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Abstract 

Under the concept of "Industry 4.0", production processes will be pushed to be increasingly interconnected, 
information based on a real time basis and, necessarily, much more efficient. In this context, capacity optimization 
goes beyond the traditional aim of capacity maximization, contributing also for organization’s profitability and value. 
Indeed, lean management and continuous improvement approaches suggest capacity optimization instead of 
maximization. The study of capacity optimization and costing models is an important research topic that deserves 
contributions from both the practical and theoretical perspectives. This paper presents and discusses a mathematical 
model for capacity management based on different costing models (ABC and TDABC). A generic model has been 
developed and it was used to analyze idle capacity and to design strategies towards the maximization of organization’s 
value. The trade-off capacity maximization vs operational efficiency is highlighted and it is shown that capacity 
optimization might hide operational inefficiency.  
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1. Introduction 

The cost of idle capacity is a fundamental information for companies and their management of extreme importance 
in modern production systems. In general, it is defined as unused capacity or production potential and can be measured 
in several ways: tons of production, available hours of manufacturing, etc. The management of the idle capacity 
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Abstract 

Evolution of plastic contour of a steel sheet was predicted using various crystal plasticity models, including a phenomenological 
and dislocation-based hardening model. The evolution of plastic contour was different depending on the model, but none of the 
models used could predict differential work-hardening behavior observed in experiments. The simulation results showed that the 
{110} and {112} slip activities were significantly different depending on the stress ratio, suggesting that the differences in the 
strengths between the {110} and {112} slip systems would play an important role in the evolution of the contour. 
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1. Introduction  

Recently, crystal plasticity models are receiving much attention because of their ability to predict various 
macroscopic deformation behaviors, such as work hardening under uniaxial and multiaxial loadings and evolution of 
Lankford value, from the mesoscopic deformation. These models are nowadays utilized for various metals. 
Concerning work-hardening behavior under biaxial tension, evolution of contour of equal plastic work was predicted 
successfully using crystal plasticity models for face-centered cubic and hexagonal close-packed metals. Yoshida et al. 
[1] studied the predictive accuracy of evolution of contour of equal plastic work of a 3000 series aluminum alloy 
sheet and reported that a phenomenological-hardening model did not give any differential work-hardening, while a 
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dislocation-density based model yielded differential work-hardening similar to experimental results. They presumed 
that the differential work-hardening could be predicted by using a dislocation-density based model because the 
difference in the evolution of dislocation density depending on the stress ratio was properly taken into account.  
Hama et al. [2, 3] predicted evolutions of contour of equal plastic work of a magnesium alloy and commercially pure 
titanium sheet by using a crystal plasticity model with good accuracy. They also explained that the strong differential 
work-hardening occurred in these sheets because active slip and twinning systems were different depending on the 
stress ratio. 

In contrast, the predictive accuracy of contour of equal plastic work for body-centered cubic metals, especially for 
steels, is still poor [4, 5]. For instance, Jeong et al. [4] predicted the evolution of plastic contours of an interstitial-
free steel sheet using a viscoplastic self-consistent crystal plasticity model, but the simulation could not reproduce 
the differential work-hardening observed in experimental results. One of the reasons that the predictive accuracy for 
body-centered cubic metals is poor would be that crystal plasticity modelling for body-centered cubic metals is still 
insufficient and needs further improvement. For instance, in body-centered cubic metals, it was reported that the 
{110} and {112} slip systems were active, but the critical resolved shear stress could be different between the two 
slip systems, and the critical resolved shear stress for the {112} slip systems could be different between the twinning 
and antitwinning directions [6]. Furthermore, latent hardening is not understood well [7, 8], and sometimes Schmid 
law does not hold [9, 10]. Although various crystal plasticity models have been proposed to predict the work-
hardening behavior of steels [4, 5], the predictive accuracy is still insufficient as mentioned earlier, and moreover, 
the effect of crystal plasticity modelling on the predictive accuracy is not understood well. In the present study, 
evolution of contour of equal plastic work of a steel sheet was predicted using various crystal plasticity models, and 
the effect of crystal plasticity modelling on the predictive accuracy was systematically investigated. 

2. Crystal plasticity models 

The {110} and {112} slip systems of body-centered cubic structure were taken into consideration. The slip 
activity was modeled by using the following crystal plasticity models. 

2.1. Accumulated-slip based hardening model (model A) 

Following Hoc et al. [11], the slip rate αγ  of the α slip system was given in the form 
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where 0γ is the reference-strain rate, m is the rate-sensitivity exponent, ατ  is the resolved shear stress, 0τ  is the 
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where n, and h0 are the material parameters. qαβ is the latent hardening matrix.  
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2.2. Dislocation-density based hardening model (model D) 

Eq. (1) was used to represent the slip rate also in this model. The work-hardening rate was given as a function of 
dislocation density in the form [12] 

1 1
2 21 1 12 , , 2

2 c ch g g y L K g y
bL L

κ β α κ α α α
αβ αβ ακ ακβ α

κ κ

µ ρ ρ ρ ρ ρ γ
− −

      = − = = −               
∑ ∑   ,               (3) 

where K is the material parameter. b and yc are the magnitude of Burgers vector and the characteristic length related 
to the annihilation process of dislocation dipoles, respectively. µ is the shear modulus. gαβ is the dislocation 
interaction matrix. ρα is the dislocation density, and its initial value is ρ0.  

2.3. Peeters model (model P) 

A model proposed by Peeters et al. [13] was used. In this model, the dislocation substructure was presumed to 
consist of the development of cell-block boundaries and cell boundaries, which were associated with latent and 
isotropic hardening, respectively. Y

ατ was given as 

( )Y 0 1 CB CBBf fα
ατ τ τ τ= + − + ,                (4) 

where CBτ  and CBB
ατ  are the resistances due to cell boundaries and cell-block boundaries on the α-slip system, 

respectively. f is the volume fraction. CBB
ατ  is assumed to be given as a function of the densities of immobile 

dislocations stored in cell block boundaries and directionally movable dislocations stored at a side of cell block 
boundaries, whereas CBτ  is given as a function of the statistically stored dislocation density in the cell interiors. The 
characteristic point of this model compared to the models A and D is that latent hardening, which is modeled by 
using CBB

ατ , is given as a function of the dislocation densities. For the detail formulation of Peeters model, refer to 
literature [13].  

The abovementioned models were incorporated into our in-house crystal plasticity finite-element method 
program [14]. It should be noted that the model P was used in its rate form because our program was on the basis of 
the rate form of the principle of virtual work [15]. 

2.4 Parameter identification 

A cubic model with ten uniform divisions in each direction was used as the representative volume element. 
Eight-node solid elements with selective reduced integration were utilized. A cold-rolled steel sheet was assumed in 
this study. The initial pole figure is shown in Fig. 1. The same initial orientation was assigned to all the eight 
integration points in each element. The material parameters were determined to fit the stress-strain curve under 
uniaxial tension. The components of qαβ in eq. (2) (model A) were set to be unity. On the other hand, to examine the  
 
 
 
 
 
 
 
 

Fig. 1. Initial pole figures of material assumed in simulation. 
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effect of interaction matrix, two sets of parameters were used for gαβ in the model D: all the components were set to 
be unity in the first set (model D1), whereas the parameters shown in Table 1 determined on the basis of literature [7, 
8] were used in the second set (model D2). The determined material parameters for the models A, D1, D2, and P are 
shown in Tables 2, 3, and 4. The simulation procedure of biaxial tension was the same as that of literature [2, 3]. 
The simulation was conducted for the conditions of σxx: σyy =1:0, 6:1, 3:1, 2:1, 1.5:1, 1:1, 1:1.5, 1:2, 1:3, 1:6, and 
0:1, where x and y denote respectively the rolling and transverse directions. 
 

Table 1. Parameters of interaction matrix for model D2 [7, 8]. Refer to the cited literature for the meaning of the variables. 
 

h(1) h(2) h(3) h(4) h(5) h(6) h(7) h(8) h(9) 
0.1 0.1 0.45 5.5 0.4 0.6 5.5 0.1 0.1 

h(10) h(11) h(12) h(13) h(14) h(15) h(16) h(17)  
5.5 0.1 0.1 0.1 0.1 0.1 0.1 0.1  

 

Table 2. Hardening parameters for model A. 
 

τ0 /MPa h0 /MPa n 
45.0 965 0.3 

 
Table 3. Hardening parameters for models D1 and D2. 
 

τ0 /MPa ρ0 /mm-2 K  yc(mm) b /mm 

45.0 2.73 x 105 30.0 (Model D1) 
10.0 (Model D2) 1.65 x 10-3 2.48 x 10-7 

 
Table 4. Hardening parameters for model P. Refer to literature [13] for meaning of variables. 

 
τ0 /MPa f α Kwd yc

wd /mm Kwp 
45.0 0.20 0.15 1.00 1.70×10-5 8.00 

yc
wp /mm yc

ncg /mm  yc
rev /mm K yc /mm yc

rev2 /mm 
3.50×10-6 3.50×10-6 1.00×10-5 15.0 5.70×10-7 1.00×10-6 

3. Results and discussion 

In the following, the contours of equal plastic work were normalized by using the stress obtained with σxx: σyy 
=1:0, σ0, at each plastic work, W0. Fig. 2(a) shows examples of experimental results of the normalized contours of 
plastic work at different W0. The normalized contour gradually expanded with the increase of plastic work, and the 
expansion was more pronounced for the conditions σxx ≥ σyy. This result is consistent with that reported by Nakano 
et al. [16]. The predictive accuracy of the simulation results are discussed on the basis of this experimental result.  

Figs. 2(b) – 2(e) show the normalized contours of plastic work predicted at different W0 by using the 
aforementioned models. When the model A was used (Fig. 2(b)), the change in the normalized contour was 
negligibly small. When the model D1 (Fig. 2(c)) was used, the overall change in the contour was larger than that of 
the model A. The contour in the vicinity of σxx: σyy =2:1 remained unchanged to W0 = 2 /MJ*m-3 and then expanded. 
In contrast, the contour at equibiaxial tension remained unchanged throughout the process, as in the case of the 
model A. When the model D2 was used (Fig. 2(d)), the contour shrank rapidly to W0 = 4 /MJ*m-3 and then slightly 
expanded. Although the tendency of the change was completely opposite from that of the experiment, the 
differential work-hardening was the largest among the models. When the model P was used (Fig. 2(e)), the tendency 
was different depending on the stress ratio. At equibiaxial tension, the contour rapidly shrank to W0 = 2 /MJ*m-3 and 
then slightly expanded. On the other hand, in the vicinity of σxx: σyy =2:1, the contour remained unchanged to W0 = 1 
/MJ*m-3, and then slightly expanded.  

The abovementioned simulation results showed that the evolution of contour of equal plastic work differed 
depending on the crystal plasticity model and that none of the models used could properly predict the expanding 
tendency of the normalized contour observed in the experiments. Comparing the results among the models, the 
differential hardening is more pronounced in the dislocation-density based models D1, D2, and P than in the 
accumulated-slip based model A. This result is consistent with that of an aluminum alloy sheet reported in Yoshida  
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Fig. 1. Initial pole figures of material assumed in simulation. 
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effect of interaction matrix, two sets of parameters were used for gαβ in the model D: all the components were set to 
be unity in the first set (model D1), whereas the parameters shown in Table 1 determined on the basis of literature [7, 
8] were used in the second set (model D2). The determined material parameters for the models A, D1, D2, and P are 
shown in Tables 2, 3, and 4. The simulation procedure of biaxial tension was the same as that of literature [2, 3]. 
The simulation was conducted for the conditions of σxx: σyy =1:0, 6:1, 3:1, 2:1, 1.5:1, 1:1, 1:1.5, 1:2, 1:3, 1:6, and 
0:1, where x and y denote respectively the rolling and transverse directions. 
 

Table 1. Parameters of interaction matrix for model D2 [7, 8]. Refer to the cited literature for the meaning of the variables. 
 

h(1) h(2) h(3) h(4) h(5) h(6) h(7) h(8) h(9) 
0.1 0.1 0.45 5.5 0.4 0.6 5.5 0.1 0.1 

h(10) h(11) h(12) h(13) h(14) h(15) h(16) h(17)  
5.5 0.1 0.1 0.1 0.1 0.1 0.1 0.1  

 

Table 2. Hardening parameters for model A. 
 

τ0 /MPa h0 /MPa n 
45.0 965 0.3 

 
Table 3. Hardening parameters for models D1 and D2. 
 

τ0 /MPa ρ0 /mm-2 K  yc(mm) b /mm 

45.0 2.73 x 105 30.0 (Model D1) 
10.0 (Model D2) 1.65 x 10-3 2.48 x 10-7 

 
Table 4. Hardening parameters for model P. Refer to literature [13] for meaning of variables. 

 
τ0 /MPa f α Kwd yc

wd /mm Kwp 
45.0 0.20 0.15 1.00 1.70×10-5 8.00 

yc
wp /mm yc

ncg /mm  yc
rev /mm K yc /mm yc

rev2 /mm 
3.50×10-6 3.50×10-6 1.00×10-5 15.0 5.70×10-7 1.00×10-6 

3. Results and discussion 

In the following, the contours of equal plastic work were normalized by using the stress obtained with σxx: σyy 
=1:0, σ0, at each plastic work, W0. Fig. 2(a) shows examples of experimental results of the normalized contours of 
plastic work at different W0. The normalized contour gradually expanded with the increase of plastic work, and the 
expansion was more pronounced for the conditions σxx ≥ σyy. This result is consistent with that reported by Nakano 
et al. [16]. The predictive accuracy of the simulation results are discussed on the basis of this experimental result.  

Figs. 2(b) – 2(e) show the normalized contours of plastic work predicted at different W0 by using the 
aforementioned models. When the model A was used (Fig. 2(b)), the change in the normalized contour was 
negligibly small. When the model D1 (Fig. 2(c)) was used, the overall change in the contour was larger than that of 
the model A. The contour in the vicinity of σxx: σyy =2:1 remained unchanged to W0 = 2 /MJ*m-3 and then expanded. 
In contrast, the contour at equibiaxial tension remained unchanged throughout the process, as in the case of the 
model A. When the model D2 was used (Fig. 2(d)), the contour shrank rapidly to W0 = 4 /MJ*m-3 and then slightly 
expanded. Although the tendency of the change was completely opposite from that of the experiment, the 
differential work-hardening was the largest among the models. When the model P was used (Fig. 2(e)), the tendency 
was different depending on the stress ratio. At equibiaxial tension, the contour rapidly shrank to W0 = 2 /MJ*m-3 and 
then slightly expanded. On the other hand, in the vicinity of σxx: σyy =2:1, the contour remained unchanged to W0 = 1 
/MJ*m-3, and then slightly expanded.  

The abovementioned simulation results showed that the evolution of contour of equal plastic work differed 
depending on the crystal plasticity model and that none of the models used could properly predict the expanding 
tendency of the normalized contour observed in the experiments. Comparing the results among the models, the 
differential hardening is more pronounced in the dislocation-density based models D1, D2, and P than in the 
accumulated-slip based model A. This result is consistent with that of an aluminum alloy sheet reported in Yoshida  
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Fig. 2. Contours of equal plastic work. (a) Experiment, (b) model A, (c) model D1, (d) model D2 and (e) model P. 
 
et al. [1]. Concerning the effect of dislocation interaction matrix, it is likely that the anisotropic properties in the 
matrix components yield large differential hardening in the normalized contour (the model D2). Moreover, the effect 
of the difference in the dislocation interaction matrix on the simulation result (the difference between the models D1 
and D2) is much more pronounced than that of the difference in the hardening model (the difference between the 
models A and D1). In contrast, although the latent hardening was taken into account in the model P, the degree of 
differential hardening was rather similar to that of the model D1.  
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To examine the deformation mechanism, the evolution of relative activities of the {110} and {112} slip systems 
at different stress ratios in the case of the model D1 is shown in Fig. 3. At σxx: σyy =1:0, the activity of {110} slip 
systems was larger than that of the {112} slip systems. However, the activity of the {112} slip systems increased as 
the stress ratio approached σxx: σyy =1:1, and eventually, the activity of the {112} slip systems was dominant at 
σxx: σyy =1:1. This result was almost independent of the model. The aforementioned results suggest that the 
predictive accuracy of the differential hardening would be improved if the effect of the difference between the 
{110} and {112} slip activities on the work-hardening is properly taken into account. Indeed, as explained in the 
introduction, it has been reported that the critical resolved shear stresses and work-hardening would be different 
between the {110} and {112} slip systems. For instance, Franciosi et al. [6] recently reported that the critical 
resolved shear stress of the {110} slip systems might be approximately equal to that of the {112} slip systems in the 
twinning direction and was smaller than that of the {112} slip systems in the antitwinning direction. Moreover, they 
also reported that the work-hardening of the {110} slip systems might be larger than that of the {112} slip systems 
in the twinning direction and smaller than that of the {112} slip systems in the antitwinning direction.  

On the basis of the abovementioned observations, the effect of the difference in the critical resolved shear 
stresses between the {110} and {112} slip systems on the differential hardening was numerically examined. To 
simplify the problem, the difference in the properties between the twinning and antitwinning direction was not taken 
into account and we just assigned larger critical resolved shear stress for the {112} slip systems ( {112}

0τ =60 MPa) 

than those of the {110} slip systems ( {110}
0τ = 45 MPa). The result obtained using the model D1 is shown in Fig. 4. 

Although the normalized contour slightly shrank to W0 = 1 /MJ*m-3, thereafter it expanded irrespective of the stress 
ratio, consistent with the experimental result. The aforementioned result suggests that it may be important to take the 
differences in the critical resolved shear stress, and presumably work-hardening as well, between the {110} and 
{112} slip systems to improve the predictive accuracy of the evolution of plastic contour of this material. 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3. Evolution of relative activities during biaxial tension obtained using model D1. σxx: σyy = (a) 1:0, (b) 2:1, and (c) 1:1. 
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Fig. 2. Contours of equal plastic work. (a) Experiment, (b) model A, (c) model D1, (d) model D2 and (e) model P. 
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differential hardening was rather similar to that of the model D1.  
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To examine the deformation mechanism, the evolution of relative activities of the {110} and {112} slip systems 
at different stress ratios in the case of the model D1 is shown in Fig. 3. At σxx: σyy =1:0, the activity of {110} slip 
systems was larger than that of the {112} slip systems. However, the activity of the {112} slip systems increased as 
the stress ratio approached σxx: σyy =1:1, and eventually, the activity of the {112} slip systems was dominant at 
σxx: σyy =1:1. This result was almost independent of the model. The aforementioned results suggest that the 
predictive accuracy of the differential hardening would be improved if the effect of the difference between the 
{110} and {112} slip activities on the work-hardening is properly taken into account. Indeed, as explained in the 
introduction, it has been reported that the critical resolved shear stresses and work-hardening would be different 
between the {110} and {112} slip systems. For instance, Franciosi et al. [6] recently reported that the critical 
resolved shear stress of the {110} slip systems might be approximately equal to that of the {112} slip systems in the 
twinning direction and was smaller than that of the {112} slip systems in the antitwinning direction. Moreover, they 
also reported that the work-hardening of the {110} slip systems might be larger than that of the {112} slip systems 
in the twinning direction and smaller than that of the {112} slip systems in the antitwinning direction.  

On the basis of the abovementioned observations, the effect of the difference in the critical resolved shear 
stresses between the {110} and {112} slip systems on the differential hardening was numerically examined. To 
simplify the problem, the difference in the properties between the twinning and antitwinning direction was not taken 
into account and we just assigned larger critical resolved shear stress for the {112} slip systems ( {112}

0τ =60 MPa) 

than those of the {110} slip systems ( {110}
0τ = 45 MPa). The result obtained using the model D1 is shown in Fig. 4. 

Although the normalized contour slightly shrank to W0 = 1 /MJ*m-3, thereafter it expanded irrespective of the stress 
ratio, consistent with the experimental result. The aforementioned result suggests that it may be important to take the 
differences in the critical resolved shear stress, and presumably work-hardening as well, between the {110} and 
{112} slip systems to improve the predictive accuracy of the evolution of plastic contour of this material. 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3. Evolution of relative activities during biaxial tension obtained using model D1. σxx: σyy = (a) 1:0, (b) 2:1, and (c) 1:1. 
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Fig. 4. Simulated contours of equal plastic work by using the model D1 with larger critical resolved shear stress for the {112} slip systems than 
for the {110} slip systems. 

4. Conclusion 

In the present study, evolution of contour of equal plastic work of a cold-rolled steel sheet was predicted using 
various crystal plasticity models, and the effect of crystal plasticity modelling on the predictive accuracy was 
discussed. The results obtained in this study are summarized as follows. 
(1) The evolution of plastic contour is different depending on the crystal plasticity model: the normalized contour 

remains almost unchanged regardless of the plastic work when the accumulated-slip based hardening model is 
used, while the normalized contour expands slightly when the dislocation-density based hardening models are 
used. When the dislocation-density based model with the interaction matrix determined by Madec and Kubin [7, 
8] is used, the contour rapidly shrinks to W0 = 2 /MJ*m-3 and then slightly expands. None of the models used can 
reproduce the expanding trend in the normalized contour observed in the experiment. 

(2) The simulation results show that the activities of the {110} and {112} slip systems differ depending on the stress 
ratio. 

(3) The numerical experiments suggest that the difference in the strengths between the {110} and {112} slip systems 
would play an important role in the evolution of the contour. 
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Fig. 4. Simulated contours of equal plastic work by using the model D1 with larger critical resolved shear stress for the {112} slip systems than 
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