the conditions
(2.5)=(2.7). Furthermore it satisfies:

L(1,2) =id+0(z71) (regularity at z = o)
Gr L(r, 2)¢ = L(r, 2) (u - g) P (homogeneity)
(o, ) = (L(r, —2)o, L(r,2)B)  (unitarity)
where ¢, o, B € Hag p(X).

Remark 2.5 (/43]). The fundamental solution L(r,z) is determined by the quantum
product %, via differential equations (2.5)—(2.7). Then 7+ T, = L(r, —2) 'H gives a
versal family of tangent spaces to Givental’s cone Lx. The cone Lx is reconstructed as
Lx =, 2T;.

We now study V-flat sections s(7,z) that are homogeneous of degree zero:

Gr(s(r,z)) = 0. By Proposition 2.4, if a flat section L(7,z)f(z) is homogeneous of
degree zero, then:

(Z%—f—u—g)f(z)zo

This differential equation has the fundamental solution:
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2THP = 2P7 M = exp(plog(z)/z)z

that belongs to Endg, (Heg 1(X)) ®r, Rrllog 2)(z7'/*)) for some k € N; here k is
chosen so that all the eigenvalues of ku are integers. Note that homogeneous flat sections
can be multi-valued in z (as they contain log z). We have:

Corollary 2.6. The sections s;(7,z) = L(7,2)z "2P¢;, i = 0,..., N satisfy Vs;(t,2) =
Grs;(r,z) = 0 and give a basis of homogeneous flat sections. They belong to
H6R7T(X) ®pry Rrllog 2](z~Y*)[r, Q] for a sufficiently large k € N.

3. Equivariant Gamma-integral structure

In this section we introduce one of the main ingredients of our result: an integral struc-
ture for equivariant quantum cohomology. This is a K%(pt)-lattice in the space of flat
sections for the equivariant quantum connection on X which is isomorphic to the inte-
gral equivariant K-group K$(X): it generalizes the integral structure for non-equivariant
quantum cohomology constructed by Iritani [49] and Katzarkov—Kontsevich—Pantev [54].
Similar structures have been studied by Okounkov—Pandharipande [65] in the case where
X is a Hilbert scheme of points in C2, and by Brini-Cavalieri-Ross [16] in the case where
X is a 3-dimensional toric Calabi-Yau stack. We define the integral structure in §3.1.
In §3.2 we observe that the quantum product, flat sections for the quantum connection,
and integral structure continue to make sense when the Novikov variable @ (see §2.4) is
specialized to Q = 1.

The integral structure is defined in terms of a T-equivariant characteristic class of X
called the T'-class. One of the key points in this section is that the T-class behaves like a
square root of the Todd class: see equation (3.4). When combined with the Hirzebruch—
Riemann—Roch formula, this leads to one of the fundamental properties of the integral
structure: that the so-called framing map is pairing-preserving (Proposition 3.2 below).

3.1. The equivariant Gamma class and the equivariant Gamma-integral structure

Let K%(X) denote the Grothendieck group of T-equivariant vector bundles on X.
We write Hp*(1X) = [], H%p(IX). We introduce an orbifold Chern character map

ch: K%(X) — H3*(IX) as follows. Let IX = | |,cg X, be the decomposition of the
inertia stack IX into connected components, let ¢,: X, — X be the natural map, and
let E be a T-equivariant vector bundle on X. The stabilizer g, along X, acts on the
vector bundle ¢ F — X, giving an eigenbundle decomposition

GE= P Euy (3.1)

0<f<1

where g, acts on E, ; by exp(27if). The equivariant Chern character is defined to be
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ch(E)=ED Y e en"(B, )

veB 0L f<1

where chT(Evyf) € H?*(X,) is the T-equivariant Chern character. Let d, ¢;, 1 <4 <
rank(E, f) be the T-equivariant Chern roots of E, ¢, so that ¢’ (E, ) = [[;(1 4 6u,5.4)-
These Chern roots are not actual cohomology classes, but symmetric polynomials in the

Chern roots make sense as equivariant cohomology classes on X,. The T-equivariant
orbifold Todd class Td(E) € H2*(1X) is defined to be:

rank(E, ¢) 1 rank E, o S
—~ . v,0,7
Td(E) - @ H H 1 _ 672Wif€76“1f17" H 1 _ 6*511,0,72 .
veB \o<f<l =1 i=1

We write Tdy = Td(TX) for the orbifold Todd class of the tangent bundle.

Recall that, because we are assuming condition (2) from §2.1, all of the T-weights of
H°(X,0) lie in a strictly convex cone in Lie(T)*. After changing the identification of
T with (C*)™ if necessary, we may assume that this cone is contained within the cone
spanned by the standard characters A1, ..., A, of H2(pt) = Lie(T)* defined in §1.7. As
is explained in [32], under conditions (1)—(2) in §2.1 there is a well-defined equivariant
Euler characteristic

dim X
X(E):= Y (-1)'ch” (H'(X,E)) (3.2)
i=0

taking values in

f is the Laurent expansion
Z[eM[e Meat := § f € Z[eM, ... M ]le™, ..., e ] Of\ & ratior;al function in

et ...,e"™ at

€>‘1 :...:eAmZO

and we expect that the following equivariant Hirzebruch-Riemann—Roch (HRR) formula
should hold:

X(B) = [ d(B)u T (3.3)
IX

(This holds for toric Deligne-Mumford stacks [32].) Formula (3.3) should be interpreted
with care. The right-hand side is defined via the localization formula, and lies in a
completion St of St:

§T = {Z ap : Gy € ST, dega, = n, there exists ng € Z
nez

such that a,, = 0 for all n < no}
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There is an inclusion of rings Z[[e/\]] [e_k]rat — §T given by Laurent expansion at A\; =
-+ = Ay, = 0 (see [32]), and (3.3) asserts that x(F) coincides with the right-hand side
after this inclusion.

We now introduce a lattice in the space of homogeneous flat sections for the quantum
connection which is identified with the equivariant K-group of X. The key ingredient in
the definition is the characteristic class, called the Gamma class, defined as follows. Let
E be a vector bundle on X and consider the bundles E, y — X, and their equivariant
Chern roots 0y, ¢4, © = 1,...,rank(E, f) as above (see (3.1)). The equivariant Gamma
class T'(E) € H3*(IX) is defined to be:

rank(E,, f)

(e =B [I II ra-7f+6ur)

vEBO<f<1 =1

Here the I'-function on the right-hand side should be expanded as a Taylor series at 1— f,
and then evaluated at &, f;. The identity I'(1 — 2)['(1 + z) = 27wize ™%/(1 — e 2™%)
implies that

[CE)UTB)| =TT~ F =80 )T(L = f +60,7)

i f
— (2mi)rank((@ E)™) efmage(q*E)m(q*E))(QM)“%TH(E)}
inv(v)

(3.4)

where U is the cup product on IX, [---], denotes the component in H}(X,), 0 <
f < 1is the fractional part of —f, (gXE)™ = @f;ﬁO E, ¢ is the moving part of ¢} E,
g: IX — X is the natural projection, age(¢*E): IX — Q is the locally constant function
given by age(¢*E)|x, = > ; frank(Ey ), degy: Hp*(IX) — H3*(IX) is the degree
operator defined by deg,(¢) = 2p¢ for ¢ € H%”(IX)7 and inv(v) € B corresponds to
the component Xj,(,) of IX defined by inv(X,) = Xj,(,). Note that deg, means the
degree as a class on I.X, not the age-shifted degree as an element of Hé‘RI(X ).

Definition 3.1. Define the K-group framing
s5: K9.(X) = Heg p(X) ®r, Rrllog 2)(z~*)[Q, 7]

by the formula:

1

s(E)(r,2) = WTX/QL(

T, z)z P (fx u (27ri)d% inv* c~h(E))
where k € N is as in Corollary 2.6 and fXU is the cup product in H3*(IX). Corollary 2.6

shows that the image of s is contained in the space of Gr-degree zero flat sections. Note
that 27# maps Hek p(X) into Heg 1(X) @r, Rr((z= V%)),
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For T-equivariant vector bundles E, F on X, let x(E, F) € Z[e*][e™*];as denote the
equivariant Euler pairing defined by:

dim X
X(E,F) := Z (—1)ch” (Ext'(E, F)) (3.5)

We use a z-modified version x.(F, F') that is given by replacing equivariant parameters
Aj in x(E, F) with 271\ /2

X=(E, F) := (2miz )2z Xy (B, F) € Z[e®™ N ?][e 2™ 7] (3.6)

Proposition 3.2 (cf. [49, Proposition 2.10]). Suppose that the equivariant HRR formula
(3.3) holds. For E,F € K%(X), we have

(S(E)(T, e ™2),5(F)(T, z)) =x:(E,F).

Proof. Set ¥(F) = TxU (27i) “3 iny * ch(E). Using the unitarity in Proposition 2.4, we
have

. 1 . .

(s(E)(1,e”™2),8(F)(7,2)) = @m)im ¥ (z e 2Pe”™PU(E), 2 2P U(F)) . (3.7)
T

Write A9y = it A\idy,. Using (2 #a, 27#B) = 272 (a, B), e™Hp = —pe™H, (27 Pa,

2B) = (e, ), we have

Zf)\c'?,\

(2,n—>dimX
— A0\ de

= @%m/(eﬂlq pGWI#FX(zﬂl) 2gO inv Ch( ))

IX

(3.7) = (e™Pe™ U (E), U(F))

U inv* (fX (27ri)dﬁ2gl inv* CNh(F)>

—)\3>\

§ : ‘ﬂ'lqvpeTl'l(Lv
27'(' (9-\dim X

[FXPX] (2mi)*5° {ch(E*) ch(F)

inv(v)

v

1

Y, N

270 Eij T /(27r1) : [ch(E ®F)UTdX]
v X,

where we set f} = f(T*X ) and used equation (3.4) in the last line. The last expression
equals x,(E, F) by the HRR formula (3.3). O

Remark 3.3. Okounkov—Pandharipande [65] and Braverman-Maulik—Okounkov [15] in-
troduced shift operators S; on quantum cohomology, which induce the shift \; — A\;+z of
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equivariant parameters (see [63, Chapter 8] for a detailed description). Our K-theoretic
flat sections s(F) are invariant under the shift operators, and our main result suggests
that shift operators for toric stacks should be defined globally on the secondary toric
variety.

3.2. Specialization of Novikov variables

In this section we show that the quantum product, the flat sections for the quantum
connection, and the K-group framing remain well-defined after the specialization Q = 1
of the Novikov variable Q. Recall that 7°,..., 7" are co-ordinates on H(‘jR’T(X) dual to
a homogeneous Rp-basis {¢o,...,¢n} of Heg 7(X), and that:

o ¢o=1;
o $1,...,¢r € HA(X);
e ¢1,...,0¢, descend to a basis of H?(X) = H2(X)/H?2(pt).

Without loss of generality we may assume that the images of ¢1,...,¢, in H?(X) are
nef and integral.

It is clear from Remark 2.1 that the specialization @ = 1 of the quantum product is
well-defined, and we have:

€ Heg r(X) ®r, RT[[eTl,...,eT AR |

d)i *r ¢j ‘Q:l
As discussed in Remark 2.1, the product ¢; #- ¢; is independent of 79, It is explained in
[51, §2.5] that the specialization ) = 1 makes sense for L(7, z), and:

L(r, z)‘ € End (Hop r(X)) @y Relr® o w117 4 r ]

The specialization () = 1 for homogeneous flat sections s(E) in Definition 3.1 (as well as
the homogeneous flat sections s; in Corollary 2.6) also makes sense and we have

s(B)(7.2)|

€ Hopr(X) ®©py Re[r0, 7 .. 7" log 2] (7)™, .. e 7 7]
where k € N is such that all the eigenvalues of ki are integral.
4. Toric Deligne-Mumford stacks as GIT quotients
In the rest of this paper we consider toric Deligne-Mumford stacks X with semi-

projective coarse moduli space such that the torus-fixed set X7 is non-empty. This is
the class of stacks that arise as GIT quotients of a complex vector space by the action
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of a complex torus. In this section we establish notation and describe basic properties of
these quotients. Good introductions to this material include [4, §VII], [35] and [11].

4.1. GIT data
Consider the following data:

o K = (C*)", a connected torus of rank r;
L = Hom(C*, K), the cocharacter lattice of K;
e Dy,...,D, € LY = Hom(K,C*), characters of K.

The characters Dy, ..., D, define a map from K to the torus T = (C*)™, and hence
define an action of K on C™.

Notation 4.1. For a subset I of {1,2,...,m}, write I for the complement of I, and set

Zr={Y,c;aiDi:a; €R, a; >0} CLYV®QR,
(C) X CT = {(21,--,2m) 12 £ 0 for i € [} € C™

We set £y := {0}.
Definition 4.2. Consider now a stability condition w € LY @ R, and set:

A, ={Ic{1,2,....m}:we s}
U,= |J @) xc!
Ie A,

X, = [U,/K]|

The square brackets here indicate that X, is the stack quotient of U, (which
is K-invariant) by K. We call X, the toric stack associated to the GIT data
(K;L; Dy, ..., Dp;w). We refer to elements of A, as anticones, for reasons which will
become clear in §4.2 below.

Assumption 4.3. We assume henceforth that:

(1) {1,2,...,m} € A;
(2) for each I € A,, the set {D; : i € I'} spans LY ® R over R.

These are assumptions on the stability condition w. The first ensures that X, is non-
empty; the second ensures that X, is a Deligne-Mumford stack. Under these assump-
tions, A, is closed under enlargement of sets, i.e. if I € A, and I C J then J € A,,.



1024 T. Coates et al. / Advances in Mathematics 329 (2018) 1002—-1087

Let S C {1,2,...,m} denote the set of indices i such that {1,...,m}\ {i} ¢ A,. It
is easy to see that the characters {D; : i € S} are linearly independent and that every
element of A, contains S as a subset. Therefore we can write

A, ={IUS:TeA)

U, 2 U x (C)S (4.1)
for some A/, C 2{1"1\5 and an open subset U/, of C™~ 15|, The toric stack X, can be
also written as the quotient [U/, /G] of U/, for G = Ker(K — (C*)!®I): this corresponds to
the original construction of toric Deligne-Mumford stacks by Borisov—Chen—Smith [11].

The space of stability conditions w € LY ® R satisfying Assumption 4.3 has a wall
and chamber structure. The chamber C,, to which w belongs is given by

C, = ﬂ /1, (4.2)
IcA,

and X, = X as long as w’ € C,. The GIT quotient X, changes when w’ crosses a
codimension-one boundary of C,,. We call C,, the extended ample cone; as we will see in
§4.5 below, it is the product of the ample cone for X, with a simplicial cone.

4.2. GIT data and stacky fans

In the foundational work of Borisov—Chen—Smith [11], toric DM stacks are defined in
terms of stacky fans. Jiang [53] introduced the notion of an extended stacky fan, which
is a stacky fan with extra data. Our GIT data above are in one-to-one correspondence
with extended stacky fans satisfying certain conditions, as we now explain.

An S-extended stacky fan is a quadruple 3 = (N, 3, 8, .5), where:

o N is a finitely generated abelian group?;

e Y is a rational simplicial fan in N ® R;

e (3:Z™ — N is a homomorphism; we write b; = 5(e;) € N for the image of the ith
standard basis vector e; € Z™, and write b; for the image of b; in N @ R;

e Sc{l,...,m} is a subset,

such that:
« each one-dimensional cone of ¥ is spanned by b; for a unique i € {1,...,m}\ S, and
each b; with i € {1,...,m} \ S spans a one-dimensional cone of ¥;

o foric S, b; lies in the support |3 of the fan.

4 Note that N may have torsion.
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The vectors b; for i € S are called extended vectors. Stacky fans as considered by
Borisov—Chen—Smith correspond to the cases where S = (). For an extended stacky
fan (N, X, 8, S), the underlying stacky fan is the triple (N, X, 8') where §’: Z™~ 151 = N
is obtained from S by deleting the columns corresponding to S C {1,...,m}. The toric
Deligne-Mumford stack associated to an extended stacky fan (N, 3, 8,.5) depends only
on the underlying stacky fan.

To obtain an extended stacky fan from our GIT data, consider the exact sequence:

0 L zm LN 0 (4.3)

where the map from L to Z™ is given by (D1,...,D,,;) and 8: Z™ — N is the cokernel
of the map L. — Z™. Let b; = $(e;) € N and b; € N®R be as above and, given a subset
Iof{1,...,m}, let o7 denote the cone in N ® R generated by {b; : i € I'}. The extended
stacky fan 3, = (N, X, 3,5) corresponding to our data consists of the group N and
the map 8 defined above, together with a fan 3, in N ® R and S given by”:

Yo ={or: 1€ A},
S={ie{l,....m}:{i} ¢ A,}.

The quotient construction in [53, §2] coincides with that in Definition 4.2, and therefore
X, is the toric Deligne-Mumford stack corresponding to X,. Extended stacky fans
(N, %, 8,85) corresponding to GIT data satisfy the following conditions:

(1) the support |X,| of the fan is convex and full-dimensional;

(2) there is a strictly convex piecewise-linear function f: |X,| — R that is linear on each
cone of ¥;

(3) the map B: Z™ — N is surjective.

The first two conditions are geometric constraints on X : they are equivalent to saying
that the corresponding toric stack X, is semi-projective and has a torus fixed point. The
third condition can be always achieved by adding enough extended vectors.

Conversely, given an extended stacky fan ¥ = (N, 3, 8, 5) satisfying the conditions
(1)—(3) just stated, we can obtain GIT data as follows. Define a free Z-module L by the
exact sequence (4.3) and define K := L ® C*. The dual of (4.3) is an exact sequence:

00— NV ——» (Zm)v — =1LV (4.4)

and we define the character D; € LV of K to be the image of the ith standard basis
vector in (Z™)Y under the third arrow (Z™)Y — LY. Set:

5 This is why we refer to the elements of A, as anticones.



1026 T. Coates et al. / Advances in Mathematics 329 (2018) 1002—-1087

A,={Ic{1,2,---,m}:SCI, o7isaconeof X}

and take the stability condition w € LY ®R to lie in ;¢ 4 £1; the condition (2) ensures
that this intersection is non-empty. This specifies the data in Definition 4.2.

4.3. Torus-equivariant cohomology

The action of T' = (C*)™ on U, descends to a Q := T/K-action on X,. We
also consider an ineffective T-action on X, induced by the projection T' — Q. The
Q-equivariant and T-equivariant cohomology of X, are modules over Rg := Hg(pt; C)
and Ry := HY(pt; C) respectively. By the exact sequence (4.3), the Lie algebra of Q is
identified with N ® C and Rg = Sym®*(NY ® C). Let A\; € Rr be the equivariant first
Chern class of the irreducible T-representation given by the projection 7' 2 (C*)™ — C*
to the ith factor. Then Ry = C[A1,..., Ap]. It is well-known that:

H&(Xu;C) = Rolus, - -, um] /(T +3J) (4.5)
where u; is the Q-equivariant class Poincaré-dual to the toric divisor:

{(z1,...,2m) €Uy : 2, =0} /K (4.6)

and J and J are the ideals of additive and multiplicative relations:

TJ=(x—-> (x.bi)ui : x € NV ®@C),

Note that u; = 0 for ¢ € S because the corresponding divisor (4.6) is empty (see equa-
tion (4.1)). Indeed, this relation is contained in the ideal J. The T-equivariant cohomology
is given by the extension of scalars:

H;"(Xw) = Hé(Xw) ®RQ RT

where the algebra homomorphism Rg — Rr is given by x — Zyil (x,bi) A\; for x €
NY ®C.

Remark 4.4. We note that the assumptions at the beginning of §2 are satisfied for toric
Deligne-Mumford stacks obtained from GIT data. First, all the Q-weights appearing
in the Q-representation H°(X,,,O) are contained in the strictly convex cone |%,|Y =
{x e NV@R: (x,v) >0 for all v € |X,|}. Second, X,, is equivariantly formal since the
cohomology group of X, is generated by Q-invariant cycles [45]. Because each component
of I X, is again a toric stack given by certain GIT data (see §4.8), we have that I X, is
also equivariantly formal. The same conclusions hold for the T-action.
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4.4. Second cohomology and homology

There is a commutative diagram:

0 — H3(Xy;R) — HE(Xy;R) — HE (pt;R) —— 0 (4.7)
0 HQ(Xw;R) :Hz(Xw;R) ——=0
0 0

with exact rows and columns. Note that we have Hé(pt; R) 2 NV @R, H2(pt;R) = R™,
HZ%(pt;R) 2 LY ®@R. The top row of (4.7) is identified with the exact sequence (4.4) ten-
sored with R. By (4.5), H3(X.; R) is freely generated by the classes u;, i € {1,...,m}\S
of toric divisors, and hence Hg(X,,;R) = R™~151. The leftmost column is identified with
the exact sequence

0—=N'@R—=R" IS — > LVQR/Y, ¢RD; — 0
induced by (4.4). In particular we have
H*(X;R) =LY @R/, sRD;
where the non-equivariant limit of w; is identified with the class of D;. The homology

group Hs(X,;R) is identified with .. Ker(D;) in L ® R. The square at the upper left
of (4.7) is a pushout and we have:

i€S

m
HA(X.R) = P Ruo @RM/( ST (6 bi) (ui — Ai): x € NV @R).
i€{1,....,m}\S i=1

It follows that the middle row of (4.7) splits canonically: we have a well-defined homo-
morphism®

6 More precisely (—6) gives a splitting of the middle row of (4.7).
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0: LY @R = HZ(pt;R) — H3(X,;R) (4.8)
such that 0(D;) = u; — \; and that
H7(X,;R) 2 HY(X;R) @ 0(LY @ R).

The class 0(p) can be written as the T-equivariant first Chern class of a certain line
bundle L(p) associated to p (see §6.3.2). One advantage of working with T-equivariant
cohomology instead of Q-equivariant cohomology is the existence of this canonical split-
ting.

We also introduce a canonical splitting of the projection LV @ R — LY ® R/
YiesRD; = H 2(X,,R). This is equivalent to choosing a complementary subspace of
H3(X,;R) in L®R. Take j € S. The corresponding extended vector b; € N ® R lies in
the support of the fan. Let o7, € ¥, I; C {1,...,m} \ S be the minimal cone” containing
b_j and write E = Zielj cijb_i for some ¢;; € Rso. By the exact sequence (4.3), there
exists an element &; € L ® Q such that

1 ifi=j;
D;- fj =\ —Cij if 1 € Ij; (49)

0 ifi¢ I; U{j}.

Note that one has D; - {; = 0;; for 4,5 € S. Hence {;},cs spans a complementary
subspace of Hy(Xy;R) = (;cgKer(D;) C L®R and defines a splitting:

L®RgH2(Xw§R)@@R€j7 (4.10)
jes
or, for the dual space,
LY @R (] Ker(;) & O RD; (4.11)
jes jes

with [, Ker(§;) & H?(X,;R).
The equivariant first Chern class of T'X,, is given by:

_ .Q _ T —
p=cr(TX,) =c (TX,) = E ;.
ie{l,....mH\S
7 Minimality is not essential here. Let o; € %, I C {1,...,m}, be any cone containing E and write

bj =3, cijbi for some c¢;; € Rxg. In our setting, the vectors {b; : i € I} are linearly independent for any
choice of cone o, and so the coefficients ¢;; here are unique. In particular, therefore, we have that c;; = 0
for i € I\ I;.
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4.5. Ample cone and Mori cone

Let Dj denote the image of D; in LY ® R/ >, ¢RD; = H?*(X,;R). This is the
non-equivariant Poincaré dual of the toric divisor (4.6), that is, the non-equivariant
limit of u;. The cone of ample divisors of X, is given by

M 4

TeA,

where A/, was introduced in equation (4.1) and £} := >, ;R50D; is an open cone in
LY®R/>,c¢ RD; (cf. Notation 4.1). Under the splitting (4.11) of LY ® R, the extended
ample cone C,, defined in equation (4.2) also splits [49, Lemma 3.2]:

! x (ZR>OD,»> C H*(X,;R) x @RD (4.12)

€S €S

The Mori cone is the dual cone of C/:
NE(X,)=C/Y ={d € Ha(X,;R):n-d>0forallneC}
4.6. Fized points and isotropy groups

Fixed points of the T-action on X, are in one-to-one correspondence with minimal
anticones, that is, with § € A, such that |§] = r. A minimal anticone ¢ corresponds to
the T-fixed point:

{(21,...,zn) eU, : z zoifi¢§}/K
We now describe the isotropy of the Deligne-Mumford stack X, i.e. those elements
g € K such that the action of g on U, has fixed points. Recall that there are canon-
ical isomorphisms K =2 L ® C* and Lie(K) = L ® C, via which the exponential map

Lie(K) — K becomes id ® exp(2ri—): L ® C — L ® C*. The kernel of the exponential
map is L C L ® C. Define K C L ® Q to be the set of f € L ® Q such that:

If::{i6{1,2,...,m}:Di~f€Z}EAw (4.13)

The lattice IL acts on K by translation, and elements g € K such that the action of g on
U,, has fixed points correspond, via the exponential map, to elements of K/L.

4.7. Floors, ceilings, and fractional parts

For a rational number ¢, we write:
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lg] for the largest integer n such that n < ¢;
[q] for the smallest integer n such that ¢ < n; and

(q) for the fractional part ¢ — |¢] of g.
4.8. The inertia stack and Chen—Ruan cohomology

Recall the definition of the inertia stack IX, from §2.1. Components of IX, are
indexed by elements of K/L: the component X/ of I X, corresponding to f € K/L
consists of the points (x, g) in I X,, such that g = exp(27if). Recall the set I defined in
(4.13). The component X/ in the inertia stack IX,, is the toric Deligne-Mumford stack
with GIT data given by K, L, and w exactly as for X,,, and characters D; € L.V for
i € Iy. We have:

X/ =[clr nu,/K).

The inclusion C!7 € C™ exhibits X/ as a closed substack of the toric stack X,,. According
to Borisov—-Chen—Smith [11], components of the inertia stack of X, are indexed by
elements of the set Box(X,,):

Box(X,) = {UEN:Echib_iinN@)RforsomeIEAandOSci<1}
igl

In fact, we have an isomorphism [49, §3.1.3]:
K/L = Box(X.,,) [f] v = [=(Di- f)]bi € N. (4.14)

When j € S and b; € Box(X,,), the element —¢; € L ® Q defined in (4.9) belongs to K
and corresponds to b;.

The age ¢f of the component X/ C IX,, is Zigﬂf (D; - f). The T-equivariant Chen—
Ruan cohomology of X, is, as we saw in §2.2, the T-equivariant cohomology of the
inertia stack I X, with age-shifted grading:

Hep +(X0:Q) = €D Hy ™/ (X1;Q)

fEK/L

This contains the T-equivariant cohomology of X, as a summand, corresponding to the
element 0 € K/LL; furthermore the fact that each X/ is a closed substack of X, implies
that Heg 7(Xy; Q) is naturally a module over Hp.(Xy; Q). We write 1 for the unit class
in HY(X/;Q), regarded as an element of Hé}’{ (Xu; Q).

Recall that the component X/ of the inertia stack is the toric Deligne-Mumford stack
with GIT data (K;L;w;D; : i € Iy). In particular, therefore, the anticones for X/ are
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given by {I € A, : I C I;}. T-fixed points on the inertia stack IX,, are indexed by
pairs (9, f) where ¢ is a minimal anticone in A,, f € K/L, and D; - f € Z for all i € §.
The pair (8, f) determines a T-fixed point on the component X/ of the inertia stack: the
T-fixed point that corresponds to the minimal anticone § C I.

5. Wall-crossing in toric Gromov—Witten theory

In this section we consider crepant birational transformations X, --» X_ between
toric Deligne-Mumford stacks which arise from variation of GIT. We use the Mirror
Theorem for toric Deligne-Mumford stacks [26,29] to construct a global equivariant
quantum connection over (a certain part of) the secondary toric variety for X ; this
gives an analytic continuation of the equivariant quantum connections for X, and X_.

5.1. Birational transformations from wall-crossing

Recall that our GIT data in §4.1 consist of a torus K = (C*)", the lattice L =
Hom(C*, K) of C*-subgroups of K, and characters D1,...,D,, € LY. Recall further
that a choice of stability condition w € LY ® R satisfying Assumption 4.3 determines a
toric Deligne-Mumford stack X, = [Uw /K ] The space LY @ R of stability conditions is
divided into chambers by the closures of the sets Z, |I| = r—1, and the Deligne-Mumford
stack X, depends on w only via the chamber containing w. For any stability condition
w satisfying Assumption 4.3, the set U,, contains the big torus T'= (C*)™, and thus for
any two such stability conditions wy, ws there is a canonical birational map X,,, --+ X,
induced by the identity transformation between T/K C X,,, and T/K C X,,. Our setup
is as follows. Let C, C_ be chambers in LV ® R that are separated by a hyperplane
wall W, so that WNC, is a facet of C, WNC_ is a facet of C_, and WNC, = WNC_.
Choose stability conditions wy € C., w_ € C_ satisfying Assumption 4.3 and set
Xy =X,,, X =X, _,and

Ay = A,y :{IC{1,27...,m}:wi641}

Then C1 = ﬂIeAi Zy. Let ¢p: X4 --» X_ be the birational transformation induced by
the toric wall-crossing and suppose that

S
=1

As we will see below this amounts to requiring that ¢ is crepant. Let e € I denote the
primitive lattice vector in W+ such that e is positive on Cy and negative on C_.

Remark 5.1. The situation considered here is quite general. We do not require X, X_
to have projective coarse moduli space (they are required to be semi-projective). We do
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not require that X, X_ are weak Fano, or that they satisfy the extended weak Fano
condition in [49, §3.1.4]. In other words, we do not require Y .-, D; € W to lie in the
boundary W N C. = W N C_ of the extended ample cones.

Choose wy from the relative interior of W N C, = W N C_. The stability condition
wp does not satisfy our Assumption 4.3, but we can still consider:

AO::AwO:{IC{I,...,m}:wOGAI}

and the corresponding toric (Artin) stack Xy := X, = [U.,/K] as given in Defini-
tion 4.2. Here Xg is not Deligne-Mumford, as the C*-subgroup of K corresponding to
e € L (the defining equation of the wall W) has a fixed point in U,,. The stack Xy con-
tains both X and X_ as open substacks and the canonical line bundles of X, and X_
are the restrictions of the same line bundle Ly — Xy given by the character — Y .~ D;
of K. The condition 2111 D; € W ensures that Ly comes from a Q-Cartier divisor on
the underlying singular toric variety Xo = C™/,,, K associated to the fan ¥,,,. On the
other hand, in §6.3, we shall construct a toric Deligne-Mumford stack X equipped with
proper birational morphisms f : X - X such that the diagram (1.3) commutes. Then
Ji(Kx,) and f*(Kx_) coincide since they are the pull-backs of a Q-Cartier divisor on
Xo. This is what is meant by the birational map ¢ being crepant.®
Set:

My ={ie{l,....,m}:£D;-e >0},
My={ie{l,...,m}:D; e=0}

Our assumptions imply that both M, and M_ are non-empty. The following lemma is
easy to check:

Lemma 5.2. Set:

Aghi“ ={IeAy:IC My}
AghiCk = {I€A0]HM+7£®7IDM7 75(2)}

Then one has My € AP™ and

-AO _ A(t)hin UABhiCk,
Ap = APRU{IUT 0# T C My, IeAP™}.

Remark 5.3. Let ¥ be the fans of X.. In terms of fans, a toric wall-crossing can
be described as a modification along a circuit [12,38], where ‘circuit’ means a minimal

8 This notion is also called K-equivalence: see the Introduction.
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linearly dependent set of vectors. In our wall-crossing, the relevant circuit is {b; : i €
My U M_}: we have 32, o (Di - €)b; = 0, and every proper subset of {b; : i €
My U M_} is linearly independent. The partition of the circuit M, U M_ into M and
M_ is determined by the sign of the coefficients in a relation among {b; : i € M, UM_}.
The modification along the circuit My U M_ turns the fan ¥ into X _: it removes every
cone oy of ¥4 such that I contains M_ but not M and introduces cones of the form ox
where K = (I UM,) \ J for any non-empty subset J C M_. This description matches
with Lemma 5.2, §4.2, and §4.1.

There are three types of possible crepant toric wall-crossings: (I) X4 and X_ are
isomorphic in codimension one (“flop”), (II) ¢ induces a morphism X; — |X_| or
X_ — |X4| contracting a divisor to a toric subvariety (“crepant resolution”) and (III)
the rigidifications’ Xiig, X"8 are isomorphic (only the gerbe structures change; we call
it a “gerbe flop”). Define:

Sp={ie{l,....m}:{i} ¢ AL}.

Proposition 5.4. The intersection Sy := S N S_ is contained in My. Moreover, one and
only one of the following holds:

(I
(I-i
(I1-ii

(111

Sy =S, 4(M) > 2 and 4(M_) > 2;
there exists i € {1,...,m} such that S_ = Sy U{i}, M_ = {i} and §(M;) > 2;
there exists i € {1,...,m} such that Sy = S_U{i}, My = {i} and §(M_) > 2;
there exist i,i— € {1,...,m} such that Sy = So U {i+}, S- = So U {i_},
My ={it} and M_ = {i_}.

— — — —

Proof. First we show that Sy C My. Take i € Sy. Suppose that ¢« € M. Since My €
AfPn - we have Mo U M_ € A_ by Lemma 5.2. Thus {i} = Mo U M_ U (M4 \ {i})
also belongs to A_. This contradicts the fact that ¢ € S_. Thus we have i ¢ M, and
similarly that ¢ ¢ M_. Hence i € My. We have shown that Sy C M.

Next we claim that:

(a) if S_\ S, is non-empty, then we have #(S_\ Sy) =1and M_ = S_\ Sy;
(b) if S_ C Sy, then §(M_) > 2.

Take i € S_\ S;. We have {i} € A, \ A_. Lemma 5.2 implies that an element of
A;\ A_ is of the form T U J with ) £ J C My and I C M, and in particular does not
intersect with M_. This implies that {i} = M_. Therefore S_\ S; = M_ consists of
only one element. This proves (a). Conversely, if M_ = {i}, it follows from Lemma 5.2

9 See e.g. [37].
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that {i} € A, \ \A_ and thus i € S_\ Sy. This proves (b). The same claim holds if we
exchange + and —. It follows that one and only one of (I), (II-i), (II-ii), (IIT) happens. O

1

Proposition 5.5. The loci of indeterminacy of ¢ and =" are the toric substacks

() {z =0} cXxy and (N {z=0cXx_

jeEM_ jeMy
respectively. With cases as in Proposition 5.4, we have:

(I) X4+ and X_ are isomorphic in codimension one;
(II-i) ¢ induces a morphism ¢: X1 — |X_| that contracts the divisor {z; = 0} to the
subvariety (V;epr, {2 = 0};
(II-ii) a statement similar to (II-i) with + and — interchanged;
(ITT) ¢ induces an isomorphism Xig >~ X8 petween the rigidifications.

Proof. One can check that Uy, NUu_ = Uw, \Nepr {2 =0} = Uu_ \ Nienr, {2 =0}
using Lemma 5.2. The geometric picture in each case can be seen from the stacky fans: (I)
the sets of one-dimensional cones are the same; (II-i) the fan X_ is obtained by deleting
the ray R>ob; from $.; o . € ¥_ is a minimal cone containing b;; @ contracts the toric
divisor {z; = 0} to the closed subvariety associated with oz, ; (II-ii) similar; (III) the
stacky fan X_ is obtained from 3 by replacing b;_ with b; ; one has (D;, - e)b;,
—(Dj_ -e)b;_ by (4.3) and D;_ -e+ D;_ -e = 0; thus b;, and b;_ differ only by a torsion
element in N. O

Example 5.6.

(I) Let ay,...,ak,b1,...,b; be positive integers such that a; + -+ + ap = b1 +
-+« + b;. Consider the GIT data given by LY = Z, Dy = ay,...,D, = ay,
Dyy1=—b1,..., Dk = —b;. If k,1 > 2, we have a flop between

k l
X: =P Ok, an (=)  and X =P Opp,,.. 5 (—ay)-
j=1

i=1

(IT) Consider the case as in (I) but with [ = 1. Setting d = a1 + -+ + ar = by, we
have that X = Op(q, .. ay)(—d) is a crepant (partial) resolution of [X_| = C¥/pu,
where p, acts on C* with weights (ay,...,ax).

(III) Consider the GIT data given by LY = Z?, D; = (1,0), D2 = (1,2), D3 = (0,2).
Take w, from the chamber {(z,y) : 0 < y < 2z} and w_ from the chamber
{(z,y) : 0 < 2z < y}. Then we have a “gerbe flop” between X = P(2,2) and
X_ =P x Bu,.
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5.2. Decompositions of extended ample cones

Recall the decomposition (4.11) of the vector space L.V ® R and the decomposition
(4.12) of the extended ample cone. In the case at hand, we have two (possibly different)
decompositions of LY ® R associated to the GIT quotients X, and X_:

LY@R= () Ker(&) @ €D RD; (5.1)

jESE jESL

where elements §Ji ceL®R,j€ Sy are as in (4.9) and ) Ker(¢) & H*(X4,R).

Under these decompositions, one has

JESL

Ci = C,i X Z R>OD]‘
JES+
where C%. C ;cg, Ker(¢) & H*(X1;R) is the ample cone of X=.. Let Cyy := WNCy =
W NC_ be a common facet of C; and C_, and write Cyy for the relative interior of Cyy .

We now show that these decompositions of the cones Cy, C_ are compatible along the
wall.

Proposition 5.7. We have &' '|w = & |w fori € So = Sy NS_ and £5|lw = 0 for
i€ S:\ Sx. Set &V =& |lw = & |w € Hom(W,R). Then we have

W =Wwn () Ker(&) =wWn () Ker(§) = (] Ker(e!")
1€S5 €S 1€So

and so the decompositions (5.1) restrict to the same decomposition of W :

W =Ww'o RD;. (5.2)
1€Sp
Under this decomposition of W, the cone Cy decomposes as

CW = CY//V X Z R>0DZ‘
1€So

for some cone Cf, in W'. With cases as in Proposition 5.4, we have:

(I) Cyy is a common facet of C', and C”_;
(I1-) CW C’, Cy is a facet of C', and C’, =Cw +RyoD;;
(I1-ii) C er, Cly is a facet of CL and Cy = Cw + RsoD;;
(III) C/ = Cfl* = C/ C+ == CW + }R>0.D7;+ and C_ = CW + R>0Di7

Proof. It suffices to show that &' |w = & |w for i € Sy and that fﬂw =0 for ¢ €
St \ SF. The rest of the statements follow easily. Suppose that i € Sy. Recall the
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definition of fii in (4.9). Let o7 € ¥, be the minimal cone containing b;. Then I € A,.
If T € A_, we have {j = ¢, by the definition of Qi. Suppose that I ¢ A_. By Lemma 5.2,
I contains M_ but not M. We have a relation of the form:

b= cib (5.3)

jeI

with ¢; > 0. By adding to the right-hand side of (5.3) a suitable positive multiple of the
relation

> (Dj-e)bj— > (=Dj-e)b; =0

JEM JeEM_

given by e € L via (4.3), we obtain a relation of the form

-y dh

JeI’

such that ¢ > 0and I’ = (TUMy)\ J with § # J C M_. Then I’ € A_ by Lemma 5.2
(see also Remark 5.3). Note that ¢; = ¢} if j € I N Mo = I' N M. This implies that
D; & =Dj- & forall j € M. Since {D; : j € My} spans W, we have & |w = & |w-

Now suppose that ¢ € S; \ S_. Then My = {i} by Proposition 5.4 and we have a
relation (D; - e)b; = djenm (=Dj- e)b; given by e € L. This implies that b; is contained
in the cone oy of X1, and the definition of fiJr implies that D; ~§i+ =0 for all j € M.
Thus & |w = 0. The case where i € S_\ S, is similar. O

5.3. Global extended Kdahler moduli

Our next goal is to describe a global ‘moduli space’ M and a flat connection over M ,
together with two neighbourhoods in M such that the restriction of the flat connection
to one of the neighbourhoods (respectively to the other neighbourhood) is isomorphic
to the equivariant quantum connection for X (respectively for X_). Thus the equivari-
ant quantum connections for X, and X_ can be analytically continued to each other.
Roughly speaking, the space M will be a covering of a neighbourhood of a certain curve
in the secondary toric variety for X4 ; in this section we introduce notation for and local
co-ordinates on this secondary toric variety.

The wall and chamber structure of LV ® R described in §5.1 defines a fan in LY ® R,
called the secondary fan or Gelfand—Kapranov-Zelevinsky (GKZ) fan. The toric variety
associated to the GKZ fan is called the secondary toric variety. We consider the subfan of
the GKZ fan consisting of the cones C,, C_ and their faces, and consider the toric variety
M associated to this fan. (Thus M is an open subset of the secondary toric variety.)
In the context of mirror symmetry, M arises as the moduli space of Landau—Ginzburg
models mirror to X . It contains the torus fixed points P4 and P_ associated to the cones
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C, and C_, which are called the large radius limit points for X, and X_. More precisely,
because we want to impose only very weak convergence hypotheses on the equivariant
quantum products for X4, we restrict our attention to the formal neighbourhood of the
torus-invariant curve C C M connecting P, and P_: C is the closed toric subvariety
associated to the cone Cyy = WNCy =W NC_.

Our secondary toric variety M is covered by two open charts

Spec C[CY NL] and Spec C[CY NL] (5.4)

that are glued along Spec C[C}, NL]. Since the cones Cy are not necessarily simplicial,
M is in general singular. For our purpose, it is convenient to use a lattice structure
different from L and to work with a smooth cover M,q, of M. We will define the cover
M, eg by choosing suitable co-ordinates. As in §4.6, consider the subsets Ky C L ® Q:

K, := {fe]L@(@:{ie{1,2,...,m}:Di-er}eAi}

and define IE+ (respectively ]Ij,) to be the Z-submodule of L ® Q generated by K
(respectively by K_). Note that L and L_ are free (because they are submodules of
L ® Q, which is torsion free) of rank equal to the rank of IL; they are overlattices of L.

Lemma 5.8. Set LY = Hom(L4,Z) C LY. We have D; e f[:jvt if j € S+. The decomposi-
tion (5.1) of LY @ R is compatible with the integral lattice LY : one has

LY = (HQ(Xi, mLi) @ zb, (5.5)
JES+

where we regard Hy(X+;R) as a subspace of LY @ R wvia the isomorphism H?(X4;R) =
Njes. Ker(fji). The lattices Li and LY are compatible along the wall; one has (see
equation (5.2)):

WL =wnLY =W nLY)e @ zD;. (5.6)
J€So

Proof. Equation (5.5) holds for both X; and X_ and we omit the subscript & in what
follows. Since every element in .A contains S, we have D;- f € Z for all j € S and f € K.
This shows that D; € LY for j € S. Thus LY > (H2(X; R)OEV)GBGBjGS ZD;. Conversely,
for v € LY, one has v -§i € Z for all i € S because §; € K. Then w = v — Yies(v-&)D
lies in ;g Ker(&§;) NLY and v =w + 37, o(v - &)D

Next we prove (5.6). First we claim that for every element f € K, \ K_, there
exists a € Q such that f 4+ ae € K_. This follows easily from the definition of K4 and
Lemma 5.2. It follows from the claim that for any f € ]L+7 there exists a € Q such that
fH+aece L_ . Suppose that v € W N LY. For any fe ]L+, taking o € Q as above, one
hasv- f =v-(f + «ae) € Z. Therefore v € Wﬂ]Li. This shows that W NLY. C Wﬂ]LYF
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The reverse inclusion follows similarly. The second equality in (5.6) follows from (5.5)

and Proposition 5.7. O
Remark 5.9. We have Hy(X4;R) NLy = Hy(|X1|; Z).

Set 1 = dim H3(X4;R) = r — #(S1) and £ = dim W’ = r — 1 — #(Sp). We have
¢ < min{l;,¢_}. With cases as in Proposition 5.4, we have:

)

i) by =0+1,0_ =1
(i) - =441, 44 = ¢

YUl =10_ =L

Using Lemma 5.8, we can choose'” integral bases

{pf,....pf yU{D;:je S} LY
{py,...,p; JU{D;:jeS }cLY

of Hil such that

. 1191+7...7]7?+ lie in the nef cone C’, C H?(X4;R);
e pl,...,p, liein the nef cone C'. C H?*(X_;R);
. p:'_:pz_ e%forzzl,,ﬁ

These bases give co-ordinates on the toric charts (5.4). For d € L, we write y? for the
corresponding element in the group ring C[L]. The homomorphisms

CI[CYNL] < Cly1,---,ye, . {zj 1 j € S4}], yd Hl . yzl 'H]eS+ ijd
CICY ML) < Clin, ... 9e_ {F;:5 €S-}, v = T a0  Tlies 3¢
define the two smooth co-ordinate charts
(yi,xj:1<i</ly,j€Sy) and (05,2 :1<i<[t_,jelS_)

which are resolutions of (respectively) Spec C[CY NL] and Spec C[CY NL]. We reorder
the bases (5.7)

{pfp..,pZ_}U{DjZj€S+}={pf7...7p;r,1,pj_}

10 This can be seen from the fact that given a lattice L and a full-dimensional cone C in L ® R, we can
choose a basis of L that consists of elements of C.
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{pro. oo YU{D; eSSy ={pr,...p 1}

in such a way that pj‘ =p, EeWfori=1,...,r—1and p: is the unique vector (in
each basis) that does not lie on the wall W. Let

{yiwj 1< <, jeSey={y1,...,yr}
{ghi‘] 01 SZS£—7JE S—}:{ylv'-'7y7'}

be the corresponding reordering of the co-ordinates. Then the change of co-ordinates is
of the form:

- yiyet 1<i<r—1
yi = { A (5.8)
y. ¢ i=r

for some ¢ € Q¢ and ¢; € Q. The numbers ¢;, ¢ here arise from the transition matrix
of the two bases (5.7). We find a common denominator for ¢, ¢; and write ¢ = A/B and
¢i =A;/B,1<i<r—1forsome A, B € Z~o and A; € Z. Then yi/B = y:”A. The

smooth manifold M., is defined by gluing the two charts
U+ = Spec (C[ylv sy Yr—1, Y}‘/B] and U- = Spec C[yl7 s 7?7'—1; y}‘/A]

via the change of variables (5.8). The large radius limit points P, € Uy and P_ € U_
are given respectively by y; = --- =y, =0 and y; = --- =y, = 0. Note that the last
variables y,., ¥, correspond to the direction of e € LL: one has y¢ = ygi"e = }72:'6

The torus-invariant rational curve Creg C Mo, associated to Cyy is given by y; =

-=Yy,—1 =0onU; and by y; = --- =9y,_1 = 0 on U_. Let M\reg be the formal
neighbourhood of C,es in M. Since the global quantum connection is an analytic
object, we need to work with a suitable analytification of M\reg' we include analytic
functions in the last variable y,. in the structure sl sheaf and use the analytlc topology on
Creg = P!. The underlylng topological space of /\/lreg is therefore P20, Mreg is covered
by two charts U+ and U_ with structure sheaves:

(’)0+ = (’)(?i Iyi,...,yr—1] and Op = Og" [y1,...,¥r-1] (5.9)

where C; and C_ denote the complex plane with co-ordinates yr B and y yr respectively
and the superscrlpt ‘an” means analytic (space or structure sheaf). In other words, we
regard U+, U, and Mreg as ringed spaces respectively on C,, C_ and P20,

The same construction works over an arbitrary C-algebra R. We define ./\/lreg(R)
by replacing the structure sheaves in (5.9) with (Of} ® R)[y1,...,y,—1] and (Of" @
R)[y1,...,9r-1]. In the equivariant theory, we use R = Ryr[z] = H}(pt) ® C[z] for
the ground ring. The global equivariant quantum connection will be defined over Rr[z]
and on (a formal thickening of) a simply-connected open subset of P1:#" containing Py
and P_.
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Remark 5.10. Taking an overlattice f[:i of IL corresponds to taking a finite cover of M.
This is necessary because the power series defining the I-function (see §5.4) is indexed
by elements in Ei. If one takes into consideration Galois symmetry [49] of the quan-
tum connection, one can see that the quantum connection (near Py) descends to the
secondary toric variety with respect to the original lattice L.

5.4. The I-function

Recall Givental’s Lagrangian cone introduced in Definition 2.2. We consider the
Givental cone Ly, associated to the toric Deligne-Mumford stack X,,. Under the de-
composition (4.10) of L ® R, we decompose d € L @ R as:

d=d+ > (D;-d)

JES+

where d is the Ho(X,,; R)-component of d. Define the Heg 7(X,)-valued hypergeometric
series I[J"P(0,x,2) € Heg 7(Xw) @Ry Rr(z~1)[Q, 0, 2] by

5 3 u; + az
Iiemp(0,$7z) = Zeo/z Zeg.de ij H H a (ay=(D;-d), a<0( J ) 1[_d]

dek jes =(Dj-d),a<D;j d(’U/J—i—G/Z)

where K is introduced in §4.6, z = (z; : j € S) and o € H2(X,,) are variables, and [—d]
is the equivalence class of —d in K/IL (recall from §4.8 that K/L parametrizes inertia
components). The subscript ‘temp’ reflects the fact that we are just about to change
notation, by specializing certain parameters, and so this notation for the I-function is
only temporary. One can see that the summand of I'®™P corresponding to d € K vanishes
unless d € CY. Therefore the summation ranges over all d € K such that d lies in the
Mori cone NE(X,,) = C/Y and D; -d > 0 for all j € S. The Mirror Theorem for toric
Deligne-Mumford stacks can be stated as follows:

Theorem 5.11 (/26,29]). I**™P (o, x, —z) is an S7[Q, o, x]-valued point on Lx .

We adapt the above theorem to the situation of toric wall-crossing. Let I'™™P de-
note the I-function of X. We introduce a variant I of the I-function which gives a
cohomology-valued function on a neighbourhood of Py in M\reg. The I-function I is
obtained from I'"™P by the following specialization:

o for I, 0 =04 :=0,(3;_, p;i logy;) + co(N);
o for I, o =0_:=0_(33;_; p; log¥i) +co(N);

where 04 : LY ® C — H%(X4;C) are the maps introduced in (4.8) and co(\) = A\ +
-+ + A\,,. Note that we have
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Ly
oy =Y 0.0 logy; = D Ajloga; +eo(N) (5.10)
=1 JjESY
since 64 (D;) = —\; for j € S;. More explicitly, one can write I as:

oo /2 —(D;-dy,a<o0(tj +az)
Li(y, z) == ze+/= 37y HH )20 14 (5.11)

dexy ai(a)=(D;-d),a<D;-a(tj T aZ)

where recall that (y1,...,yr) = (yi,2; : 1 <9 < {y,j € Sy) are co-ordinates on ﬁ+ C
Mg and that

Td Dj;-d
Yd:nyl : _Hz 13/1’ HjeSerjJ .
The I-function I belongs to the space:
Iy € Heg r(Xy) @Ry Rrllogyr, .., logy,J(z7 )y, vl

The series e~ 7+/#1, (y, z) is homogeneous of degree two with respect to the (age-shifted)
grading on HéR,T(XJr) and the degrees for variables given by:

degz =2 and 2:(degyi)p:r =2 Z D, (5.12)
i=1 i=1

Note that degy, = 0 because Y .-, D; € W.

Remark 5.12. The extra factor e©©(M)/# in the I-function makes the mirror map compat-
ible with FEuler vector fields.

We now show that I(y,z) is analytic in the last variable y,., so that it defines an
analytic function on M.

Lemma 5.13. Ezpand the I-function as

Ly, _zemr/ZZ Z Zy ey Ly by (Y, 2) 0

k10 7‘1020

using an Rr-basis {¢;} of H&g (X ). Let ¢ be the rational number'!

c= ] @-e" (5.13)

1 This is the so-called conifold point.
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+.
and let Uy be the universal covering of the space {y, € C : yi™ ' # ¢}. Each coefficient
Ii;kl,-n,kr—l(yr’ 2) € Rr[z7[y.] converges to give an analytic function on the region

{1, Am, 2, yp) € C x C x Uy« [Ni] < €]z2]} (5.14)
for some € > 0 that is independent of i,ky, ..., kr—1.

Proof. In §6.2 below we will compute the analytic continuation of the I-function after
restriction to a fixed point. There we introduce a function called the H-function, which is
related to the I-function by a constant linear transformation, and give a Mellin—Barnes
integral representation for the H-function. This integral representation makes clear that
e~+/Cm) [ can be analytically continued to 2. The linear transformation between the
I-function and the H-function involves the factor 2 #T'x (see equation (6.8)) and this
factor has poles at non-zero (\1/z, ..., Am/z). Therefore we obtain the analyticity of the
I-function on a region of the form (5.14). O

An entirely parallel statement holds for I_(y, z).
5.5. Global equivariant quantum connection

In this section we use the I-function I to construct a global quantum connection on
the universal cover

M= (0N iy =) Jus)

+. PN
where U+ is the open chart (5.9) of /\/lmg and y¢ = yb" © is a function on U,. The

/B — yr. As in Lemma 5.13, we

action of pgz on U+ is by deck tranbformatlons of Yr
denote by U, the universal cover of {y, € C: y,f " 2 ¢}. The space U, is the underlying
topological space of ./\/l+, and /\/l+ is a formal thlckemng of U, ; more precisely, ./\/lJr is the
ringed space (U, D) with structure sheaf O = qu " [y1,---,Y¥r—1]- In a neighbourhood
of P, the global quantum connection that we will construct can be identified with the

equivariant quantum connection of X . The main result in this section is:
Theorem 5.14. There exist the following data:
e an open subset U C Uy such that Py € US and that the complement Uy \ US is a

discrete set; we write MS = M+|Ui ;
o a trivial Hog (X1 )-bundle F* over Mi(RT[z])

F* = Heg r(X4) @Ry (Ous @ Rrl2])ly1, -5 yroals
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o a flat connection V' =d+ 27" AT (y) on Ft of the form:

0y _ -
A =3 B+ 3 G- Y0

i=1 jesy jesy i
with B;(y), Cj(y) € End(Heg r(X4)) ®rr (Ouz @ Rr)ly, ... yr-1];
o a vector field ET on M, (Rr), called the Euler vector field, defined by:

E+=Z)\iai)\i+

1 0

5 (degyi)yim—;
i=1 o2 Oyi
o a mirror map Ty : M+(RT) — Heg r(X+) of the form:

Ty =04+ Ty 74 € Hop 1(X4) ®ry (Oug @ Ry)lyr, .- yr—1]

Tilyy=-my,=0 =0

such that VT equals the pull-back IV of the equivariant quantum connection VT of
Xy by Ty, that is:

N azk
Cily) =) 07:(y) (Dr*ry(y) jeS,

Q
8
<

and that the push-forward of BY by 7y is the Euler vector field ET for X, defined in
equation (2.4). Moreover, there exists a global section Yo (y,z) of F* such that

Ii(y,2) = 2L (14(y), 2) 7' 0§ (v, 2)

where L (7, 2) is the fundamental solution for the quantum connection of X, in Propo-
sition 2.4.

Remark 5.15. Here the Novikov variables () in the quantum product and the fundamental
solution have been specialized to 1: see §3.2.

Remark 5.16. An entirely analogous result holds for X _.

Remark 5.17. The data in Theorem 5.14 satisfy some compatibility equations. The
connection matrices B;, C; are self-adjoint with respect to the equivariant orbifold
Poincaré pairing (-, -). Furthermore the grading operator Gr* = z% +ET +ut on F
(where put is the grading operator on Hegp (X)) defined in equation (2.4)) satisfies
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[GrT, V] = V[;]Jr o] for any vector field v. These properties are inherited from the

quantum connection.

Remark 5.18 (//9. Remark 3.5]). By construction, the mirror map 74 here depends
on the extended vectors b;, j € S, in the extended stacky fan. If we add sufficiently
many extended vectors, we can make 7, submersive near P, and Theorem 5.14 gives an
analytic continuation of the big quantum cohomology. In fact we have

£y
7(y) = co(A) + Z Ajlogx; + Z 0(p;) logy; + Z a;xj + higher order terms.
J€S+\So i=1 JESY

Here oj = [[ ;¢4 uzjl[_gj];where & eKyis giv_en in (4.9), I; c{1,...,m}\ S; is such
that o, contains bj, and bj = Zite (nij + eij)bi with €5 € [0, 1) and ni; € Zzo. Note
that 1|_¢) corresponds to the Box element b; — Zielj n;;b; € Box(X).

Remark 5.19. The logarithmic singularity of V7 along [] jes, Tj = 0 is not very im-
portant: this can be eliminated by shifting the mirror map 7 by )
(5.10).

jes, Ajlogx;; see

The rest of this section is devoted to the proof of Theorem 5.14. First we recall how
to compute the quantum connection of X using the I-function (cf. [30]). By the Mirror
Theorem 5.11, I'™P (0, z, —2) is a point on the Givental cone £ := Lx, for X, . Recall
from Remark 2.5 that the cone £, is ruled by its tangent spaces (multiplied by z):

Ly = U 2Ly (1, —2) " YH,.

TeHéR,T(XJr)

This implies that one has:
I—t&-cmp(ga €T, Z) = ZL-‘:-(Tv Z)ilTa_

for some 7 = 7(0,7) € Heg(Xy) ®r, Rr[Q,o0,7] and Yy € Hifo,z] =
Heg p(X4) ®rp Rr[2][Q,0,2]. The map (0,2) = 7(0,2) is called the mirror map:
this will be determined below. In Lemma 5.22 we will construct differential operators
P, = P;(20),i=0,..., N which depend polynomially on z and on the vector fields 29,
v € H2(X4), and 20z;, j € Sy, and which satisfy:

o« ¢ = z*lpilj_emp\Q=g=x=0, 0 < i < N, are independent of z;
e {¢;:0<1i< N} form a basis of H8R7T(X+) over Rr;
o Py=1.
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Then:

2P TP = Lo ()T | Yy e TR (5.15)

for T := Pi(27*V)Y{ . Here 7*V is the pull-back of the quantum connection of X via
the mirror map 7, and we used the fact that one has 9,0 L (7,2)"t = L, (7,2) Lo (7*V),
for any vector field v on (o, x)-space. Note that:

o YT € H,[o, ] does not contain negative powers of z;
o L,(7,%) does not contain positive powers of z; and
o Li(r,2)=id+0(z71).

Thus the right-hand side of (5.15) can be regarded as the Birkhoff factorization of the
left-hand side (see [68]), when we view both sides as elements in the loop group LG Ly 41
with z the loop parameter. The properties of P; listed above ensure that the left-hand
side of (5.15) is invertible at Q = o = x = 0, and that its Birkhoff factorization can be
determined recursively in powers of @, o and z (see Lemma 5.23). Thus the I-function
determines L (1, 2)~! as a function of (o, ), via Birkhoff factorization. The mirror map
7 = 7(0,x) is determined by the asymptotics

Li(r,2) ™ 1 =1+72"140(z"?

and L (7,2)~! determines the pulled-back quantum connection 7*V.

We perform the above procedure globally on M\reg, using the I-function I, obtained
from Ifmp by the specialization Q = 1, ¢ = o4. It will be convenient to assume the
following condition.

Assumption 5.20. The set NN |X | = {v € N:7 € |¥4|} of lattice points in the support
|X.4| of the fan is generated by b;, j =1,...,m as an additive monoid.

Remark 5.21. Assumption 5.20 is harmless: it can be always achieved by adding enough
extended vectors to the extended stacky fan and in fact Theorem 5.14 holds without this
assumption (see Remark 5.26).

Recall from §4.8 that Heg 7(X4) is the direct sum of sectors H}(Xi), feKy/L
and recall from §4.3 that each sector H3(X _{) is generated by divisor classes. Thus we
can take an Rp-basis of Heg (X)) of the form:

b1 = Fra (607), 00 )) 1y fEK/L 1< <dimH*(XY)
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where Fy;(a1,...,ae, ) € Clai,...,as, ] is a homogeneous polynomial. Recall from §4.8
that elements in K, /L are in one-to-one correspondence with elements in Box(X ). Let
vy € Box(X4) be the element corresponding to f € K. /L. By Assumption 5.20, there

exist non-negative integers ny ;, j = 1,...,m, such that
m
vp = ng;b;. (5.16)
j=1

On the other hand, taking a minimal cone oy in ¥ containing v¢, we can write
Tr= Y cpb
J¢Sy.bj€oy
for some cf ; € [0,1). We set cg; = 0if j € Sy or bj ¢ op. Then 327, (ng; — cr)bj =0
and by (4.3), there exists an element dy € L ® Q such that D; - dy = ny; — cy ;. By

definition of Ky, df € K and [—df] = f in Ky /L by (4.14) and (5.16). Set D; =
> i HjepS for some pj, € Z. Define differential operators D;, Ay as

- 0
Dj = Z,ujazya—
~ 9y,
m nfj—1
Af = yidf H H (Dj + )\j — I/Z) .
j=1 v=0

The following Lemma was proved in [49, Lemma 4.7], in the non-equivariant and compact
case. The proof works verbatim here.

Lemma 5.22. Let Fy;, ¢ri, Ay be as above. Define the differential operator PJ}; by

0 0
P o= Fy, — — | Ay
fri 1 (Zyl s 2Yey 8y5+> f
Then we have:
PfiL(y,2) = 2e7+/* (14 + O(y)).

Applying the differential operators P;fi, fekKy/L,1<i<dim H'(X_{_), to 1., we
obtain a matrix of the form:

ZPHL | = eIy, 2) (5.17)

32
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where I is regarded as a column vector written in the basis {¢y;} of Heg r(X4)
and I (y,z) = id+O(y) is a square matrix. We may also view I,(y,z) as an
End(Hgg (X4))-valued function via the basis {¢;}. By the homogeneity of e=7+/#
and P;: ;» we find that the endomorphism I (y, z) is homogeneous of degree zero with
respect to the degree (5.12) of variables and the grading on H&g (X4 ), i.e. that:

(z% +ET + ad(,u+)> Ii(y,2)=0 (5.18)

As in (5.15), we consider the Birkhoff factorization of (5.17). Since e”+/% = id +O(z71),
it suffices to consider the Birkhoff factorization of I (y, z). Set:

Y(yr, 2) =L (y, 2)

y1==Yr1=0, 1 ==X =0

By Lemma 5.13, z — y(yr, ) is a loop in End(Hg (X)) that depends analytically on
yr € Us. We first consider the Birkhoff factorization of ~(y,, z). Since ¥(y,, z) is homo-
geneous, it is a Laurent polynomial in z and both factors of the Birkhoff factorization
Y(yr,2) = 7—(2)74(z) are also homogeneous if the factorization exists. Therefore the
Birkhoff factorization is equivalent to the block LU decomposition of v(y,, 1):

where each block corresponds to a homogeneous component of Hd (X ) and I, denotes
the identity matrix of size r. The block LU decomposition of ¥(y,, 1) exists if and only if

H = (y(y,,1)H=P)® H>?

holds for all p € Q, where H = H& (X4 ) and H=P (resp. H>P) denotes the subspace of
degree less than or equal to p (resp. greater than p). This is a Zariski open condition for
~¥(yr, 1). Since v(y, = 0,1) = id, it follows that y(y,, z) admits a Birkhoff factorization
on the complement U} of a discrete set in U, . Clearly one has Py € UY.

Lemma 5.23. Let y(z) € LGLN4+1(C) be a Laurent polynomial loop admitting a Birkhoff
factorization v = y_~y. Let ['(s, 2) € End(CN T ®@Clz, 27 Y[s1, . - -, s1] be a formal loop
such that T'|s—9 = . Then I'(s, z) admits a unique Birkhoff factorization of the form

F(Sa Z) = F,(S, Z)F+(Sv Z)

such that T_(s,z) € End(CN*!) @ Clz=Y[s1,...,81], T_(s,00) = id and T'y(s,2) €
End(CN*) @ C[2][s1,---,s]-
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Proof. It suffices to show that IV = 7:11"%:1 admits a Birkhoff factorization IV = T"_T" .
Expanding I and I, in power series in si,...,$;, one can determine the coefficients

recursively from the equation IV =T".T7,. O

Applying the above lemma to I (y, z), we see that I (y,z) with y, € U admits a
Birkhoff factorization

]Lr(}/?'z) = L+(y,z)_1T+(y,z) (519)

where

L (y,2) € End(Heg(X 1)) @ Ous [z [A1, -, Aoy, e,

T+(y7 Z) € End(H(.jR(X+)) ® Olli [’Z] [[)‘17 teey )‘mayh ) 7y7"71]]
and L4 (y,00) = id. Using the homogeneity equation (5.18), we find that the Birkhoff
factors Ly, TT are also homogeneous of degree zero. Also the chosen Rp-basis {¢y,;} of

Heg 7(X 1) defines a splitting Heg 1(X+) = Heg (X+) ® Ry, and via this splitting, one
may naturally regard Ly, TF as End(Hgg (X4 ))-valued functions. It follows that:

L (y,2) € End(Heg 7(X 1)) ®ry (Ous © Re)[z 1y, - -5 yral,
TH(y, 2) € End(Heg 7(X4)) @y (Ous @ Ry)[2][y1, -, yr-1].

Comparing (5.19) with (5.15), we obtain

LJr(TJr(y)aZ)_l’Q:l: eo+/zL+(y7 Z)_l' (520)
The mirror map 74 (y) is given by 74(y) = o4 + 74+ (y) with 71 (y) determined by:

Li(y,2) "1 =147(y)z7 +0(z7?).
We have 7,(0) = 0 and 7(y) € Heg 7(X+) @ (Ous @ Rr)ly1,---,yr—1]. The first
column of (5.19) gives I (y, z) = zL(7(y), 2)|g=1Y¢ , where T{ is the first column of T.
(Here we assume that the first column corresponds to the basis vector ¢ 1 = 1 and the
differential operator Pof 1 =1.)
Remark 5.24. Equation (5.20) is an equality in the ring:

End(Heg 1(X+)) ®r, Rrllogys,. .. logy:][z~ " ]ly].

Note that the substitution 7 = 74 (y) in L4|g=1 makes sense: see §3.2.
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By equation (5.20), L (y, z) determines the quantum connection pulled-back by the
mirror map 74 (y). Set 75 VT = d+2z""A*(y). The connection 1-form A¥(y) is computed
by:

A*(y) = —2d(L (y, 2)e /%) Ly (y, 2)!
= _Z(dL+(y7 Z)>L+(Ya Z)_l + LJr(ya Z)(da+>L+(Y7 z)_l
where the term do; gives a logarithmic singularity (see equation (5.10)):

dU+—ZQ+ p;) dyl DI d%

Yi JESH

Thus the connection form AT (y) is a global 1-form on Mv+ satisfying the properties in
Theorem 5.14.

Remark 5.25. Note that A*(y) is independent of z: in the formal neighbourhood of
P, ={y; = --- =y, = 0} this follows from the fact that d+z~*A™*(y) is the pulled-back
quantum connection, and this is true everywhere by analytic continuation.

Finally we see that ET corresponds to £T. Choose a homogeneous Rr-basis {¢;} of
Heg p(X4) such that ¢o = 1 and ¢; = O(p;") for 1 < i < ¢4 and write 7% (y) for the
ith component of 74 (y) with respect to this basis. One needs to check that E*74 (y) =
(1—1deg¢;)7e(y)+p', where p = Zi]\io p'$;. The homogeneity of L " shows that 74 (y)
is homogeneous of (real) degree two: this implies that E¥7% (y) = (1 — 5 deg ¢;)7% (y).
The rest is a straightforward computation. This completes the proof of Theorem 5.14.

Remark 5.26. For the existence of a global quantum connection in Theorem 5.14 and
other main results in this paper, we do not need Assumption 5.20. Let us write Mi for
M to emphasize the dependence on the extension data S. Then one has:

Scs = M;cM]

Suppose that an S-extended stacky fan does not satisfy Assumption 5.20. By taking
a bigger S’ D S, we can achieve Assumption 5.20 and construct a global quantum
connection on ./\/lS Then we obtain a global quantum connection on ./\/ls by restriction.
In this way, the global quantum connections form a projective system over all extension
data S. Assumption 5.20 ensures that F* is generated by a section T{ and its covariant
derivatives. For the convenience of discussion, we will sometimes use Assumption 5.20
in the rest of the paper, but this does not affect the final conclusion.

6. The Crepant Resolution Conjecture

We now come to the main result in this paper. In Theorem 5.14, we constructed a
global quantum connection (F+, V™ ET) for X, on M, where M¢ is an open subset
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of the universal cover M, of (UL \ {y® = ¢})/pp. By applying Theorem 5.14 to X_
rather than X |, we obtain a global quantum connection (F~, V™ ,E™) for X_ on M"
where M° is an open subset of the universal cover M_ of (U_ \ {y® = ¢})/m4. We
now show that these two global quantum connections are gauge-equivalent on a common
covering M: the universal cover of M\reg \ {y*=0,¢c,00}.

reg\{y =0, Coo}

l — l

U\ {y* = })/pp (U, \{ye = c})/pa

Moreover, we show that the analytic continuation of flat sections is induced by a
Fourier-Mukai transformation FM: K%(X_) — K%(X,) through the equivariant in-
tegral structure in §3.1. We establish the gauge-equivalence of the two global quantum
connections in several steps, beginning in §6.1 by expressing the gauge transformation
involved as a linear symplectomorphism U between the Givental spaces for X, and
X _. In §6.2 we use the Mellin-Barnes method to analytically continue the I-function
1., deducing from this a formula for U. In §6.3 we construct a Fourier—-Mukai trans-
formation FM: K%(X_) — K%(X;) associated to the toric birational transformation
X, --» X_. Finally in §6.4 and §6.5 we complete the proof of gauge-equivalence, and
of the Crepant Resolution Conjecture in the toric case, by showing that the symplectic
transformation U coincides, via the equivariant integral structure, with the Fourier—
Mukai transformation FM.

6.1. The global quantum connections are gauge-equivalent

Let Uy denote the underlying topological space of ./K/lvi The space Uy is the universal
cover of {y, € C: y,«'+' # ¢} and U_ is the universal cover of {y, € C: gor (7o) #c 1
The underlying topological space of M is the universal cover U of Creg \ {y¢ =0,¢c,00}.
We have natural maps 74 : U — Uyt and set

U = U)Na= Uy cu
MO = M‘uo

where S C Uy is the open dense subset from Theorem 5.14. Note that U/ \U° is a discrete
set. Since we use Py € Creg as base points of the universal covers U/, we need to specify
a path from Py to P_ in Ceg \ {y® = ¢} in order to identify the maps & — U+ between
universal covers. We consider a path in the log(y®)-plane starting from log(y®) = —oo
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R(logy®) = log ||

j.ﬂ'i(w +1)

Fig. 1. The path ~ of analytic continuation on the log(y®)-plane.

and ending at log(y®) = oo such that it avoids log(c) + 27iZ. We use a path 7 as in
Fig. 1 passing through the interval

(log [¢| + mi(w — 1),log |¢] + 7i(w + 1))
in the log(y®)-plane, where w:=—1—3". 5 (Dj-€) ==14+3 ;. p . o(Dj-e).
Theorem 6.1. Let H(X ) = Heg 1(X+)®@pr, Rr((271)) denote Givental’s symplectic vec-
tor space for X1 (see §2.5) without Novikov variables, i.e. with Q specialized to 1. There

exists a degree-preserving'®> Rp((z71))-linear symplectic transformation U: H(X_) —
H(X ) such that:

(1) Ii(y,z) =UI_(y, 2) after analytic continuation in y¢ along the path =y in Fig. 1;

(2) Uo (g*vU) = (ghoU) o U for all v € H2(X,), where g+ : X4 — Xo is the common
blow-down appearing in the diagram (1.3);

(3) there exists a Fourier—Mukai transformation FM: K3(X_) — K%(X) such that
the following diagram commutes:

K(X_) — KY(X,)

7 l l@ (6.1)
HX_) — H(xy)

where the vertical map W : KY%(X1) — ??L(Xi) is the map
V. (E) = P (in (27i) 5 iny *ch(E ))
taking values'® in the “multi-valued Givental space”:

12 We use the usual grading on Heg r(X4), Rr = H}.(pt) and set degz = 2.
13 Cf. Corollary 2.6.
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H(X+) = Hog r(Xs) @py Rrllog2](=~/%)
Here k € N is an integer such that all the eigenvalues of ku™, ku™ are integers.

Theorem 6.1 will be proved in §6.2 and §6.3. The Fourier-Mukai kernel will be de-
scribed in §6.3: it is given by a toric common blow-up X of X.

Notation 6.2. In Theorem 6.1, p* = F(T'X1) € HA(X4), p is the grading operator
(2.4) on Hog p(X+) and degy: H3®(1X4) — Hp*(IX4) is the degree operator as in §3.1.

Theorem 6.3. Let (Fi,Vi,Ei) be the global quantum connections for Xy over
MS(Rrlz]) from Theorem 5.1/. We have that EY = E~ on M(Rr). There exists a
gauge transformation

© € Hom (HéR,T<X7)7HE}R,T(X+)) @Ry (Oue @ Rr)[2]ly1, -, ¥r-1]
over M° (Rr[z]) such that:

o« V7 and V' are gauge-equivalent via ©, i.e. VI o ©@ =0 oV~ ;
« O is homogeneous of degree zero, i.e. Gr™ 0© = OoGr~ with Gr™ : 224 BE 4t

= oz
e O preserves the orbifold Poincaré pairing, i.e. (O(y,—z)a, O(y, 2)8) = (o, f).

Moreover, the analytic continuation of the K-theoretic flat sections in Definition 3.1
(with Nowvikov variables Q set to be one, see §3.2) is induced by the Fourier—Mukai
transformation:

O(s(E)(r_(y),2)) = s(FM(E))(7.(y).2)  for all E € K}(X )
where T+ are the mirror maps in Theorem 5.1J.

Remark 6.4. The symplectic transformation U in Theorem 6.1 and the gauge transfor-
mation © in Theorem 6.3 are related by

Li(ri(y).2) 0@ =To L (r_(y),2)"" (6.2)

where L. is the fundamental solution for the quantum connection of X4 in Proposi-
tion 2.4. The gauge transformation © sends the section Y € F~ to the section Y € F™,
where Toi are as in Theorem 5.14.

Remark 6.5. Theorems 6.1 and 6.3 can be interpreted as the statement that the symplec-
tic transformation U matches up the Givental cones £ associated to X1 after analytic
continuation of £4:
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U(—2)L_ = L. (6.3)

In fact, Remark 2.5 suggests that we may analytically continue the Lagrangian cones by
the formula:

Ly=" | 2La(re(y), —2) " Hi(Xs)
yeMe

and then equation (6.2) would imply (6.3). As discussed in the Introduction, to avoid
subtleties in defining the analytic continuation of Givental cones in the equivariant set-
ting, in this paper we state our results in terms of analytic continuation of the I-function
(Theorem 6.1) or in terms of the equivariant quantum connection and gauge transfor-
mations (Theorem 6.3).

Remark 6.6. Theorem 6.3 implies that the global quantum connections of X and X_ can
be glued together to give a flat connection over M. This flat connection descends to the
formal neighbourhood M of C in the secondary toric variety M via Galois symmetry
as in Remark 5.10. This global connection, or D-module, on M can be described by
explicit GKZ-type differential equations: it is a completed version of Borisov—Horja’s
better-behaved GKZ system'* [14]. In the papers [49,69], the toric quantum connection
is described in terms of GKZ-type differential equations through mirror symmetry. The
I-functions Iy (g, z) are local solutions to these differential equations around the large
radius limit points.

Proof that Theorem 6.1 implies Theorem 6.3. One can easily check that the change of
variables (5.8) preserves degree, and that E¥ = E~. By Theorem 6.1, we have

I+(y72) :UI_(y,Z) (64)

under analytic continuation along the path «. The discussion in §5.5 (see Lemma 5.22,
equation (5.17), and equation (5.19)) yields:

|
ZPLL | = e L (y, 2) T T (y, ), (6.5)

N

Similarly, the discussion in §5.5 applied to X_ yields a global section T, of F~ and a
(global) fundamental solution L_(y, z)e="~/% for V™ = d + ="' A~ (y) such that:

2 (y,2) =7 *L_(y,2) "' Ty (y, 2)

4 The better-behaved GKZ system is in general generated by several elements. In our case, by adding
enough extended vectors that Assumption 5.20 is satisfied, we can make it generated by a single standard
generator 1, and in this case the better-behaved GKZ system is the same as the original GKZ system [39].
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Applying the differential operators P;i to z71I_(y, z), we obtain

|
PLL | = L (y, ) | PGV, (6.6)

where P;T ;(2V7) is obtained from Py ; by replacing 20, with 2V for vector fields v. Let
T~ denote the matrix with column vectors P;i(zvf)TO_. Comparing (6.5) with (6.6)
and using (6.4), we obtain

TP Ly(y,2) YT = Ue”/*L_(y,2) "' T~

since U is independent of the base variables y. In particular, it follows that T is invert-
ible. Setting © = YT (T~)~!, we obtain:

(e”+/zL+(y, z)_l) O(y,2)=TU (e”*/zL,(y,z)_l) . (6.7)

Since e”*/ ZLj_El are fundamental solutions for V¥, © gives a gauge transformation be-
tween V™ and VT, ie. @0 V™ = V1 0 ©O. One may assume that the first columns of
T+ and T~ are given respectively by Y§ and Yy, and therefore ©(Y,) = Y.

Next we see that © preserves the grading and the pairing. Part (2) in Theorem 6.1
implies that Uo@_(p;) = 04 (p; ) oU fori =1,...,7 — 1, since p; = p; lies on the wall
W for 1 < i <r — 1. Therefore

r — o N1+ )
e~ T+/% oo /% — =0+ (PF)logyr/2 o J o ¥ (Z£=1 p; log¥i—3>7i_; p; log yq,)/z

— o0+ (D) logyr/z o J o 0~ (PF) logy, /2

where we used >, pi logy; = >°._, p; log¥;. This together with (6.7) implies that:

Li(y,z) " 'O(y,2) = <6*9+(pi’) logyr/z o [J o ¢f-(P7) 10gyr/Z) L_(y,2)""

Since degy, = 0, we know that all of the factors in this equation except for © are
homogeneous of degree zero; thus O is also homogeneous of degree zero. The fundamental
solutions e"i/sz preserve the pairing by Proposition 2.4 (we saw in §5.5 that they
coincide with the fundamental solutions from Proposition 2.4 via the mirror maps 74 )
and U also preserves the pairing. Thus © preserves the pairing.

Finally we consider the analytic continuation of K-theoretic flat sections. Note that
the flat section s(E)(_(y), z) is analytically continued along M® by the right-hand side
of the formula

S(E)(r_(y).2) = WL,(% e=-/*F_(E)
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where W_ is the map in Theorem 6.1. Using (6.7), we obtain:

O(E(E)(r-(y.2))) = Gzl (0 2)e /D (T-()

Part (3) of Theorem 6.1 shows that this is equal to s(FM(E))(74(y),z). O
6.2. Mellin—-Barnes analytic continuation

In this section, we compute the analytic continuation of the I-function and determine
the linear transformation U in Theorem 6.1.

6.2.1. The H-function

It will be convenient to introduce another cohomology-valued hypergeometric function
called the H-function. Noting that coefficients of the I-function can be written in terms
of ratios of I'-functions:

d F(1+% —(=Dj-d))\ 1,-
R Y z J [—d]
I+(y72) = ze’t Z Z(D1+~-+Dm)~d H I‘(l 4 uj +D;- d) St
deKy j=1 z J

we set:

V)i=ei 3y H 1+“J+D a) |

deKy ji=1 27i

and similarly for H_. Formally speaking, H belongs to the space:

[T ER(IX )llogys, ... logyrllyr, - -, yr]
p

Noting that the T-equivariant Gamma class of X is given by

Tx, = @ ([T +uw—(D;-1)) 1y

f€K+/]L j=1

we obtain the relationship between the H-function and the I-function:

2 (y,2) =2 208 2z g P (f;g (27i) “F inv H(z*deigyy)) (6.8)

where pT, uT, deg, are as in Notation 6.2 and

__degy degyy __degyy

z 2 y*( 2 Y1, % 2 yr)

The relationship between H_ and I_ is similar.
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Remark 6.7. The H-function H; has analytic properties analogous to those of the
I-function stated in Lemma 5.13. Namely e~ 7+/(m) H (y) is a formal power series in
Yi,...,¥Yr—1 with coefficients of the form Z?f:o fi(A\,yr)¢; where {¢;} is an Rp-basis of
HY(IX4)and f;(\y,)isanalyticin (A1, ..., Ar,yr) € C™xU,4. Note that the H-function
has better analytic behaviour with respect to A. The analytic continuation of H-functions
performed below should be understood as analytic continuation of the coefficient func-

tions fi(A,y,).

6.2.2. Restriction of the H-function to T-fized points

Recall that the T-fixed points on X are indexed by minimal anticones ¢ € A, and
that the T-fixed points on the inertia stack I X are indexed by pairs (¢, f) with 6 € A
a minimal anticone and f € K, /L satisfying D, - f € Z for all ¢ € §. The minimal
anticone ¢ determines a T-fixed point x5 on X and the pair (0, f) determines a T-fixed
point (s, ¢y on the component X_{_ of the inertia stack 1X . Let is and i(s5,f) denote the
inclusion maps x5 — X and x(5,5) — [ X respectively. Set u;(0) = iju; € H2(pt),
noting that u;(6) = 0 if and only if j € 6. We have that:

d si-04(9)
. y ez2ri9+
its W Hy = (6.9)
(6)f) + Z .. U4 5
deK y:[d]=f Hj€5F(1+DJ d) Hj¢5F(1+ 2751) +Dj 'd)

where 0 (d) := ijo. Consider the factor [[;, L1+ D, - d)_1 in the summand: since
d= f mod L and since D; - f € Z for all j € , the term D, - d here is an integer. Thus
the factor [[;c, L(1+D;j- d)_1 vanishes unless d € §¥, where

5V Z:{dEL@)Q:Dj'dGZzO fOI‘&HjEé}.

The H-function is a sum over the subset Ki_ff of Ky,

Kﬁrﬁ:{fe]L@(@:{iE{l,Q,...,m}:Di'fEZZo}€A+}

which is in general quite complicated, but the restriction z"(*é f)H+ of H; to a T-fixed
point in X, is a sum over the much simpler set §".

6.2.3. Analytic continuation of the H -function

The Localization Theorem in T-equivariant cohomology [3,8,45] implies that one can
compute the analytic continuation of H; by computing the analytic continuation of
the restriction if(;’f)HJr to each T-fixed point x5 ) € IX;. The restriction ifé,f)H+ is
a H3*(pt)-valued function. During the course of analytic continuation, we regard the
equivariant parameters Aj, ..., A, as generic complex numbers. There are two cases:

. 66.A+0A_;
c ScA butsg A



T. Coates et al. / Advances in Mathematics 329 (2018) 1002—-1087 1057

The anticone § determines a T-fixed point z5 in X, and in the first case it also deter-
mines a fixed point in X_. In the first case the birational transformation ¢: X, --» X_
is an isomorphism in a neighbourhood of zs, and it is clear from (6.9) that iz‘é’f)HJr =
i’(*&f)H_, noting that u;(d) is the same for X; and X_. In the second case zs lies in
the flopping locus of ¢, and we will see that the analytic continuation of z"(:;’ f)H+ is a
linear combination of restrictions i&ﬂ fﬁ)H_ for appropriate 60— € A_ and f_ € K_.
Note that in the second case, ¢ has the form {ji,...,j-—1,7j4+} with D;,,..., D ew

and'® Dj; e > 0 (see Lemma 5.2).

j'r—l

Definition 6.8. Let ;. € A, and J_ € A_ be minimal anticones. We say that 4 is
next to §_, written d4|6_, if 61 = {j1,...,Jr—1,J+} and 6_ = {j1,..., Jr—1,j—} with
Dj,,...,Dj_, € W, Dj, -e>0,and D;_-e <0. In this case 6, ¢ A_ and §_ ¢ A,.
Definition 6.9. Let (4, f1) index a T-fixed point on I X, and (d_, f_) index a T-fixed
point on I X _. We say that (d;, f4) is next to (6_, f—), written (0, f)|(d—, f—), if 4]6—
and there exists a € Q such that f_ = f; + e in L® Q/L.

The analytic continuation of if; , H is a linear combination of if; . \H_ such that
(6, f) is next to (d_, f).

Notation 6.10. Fix lifts K, /L — K, and K_ /L — K_ such that, for any pairs (dy,d_) €
K; x K_ with dy —d_ € Qe, the lifts of [d] and [d_] differ by a rational multiple of e.

Lemma 6.11. Let 6. € Ay and 6_ € A_ be minimal anticones such that §|5_, and let
j— be the element of 6_ such that j_ ¢ 6. Then for any j, one has:

Dj~e

u;(04) = u;(6-) + D, €Uj7(5+)-

Proof. Write _ = {j1,...,jr—1,7j—}. Since D;,,...,D; ,,D; form a basis of LY ® Q,
we can write:

Dj=c1Dj, +-+craDj,_, +c-Dj_

Since Dj,,...,D;, _, are on the wall, pairing with e yields:

Dj-e=c_(Dj_-e). (6.10)

Applying the homomorphism 61 from (4.8), we obtain

15 Recall that e € L is the primitive lattice vector in W= such that e > 0 on Cy and e < 0 on C_.
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uj = Aj =iy, = Aj) + oA e, — Ajoy) He-(uin = Ay)
on both X, and X_. Restricting to x5, € X4 and x5_ € X_, we get the two relations:

ui(04) —Aj = —c1dj, — - — 1Ay, e (u(04) — Aj),
Uj((sf) — )\

G L TR S P VA P VS

Comparing the two equations, we get u;(d4) = u;(d_) +c_u;_(d4+). The conclusion now
follows from equation (6.10). O

Corollary 6.12.

(1) Let § be a minimal anticone such that § € Ay N A_. Then 0 (0) = o_(9).
(2) Leté. € Ay, 6 € A_ be minimal anticones such that 04 |0_ and let j_ € 6_ be an
element such that j_ ¢ d. Then:

€

Ui (6+)

lo
o1 (61) = o (6.) + ngY

Proof.

(1) As we discussed, u;(9) is the same for X} and X_ whenever § € A, NA_. Therefore
304 (D;) = i30_(D;) for all j. In particular i560 (p) = i50_(p) for every p € LY @ C.
Setting p=>_;_, p;j logy; = >_;_, p; log¥;, we obtain (1).

(2) Lemma 6.11 shows that

p-e
D.

j- €

i5,0+(p) = i3 0_(p) + w;_ (64) (6.11)

for all p € LY ® C. Setting again p = >.;_, p; logy; = >.;_, p; logy;, we ob-
tain (2). O

Theorem 6.13. Let (04, f1) index a T-fixed point on IX,. If 61 € AL NA_ then:

i?5+af+)H+ = i?5+’f+)H*'

Otherwise, after analytic continuation along the path v in Fig. 1, we have:

: B S_f_ .
i, 0 He = Y Cslpils g H-
0 )

fo)
CESYEDTICEY B

where:
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wj_ (64)

Fo _ (D (fe 1)
C5+ fe 7€
sm7r( ( +) +D; - (fy _ff)) Slnﬂ_(ug(ér) +Dj'f+)
x
. x (6
<_DJ7 . 6) Sin 5, ¢ (ujzﬂ(_;r) —|—D]7 . (f+ _ f )) j: D;é e<0 Slnﬂ'( (8 ) +D] . f—)
J#J—-

with w 1= *1*Zj:Dj.e<o Dj-e= *1+2j:DJ~e>0 Dj-eand j_ € §_ given by the unique
element such that D;_ -e < 0.

Remark 6.14. The coefficient C’ "f ~ does not depend on the choice of lifts f1 € K, and
f— € K_ such that f, — f_ € Qe (see Notation 6.10).

Proof of Theorem 6.13. The first statement follows immediately from (6.9) and Corol-
lary 6.12. In this case, iz‘5+7f+)H+ (respectively iz‘5+’f+)H,) is a formal power series in
Yi,--.,Yr—1 (respectively in ¥1,...,¥,_1) with coefficients that are polynomials in y,. (re-
spectively in ¥,.), and the series iz‘5+7f+)H+7 iz‘5+1f+)H, match under the change (5.8) of
co-ordinates. Consider now

o4 (84) d 1
ils Hy =e 27 y
(04.f+) dez(gi: H] L 1'\(1 + (5+) + D d)

[d]=f+

where 64 € A4 but d ¢ A_. We can write d € 6Y uniquely as d = d; + ke with k a
non-negative integer, dy € 0y, and dy — e ¢ 8. Then:

o4 (54)

: N e (v
ifs, s Hy = d+ (6.12)
gt =D vy — I
o diesy: k=0 jle(1+ uJ2(m+) +Dj-dy +kDj-e)
d+—6¢51
ldi]=rf+

Consider the second sum here. This is:

Z;W o s (= e D ody)

271
s
j:Dj-e<0

Uj é
Hj:Dj~e<OF(_ Ol — Dj-ds —kDj -e)

27i

ILp,.c>0 L1+ sz(f;r) +Dj-dy +kDj-e)

(6.13)

where we used I'(y)I'(1 — y) = n/(sin7y). Thus (6.13) is
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Fig. 2. The contour C.

eTris(Dj-e) Sinﬂ'( _ % — Dj . d+)

™

. oi(6h) .
E e T Reseey L(s)I(1 — s)e™*(y*)® H
k=0 j:Dj-e<0
Uj 5
l_IJ':DJ--6<0 I(- '2(7ri+) —Dj-dy —sDj e
i ds. (6.14)
Hj:Dj-eZOP(l + JQﬂJJ.r + ‘DJ ’ dJF + S‘DJ ’ 6)

Consider now the contour integral

Uj 5
Hj:Dj'e<0 F(_ 2(7r:—) B Dj ’ d+ - SDj ) 6) 677riw e

_ y©)" ds
Hj:Dj-eZO r(1+ % +Dj-ds+sDje)

o4 (64)
e T /F(S)F(l—s)

c

(6.15)

where the contour C, shown in Fig. 2, is chosen such that the poles at s = n are on the
right of C and the poles at s = —1 — n and at

27i

s = %(WJM) +D; -dy— n) for j_ such that D; -e<0 (6.16)

are on the left of C'; here n is a non-negative integer. Note that all poles of the integrand
are simple. By assumption we have that Z;n:l D; € W, and hence that Z;ﬂ:l Dj-e=0.
Let ¢ € C be the conifold point (5.13). Lemma A.6 in [12] implies that:

e the contour integral (6.15) is convergent and analytic as a function of y¢ in the
domain {y® : |arg(y®) — wr| < 7};

o for |y¢| < |c|, the integral is equal to the sum of residues on the right of C'; and

o for |y¢| > ||, the integral is equal to minus the sum of residues on the left of C.
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The residues at s = —1 — n vanish, where n is a non-negative integer: each such residue
contains a factor

[Ir+D; (ds — (n+1)e)) "

JE&y

and dy — (n+ 1)e ¢ 6Y, so at least one of the I'-functions is evaluated at a negative
integer. After analytic continuation in y©, therefore, (6.14) becomes minus the sum of
residues at the poles (6.16). The residue at the pole

p= ﬁ(w,(m +Dj_-dy —n)

i 27i

is:
. J_ (5+)
T (yoypemip (14 Dy ) Smﬂ( D d+) ! (1"
sin p (—Dj, e) nl
emip(Dje) Sinﬂ(—ujz(jf) +Dj - d+) 1

#Dye<o Sim(% +Dj-ds +p(Dj - 6)) Jti- F(l + 5 4 D dy 4 p(D; - e))
NESVES

(6.17)
This simplifies dramatically. Set n = k(—D;_-e) + 1 with 0 <1 < (—=D;_ -e),
D;_-dy -1
d =d, + 2= =+~ °
++ "D, e e
and 6_ = {jh- N 7j7"—17j—}a where 6+ = {j17~ N 7.jT‘—1a.j+} with Djl e = - D]r 1"

e = 0. Note that D; -d_ =1¢€ Z>o but D; - (d_ +e) <0, and therefore d_ € §¥ but
d_+e¢ Y. Lemma 6.11 implies that:
uj(‘sfr)+Dj.d++p(Dj.e):uJ(6 )+D d_ — k(Dje)

2mi 27i

and thus the residue (6.17) is:

. uj_ (64)
_eUEff)yd_—d+fkee%( Lo +D;_+(de—d_))
uj_(84)
smﬂ'( 55— +Dj_ - (dy — d,))
x D : x wi-C4) d d
(_ jf-e)sm —D;_ - oni —+ j—'( + = —)
sinw(%JerdJr) m 1
X 11 (6.18)

jipyecosinm (M0 Dy d-) AT (14 M0 + Dy - d — k(D - ¢))
J#i-

e 27i

where we used p = *Di (uj_((-s” +D;_ - (dy — d,)) — k and Corollary 6.12.
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Let f_ denote the equivalence class of d_ in K_/L, noting that (§;, f4+)|(6—, f—) and
that

d+=f+—f_+N€+d_

for some integer N. (Here we used Notation 6.10.) The dependence of (6.18) on N cancels,
giving:

o_(5_)
—e 27y

d_—dy—ke 1 Cg”]{’
T (1+ 422 + Dy d — k(D e))

27i

and minus the sum of these residues gives the analytic continuation of (6.14). After

+.
analytic continuation in y¢ = yp ©, therefore, we have that:

%
iy, rH+

o_(5_)

S R T ooy it
- uJ(6 ) 64 S+
(-, f-):  d_es: I(1+ +Dj-d_ —kDj-e)

@G f N6 f-) d_+egsY
[d-]1=f-

Comparing with (6.12) gives the result. O

6.2.4. Analytic continuation of the I-function and the symplectic transformation U
Set Ry = HY*(pt) and let St be the completion of Sp in §3.1. Define an Sp-linear
transformation Uy : Hp*(IX_) ®p St — Hp*(IX4) ®p St by

Kk 1»
Up(a)= > (i p0) —ri—

(5.0): er(Na.s)
deEALNA_ (6 19)
) .
Spofe s O4.f+
+ > > Gyl i) er (N5, 12

(04,f4): (0, f-):
S €ALNAL (6,F)|(0+,f+)

where ((5 f) and (04, fy) index T-fixed points in IX,, 155 = i@ ).l and N5 :=

z(5 f)X Then Theorem 6.13 can be restated as:

H+ = UHH,

Define the linear transformation U so that the following diagram commutes:
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Un

H3*(IX_)®p, St
E’l l@; (6.20)

Heg r(X_) @ry Srllog 2)(=~/%) — = Hep +(X4) ®r, Srllog 2](=~ /%)

H3*(IX}) ®p, St

where the vertical maps are defined by ¥, (a) = P (fxi U (27ri)de% inv* «) and

k € N is as in Theorem 6.1. The relationship (6.8) between the H-function and the
I-function implies part (1) of Theorem 6.1:

I, =UI. (6.21)

Since the I-function contains neither log z nor non-integral powers of z, it follows that
U is in fact a linear transformation:

U: Hog 7(X-) @R, Sr(z™") = Heg 7(X4) @Ry Sr(z™Y)

Diagram (6.20) gives that U is automatically degree-preserving. We show that U satisfies
part (2) of Theorem 6.1. Noting that p;7 = p;, 4 = 1,...,7 — 1 are on the wall W, it
suffices to show that 6, (p;) oU = Uof_(p;) for 1 < i < r — 1. This follows from
equation (6.21) and the monodromy properties of the I-functions:

— 2mify(p))/=
. e ) I
+ {yj,_>e2myj +

o= 627ri0,(pj_)/zI_

- {yj,_)e%riyj
for 1 < j <r —1. Note that y; — ezﬂiyj corresponds to y; — 62“)7]- under the change
(5.8) of variables. It remains to show that:

e U is symplectic;
o U is defined over Rr((271)), i.e. that U admits a non-equivariant limit.

These properties follow from the identification of Uy with the Fourier—Mukai transfor-
mation defined in the next section. We will discuss these points in §6.5 below.

6.3. The Fourier—Mukai transform

We now construct a diagram (1.1) canonically associated to the toric birational trans-

formation ¢: Xy --» X_, where X is a toric Deligne-Mumford stack and f, f_ are
toric blow-ups, and compute the Fourier—Mukai transformation:

FM: K9(X_) » K9(X,)  FM:= (f).(/-)"



1064 T. Coates et al. / Advances in Mathematics 329 (2018) 1002—-1087

In §6.4 below we will see that this transformation coincides, via the equivariant integral
structure in Definition 3.1, with the transformation U from §6.2.4 given by analytic
continuation.

6.3.1. The common blow-up of X and X_
Recall from §4.2 that X, and X_ are defined in terms of an exact sequence:

0 L ZmﬁN 0

where the map L. — Z™ is given by (D1,..., D;,). This sequence defines an action of
K = (C*)" on C™, and X4+ = [U,, /K] for appropriate stability conditions wy, w_ €
LY ® R. Let by,...,b,, denote the images of the standard basis elements for Z™ under

the map 3. Consider now the action of K x C* on C™*! defined by the exact sequence:

OH—L@ZH—Z’"@ZLNHO

where the map L@ Z — Z™ & Z is given by (151, . ,l~)m+1),

D; @0 ifj<m+1land Dj-e<0
D;j={D;®(~-Dj-¢) ifj<m+1land D, -e>0
0@ 1 if j=m+1

The map 3 is the direct sum of 8 with the map Z — N defined by the element

bmt1 = Z (Dj ’ e)bj

j:Dj-e>0

so the images of the standard basis elements for Z"@Z under the map Bareb, ..., brmt1-
Consider the chambers C, C_, and C in (L ® Z)" ® R that contain, respectively, the
stability conditions

Oy = (wy,1) w_ = (w_,1) and @ = (wo, —¢)

where wy is a point in the relative interior of WNC, = WNC_ as in §5.1, and € is a
very small positive real number. Let X denote the toric Deligne-Mumford stack defined
by the stability condition @.

Lemma 6.15. Recall the notation Ay, Ay, Ak, AN My, My in Lemma 5.2. The set
of anticones for the stability conditions W+, @ are given by

Ap, ={Iu{m+1}:Te AL}
Az ={ITu{m+1}:1€ AP} u{l e AP*:InMye AP™}.
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Proof. Straightforward. O
Lemma 6.16. We have the following statements.

(1) The toric Deligne~Mumford stack corresponding to the chamber 5+ is X4
(2) The toric Deligne—Mumford stack corresponding to the chamber C_is X_.
(3) There is a commutative diagram as in (1.1), where:
o fi: X > X4 is a toric blow-up, arising from wall-crossing from the chamber C
to 5’+ ; and
o fo: X — X_ is a toric blow-up, arising from wall-crossing from the chamber C

to C_.

Proof. In view of §4.1, the description of Ag, in Lemma 6.15 proves (1) and (2).
The birational transformations fi: X --» X, and f_: X --» X_ determined by the
toric wall-crossings are each morphisms which contract the toric divisor defined by the
(m + 1)-st homogeneous co-ordinate. Indeed, f; is induced by the identity birational

map Uz --» Ug,, and a point (21,...,2%m,2m+1) € Uz, is equivalent to the point
(Z1Z£}L+1, . .,zmzfgﬂ, 1) € Uy, x {1} under the action of the C*-subgroup of K x C*

corresponding to e ® 1 € L @ Z, where we set [; := max(—D, - e,0) for 1 < i < m.
Therefore f is induced by a morphism

Uy — Usy (21, -+ Zms Zmt1) — (zlzf,l”rl,...,zmzﬁg‘“) (6.22)

which is equivariant with respect to the group homomorphism (quotient by the
C*-subgroup given by e ® 1)

o KxC* - K (g, \) =~ g- A" (6.23)

Using Lemma 6.15, one can easily check that the map (6.22) indeed sends Uy to U,,, . We
obtain a similar description for f_ by considering the C*-subgroup given by 01 € L&Z
instead of e 1. O

Remark 6.17. Torus fixed points on X lying on the exceptional divisor {z;,,+1 = 0} of

f+ correspond to minimal anticones § € Ag such that 6 € Ak and 6 N My € AP,
These minimal anticones take the form

S: {j17' . a.j’l"—laj—‘r)j—}

where Dj,,...,D; € W, D; -e>0and D;_ -e < 0. The birational morphism fy
maps the corresponding torus fixed point x5 € X to the torus fixed point zs, € X4+ with

6+ = {jla"'aj’f—laj'i‘} € A+? 0_ = {jlﬂ"'aj’f—hj—} € A—'
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Torus fixed points on X lying away from the exceptional divisor {z,,11 = 0} corresponds
to minimal anticones 6 € Ag of the form § = d U {m + 1}, § € Ak = A, N A_. The
morphisms fi are isomorphisms in neighbourhoods of these fixed points, and the torus
fixed point x5 maps to the fixed point x5 in X4 or in X_.

Remark 6.18. The stacky fan > for X is obtained from the stacky fans X4 for X1 by
adding the extra ray b,,+1 = Zj:Dj~e>o(Dj - e)b; where

Y. (Dj-eby= Y (=D;-e

j:Dj-e>0 j:Dj-e<0

is a minimal linear relation (or circuit) in ¥4, see Remark 5.3. So our discussion here is
a rephrasing in terms of GIT data of the material in [12, §5].

6.5.2. A basis for localized T -equivariant K -theory

Recall that T' = (C*)™ acts on X through the diagonal T-action on C™. We consider
the T-action on X induced from the inclusion T = T x {1} € T x C* and the (T x
C*)-action on C™*!. Then all the maps in the diagram (1.1) are T-equivariant. The
T-equivariant K-groups K9(X.), K%(X) are modules over K% (pt), which is the ring
Z[T] of regular functions (over Z) on the algebraic torus 7.

The T-invariant divisor {z; = 0} on X, defined in (4.6) determines a T-equivariant line
bundle O({z; = 0}) on X,,, and we denote the class of this line bundle in T-equivariant

K-theory by R;. For the spaces X, X_, and X we write these classes as
Rf,...,Rh e K&(X,) Ry,...,R;, € KQ%(X_) and Ry,...,Rpn4 € K%(X).
Let us write:

St.=(RH™ S = (R;)! and S; = Rj_l

An irreducible K-representation p € Hom(K,C*) = LY defines a line bundle L(p) — X,:

L(p) = Uy x C/(z,v) ~ (g- 2,p(g)v), g€ K

This line bundle is equipped with the T-linearization [z,v] — [t - z,v], t € T and thus
defines a class in K%(X,,). We write L (p) for the corresponding line bundle on X, and
L_(p) for the corresponding line bundle on X_. We have

R =Li(D)®eM

where e*i € C[T] stands for the irreducible T-representation given by the ith projection
T — C*. In particular we have ¢! (Li(p)) = 64 (p) for the map 6 in (4.8). Similarly
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a character (p,n) € Hom(K x C*,C*) = LY @& Z defines a T-equivariant line bundle
L(p,n) — X and we have:

R; = L(D;) ® e 1<i<m

Runir = L(Dysr) = L(0, 1)

The classes Ly (p) (respectively the classes L(p,n)) generate the equivariant K-group

K2(X4) (respectively KX(X)) over Z[T).

Let 0_ € A_ be a minimal anticone, z5_ be the corresponding T-fixed point on X_,
is_: x5_ — X_ be the inclusion of the fixed point, and Gs_ be the isotropy group of
zs_. We have that 5 = BGs_, and that i R; = 1 for i € d_. A basis for KX(X_),
after inverting non-zero elements of Z[T], is given by:

{(i(;f)*g : 0 an irreducible representation of G5 _, d_ € .A_} (6.24)

We need to specify a T-linearization on (is_)«0. Choosing a lift 9 € Hom(K,C*) =LV
of each G;5_-representation p: G5_ — C*, we write any element in (6.24) in the form:

es_ o =1L_(9) H (1-57)
igs_

Then {es_,} is a basis for the localized T-equivariant K-theory of X_. There is an
entirely analogous basis {es. ,} for the localized T-equivariant K-theory of X . We will
describe the action of the Fourier—-Mukai transform in terms of these bases.

6.3.3. Computing the Fourier—Mukai transform
Consider the diagram (1.1) and the associated Fourier—-Mukai transform FM:
K2%(X_) — K%(X,). In this section we prove:

Theorem 6.19. If §_ € A_ is a minimal anticone such that 6_ € Ay then

FM(es_ o) = €50

where on the left-hand side of the equality 0_ is regarded as a minimal anticone for X _
and on the right-hand side §_ is regarded as a minimal anticone for X,. If 6_ is a
minimal anticone in A_ such that §_ ¢ A, then FM(es_,) is equal to

]_ 1—S+ B —D;-e
IR0 e T a-she IT G- o)

teT jés_ Qg6
Dj-e<0 D;-e>0

where j_ is the unique element of 6_ such that D;_-e<0,1=—D;_-e and

TZ{C'(R;F,)W:CEM}-
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Remark 6.20. We have

otherwise.

1 . (R )™ if | divides n;
72! :{ :

teT

Thus } 3, f(t) makes sense as an element of K$(X;) for a Laurent polynomial f(t)
in ¢. Note that each summand appearing in the formula for FM(es_ ,) is in fact a Laurent
polynomial in ¢, since the factor 1 —¢t~! divides 1 — Sj‘t =1—-t"

Borisov-Horja have computed how non-equivariant versions of the classes R, change
under pullback [13, Proposition 8.1]. We have parallel results in the equivariant setting.

Proposition 6.21. For p € L, we have:
f2(L-(p)) = L(p,0)  and  fi(Ly(p)) = L(p,—p-e€)
Let k; := max(D; - e,0) and l; := max(—D; - e,0). Then:
f*R; = R;RN: and  fIRF = R;R .

Proof. These statements follow from the description of fi: X — X, in the proof of
Lemma 6.16; see (6.22) and (6.23). O

We now analyze the push-forward of classes supported on torus fixed points of X.

Proposition 6.22. Consider minimal anticones

S:{j17---7jr—17j+’j—}€-/4® fOT)?

6+:{j17'-'7.jT—17j+}6A+ fOT’X_;,_
such that {j1,...,jr—1,J+,j-} C{1,...,m}, Dj, ce=---=D; ,-e=0,D; -e<0
and D;, -e > 0. Let iz: BG; — X and is, : BGs, — X, denote the inclusions of the
corresponding T-fized points and let f, 5: BGs — BGs, denote the map induced on the
fixed points.

1) The map f, 5 exhibits BG; as a p;-gerbe over BGs, , where | = —D,;_-e.
+,0 0 l + J
(2) We have:

(i5+)*L+(p)(R;i)(p'eJr”)/l if | divides p-e +n;

0 otherwise.

(fy.5)+(i5)" L(p,n) = {
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(3) Let g be a Laurent polynomial in m + 1 variables. Then:

(f+,8)*(i8)*L( ,n)g (Ela"' §m+1)

= (is, )" ZL+ Jwetng(thRE, . T R )
teT

Proof. The stabilizers G5 and G5, are given, as subgroups of K x C* and K, by

Gs; ={(g,\) € K xC* : Dj(g)\Pi®=1forall j€d,, D; (g9)=1}
. ={he€K:Djh)=1forall j€d,}
where we regard D; as a character of K. The homomorphism G5 — Gs, is induced by

¢4 (g,\) = h=g-A"%in (6.23). The kernel of the homomorphism is {(A%,\) : A € u;}
and we obtain an exact sequence:

+

Therefore f, ; exhibits BGj as a p-gerbe over BGy, .

For part (2), notice that (f, ;). maps a Gj-representation to its p-invariant part.
The character (p,n) € Hom(K x C*,C*) induces a p,-character A — AP¢*t" via the
inclusion p; C G5 C K x C*. Therefore (f, 5).(¢5)*L(p,n) vanishes if I does not divide

p e+ n. On the other hand, Proposition 6.21 gives (f4)* R+ = R R m+1 and hence, if
[ divides p - e 4+ n,
(f1.5) (5, ) L (D) (R )P+ = (i5)* L(p, —p - ) (R; )P+ (R g1 )P
= (i5)*L(p, —p - €)(Rmy1)" ™" = (i5)* L(p, n).

Therefore the Projection Formula gives (f, 5).(i5)* L(p,n) = (is, )* Ly (p)(R} )wetm/L,
This proves (2).
For part (3) it suffices to take g to be a monomial: g(Ry,..., Rmt1) = HZ’;‘;l R!.In
this case:
L(p,n)g(Ry, ..., Rmi1) = L(p + S D A M1 — Doy Miky) @ eim A
(6.25)

Part (2) can be restated as:

(f+,5)*(7;5)*L(p7 7'6+ ZL+ tp etn

teT

Combining this with (6.25) yields (3). O
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Proof of Theorem 6.19. Suppose first that §_ € A, N . A_. Then, as discussed, ¢ gives
an isomorphism between neighbourhoods of the fixed points corresponding to d_. Thus
FM(es_ o) = €5 ,0-

Suppose now that 6_ € A_ but 6_ ¢ Ay, so that 6 = {j1,...,5r-1,j—} with
ce= e = D

Jr—1

Dj, -e=0and D;_-e < 0. Proposition 6.21 gives:

(f-)eso=L(2,0) [T (1—8k,S)
i¢s_

where the index i in the product satisfies ¢ < m. This restricts to zero at a fixed point
x5 € X unless x5 is in f;'(25_), that is, unless § has the form 6_U{j;} with D;, -e > 0.
The Localization Theorem in T-equivariant K-theory [32] gives:

L(@, 0) Higa, (1 B §fn+1§1)
(1 - Sm+1) Hj@_,j;éﬂ(l - Sj)

(f-)es o= (i5)aliz)" [ (6.26)

where i, j < m and the sum runs over § = §_ U {j+} such that D;_-e > 0. Restricted to
such a T-fixed point, S;, becomes trivial, so the numerator in (6.26) contains a factor

(15)*(1 — 5211) that is divisible by (i5)*(1 — Sm+1). Thus (6.26) depends polynomially
on Sy,+1. Now:

(flF)es o= D (i )+(fs 5)(i5)"

6+:5+|5_

(1 - Sm+1) Hj¢6,,j¢j+(1 - §J)

B . L1 Li(0)t%¢[Ligs (1 —thi7hiST)
-, 2, o) li 2 (L=t g5 s, (1= #957)

(5+25+|67 tET

L(0,0) Higé, (1 B §5§+1§1) ]

where we used part (3) of Proposition 6.22. This is:

1-s7 e iy
. | T e e L@t Tgs. (1—t7MS))
Z (25+)*(l5+) H (1_S+)
Sy:84 16 JEo4 J

Applying the Localization Theorem again gives the result. Here we need to check that
the restriction of

1- 5+
1,7;1 ’ H (1_t_kj5;'r>

g5

to the fixed point corresponding to § € A4 N A_ vanishes. If there exists j € § with
j ¢ 60— and D; - e < 0 then the restriction vanishes since igSj = 1. Otherwise one has
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d\ - C M,. In this case j_ € § and there exists jo € § N M. Thus the restriction
contains the factor

L[1=5"
Kl

1 —tDioe

J- 1— t_l

(1— t—Dfo'esjo)] = if {(1 - 81)
which vanishes. O

6.4. The Fourier—Mukai transform matches with analytic continuation

We now show that the analytic continuation formula in Theorem 6.13 matches with
the Fourier—-Mukai transform in Theorem 6.19. More precisely we show:

Theorem 6.23. Let Uy be the linear transformation in §6.2.4 given by the analytic con-
tinuation of H-functions. Then Uy induces a map Ug: HY*(IX_) — H¥*(IX}) and
the following diagram commutes:

FM
K9(X_) — o k(X))

Tll Nhl (6.27)
Un
Hp*(IX_ ) —— H3*(IX})

We start by computing the Chern characters of certain line bundles. It is easy to see
that:

ch(L:(0) = P emofel+ 91,
feKy/L

C"}&(S‘]ﬂ:) — @ 6727riD]»-f67uj ]-f
feKy/L

In view of this, we define

A(t):= @ ¢e2mPi el
fek4/L

for t = C(R;'_)l/l € T appearing in Theorem 6.19. Here we fix lifts Ky /L — Ky,
K_/L — K_ as in Notation 6.10 and identify f € K /L with its lift in K.

Lemma 6.24. Suppose that (04, f1) indexes a T-fized point on X, that (6_, f_) indezes
a T-fixed point on X_, and that (§4, f+)|(0—, f—). Let j— € d_ be the unique index such
that D;_-e <0 and writel = —D;_-e. Selting t = e_QWiDj—'f*/l(R;l)l/l, we have:
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W5, gy B (L4 (0)80°) = if5_ 5y ch (L-(2))

% 3 +,-D.-e * ~ (628)
Wss gy SR (STE707%) = if5_ ;) ch(S})
We also have:
ity, gy ch |Lo(otee [T @ =t=Presi) | =ifs_ ;) chles_ ) (6.29)
Jgo-
and:
| 1-5F 1- 8+
i i- i _A6f)
oy, )R =t II =5 b | Cis. 13 (6.30)
o
Djfe<0

where C’((g; ’J{;)) are the coefficients appearing in Theorem 6.135.

Proof. This is just a calculation. Recall from Notation 6.10 that f_ = fi + ae for some
a € Q. Then D; - (fy — f-) = —aD;-eand D;_-(fy — f—) = la. The formulae (6.28)
easily follow from Lemma 6.11 and (6.11). The formula (6.29) is an easy consequence of
(6.28). To see (6.30), we calculate, using (6.28),

LHS =

1 1 — e i (64)=2mi(D;_-f+) 1 — ¢~ usi(04)—27miD; f4
11— e~ 1(Wi_ (04)+2miD;_-(f+—f-)) g 1 — e~ wi(6-)—2miD;-f
<0

J— (5+)

Dy
1 sinw ( +D; - (f+— ) sin 7 (u](6+) + D; f+)

Tl x uj,(5)
ot (5 1) e (0, 1)
j~e

% e—%(l—%)(uy‘_ (04+)+2miD;_ '(f+_f7))+2j¢57,Dj-e<0(%(uj(éf)_uj(5+))+ﬂ'iDj'(ff_f+))

where we used the fact that D;_ - f_ € Z. Using Lemma 6.11 again to calculate the

exponential factor, we arrive at the expression for C((;s; ’}:)) in Theorem 6.13. O

Proof of Theorem 6.23. We first show that the commutative diagram holds over §T.
Then it follows that Uy has a non-equivariant limit, as FM does. Consider the element
es.o € KX(X_) with § € Ay N A_. Theorem 6.19 and the definition (6.19) of Uy show
that

CTl(FM(eg,Q)) = &1(66,9) = UH(CNh(e&g))'

Consider now e5 , € K3(X_) for §_ € A_\ Ay. It is clear that &(FM(%_@)) is
supported only on fixed points (s, r, )y € [Xy such that 6, |0_. By the definition (6.19)
of Uy, it suffices to show that:
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. ~ S_f- % ~
zf5+)f+) ch (FM(@L’Q)) = Z C’5+7J{+ s 1) ch(es_ o) (6.31)
f-€eK_/L:
(04, f+)(6—,f=-)

We may rewrite the result in Theorem 6.19 as

1 1_5;1 1_S]+ 5)10-€ —Dj-e g+
FM(es_.o) = 7 2 1— ¢! 1] [ bregr L+ [T a—esh
teT jes_ j igs_
Dj-e<0

(6.32)

We have a one-to-one correspondence between the index of summation f_ in (6.31) and
the index of summation ¢ € 7 in (6.32) given by

f_ — t:e—ZTriDj_~f,/l(R;r7)1/l

where j_ € §_ is the unique element satisfying D; -e < 0 and [ = —D;_-e. Therefore
(6.31) follows from (6.32), (6.29) and (6.30). The Theorem is proved. O

6.5. Completing the proof of Theorem 6.1

Combining the commutative diagrams (6.20) and (6.27), we obtain the commutative
diagram (6.1) in Theorem 6.1. Since the Fourier-Mukai transformation FM can be de-
fined non-equivariantly, U also admits a non-equivariant limit. Finally we show that U
is symplectic, i.e. that (U(—z)a,U(2)5) = (o, B) for all a, 8. Since FM is induced by
an equivalence of derived categories [32], it preserves the Euler pairing x(E, F') given in
(3.5). The proof of Proposition 3.2 shows that the vertical maps W4 in (6.1) preserve
the pairing in the sense that:

(P (B)lose e Wi (F) ) = xa(BL F).

The commutative diagram (6.1) now shows that U is symplectic. This completes the
proof of Theorem 6.1.

7. Toric complete intersections

We now turn to the Crepant Transformation Conjecture for toric complete inter-
sections. Consider toric Deligne—-Mumford stacks Xy of the form [(Cm K ], where
K = (C*)" is a complex torus, and consider a K-equivalence ¢: X --» X_ deter-
mined by a wall-crossing in the space of stability conditions w as in §5. We use notation
as there, so that L = Hom(C*, K) is the lattice of cocharacters of K; the space of stabil-
ity conditions is LY ® R; and the birational map ¢ is induced by the wall-crossing from
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a chamber Cy C LY ® R to a chamber C_ C LV @ R, where C; and C_ are separated
by a wall W. Consider characters Fj, ..., Fy of K such that:

e cach E; liesin WNCL =WnC_;
o for each i, the line bundle Lx (E;) — X corresponding to Ej is a pull-back

from the coarse moduli space | X |; (7.1)
o for each i, the line bundle Lx_(FE;) — X_ corresponding to E; is a pull-back

from the coarse moduli space | X_|;

where Lx_ (E;) are the line bundles on Xy associated to the character E; in §6.3.2. Let:

k k
Ey =P Lx,(E) E_ =P Lx_(E)
1=1 =1

Let s4, s_ be regular sections of, respectively, the vector bundles Fy — X and E_ —
X_ such that:

e s; and s_ are compatible via p: X, --+» X_;
o the zero loci of sy intersect the flopping locus of ¢ transversely;

and let Y, C X, Y_ C X_ be the complete intersection substacks defined by s;, s_.
The birational transformation ¢ then induces a K-equivalence ¢: Y, --» Y_. In this
section we establish the Crepant Transformation Conjecture for ¢: Y, --» Y_.

7.1. The ambient part of quantum cohomology

Under our standing hypotheses on the ambient toric stacks Xy, the complete in-
tersections Y1 automatically have semi-projective coarse moduli spaces, and so the
(non-equivariant) quantum products on Hop (Y%) are well-defined. Thus we have a well-
defined quantum connection

N

V=d+z 'Y (¢ix)dr’ (7.2)

=0

where . is the non-equivariant big quantum product, defined exactly as in (2.2). This

is a pencil V of flat connections on the trivial H&p (Y+)-bundle over an open set in

H¢R(Y1); here, as in the equivariant case, z € C* is the pencil variable, 7 € H& (Ya)

is the co-ordinate on the base of the bundle, ¢q,...,¢n are a basis for Hoy (Y%), and

79,...,7V are the corresponding co-ordinates of 7 € H2p(Yy), so that 7 = Zio Tih;.

We consider now a similar structure on the ambient part of Hap (Y+), that is, on:
Hr.mb(Yi) = im L; - H(.jR(Yi)

a.



T. Coates et al. / Advances in Mathematics 329 (2018) 1002—-1087 1075

where ty: Yy — X are the inclusion maps. If 7 € H?_, (Y3) then the big quantum

amb

product x, preserves H? , (Vi) [51, Corollary 2.5], and so (7.2) restricts to give a well-

amb
defined quantum connection on the ambient part of Hoy(Y+). The restriction of the
fundamental solution Ly (7, z) for (7.2), defined exactly as in (2.8), gives a fundamental
solution L3P (7, 2) for the quantum connection on the ambient part.

There is also an ambient part of K°(Yy ), given by K? , (Yy) := im %, and an ambient

K-group framing (cf. Definition 3.1)

§: Ko (Ye) = Hiny (Ye) ® Cllog 2] (=~ /*)[Q. 7]

amb
given by

1

s(E)(r,2) = W

L3 (7, 2)2 72 (Ty, U (2m1) 4 inv* ()

where p and p are the grading operator and first Chern class for Y, k € N is such that
the eigenvalues of ku are integers, and fyi is the non-equivariant T-class of Y. Asin §3,
the image of s is contained in the space of flat sections for the quantum connection on
the ambient part of Hag (Y+) which are homogeneous of degree zero.

7.2. I-functions for toric complete intersections

Recall from §5.4 that the GIT data for X, determine a cohomology-valued hyperge-
ometric function 1. The I-function Ix, := I is a multi-valued function of y1,...,y;,
depending analytically on y, and formally on yi,...y,_1, defined near the large-radius
limit point (y1,...,yr) = (0,...,0) in M\reg. The GIT data for the total space of
EY (regarded as a non-compact toric stack) is obtained from the GIT data for X
by adding extra toric divisors —Fi,...,—FE. It is easy to see that the correspond-
ing [-function gy is also a multi-valued function of yi,...,y,, depending analytically
on y, and formally on yi,...y,_1, which is defined near the same large-radius limit
point (y1,...,y.) = (0,...,0) in M\reg. The global quantum connections for X, and
E_Y_ were constructed, in §5.5, using the I-functions Ix, and [ BY- We now introduce
a closely-related I-function, defined in terms of GIT data for X, and the characters
FEyq, ..., E, that will allow us to globalize the quantum connection on the ambient part
of Hor (Yx).

With notation as in §5.4, except with w; now denoting the non-equivariant class
Poincaré-dual to the ith toric divisor (4.6) and with v; € H*(X1), 1 < j < k,
given by the non-equivariant first Chern class of the line bundle corresponding to
the character Ej, define a H&p (X )-valued hypergeometric series I;?fl’g)q (0,2,2) €

HEJR(X"F) ® (C((Z_l)) [[Q7 g, Z‘]] by
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m
doyd (uj 4 az)
I (0,2,2) = 2¢7/2 Y~ e Q* H b H —(D;-dy,a<0(Wj

dekK jes =(Dj-d),a<Dj d(uﬂ + CLZ)

k Ej;-d
H (v; + az) 1 g
=1

Note that for each d € K and each j € {1,2,...,k}, E;-d is a non-negative integer. (The
subscript ‘temp’ here again reflects the fact that this notation for the I-function is only
temporary: we are just about to change notation, by specializing certain parameters.)
Under our hypotheses (7.1) on the line bundles Lx, (£;), we have a Mirror Theorem for
the toric complete intersection Y, :

Theorem 7.1 (/30]). ¢ i];fflﬁ’q (0,2,—2) is a C[Q, 0, x]-valued point on Ly, .

We define the I-function Ix, y, to be the function obtained from I;?im))q by the
specialization Q =1, 0 = o =0, (>_;_, pj logy;) where 6 is as in (4.8). Thus:

IX+,Y+ (y7 Z)

d —(D;-d),a<o(Uj +az) kB
— Z y H (0 T a7) H H vj + az) 1_g
deKy a:{a)=(D;-dy,a<D;-d\j T 4% ol Rt
where (y1,...,y,) are as in §5.4. Repeating the analysis in Lemma 5.13 shows that
Ix, v, just like I'x, and IEi’ is a multi-valued function of yi,...,y, that depends

analytically on y, and formally on yq,...y,_1, defined near the large-radius limit point
(yi,...,¥r) = (0,...,0) in M,es. The arguments in §5.5 can now be applied verbatim
to Iy, := t} Ix_ y,, and thus we construct a global version of the quantum connection
on the ambient part HS , (Y, ), defined over the base MS . The analog of Theorem 5.14
holds, with the same proof:

Theorem 7.2. There exist the following data:

o an open subset U C Uy such that Py € US and that the complement Uy \ US is a
discrete set; we write MG = My |y ;
(Yy)-bundle F+ over M3, (C[z)):

F* = Hyu (Ye) @ Oue [2lly1, - -5 yrals

e a trivial HZ

e a flat connection V' =d+ 2" 'A*(y) on FT of the form:

ZB dyw 3 Oy(y)da;

JESt

with Bz(y)7 C ( ) S End( amb(Y+)) ® Oui [[Y1, - ;yT'—l]];
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e a vector field ET on M+, called the Euler vector field, defined by:

—~ 1 9
ET =35 =(degy)yi—:
i:zl 3 (degyi)yig -
e a mirror map T4 : My — H? . (Yy) of the form:
T =04 + 74 Tr € Hy (Y4) ® Oue [y, -+ -y yr—1]

%+|YI:“‘:Y':~:O =0

such that V' equals the pull-back T_T_V+ of the (non-equivariant) quantum connection
V* on the ambient part of Hog (Yy) by 7+, that is:

67+ ,
Zalogy (Drro)  1<i<ly

N sk y )
Cj(y) = 5;,( )(¢k*’r+(y)) JE S+
k=0 J

and that the push-forward of ET by 71 is the (non-equivariant) Euler vector field E* on

the ambient part H? . (Y.). Moreover, there exists a global section Y§ (y,z) of F* such

amb
that
IY+ (y7 Z) = ZLj-mb(T-i- (y)a Z)ilfr(—)i_ (ya Z)
where Li‘“b(ﬂ z) is the ambient fundamental solution from §7.1.
Remark 7.3. Here, as in Theorem 5.14, the Novikov variable ) has been specialized to 1.

Remark 7.4. Entirely parallel results hold for Y_.
7.8. Analytic continuation of I-functions

To prove the Crepant Transformation Conjecture in this context, we need to establish
the analog of Theorem 6.1. To do this, we will compare the analytic continuation of the
I-functions Iy, y, with the analytic continuation of Igy. Let T = (C*)™ denote the
torus acting on X4, and T = (C*)m™*F denote the torus acting on EY. The splitting
T = T x (C*)* gives Rz = Ry[k1,. .., ki) where rj, 1 < j <k, is the character of (C*)*
given by projection to the jth factor of the product (C*)*. We regard T as acting on
X via the given action of T C T and the trivial action of (C*)¥ C T, so that:

ZIT) = Z[T)[e*", ..., etr¥] and  KX(X1) = K%(Xy) @z Z[T]
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Lemma 7.5. The Fourier—Mukai transformations
FM: K°(X_) — K°(Xy) FM: K°(EY) — K°(EY)

coincide under the natural identification of K°(Xy) with K°(EY). The same statement
holds equivariantly.

Proof. Consider the fibre diagram:

X_ X,

where the bottom triangle is (1.1) and the top triangle is the analog of (1.1) for EY, and
apply the flat base change theorem. 0O

Let Ugv be the symplectic transformation from Theorem 6.1 applied to EY. Combin-
ing Lemma 7.5 with Theorem 6.1 gives a commutative diagram:

KO(X_) —"> K)(X,)

KO E\/ ﬂ_ KO EV (73)
z7H= 20— IA‘EX LJ(Qﬂ'i)dg2gl inv* ch(—) \L \L z M+ 2Pt f‘Ei L,l(27ri)61542gQ inv* al(—)
H(EY) H(EY)

where py € H%(El) is the T-equivariant first Chern class of EY and pi are the

f—equivariant grading operators. Recall that
Tpy =Tx, T(EY)  pi=px. +cf(BY)

and that the Chern roots of EY are pulled back from the common blow-down Xg of X4 .
Part (2) of Theorem 6.1 thus implies that we can factor out the contributions of I'(EY)

and clf(El) from the vertical maps in (7.3), replacing the vertical arrows by:
2 THXL pPXy FX U (27i) 5 iny *ch(—)

This proves:
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Lemma 7.6. The transformations Ux : H(X_) — H(X;) and Ugv: H(EY) — H(EY)
coincide under the natural identifications of H(Xy) with H(EY). In particular, Ugv is
independent of k1, ..., K.

The I-functions Iy, )y, and IEX are related'® by:

Ipy (y)’A:0 =Ly ()

where the subscript on the left-hand side denotes the specialization:

(7.4)
kj=—2 1<j<k
and the + on the right-hand side denotes the change of variables:
k T
logy; —logy; —mi» Iy 1<i<r  with  Ej=> lyp (7.5)
i=1 i=1

The specialization (7.4) is given by a shift S: k; — k; — 2z in the equivariant parameters

followed by passing to the non-equivariant limit. Note that the change of variables (7.5)

maps y? to (—1)_01(Ei)'dyd.

Recall from Theorem 6.1 that, after analytic continuation, we have I BY = Ugvigy.
Since Ugv is independent of x;, 1 < j < k, it follows that Ugv commutes with the
shift S. Since the Chern roots of EV are pulled back from the common blow-down X of
X4, it follows that

Ugv eﬂicl(EZ)/z _ eﬂ'iCl(Ei)/Z Ugv

Setting A = 0 and £; = —z in the equality /gy = UgvIpv, and replacing H(EY) and
Upgv with their non-equivariant limits

H(EY) := Hog(EY) @ C(z71) and Ugv: H(EY) = H(EY)
we find that

Ix, v, =Ugpvix_y_

after analytic continuation. Thus:
Ix, v, =UxIx_y_

6 An analogous relationship holds between Ix_y_ and Ipv.
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after analytic continuation; here Uy denotes the non-equivariant limit of Ux in the
lemma above.

7.4. Compatibility of Fourier—Mukai transformations

For the analogue of part (3) of Theorem 6.1, we need to compare the Fourier-Mukai
transformation associated to Xy --+ X_ with the Fourier-Mukai transformation asso-
ciated to Y, --» Y_. This is a base change question (cf. Lemma 7.5), but this time we
do not have flatness. By assumption, we have:

Y. X Yy (7.6)
X_ X,

where the vertical maps are inclusions, the bottom triangle is (1.1) and the top triangle
is the analog of (1.1) for Y. The substacks Y is defined by the vanishing of a section
§: X —» FE, where E — X is the direct sum of line bundles

The line bundles E_, E, and E are all canonically identified via f* and f7, since they
are all pulled back from the common blow-down X of X . The section 5 coincides both
with the pullback of the section s via fi and with the pullback of the section s_ via f_.
Since the zero loci of s1 are assumed to intersect the flopping locus transversely, § is a
regular section of E and the substack Y C X is smooth.

Lemma 7.7. The following diagram commutes:

KO(X_) — = K°(X,)

- l l (7.7)

Ko(yf)amb ﬂ' KO(Y+)amb

where the top horizontal arrow is the Fourier—Mukai transformation (fi).(f-)* from
(7.6), and the bottom horizontal arrow is the Fourier—Mukai transformation (Fy ), (F_)*
from (7.6).
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Proof. The pullback along fy of the Koszul resolution of Oy, in X glves the Koszul
resolution of Oy in X. This implies that, in the right-hand square in (7.6), X and Y, are
Tor-independent over X [72, Tag 08IA]. Tor-independent base-change [72, Tag 08IB]
now implies that:

(Fy)u ot =14 o (f4)x
Since F* o1* =1* o f*, it follows that
()" (f) ()" = (FL ) (F) (=)«
which is the result. O

Remark 7.8. This argument in fact proves that the analog of diagram (7.7) for derived
categories is commutative, but we only need the statement at the level of K-theory.

7.5. Completing the proof

Denote by Ux the transformation from the non-equivariant version of Theorem 6.1 ap-
plied to X . This is a map Ux: H(X_) — H(X ;) between the non-equivariant Givental
spaces for X4:

H(X+) = Hop(X1) @ C(z71)

Let us remark again that the Chern roots of F. are pulled back from the common
blow-down X of X4 ; the second part of Theorem 6.1 therefore gives:

UxT(E_) =T (E)Ux (7.8)
The results from §7.3 and §7.4 combine to give a commutative diagram:

K°(X) - KO(Xy)

Ux

KO(Y—)amb KU (Y+)amb

H(Y_)amb > H (Y4 )amb
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where ﬁ(Yi)amb is the ambient part of the multi-valued Givental space:

H(Y)amb = He, (Ya) ® Cllog 2](z7 /%)) (7.9)
with k as in the statement of Theorem 6.1, and:

e the top diagonal maps are the K- theory frammg maps from Definition 3.1 but with
I‘Xi replaced by in vy 1= I‘XiF(Ei)
¢ the bottom diagonal maps are the ambient K-group framing maps from §7.1.

Here:

« the top face is commutative, by Theorem 6.1 and (7.8);
o the back face is commutative, by Lemma 7.7;
o the sides are commutative, by the definition of the framing maps;

and we want to define the dotted arrow so that all faces commute. Define Uy:
H(Y_)amb — H(Y3)amb to be the unique map such that the bottom face commutes.
Chasing diagrams shows that the front face commutes also. Since Ix, vy, = UxIx_y_
after analytic continuation and since Iy, := (%1 Ix, v, , we conclude that Iy, = Uyly_
after analytic continuation.

Theorem 7.9. Consider the ambient part of the (non-equivariant) Givental space for Y4
with the Novikov variable Q) specialized to 1:

H(Ve)amb = Hinp(Ye) @ C((=71)

Regard H(Yy)amb as a graded vector space, where we use the age-shifted grading on
H? (Yy) and set degz = 2. There exists a degree-preserving C((z~1))-linear transfor-
mation

Uy : H(Y_)amb = H(Y})amb
such that:

(1) Iy, (y,z) = Uyly_(y, 2) after analytic continuation in y* along the path y in Fig. 1;

(2) Uy o(g*vU) = (gt vU)oUy for allv € H*(X), where Xq is the common blow-down
of X+ and g+ : Yy — X is the composition of the inclusion v+ : Yo — X4 with the
blow-down X4 — Xo;
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(3) there is a commutative diagram

FM
K° (Y—)amb - KO(Y+)amb

n |

Uy ~
H(Yf)amb > H(Y+)amb

where FM is the Fourier—-Mukai transformation given by the top triangle in (7.6)
and the vertical arrows are the ambient K-group framing defined in §7.1.

If Y1 is compact then Uy intertwines the (possibly-degenerate) symplectic pairings on
H<Yi>amb-

Proof. Everything has been proved except the statement that, if Y1 is compact, then
Uy intertwines the pairings on (Y% )ampb. But:

(Uv(~20ta, Uy ()2 ) = (4 Ux(~2)0, 11 Ux (2)8)

+ Yy

= (Ux (=)o (B} )Ux (2)5)

X+

= ([UX(—z)a,[UX (z)e(EJﬂ)X by Theorem 6.1(2)

+

= (a,e(E_),B)Xi = (L*_Oz, Liﬁ)yﬁ |

Remark 7.10. If Y is compact then the Givental space for Yy has a well-defined sym-
plectic pairing, but the restriction of this pairing to the ambient part is non-degenerate
if and only if (e4).: Hypp(Ye) = HER(X4+) is injective. This holds by the Hard Lef-
schetz Theorem when E.4 is a direct sum of ample line bundles, but our assumption
only ensures that the line bundles are semiample and the question is more subtle in
general. Injectivity holds when YL is a regular semiample hypersurface by a result of

Mavlyutov [64, Theorem 5.1].

Theorem 7.9 is the analog, for toric complete intersections, of Theorem 6.1. The analog
of Theorem 6.3 also holds:

Theorem 7.11. Let (Fi,Vi,Ei) be the global quantum connections for the ambient

parts HY ., (Yi) over Mvoi(((:[z}) from Theorem 7.2. We have that E* = E~ on M.
There exists a gauge transformation

6Y € Hom (Ha.mb(yf)7 Hz;mb(YJr)) ® OUO [Z] [[yh cee anylﬂ

over M° (Clz]) such that:
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o V7~ and VT are gauge-equivalent via Oy, i.e. VT 0Oy = Oy oV~ ;

e Oy is homogeneous of degree zero, i.e. Gr™ 0@y = Oy o Gr~ with Gr* := zg; +
E* + ut;

o if Y1 are compact then Oy preserves the (possibly-degenerate) orbifold Poincaré pair-
ing on HY  (Y+), i.e. (Oy(y,—2)a, Oy (y, 2)B) = (e, 5).

Moreover, the analytic continuation of flat sections coincides, via the ambient K -group
framing defined in §7.1, with the Fourier—Mukai transformation:

Oy (5(E)<T, (y), z)) — 5(FM(E)) (4 (y),2)  for all E € K°(Y_)amb
where T are the mirror maps from Theorem 7.2.

Theorem 7.11 follows from Theorem 7.9 exactly as Theorem 6.3 follows from Theo-
rem 6.1. The transformation Uy in Theorem 7.9 and the gauge transformation Oy in
Theorem 7.11 are related by

L™ (14(y),2) " 0 Oy = Uy o L™ (1_(y),2) "

where L. is the ambient fundamental solution from §7.1. The gauge transformation Oy
sends the section Ty € F~ to the section T§ € Ft, where T2 are as in Theorem 7.2.
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