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Abstract: A numerical procedure is proposed for the multiple scattering analysis of flexural 
waves on a thin plate with circular holes based on the Kirchhoff plate theory. The numerical 
procedure is based on the wave function expansion of the exciting as well as scattered fields, 
and the boundary conditions at the periphery of holes are incorporated as the relations 
between the expansion coefficients of exciting and scattered fields. A set of linear algebraic 
equations with respect to the wave expansion coefficients of the exciting field alone is 
established by the numerical collocation method. To demonstrate the applicability of the 
procedure, the stop band characteristics of flexural waves are analyzed for different 
arrangements and concentrations of circular holes on a steel plate. The energy transmission 
spectra of flexural waves are shown to capture the detailed features of the stop band 
formation of regular and random arrangements of holes. The increase of the concentration of 
holes is found to shift the dips of the energy transmission spectra toward higher frequencies 
as well as deepen them. The hexagonal hole arrangement can form a much broader stop band 
than the square hole arrangement for flexural wave transmission. It is also demonstrated that 
random arrangements of holes make the transmission spectrum more complicated. 

Keywords: Flexural wave; Thin plate; Multiple scattering; Stop band formation; Kirchhoff 
plate theory 
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1. Introduction 

Propagation characteristics of flexural waves on thin plates have been studied extensively 

in the foregoing literature for their significant implications in the design of engineering 

structures and equipments. The interaction of flexural waves with different types of 

inclusions in plate structures, i.e., holes (cutouts), patches, inhomogeneities with different 

material properties or thicknesses, has been of particular interest regarding the dynamic stress 

concentration around them leading to possible structural failures [1] and the damage detection 

using elastic guided waves, e.g. [2]. Furthermore, when these inclusions are distributed on a 

plate, the overall propagation characteristics of flexural waves are altered. Recently, the 

phononic or metamaterial plate design by introducing artificial arrangements of inclusions is 

attracting increasing attention [3]. 

Problems of flexural wave scattering by a single inclusion have been studied by many 

authors. While the exact analysis of such problems needs to be carried out based on the three-

dimensional theory of elastodynamics, approximate plate theories have also been employed. 

Since the work of Pao and Chao [4] who analyzed the flexural wave scattering by a circular 

cavity, the Mindlin theory has been adopted by many other investigators [5-8]. Furthermore, 

when a plate is sufficiently thin, the classical Kirchhoff plate theory can be used to a good 

approximation to analyze the flexural wave scattering by inclusions of various types [9-13]. 

The validity of the results predicted by the Kirchhoff plate theory has been demonstrated by 

comparison with the results of the exact theory [11] and with experiments [14].  

In contrast to the problems of flexural wave scattering by a single inclusion, the 

corresponding studies for multiple inclusions are more complicated and relatively scarce in 

the literature. The foregoing works include those of Lee and Chen using the null-field integral 

equation method [15] and the multipole method [16], although the numerical examples 

demonstrated by them are limited to the scattering by two inclusions. Peng [17] applied the 

so-called acoustic wave propagator method to analyze the multiple scattering of a flexural 

wave by nine cylindrical patches on a plate. Some investigators have analyzed the averaged 

propagation characteristics of flexural waves due to multiple scattering by random 

distributions of inclusions. Namely, Weaver [18] analyzed the multiple scattering of the 

flexural wave by random sprung masses. Dixon and Squire [19] analyzed the energy transport 

velocity of the flexural wave on a random plate with circular inclusions. Parnell and Martin 

[20] obtained the effective wavenumber of the flexural wave for a plate with random 

inclusions based on the quasi-crystalline approximation. On the other hand, when the 

inclusions are arranged periodically, the plate can exhibit so-called bandgaps or stop bands 
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for the flexural wave propagation. Movchan et al. [21] analyzed the Bloch-Floquet waves in a 

plate with a periodic array of circular holes, and demonstrated the dispersion relation of the 

flexural wave including the bandgaps. Recently, Cai and Hambric [22] analyzed the multiple 

scattering of the flexural wave by 21 circular inclusions arranged on a square lattice and the 

corresponding stop band formation. The works mentioned above [15-22] were all based on 

the Kirchhoff plate theory.  

As mentioned above, the understanding of the multiple scattering and the stop band 

formation of flexural waves is important for the design of phononic or metamaterial plates as 

it opens a way to the suppression, guiding, focusing, etc, of flexural waves. In the ideal case 

of an infinitely extended periodic array of inclusions, the flexural wave propagation is either 

allowed (pass band) or forbidden (stop band) depending on the frequency, according to the 

Bloch-Floquet theory [21]. In realistic situations, it is often necessary to analyze the stop 

band formation by a finite number of inclusions arranged on a plate. For periodic 

microstructures which are extended over a finite length in the propagation direction, the wave 

transmission spectrum shows complicated oscillatory features in addition to forming stop 

bands, as demonstrated for the wave transmission in multilayered structures [23] and fiber-

reinforced media [24]. Therefore, a complete understanding of stop band phenomena of 

flexural waves necessitates a numerical method for the multiple scattering analysis which can 

account for a large number of inclusions arranged on the plate in an arbitrary manner.  

In this paper, a general numerical procedure is presented to analyze the multiple 

scattering of flexural waves on a thin plate with arbitrary arrangements of circular holes 

based on the Kirchhoff plate theory. The time-harmonic deflection field of the plate is given 

as the sum of the incident wave and the scattered waves by the holes, which are expressed by 

the wave function expansions used in other foregoing works, e.g. [22]. Instead of using the 

commonly employed expressions of the so-called Graf addition theorem, the present 

procedure employs the numerical collocation technique to construct a linear system of 

algebraic equations to determine the expansion coefficients directly, by following the 

computational multiple scattering studies for fiber-reinforced composites [25, 26]. 

Furthermore, the periodicity of the hole arrangement is assumed perpendicular to the 

propagation direction of the incident wave in order to save computational costs. Using the 

proposed method, the multiple scattering and the stop band formation of flexural wave is 

analyzed for different arrangements of circular holes with different concentrations. 
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2. Formulation 

2.1 Governing equations of flexural motions of a thin plate 

Consider a thin, infinitely extended, isotropic and linear elastic plate containing N non-

overlapping, through-thickness, circular holes (radius R) which are arranged arbitrarily in the 

x-y plane as shown in Fig. 1. The position vector of an arbitrary point on the plate is denoted 

by r, and the position vector of the center of the ݈th hole (݈ = 1, 2, …, N) is denoted by ܚ௟. 

According to the Kirchhoff plate theory, the transverse motion of a thin plate without external 

loads is governed by [27] 

ݓସ׏ܦ ൅ ݄ߩ డమ௪

డ௧మ
ൌ 0,																																																							ሺ1ሻ                        

where	ݓ is the transverse displacement (deflection) of the plate, 	ݐ is the time, ݄ is the plate 

thickness, ߩ is the mass density, ܦ ൌ ଷ/ሼ12ሺ1݄ܧ െ  ,ଶሻሽ is the flexural rigidity of the plateݒ

ܧ  is Young’s modulus, and ݒ  is Poisson’s ratio, respectively. The two-dimensional bi-

harmonic operator is defined by ׏ସൌ ଶ׏ଶ׏ , where ׏ଶ  is the Laplacian operator. A time-

harmonic solution of Eq. (1) of a form ݓ ൌ ܹ݁ି୧ఠ௧ is considered in this paper, where ܹ is a 

complex-valued function of the position, i is the imaginary unit and ߱  is the angular 

frequency. The function W satisfies the bi-Helmholtz equation  

ସܹ׏ െ ݇ସܹ ൌ 0,																																																											ሺ2ሻ       

where k is the wavenumber of the flexural wave given by 

݇ଶ ൌ ටఠమఘ௛

஽
	.                   (3) 

The solution of Eq. (2) can be expressed as the sum of the propagating part ୮ܹ and the 

 

 

Figure 1. A thin plate with multiple holes subjected to the plane incident wave. 
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attenuating part ୟܹ, i.e., ܹ ൌ ୮ܹ൅ ୟܹ [20-22]. They satisfy the Helmholtz equation and the 

modified Helmholtz equation, respectively,  

ଶ׏ ୮ܹ ൅	݇ଶ ୮ܹ ൌ 0,																																																						ሺ4aሻ                       

ଶ׏					 ୟܹ െ	݇ଶ ୟܹ ൌ 0.																																																						ሺ4bሻ 

By solving the above equations in the polar coordinate system, the displacement field can be 

written in a set of complete wave functions as [9] 

୮ܹ ൌ ෍ ቀܿ௡ଵܬ௡ሺ݇|ܚ|ሻ ൅ ܿ௡ଷܪ௡
ሺଵሻሺ݇|ܚ|ሻቁ

ஶ

௡ୀିஶ

e୧௡ఏ,																													ሺ5aሻ 

ୟܹ ൌ ෍ ൫ܿ௡ଶܫ௡ሺ݇|ܚ|ሻ ൅ ܿ௡ସܭ௡ሺ݇|ܚ|ሻ൯

ஶ

௡ୀିஶ

e୧௡ఏ,																																	ሺ5bሻ 

where  denotes the polar angle in the coordinate system centered at the origin of the 

Cartesian coordinates in Fig.1. In the above expressions, ܪ௡
ሺଵሻ ൌ ௡ܬ ൅ i ௡ܻ  is the nth-order 

Hankel function of the first kind, ܬ௡ and ௡ܻ are the nth-order Bessel functions of the first and 

the second kind, ܫ௡ and ܭ௡ are the nth-order modified Bessel functions of the first and the 

second kind, respectively, and ܿ௡ଵ , ܿ௡ଶ, ܿ௡ଷ , ܿ௡ସ  are the complex expansion coefficients. The 

terms containing the functions ܬ௡ and ܫ௡ are finite at the origin r = 0 in the polar coordinates. 

On the other hand, the terms containing the functions ܪ௡
ሺଵሻ and ܭ௡ are singular at r = 0. When 

|r|  , the terms with ܪ௡
ሺଵሻ represent outward-radiating waves and those with ܭ௡ represent 

attenuating fields which decay exponentially in space.   

 

2.2 Multiple scattering of flexural waves 

The multiple scattering of flexural waves has been formulated by foregoing investigators 

in different manners [18-22]. In the present analysis, the formulation is given below in a 

manner commonly used for multiple scattering of waves in fiber reinforced media, e.g. [25, 

26]. The incident wave is assumed to be a non-attenuating plane flexural wave propagating in 

the positive direction of the x-axis, which has the amplitude W0 and the wavenumber k 

satisfying Eq. (3). The deflection of the incident wave is given by 

W inc (r) = Wp
inc (r) = W0 exp(ikx).    (6) 

The incident wave given by Eq. (6) is a solution of Eq. (4a) in the absence of holes. When the 

holes are present, the multiple scattering of the flexural wave occurs among them, and the 

scattered wave from each hole contains both propagating and attenuating parts. The 

propagating and attenuating parts of the deflection field scattered by the ݈ th hole ( ݈ ൌ
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1,2,⋯ , ܰ) can be expressed as the wave function expansion of Eq. (5) which are outward-

radiating and decaying as |r – rl|  , respectively, i.e., 

୮ܹ
௟,ୱୡୟሺܚሻ ൌ ෍ ௡௟ܣ ௡ܪ

ሺଵሻሺ݇|ܚ െ ௟|ሻe୧௡ఏ೗ܚ
ஶ

௡ୀିஶ

,																															ሺ7aሻ 

ୟܹ
௟,ୱୡୟሺܚሻ ൌ ෍ ܚ|௡ሺ݇ܭ௡௟ܤ െ ௟|ሻe୧௡ఏ೗ܚ

ஶ

௡ୀିஶ

	,																																ሺ7bሻ 

where ܣ௡௟  and ܤ௡௟ 		ሺ݊ ൌ 0,േ1,േ2,⋯ ; ݈ ൌ 1,2,⋯ , ܰሻ are the unknown expansion coefficients 

of the scattered deflection field, and l denotes the polar angle in the coordinate system with 

the origin at the center of the ݈th hole r = rl as shown in Fig.1. 

The wave field in the neighborhood of the ݈th hole, which excites that hole and creates the 

above scattered field, is referred to as the exciting field for that hole. The propagating and the 

attenuating parts of the exciting field for the ݈th hole are the sum of the corresponding parts 

of the incident wave and the scattered waves from all the other holes as 

୮ܹ
௟,ୣ୶ୡሺܚሻ ൌ ୮ܹ

୧୬ୡሺܚሻ ൅ ෍ ୮ܹ
௝,ୱୡୟሺܚሻ

ே

௝ୀଵ,௝ஷ௟

,																																			ሺ8aሻ 

ୟܹ
௟,ୣ୶ୡሺܚሻ ൌ ෍ ୟܹ

௝,ୱୡୟሺܚሻ
ே

௝ୀଵ,௝ஷ௟

	.																																																						ሺ8ܾሻ 

As the exciting field for the lth hole is a solution of Eq. (4) in the absence of that hole [25], it 

should be finite at r = rl. Therefore, it can be expressed in terms of the wave function 

expansion with the terms which are nonsingular at r = rl, i.e.,  

୮ܹ
௟,ୣ୶ୡሺܚሻ ൌ ෍ ௡௟ܧ ܚ|௡ሺ݇ܬ െ ,e୧௡ఏ೗	௟|ሻܚ

ஶ

௡ୀିஶ

																																	ሺ9aሻ 

ୟܹ
௟,ୣ୶ୡሺܚሻ ൌ ෍ ܚ|௡ሺ݇ܫ௡௟ܨ െ ௟|ሻe୧௡ఏ೗ܚ

ஶ

௡ୀିஶ

,																																			ሺ9bሻ 

where ܧ௡௟  and ܨ௡௟		ሺ݊ ൌ 0,േ1,േ2,⋯ ; ݈ ൌ 1,2,⋯ , ܰሻ  are the unknown wave expansion 

coefficients of the exciting field. From Eqs. (8) and (9), we obtain the following relations 

incorporating the coefficients of both exciting and scattered fields as  

෍ ௡௟ܧ ܚ|௡ሺ݇ܬ െ ௟|ሻe୧௡ఏ೗ܚ ൌ ୮ܹ
୧୬ୡሺܚሻ ൅ ෍ ෍ ௠ܣ

௝ ௠ܪ
ሺଵሻ൫݇หܚ െ ௝ห൯eܚ

୧௠ఏೕ

ஶ

௠ୀିஶ

ே

௝ୀଵ,௝ஷ௟

ஶ

௡ୀିஶ

, ሺ10ሻ	

෍ ܚ|௡ሺ݇ܫ௡௟ܨ െ ௟|ሻe୧௡ఏ೗ܚ ൌ ෍ ෍ ௠ܤ
௝ ܚ௠൫݇หܭ െ ௝ห൯eܚ

୧௠ఏೕ

ஶ

	௠ୀିஶ

ே

௝ୀଵ,௝ஷ௟

ஶ

௡ୀିஶ

.																									ሺ11ሻ 
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      The displacement field in the neighborhood of the ݈th hole is the sum of the exciting and 

the scattered fields, given by  

ܹሺܚሻ ൌ ෍ ቀܣ௡௟ ௡ܪ
ሺଵሻሺ݇|ܚ െ ௟|ሻܚ ൅ ܚ|௡ሺ݇ܭ௡௟ܤ െ ௟|ሻܚ ൅ ௡௟ܧ ܚ|௡ሺ݇ܬ െ ௟|ሻܚ 		

ஶ

௡ୀିஶ

൅ ܚ|௡ሺ݇ܫ௡௟ܨ െ ௟|ሻ൯e୧௡ఏ೗ܚ .																																																																																								ሺ12ሻ 

At the circular boundary of the lth hole, the radial components of the bending moment 

and shear force should vanish, i.e., 

ሻܚሺܯ ൌ 0, ܚ| െ |௟ܚ ൌ ܴ, 0 ൏ ௟ߠ ൏  ሺ13ܽሻ																												,ߨ2

ܸሺܚሻ ൌ 0, ܚ| െ |௟ܚ ൌ ܴ, 0 ൏ ௟ߠ ൏  ሺ13ܾሻ																													,ߨ2

The explicit expressions for the bending moment and shear force of thin plates are given by 

ሻܚሺܯ ൌ െܦ ቈ
∂ଶܹ

ܚ|∂ െ ௟|ଶܚ
൅ ݒ ቆ

1
ܚ| െ |௟ܚ

∂ܹ
ܚ|∂ െ |௟ܚ

൅
1

ܚ| െ ௟|ଶܚ
∂ଶܹ
௟ߠ∂

ଶ ቇ቉,														ሺ14ሻ 

ܸሺܚሻ ൌ െܦ
∂ሺ׏ଶܹሻ
ܚ|∂ െ |௟ܚ

െ
ሺ1ܦ െ ሻݒ
ܚ| െ ௟|ଶܚ

∂
௟ߠ∂

ቆ
∂ଶܹ

ܚ|∂ െ |௟ܚ ௟ߠ∂
െ

1
ܚ| െ |௟ܚ

∂ܹ
௟ߠ∂

ቇ.									ሺ15ሻ 

Substituting Eq. (12) into the boundary conditions Eq. (13), the linear relations between 

the expansion coefficients ܣ௡௟ ௡௟ܤ ,  and ܧ௡௟ ௡௟ܨ ,  can be found for each azimuthal order ݊ ൌ

0,േ1,േ2,⋯. Following Norris and Vemula [9], these relations are given by 

൤
ܵுሺߢሻ ܵ௄ሺߢሻ

ுܶሺߢሻ ௄ܶሺߢሻ
൨ ቈ
௡௟ܣ

௡௟ܤ
቉ 	ൌ െ ቈ ௃ܵሺߢሻ ூܵሺߢሻ

௃ܶሺߢሻ ூܶሺߢሻ
቉ ቈ
௡௟ܧ

௡௟ܨ
቉,																														ሺ16ሻ 

ܵ௑ሺߢሻ ൌ ሾ݊ଶሺ1ܦ െ ሻݒ ∓ ሻߢଶሿܺ௡ሺߢ െ ሺ1ܦ െ ௡ᇱܺߢሻݒ ሺߢሻ	,																					ሺ17ሻ 

௑ܶሺߢሻ ൌ ଶሺ1݊ܦ െ ሻߢሻܺ௡ሺݒ െ ሾ݊ଶሺ1ܦ െ ሻݒ േ ௡ᇱܺߢଶሿߢ ሺߢሻ,																					ሺ18ሻ 

where ߢ ൌ ܴ݇. In Eqs. (17) and (18), the upper sign is taken for ܺ ൌ  and the lower ,ܬ	or	ሺଵሻܪ

sign is taken for ܺ ൌ  and ܫ ,ܬ ,ሺଵሻܪ	respectively. The derivatives of the wave functions ,ܭ	or	ܫ

  ,can be calculated by using the following relations [28] ܭ

		ܺ௡ᇱ ሺߢሻ ൌ
ܺ௡ିଵሺߢሻ െ ܺ௡ାଵሺߢሻ

2
, ܺ ൌ ,ሺଵሻܪ  ሺ19ሻ																																		,	ܬ

௡ᇱܫ ሺߢሻ ൌ
ሻߢ௡ିଵሺܫ ൅ ሻߢ௡ାଵሺܫ

2
, ௡ᇱܭ ሺߢሻ ൌ

eି୧గܭ௡ିଵሺߢሻ ൅ e୧గܭ௡ାଵሺߢሻ
2

	.								ሺ20ሻ 

By solving Eq. (16), a linear transformation matrix depending on the order n but not on the 

position of the hole is obtained as 

	ቈ
௡௟ܣ

௡௟ܤ
቉ ൌ ൤

௡ܯ
ଵଵ ௡ܯ

ଵଶ

௡ܯ
ଶଵ ௡ܯ

ଶଶ൨ ቈ
௡௟ܧ

௡௟ܨ
቉	,																																															ሺ21ሻ 

where the coefficients ܯ௡
ଵଵ, ܯ௡

ଵଶ , ܯ௡
ଶଵ , ܯ௡

ଶଶ can be given explicitly as 
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௡ܯ
ଵଵ ൌ െ ௄ܶሺߢሻ ௃ܵሺߢሻ െ ܵ௄ሺߢሻ ௃ܶሺߢሻ

ܵுሺߢሻ ௄ܶሺߢሻ െ ுܶሺߢሻܵ௄ሺߢሻ
௡ܯ,

ଵଶ ൌ െ ௄ܶሺߢሻ ூܵሺߢሻ െ ܵ௄ሺߢሻ ூܶሺߢሻ

ܵுሺߢሻ ௄ܶሺߢሻ െ ுܶሺߢሻܵ௄ሺߢሻ
	,						ሺ22ሻ 

௡ܯ
ଶଵ ൌ െ ௃ܶሺߢሻܵுሺߢሻ െ ௃ܵሺߢሻ ுܶሺߢሻ

ܵுሺߢሻ ௄ܶሺߢሻ െ ுܶሺߢሻܵ௄ሺߢሻ
௡ܯ,

ଶଶ ൌ െ ூܶሺߢሻܵுሺߢሻ െ ூܵሺߢሻ ுܶሺߢሻ

ܵுሺߢሻ ௄ܶሺߢሻ െ ுܶሺߢሻܵ௄ሺߢሻ
	.						ሺ23ሻ 

Then the coefficients ܣ௡௟  and ܤ௡௟ 	are given in terms of ܧ௡௟  and ܨ௡௟ as 

௡௟ܣ  ൌ ௡ܯ
ଵଵܧ௡௟ ൅ ௡ܯ

ଵଶܨ௡௟, ௡௟ܤ ൌ ௡ܯ
ଶଵܧ௡௟ ൅ ௡ܯ

ଶଶܨ௡௟	.																																			ሺ24ሻ 

Substitution of Eq. (24) into Eqs. (10) and (11) leads to the following equations containing 

the expansion coefficients of the exciting field alone, 

෍ ௡௟ܧ ܚ|௡ሺ݇ܬ െ ௟|ሻe୧௡ఏ೗ܚ
ஶ

௡ୀିஶ

ൌ ୮ܹ
୧୬ୡሺܚሻ ൅ ෍ ෍ ൫ܯ௠

ଵଵܧ௠
௝ ൅ ௠ܯ

ଵଶܨ௠
௝൯ܪ௠

ሺଵሻ൫݇หܚ െ ௝ห൯eܚ
୧௠ఏೕ

ஶ

௠ୀିஶ

ே

௝ୀଵ,௝ஷ௟

,								ሺ25ሻ	

෍ ܚ|௡ሺ݇ܫ௡௟ܨ െ ௟|ሻe୧௡ఏ೗ܚ ൌ ෍ ෍ ൫ܯ௠
ଶଵܧ௠

௝ ൅ ௠ܯ
ଶଶܨ௠

௝൯ܭ௠൫݇หܚ െ ௝ห൯eܚ
୧௠ఏೕ

ஶ

	௠ୀିஶ

ே

௝ୀଵ,௝ஷ௟

ஶ

௡ୀିஶ

.								ሺ26ሻ 

      Once the expansion coefficients ܧ௡௟  and ܨ௡௟ are obtained, the deflection field on the plate is 

rewritten as 

ܹሺܚሻ ൌ 	 ୮ܹ
୧୬ୡሺܚሻ ൅෍ ෍ ൫ܯ௠

ଵଵܧ௠
௝ ൅ ௠ܯ

ଵଶܨ௠
௝൯ܪ௠

ሺଵሻ൫݇หܚ െ ௝ห൯eܚ
୧௠ఏೕ

ஶ

௠ୀିஶ

ே

௝ୀଵ

	 

൅	෍ ෍ ൫ܯ௠
ଶଵܧ௠

௝ ൅ ௠ܯ
ଶଶܨ௠

௝൯ܭ௠൫݇หܚ െ ௝ห൯eܚ
୧௠ఏೕ

ஶ

	௠ୀିஶ

ே

௝ୀଵ

.																																		ሺ27ሻ 

 

3. Numerical implementation 

3.1 Determination of expansion coefficients 

The purpose of the present study is to analyze the multiple scattering of flexural wave and 

the stop band phenomenon on an infinitely extended thin plate embedding a large number of 

holes. Specifically, the flexural wave transmission characteristics are analyzed when an 

infinite number of holes are arranged in the region 0 < x < L and  < y < , where L gives 

the length of the perforated region of the plate. In order to achieve this goal, it is assumed that 

the perforated region consists of a repetition of fundamental blocks in the y-direction as 

assumed in the foregoing numerical studies of multiple scattering in fiber-reinforced 

composites [25, 26], as shown in Fig. 2. Each fundamental block has Nf holes with an 

arbitrary arrangement. This assumption introduces the periodicity in the geometric layout of 
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holes, and consequently the periodicity in the wave field, in the y-direction with the period H. 

This allows us to represent the scattered wave fields from infinite holes in terms of the 

expansion coefficients ܧ௡௜  and ܨ௡௜ for the Nf holes located within a single fundamental block, 

since the expansion coefficients are the same for the corresponding holes in all blocks. Then, 

Eqs. (25) and (26) can be reduced to the following forms involving the expansion coefficients 

for the Nf holes. 

෍ ௡௟ܧ ܚ|௡ሺ݇ܬ െ ௟|ሻ݁୧௡ఏ೗ܚ
ஶ

௡ୀିஶ

ൌ ୮ܹ
୧୬ୡሺܚሻ ൅ ෍ ෍ ሺܯ௠

ଵଵܧ௠௟ ൅ ௠ܯ
ଵଶܨ௠௟ ሻܪ௠

ሺଵሻሺ݇|ܚ െ ሺܚ௟ ൅ ଶሻ|ሻ݁܍ܪ݌
୧௠ఏ೗೛

ஶ

௠ୀିஶ

ஶ

௣ୀିஶ
௣ஷ଴

൅ ෍ ෍ ෍ ൫ܯ௠
ଵଵܧ௠

௝ ൅ ௠ܯ
ଵଶܨ௠

௝൯ܪ௠
ሺଵሻ൫݇หܚ െ ൫ܚ௝ ൅ ଶ൯ห൯݁܍ܪ݌

୧௠ఏೕ೛,

ஶ

௠ୀିஶ

ே౜

௝ୀଵ
௝ஷ௟

௣ୀஶ

௣ୀିஶ

				ሺ28ሻ 

෍ ܚ|௡ሺ݇ܫ௡௟ܨ െ ࢘௟|ሻ݁୧௡ఏ೗ ൌ

ஶ
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෍ ෍ ሺܯ௠
ଶଵܧ௠௟ ൅ ௠ܯ

ଶଶܨ௠௟ ሻܭ௠ሺ݇|ܚ െ ሺܚ௟ ൅ ଶሻ|ሻ݁܍ܪ݌
୧௠ఏ೗೛

ஶ

௠ୀିஶ

ஶ

௣ୀିஶ
௣ஷ଴

൅ ෍ ෍ ෍ ൫ܯ௠
ଶଵܧ௠

௝ ൅ ௠ܯ
ଶଶܨ௠

௝൯ܭ௠൫݇หܚ െ ൫ܚ௝ ൅ ଶ൯ห൯݁܍ܪ݌
୧௠ఏೕ೛,

ஶ

௠ୀିஶ

ே౜

௝ୀଵ
௝ஷ௟

௣ୀஶ

௣ୀିஶ

					ሺ29ሻ 

 

Figure 2. Numerical model consisting of the fundamental blocks. 
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where ܍ଶ is the unit vector in the y-direction and ߠ௟௣ is the polar angle of a generic point ܚ 

viewed from the center of the ݈th hole in the pth block (l = 1, 2, …, Nf and p = 0, േ1, േ2, ⋯).  

In order to calculate the expansion coefficients, the infinite series of wave function 

expansions in Eqs. (28) and (29) are truncated at a finite number for n (or m) = 0, േ1, 

േ2,⋯,	േ݊୫ୟ୶	ሺൌ ݉୫ୟ୶ሻ and the analogous truncation is applied for the summation of the 

fundamental blocks for p =0, േ1, േ2, ⋯,	േ݌୫ୟ୶. The truncation parameters ݊୫ୟ୶ and ݌୫ୟ୶ 

should be carefully selected so that the further increase of their value makes negligible effects 

on the numerical solution. By this truncation, the number of unknown expansion coefficients 

is Nf×(2nmax+1). In the present numerical analysis, 2nmax+2 equidistant collocation points are 

selected on the boundary of each hole to establish a set of Nf(2nmax+2) equations to determine 

Nf(2nmax+1) coefficients. This over-determined system is in order to avoid the numerical 

problem of ill-conditioning of the coefficient matrix that could be observed in the numerical 

analysis of the set of linear equations. The constructed system of linear equations is solved by 

the matrix pseudoinverse [29]. 

 

3.2 Numerical verification of energy conservation 

In order to verify the accuracy of the numerical results of the multiple scattering analysis, 

the energy conservation [9] is checked for the calculated flexural wave field on the thin plate. 

This is based on the principle which requires that the integral of time-averaged energy flux 

should vanish for a closed path on the plate enclosing no wave sources. In the present 

analysis, the expression for the energy flux density derived by Bobrovnitskii [30] is used. 

For the present numerical analysis which uses the periodic arrangement of fundamental 

blocks, a rectangular path shown in Fig. 3 is chosen to evaluate if the energy conservation is 

 

 

Figure 3. Rectangular integral path for verifying the energy conservation. 
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satisfied accurately enough in the numerical solutions. The path has the same height as the 

fundamental block and the length is arbitrary defined by the two positions x = ୣݔ୬ୢ and x = 

ୱ୲୰ݔ . Since the sum of the net energy flux on the upper and the lower parts of the path 

vanishes due to the assumed periodicity in the y-direction, the principle of energy 

conversation is expressed as 

߱ܦ
2
න Imሾܲሺୣݔ୬ୢ, ሻݕ െ ܲሺݔୱ୲୰, ݕሻሿdݕ ൌ 0,
ு

଴
																																					ሺ30ሻ 

where 

ܲሺݔ, ሻݕ ൌ ܹ
∂ሺ׏ଶ ഥܹ ሻ

ݔ∂
െ
߲ܹ
ݔ߲

ଶ׏ ഥܹ ൅ ሺ1 െ ሻݒ ቆ
߲ܹ
ݔ߲

߲ଶ ഥܹ

ଶݕ߲
െ
߲ܹ
ݕ߲

߲ଶ ഥܹ

ݕ߲ݔ߲
ቇ.							ሺ31ሻ 

In the above expression, Imሾ∙ሿ and ሺ∙ሻതതത denote the imaginary part and the complex conjugate 

of a complex variable, respectively. 

The evaluation of the displacement field ܹ ൌ ୮ܹ൅ ୟܹ  is straightforward after the 

expansion coefficients ܧ௡௟  and ܨ௡௟	are determined. The calculation of the derivatives such as 

∂ܹ ⁄ݔ߲  can be performed by the transformation of the coordinate system 

߲ܹ
ݔ߲

ൌ
߲ܹ

ܚ|߲ െ |௟ܚ
cosߠ௟ െ

sinߠ௟
ܚ| െ |௟ܚ

߲ܹ
௟ߠ߲

	,																																					ሺ32ሻ 

߲ܹ
ݕ߲

ൌ
߲ܹ

ܚ|߲ െ |௟ܚ
sinߠ௟ ൅

cosߠ௟
ܚ| െ |௟ܚ

߲ܹ
௟ߠ߲

.																																							ሺ33ሻ 

Furthermore, as the functions ܪ௡
ሺଵሻ  and ܭ௡  satisfy the Helmholtz equation Eq.(3) and the 

modified Helmholtz equation Eq.(4), respectively, ׏ଶܹ can be simply replaced by  

ଶܹ׏ ൌ ଶ൫׏ ୮ܹ ൅ ୟܹ൯ ൌ ݇ଶ൫െ ୮ܹ ൅ ୟܹ൯,																																										ሺ34ሻ 

with the propagating part and the attenuating part of the displacement given by 

୮ܹ ൌ ୮ܹ
୧୬ୡ ൅ ෍ ෍ ෍ ௡ܣ

௝ܪ௡
ሺଵሻ൫݇หܚ െ ൫ܚ௝ ൅ ଶ൯ห൯e܍ܪ݌

୧௡ఏೕ

௡ౣ౗౮

௡ୀି௡ౣ౗౮

ே೑

௝ୀଵ

௣ౣ౗౮

௣ୀି௣ౣ౗౮

,												ሺ35aሻ 

ୟܹ ൌ ෍ ෍ ෍ ௡ܤ
௝ܭ௡൫݇หܚ െ ൫ܚ௝ ൅ ଶ൯ห൯e܍ܪ݌

୧௡ఏೕ.

௡ౣ౗౮

௡ୀି௡ౣ౗౮

ே೑

௝ୀଵ

௣ౣ౗౮

௣ୀି௣ౣ౗౮

																														ሺ35ܾሻ 

 

4. Numerical Examples 

In what follows, a steel plate containing circular holes is considered as the demonstrative 

examples of multiple scattering of flexural waves on thin plates. The incident wave is a plane 

flexural wave of unit amplitude propagating in the x-direction, and different incident wave 

frequencies are considered. The plate is assumed to have the thickness of 5 mm and contain 
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holes with the same radius of 25 mm. The material parameters of the plate are set as shown in 

Table 1.  

 

4.1 Preliminary analysis 

For the verification of the accuracy of the proposed method, a preliminary problem is 

considered for the fundamental block with four holes in a square arrangement. Numerical 

computations are performed with the truncation parameters of ݊୫ୟ୶ ൌ 8 and ݌୫ୟ୶ ൌ 500 

(the selection of these parameters will be discussed later). The distance between the centers 

 

Table 1 Material properties of the plate. 

Material  Steel 

Young’s modulus, E (GPa) 206.8 

Poisson’s ratio, v 0.28 

Mass density, ρ (kg/m3) 7800 

 

 

Figure 4. Deflection distribution in the fundamental block with four holes. 

 
Table 2. Relative errors for energy conservation of multiple scattering analysis. 

f (Hz) kR ݔୱ୲୰ = –0.07 m, 

 ୬ୢ = 0.168 mୣݔ

 ,ୱ୲୰ = –0.112 mݔ

 ୬ୢ = 0.28 mୣݔ

1000 0.712   3.39×10–4 –5.37×10–4 

2000 1.007 –9.89×10–5 –5.30×10–6 

3000 1.233 –2.30×10–4 –3.43×10–4 
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of neighboring holes is set as 0.07 m. Figure 4 shows the distribution of the real part of the 

complex-valued deflection Re[W] within the fundamental block subjected to the plane wave 

at frequency f = 1 kHz, corresponding to the normalized wavenumber kR = 0.712. In order to 

check the numerical results, the relative error for the verification of energy conservation is 

defined by the ratio of the left-hand side of Eq. (30) to the energy flux of the incident wave 

for 0 < y < H. Two rectangular paths of the integral are chosen: ݔୱ୲୰ = –0.07 m and ୣݔ୬ୢ = 

0.168 m; ݔୱ୲୰ = –0.112 m and ୣݔ୬ୢ = 0.28 m. Each vertical part of the integration path is 

divided by 20 integration points. For three different frequencies of the incident wave, the 

numerical results for the energy conservation are shown in Table 2. The nonzero relative 

errors are sufficiently small, which shows the effectiveness of numerical computations of the 

proposed method. 

 

4.2 Modeling of hole arrangements 

In order to examine the bandgap formation of flexural waves on the plate, different spatial 

arrangements of holes are assumed in the fundamental block: (i) square arrangement; (ii) 

hexagonal (triangular) arrangement; (iii) random arrangement, as shown in Fig. 5. In Fig. 5, ݀ 

is the distance between the centers of neighboring holes and ݀଴ is the distance between the 

 

 

Figure 5. Hole arrangements for multiple scattering analysis of thin plate. 
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parallel lines of the holes. The fundamental blocks for different hole arrangements have a 

fixed number of holes ୤ܰ ൌ 20. The hole arrangements with different concentrations are 

constructed by changing the size of the fundamental block but keeping the number of holes 

and the ratio L/H unchanged. The concentration of holes, denoted by ߶, is defined as the 

relative area of holes in the perforated region of the plate. For ߶ = 0.4, the length L and 

height H of the fundamental block for the three types of arrangements are given in Table 3. 

For the random arrangements, the positions of holes are generated by the random sequential 

adsorption algorithm [31] for the specified concentration, with an additional condition that 

the neighboring holes are always separated by  

หܚ௟ െ ௝หܚ ൒ 2.01	ܴ, ݈ ് ݆.																																																					ሺ36ሻ 

The energy transmission coefficient is obtained as the ratio of the averaged energy flux 

density in the x-direction evaluated at ݔ ൌ2L, 

തܲ௫ ൌ
߱ܦ
ܪ2

න Imሾܲሺ2ܮ, 	ሺ37ሻ																																																							,ݕሻሿdݕ
ு

଴
 

to the time-averaged energy flux density of the incident wave ݇߱ܦଷ, where P is defined in 

Eq. (31). The energy transmission coefficients are computed from 0.1 kHz to 5.41 kHz, 

corresponding to the range of normalized wavenumber of the incident wave 0.225 ൑ ܴ݇ ൑

1.657. 

 

4.3 Selection of numerical truncation parameters 

When the frequency of the incident wave is sufficiently low and the wavelength is much 

larger than the radius of holes, the wave expansion of the displacement field requires only a 

few leading terms. As the wavelength becomes shorter (as the frequency becomes higher), an 

increasing number of terms (larger ݊୫ୟ୶) need to be considered in the analysis. The necessity 

of large ݊୫ୟ୶  also depends on the distance between neighboring holes ݀. This is because the 

sharp gradients of the wave field will occur when the distance ݀ decreases to a certain extent. 

Table 3 Dimensions of the fundamental block for ߶ ൌ 0.4. 

 L (m) H (m) 

Square arrangement 0.70 0.14 

Hexagonal arrangement 0.79 0.13 

Random arrangement 0.70 0.14 
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For typical examples, Figs. 6 and 7 show the energy transmission coefficient for different 

concentrations of holes in square arrangement when different ݊୫ୟ୶ are assumed while ݌୫ୟ୶	= 

500 is fixed. Two frequencies are arbitrarily chosen: f = 2.215 kHz (ܴ݇	= 1.06) and f  = 5 kHz 

 

Figure 6. Energy transmission coefficient for different ݊୫ୟ୶ for different concentrations of 

holes in square arrangement at ܴ݇	= 1.06.

 

Figure 7. Energy transmission coefficient for different ݊୫ୟ୶ for different concentrations of 

holes in square arrangementat ܴ݇ = 1.596. 

 

Figure 8. Energy transmission coefficient for different ݌୫ୟ୶ for square hole arrangement 

with ߶ =0.3. 
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(ܴ݇ = 1.596). As a result, it can be found that  ݊୫ୟ୶ = 8 is numerically sufficient for ߶ ൑

0.5in the current frequency range. In the extreme case ߶= 0.7 (d = 53 mm), a desirable value 

of ݊୫ୟ୶ is expected to be as large as 16. 

The influence of truncating the sums for the repeated fundamental blocks in Eqs. (28)-(29) 

is also examined when ݊୫ୟ୶	= 8 is fixed. Three cases for ݌୫ୟ୶	= 100, 500 and 1000 are 

examined for the square hole arrangement with ߶= 0.3, as shown in Fig. 8. When ݌୫ୟ୶ = 

100, it has enough numerical accuracy for the frequency range ܴ݇ ൑ 1.473 but the numerical 

result oscillates beyond the value of 1 as the frequency is further increased. This problem is 

eased by the increase of the value of ݌୫ୟ୶. For the present numerical examples, ݌୫ୟ୶ = 500 is 

used by considering both the satisfactory convergence and reasonably small computing cost.  

 

4.4 Results and discussion 

Figures 9 and 10 show the energy transmission spectra of flexural waves for square and 

hexagonal arrangements of holes with different concentrations. It is noted that the 

transmission spectra are presented here as the relation between the energy transmission 

coefficient and the normalized wavenumber of the incident wave. For the square 

arrangements of holes, the transmission spectra in Fig. 9 are found to have clear dips at 

different wavenumbers depending on the concentration of holes: the dip of the energy 

transmission spectra is shifted toward higher wavenumbers and deepened as the 

concentration of holes increases. In Fig. 10 for the hexagonal arrangements of holes, the 

transmission spectra exhibit much wider and deeper ranges of vanishing energy transmission 

than the corresponding square arrangements of holes. It is noted here that the energy 

transmission coefficient in Figs. 9 and 10 have values slightly exceeding 1 (by only a few 

percent) at some points near the edges of the dip. This is likely due to a numerical error by 

the truncation of infinite series in Eqs. (28) and (29), which could be improved by further 

increasing the parameter pmax. 

Figures 11 and 12 show the distribution of the deflection Re[W] in the fundamental block 

when the transmission coefficient is at the dip, i.e., at f = 2.215 kHz (kR = 1.06) for the square 

hole arrangement and at f = 3.97 kHz (kR = 1.42) for the hexagonal hole arrangement, 

respectively. In Fig. 11, the wave appears to be transmitted through the perforated region 

with the square hole arrangement with partial reduction of amplitude, as the energy 

transmission coefficient is about 0.5. On the other hand, the energy transmission of flexural 

waves appears to be totally blocked for the hexagonal hole arrangement in Fig. 12. 
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When the plate has an infinitely periodic array of holes, it is known that the scattered 

waves from the holes interfere constructively and the energy transmission is forbidden in 

certain bands of the frequency (stop bands) [21]. A similar trend can be observed in the 

present results where the holes are arranged for a finite length in the propagation direction. 

The dips of the transmission coefficient correspond to the stop band. The energy transmission 

coefficient takes a nonzero but relatively small value at the dips in Fig. 9, while it appears to 

diminish in a certain band of frequency in Fig. 10. Moreover, it can be seen that the 

transmission coefficient shows oscillatory behavior with the wavenumber, more evidently in 

 

 

Figure 9. Energy transmission coefficients of flexural wave for square hole arrangements 

with different concentrations . 

 

 

Figure 10. Energy transmission coefficients of flexural wave for hexagonal hole 

arrangements with different concentrations ߶. 
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Fig. 9. These trends have also been observed in the analysis of wave transmission across 

multilayers or fiber arrangements extending over finite lengths [23, 24], where the number of 

oscillation cycles in the transmission spectrum and the depth of dips are related to the number 

of unit cells of the finite periodic structure. 

Based on simple geometrical considerations, the condition for the above-mentioned stop 

bands can be given by [26] 

         Square arrangement:									݇ୣ୤୤ ൌ ߨ݊ ݀,										⁄ 																																																															ሺ38ሻ 

   Hexagonal arrangement:								݇ୣ୤୤ ൌ ߨ2݊ ൫√3݀଴൯,⁄ 																																																												ሺ39ሻ 

where keff is the effective wavenumber of the perforated plate. For the spacing parameters d 

and d0 corresponding to different values of the hole concentration, the normalized effective 

wavenumber keffR is calculated by the right-hand side of Eqs. (38) and (39), and shown in 

Table 4. It is then observed that the calculated values of keffR are in fair agreement with the 

location of the first dips shown in Figs. 9 and 10. Naturally, the wavenumber of the 

perforated plate keff differs from the wavenumber of the original homogenous plate k. Since 

the perforated plate is expected to have a slower velocity and a higher wavenumber, the 

 

 

Figure 11. Deflection distribution in the fundamental block with square hole arrangement:  

ൌ 0.40; kR = 1.06.

 

Figure 12. Deflection distribution in the fundamental block with hexagonal hole 

arrangement:  ߶ ൌ 0.40; kR = 1.42. 
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values of keffR given in Table 4 should be larger than the locations of the dips along the 

wavenumber axis. This is clearly shown in Fig. 9 as the deviation of the value of keffR = 0.178 

in Table 4 from the location of the second dip for the concentration ߶ ൌ 	0.25. On the other 

hand, the difference between the effective wavenumber keff and the original wavenumber k is 

small for the flexural wave with relatively long wavelengths on the perforated plate with 

relatively small hole concentrations, which makes Eqs. (38) and (39) a reasonable rough 

estimate for the location of the first stop band. 

In order to examine the effect of perturbed hole arrangements on the flexural wave 

transmission, the simulations are also performed for four random arrangements of 20 holes in 

the fundament block in the case where ߶ ൌ 0.4 . The energy transmission spectra 

corresponding to four random arrangements are demonstrated in Fig. 13, together with the 

averaged transmission spectrum. It is noted here that the random arrangements of holes 

considered here have a finite length in the propagation direction and periodic in the vertical 

direction. Therefore, the present simulations do not correspond to the case of randomly 

distributed holes on an infinitely extended plate, and the four arrangements give different 

transmission characteristics. Compared with the regular arrangements, the random 

arrangements exhibit more complex energy transmission characteristics. As a matter of fact, 

the pass and stop band features observed for square and hexagonal arrangements tend to 

disappear for the random arrangements, and the transmission coefficient drops significantly 

in a much wider range of kR for the plate with random arrangements of holes. This may be 

partly due to the local small spacings between neighboring holes, but further examinations 

are left for future investigations. For a relatively narrow dip identified for a single random 

arrangement (Pattern 4) in the frequency range between kR = 1.49 and 1.59, the deflection 

 

Table 4 Estimated wavenumbers for stop bands for square and hexagonal arrangements. 

Square arrangement Hexagonal arrangement 

߶ ݀	(m) ݇ୣ୤୤ܴ ߶ ݀ (m) ݇ୣ୤୤ܴ 

0.25 0.089 0.089 0.25 0.095 1.010 

  0.178    

0.30 0.081 0.970 0.30 0.087 1.205 

0.35 0.075 1.048 0.35 0.080 1.301 

0.4 0.070 1.120 0.4 0.075 1.390 



20 
 

amplitude distribution in the fundamental block is shown in Fig. 14 (kR = 1.56), which shows 

that a random arrangement also exhibits a strong filtering for flexural waves at special 

frequencies.  

 

5. Conclusion 

In this paper, a numerical procedure has been proposed for multiple scattering analysis of 

flexural waves on thin plates with circular holes based on the Kirchhoff plate theory. The 

proposed procedure is based on the wave function expansion of the scattered fields and the 

numerical collocation method to determine the expansion coefficients. The method is capable 

of analyzing arbitrary arrangements of holes and suitable for the stop band analysis of 

 

 

Figure 13. Energy transmission coefficients of flexural wave for different random 

arrangements for the case ߶ ൌ 0.4. 

 

 

Figure 14. Deflection distribution in the fundamental block with ߶ ൌ 0.4 and kR = 1.56. 
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flexural waves on thin plates containing a large number of holes. The stop band 

characteristics of flexural waves have been demonstrated for different arrangements and 

concentrations of holes. The energy transmission spectra of flexural waves exhibit the stop 

band formation for regular arrangements of holes. The transmission spectra for disordered 

hole arrangements have also been demonstrated showing more complicated features. The 

proposed numerical procedure can be easily extended for more general multiple scattering 

and bandgap analysis of flexural waves on thin plates with other types of inclusions. 
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Table and Figure Legends 

 

Table 1  Material properties of the plate. 

Table 2  Relative errors for energy conservation of multiple scattering analysis. 

Table 3  Dimensions of the fundamental block for ߶ ൌ 0.4. 

Table 4  Estimated wavenumbers for stop bands for square and hexagonal arrangements. 

 

Figure 1. A thin plate with multiple holes subjected to the plane incident wave. 

Figure 2. Numerical model consisting of the fundamental blocks. 

Figure 3. Rectangular integral path for verifying the energy conservation. 

Figure 4. Deflection distribution in the fundamental block with four holes. 

Figure 5. Hole arrangements for multiple scattering analysis of thin plate.  

Figure 6. Energy transmission coefficient for different ݊୫ୟ୶ for different concentrations of 

holes in square arrangement at ܴ݇	= 1.06. 

Figure 7. Energy transmission coefficient for different ݊୫ୟ୶ for different concentrations of 

holes in square arrangement at ܴ݇	= 1.596. 

Figure 8. Energy transmission coefficient for different ݌୫ୟ୶   for square hole arrangement 

with ߶= 0.3. 

Figure 9. Energy transmission coefficients of flexural wave for square hole arrangements 

with different concentrations ߶. 

Figure 10. Energy transmission coefficients of flexural wave for hexagonal hole 

arrangements with different concentrations ߶. 

Figure 11. Deflection distribution in the fundamental block with square hole arrangement:  

ൌ 0.40; kR = 1.06. 

Figure 12. Deflection distribution in the fundamental block with hexagonal hole arrangement:  

ൌ 0.40; kR = 1.42. 

Figure 13. Energy transmission coefficients of flexural wave for different random 

arrangements for the case ߶ ൌ 0.4.    

Figure 14. Deflection distribution in the fundamental block with ߶ ൌ 0.4 and kR = 1.56. 

 


