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Abstract

The modified Kortweg-de Vries equation (for short, mKdV) models the propagation
of nonlinear water waves in the shallow water approximation. We consider the weakly
damped and forced mKdV equation under the periodic boundary condition. We prove
the existence of the global attractor in H*, s > 11/12 for the weakly damped and forced
mKdV on the one dimensional torus. To see the asymptomatic behavior of the solutions
of mKdV equation below energy space, the study of global attractor below energy space is
important. The existence of global attractor below the energy space has not been known,
though the global well-posedness below the energy space is established. We directly
apply the I-method to the damped and forced mKdV, because the Miura transformation
does not work for the mKdV with damping and forcing terms. We need to make a
close investigation into the trilinear estimates involving resonant frequencies, which are

different from the bilinear estimates corresponding to the KdV.
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Chapter 1

Introduction

The increase of interest in turbulence and chaos has motivated for new mathematical
mechanics and some new concepts like attractors, fractal sets, Feigenbaum cascades etc.
This work mainly concentrate on attractors and global attractors.

In last three decades, theory of global attractor has been develop dramatically on
semi-groups for infinite dimensional dynamic systems. The dynamic systems arising in
the biology, physics or chemistry are often generated by a partial differential equation
and therefore, have infinite dimensional underling space. Usually these systems are either
conservative or exhibit some dissipation. We can hope to reduce the study to a bounded
or compact attracting set (or a global attractor) that contains enough information of the
flow and sometimes has the finite diminution character also.

The global attractor of a dynamical system is the unique compact invariant set that
attracts the trajectories starting in any bounded set at a uniform rate. A global attractor
plays an important role in the study of the behaviour of solution as time goes to infinity.

The main result in this work is about finding the global attractor for weakly damped
and forced modified Kortteweg-de Vries equation. In chapter three of our work, we will
discuss this problem in details.

We divided this work into three chapters. First chapter include the introduction to
global attractor and their basic properties. The most part of this chapter is from the
book by Roger Temam [? ]. For more details on stable and unstable orbits please see
Guckenheimer and Holmes [14], for absorbing sets see J.E.Billoti and J.P.La Salle [? |
and for details on the main existence theorem for global attractor see F.Abergel [1] and
in O.A. Ladyzhenskaya [17]. The second chapter is divided into two sections namely the
Soblev spaces and Besov spaces. This introductory part of functional spaces is from the
book by H. Bahouri, J-Y Chemin and R. Danchin [2]. For inside details on the references
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for this book please see [2, page 49-50 for Sobolev spaces and page 120-121 for Besov
spaces].

This chapter is dedicated to the introduction of global attractor on semigroup. In
first section, we give the definition of a global attractor and state the necessary and
sufficient condition for the existence of a global attractor. More precisely, we discuss
about the absorbing set, invariant set , an attractor and the global attractor. The second
section describe the impotence of a global attractor. We describe how the study of
global attractor below energy space is useful. Although, showing the existence of a global
attractor below energy space is not that easy. We list some of the difficulties in showing
the existence of global attractor below energy space and possible way of handling such

issues.

1.1 What is the Global Attractor?

In this section, we define the global attractor on a semi-group which is generally defined
by the solutions of an ordinary differential equations(ODE) or partial differential equa-
tions(PDE). We consider the dynamical system whose state is described by an element
u = u(t) on a metric space H where time ¢ varies over R or on some interval of R. Usually,
H is either the Banach or Hilbert space but for the present chapter, we just consider a

metric space.

1.1.1 Notations and Definition

We start this subsection with the definition of semigroup formed by the evolution of

dynamical system:

Definition 1.1.1. The solution of the dynamical system is described by the family of

operators (S(t))io0, that map H into itself and satisfies the usual semigroup properties.

S(s+1t)=S5(s)-S(t) Vs, t>=0

(1.1.1)
S(0) =1 Identity in H.

Remark 1.1.2. If f is the state of the dynamical system at time s, then S(s)f is the

state at time s+t and
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Remark 1.1.3. In general, we consider the semigroup generated by the solutions of
ODE and PDE’s. In case of ODE, the general theorem for existence and uniqueness of
the solution provides the definition of S(t) but in the case of infinite dimension, we first
investigate the existence and uniqueness theorem as there is no general theorem exists to

study the dynamical system.

We atleast assume that V ¢ > 0, the operators S(t) are continuous from H into itself.
In general, the operators S(t) are not injective as the injectivity property for S(t) is
equivalent to backward uniqueness of the dynamical system. Nevertheless, if S(t) are
one-one for ¢ > 0, we define the operators S(—t) as the inverse of S(¢) which maps from

H to H. Now, we give few definitions as follows:

Definition 1.1.4. For uqg € H, the orbit or trajectories starting at ug is the set

Usso S(t)uo. It is also known as positive orbits through uy.

Definition 1.1.5. Foruy € H, the orbit or trajectories ending at ug is the set Uy=q S(—t) " tug.
We are assuming here that the orbit or trajectories ending at ugy exist. It is also know as

negative orbit through ug.

A complete orbit containing wug is the union of positive and negative orbit through

up. Now, we define the w—limit set.

Definition 1.1.6. Foruy € H or A C H, we define the w-limit set of ug (or A), as

w(ug) = [ U S®)uo

s=>0t>s

or

w(A) = US@E)A,

s=>0t>s

where the closers are taken over H.

We can define the similar w-limit set for ¢ < 0 but from now on we skip the results

related to t < 0 as it is not relevant for our work. Let us state the following proposition:
Proposition 1.1.7. f € w(A) if and only if there exists a sequence of elements f, € A
and a sequence t, — 400 such that

S(tp)fa — f asn — oo.

Definition 1.1.8. A fixed point, or a stationary point, or an equilibrium point is a point
uy € H such that
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Clearly, the orbit and the w-limit set for such point is {ug}.
If ug is the stationary point, then we have the following definitions:

Definition 1.1.9. The stable manifold of ug, M_(ug) is the set of points v which belongs
to the complete orbit {u(t),t € R},v = u(ty) and such that

u(t) = St —to)v — up ast — oo.

Definition 1.1.10. The unstable manifold of ug, M (ug) is the set of points v which
belongs to the complete orbit {u(t),t € R} and such that

u(t) > uy t— —o0.

Stable or unstable manifolds can be empty set. A stationary point u is stable if
M (ug) = 0 and unstable otherwise. We also skip the details for discrete case. Although,
discrete case are also similar to continuous case. Now, we will discus about the invariant

sets:

Definition 1.1.11. We say that a set A is positively invariant for the semigroup S(t) if
St)ACA Vt>0

and negatively invariant if
S(t)AD A vVt > 0.

A set which is both positively and negatively invariant is known as the invariant set or a
functional invariant set i.e.
S(t)A=A VvVt > 0.

Examples 1.1.12.

e If a set A contains a fized point or a union of fized points, then it is a trivial

example of invariant set.

o If it exists, a time periodic orbit is an invariant set. In fact, if for some ug €
H,T >0 and S(T)ug = ug, then S(t)ug exists for allt € R and

A= {S(t)uo,t € R}

15 tnvariant.
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The following lemma generates some special types of invariant sets.

Lemma 1.1.13. Let A C H and A # (). Assume that for some tq > 0, the set J S(t)A

t>to
is relatively compact in H. Then, w(A) is nonempty, compact and invariant.

For proving the main assumption that |J S(¢).4 is relatively compact, we need to
>0
show that it is bounded if H is finite dimensional and show that it is bounded in a space

W compactly embedded in H for infinite dimension. The lemma is used especially for
w-limit set.

Now, we define one more important ingredient for the definition of global attractor.
Definition 1.1.14. An attractor is a set A C H that has following properties:
1. A is an invariant set i.e. S(t)A=A, t > 0.

2. A possesses an open neighbourhood O such that, ¥ ug € O, S(t)uy converges to A
ast — oo
d(S(t)ug, A) — 0 ast— oo,

where d is the distance between a set and a point given as

= inf .
d(z, A) = inf d(z,y)
Remark 1.1.15. If A is an attractor, the largest open set O that satisfies (2) of Definition
1.1.14 s called the basin of the attractor.

Definition 1.1.16. We say that A uniformly attracts the set B C O if
d(S(t)B,A) -0 ast— oo,
where d(By, Bs) is the semidistance defined as

d(By, By) = sup inf d(zx,y).

zeB, Y€B2

In infinite dimensions to work with different topologies, we have the following defini-

tion:

Definition 1.1.17. Let V. C W. We say that A is an attractor in V if AC V,S(t)A = A
and satisfies the second condition in Definition 1.1.14 with respect to the topology of V.

Finally, we define the global attractor as follow:
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Definition 1.1.18. We say that A C H is a global attractor for the semigroup (S(t))i=o0
if A is a compact attractor that attracts the bounded sets of H. The basin of this set is
all of H.

1.1.2 Existence and Uniqueness

In this subsection, we discuss about the conditions for existence of the global attractor.

We start this subsection with the definition of the absorbing set:

Definition 1.1.19. Let B C H and O an open set containing B. We say that B is

absorbing in O if the orbit of any bounded set of O enters into B after some time i.e.

VB1 C O, By bounded
3 t1<B1) such that S(t)Bl CcCB Vt> tl(Bl)

We also says that B absorbs the sets of O.
Before giving the main result, let us assume the following two remarks:

Remark 1.1.20. For every bounded set B there exists t; which may depend on B such
that

U s@)B (1.1.4)

is relatively compact in H. In other words, the operators S(t) are relatively compact for t

large.
We can also have the following similar condition:

Remark 1.1.21. Let H is a Banach space and for every t, S(t) = L1(t) + La(t) where
the operators Ly(-) are uniformly compact for t large (i.e.satisfies Equation (1.1.4)) and
Lo are continuous mapping from H into itself such that for every bounded set A C H, we
have

re(t) =sup |Le(t)ulgy — 0 ast — co. (1.1.5)
ucA

Remark 1.1.22. For a Banach space, any family of operator satisfying Equation (1.1.4)
also satisfies Equation (1.1.5) with Ly = 0.

Let us state the main result:

Theorem 1.1.23. Let H is a metric space. Assume that the operators S(t) satisfies
(1.1.1)-(1.1.3) and either (1.1.4) or (1.1.5). Also assume that there exists an open set O
and a bounded set B of O such that B is absorbing in O.
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Then, the w-limit set of B, A = w(B), is a compact attractor which attracts the
bounded sets of O. For the inclusion relation, it is the mazximal bounded attractor in O.
Moreover, if H is a Banach space, D is convex and the mapping t — S(t)ug is

continuous from R into H, for every uqg € H, then A is connected too.

Remark 1.1.24. The assumption in Equation (1.1.4) can be weaker for Theorem 1.1.23

i.e. for some ty > 0,S(to) is compact.

Note that there are some weaker version of Theorem 1.1.23 exists but we only need

to use the above hypothesis. With this main result, we end this section.

1.2 Why Global Attractor Is Important?

A partial differential equation or system can be written in the form
Ou = F(u(t)), (1.2.1)

where the operator F'(u) includes the partial derivatives of u with respect to spatial
variable z = (x1,...x,). Dynamic system generated by Equation (1.2.1) can be studied
locally and globally. The local theory is quite rich but same is not true for global theory.
The long-time behaviour of solution of such system can be adequately described in terms
of global attractor of the system. In many equations, the influence of initial data vanishes
after a long time. Therefore, permanent regimes are of impotence. The time-independent
solution of F'(u) = 0 can be consider as one of the simplest example.

As discussed in the last section, attractor of a semigroup is the w-limit set of a
neighbourhood of the attractor, which can be called as local attractor. A dynamical
system can have many local attractors for example stable periodic solution with different
domain of attraction. A global attractor is the maximal operator in the sense of inclusion

as it define the domain of attraction as whole Banach space H.

1.2.1 Difficulties In Finding The Global Attractor

An infinite dimensional dynamic system generated by PDE has many technical concerns

which are not there in finite dimensional theory. We list few of them as follow:

» Most of the times, the semigroup S(t) is only defined for ¢ > 0 and can not be
extended for t € R.

 Infinite dimensional function spaces are not locally compact.
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e Solution with bounded energy can blow up in a finite time.
« Uniqueness of the solution may be difficult to establish (3D Navier-Stokes system).

o Expression of characteristics of attractors in terms of physical parameters of the

problem.

» Interconnection of spatial properties of solution and there dynamical properties.

We should note that there are obvious similarities between finite and infinite systems. For
instant, constructing w-limit set as global attractor works well for both type of systems.

Hence, the global attractor is a key concept to study the behaviour of dynamical
systems mainly infinite dimensional. As listed above, it is not easy to study about infinite
systems specially globally. But still there are few techniques which makes our job much

easer like a global attractor.

1.2.2 Global Attractor Below Energy Space

It is quite difficult to find a global attractor below energy space as the global attractor is
much more than showing the global existence. Indeed, we need to find two operators L,
and Lo which satisfies the hypothesis of Theorem 1.1.23. Our main work concentrates
on weakly damped and forced modified Korteweg-de Vries equation(mKdV). For mKdV
equation, global well-posedness is known in Sobolev space H® for s > 1/2. But the
existence of a global attractor is not known. Hence, it seems to be intresting problem to
consider the global attractor below energy space. To see the asymptomatic behavior of
the solution of mKdV equation below energy space, the study of global attractor below

energy space is important.



Chapter 2
Functional Spaces

This chapter is devoted to some functional spaces and their basic properties which will be
used throughout this work. These functional space are quite important for the existence
and uniqueness of the solution associated to the non-linear partial differential equations.
this chapter consist of mainly two sections.

The first section contains a brief introduction on Sobolev spaces. In first part of this
section, we introduce Fourier transform on R™. In the second part, we give some basic
inequalities of Real analysis mainly we state the Minkowski’s and Hoélder’s inequality
which will be used throughout this work. Then we state convolution inequalities on
locally compact group equipped with left-invariant Haar measure.Further, we establish
bilinear interpolation-type inequality based on atomic decomposition. At the end, we
state few properties of Hardy-Littlewood maximal operator.

The third and forth part of this section contains a brief introduction to homogeneous
and nonhomogeneous Sobolev spaces, respectively. In the third part of this section,
we give some basic properties of homogeneous Sobolev space. We present embeddings
in some space spaces like Lebesgue spaces and bounded mean oscillation spaces. We
also state embeddings in Holder spaces. At the end of third part, we give some refined
Sobolev inequalities which are invariant by translation and dilation. In the last part of
first section, we mainly concentrate on nonhomogeneous spaces. Trace theorems and
compact embedding are some of the main results, we discuss there. We also emphasis on
Moser-Trudinger and Hardy inequalities.

We can deal with the functions and distributions easily if they can be split into count-
able sum of smooth functions with compactly supported Fourier transform. Littlewood-
Paley theory provides such a decomposition. The first subsection of second section
contains the Bernstein inequality. Then we study the action of heat flow or of a dif-

feomorphism over spectrally localised functions. The second subsection is devoted to
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homogeneous Besov spaces with an introduction of Littlewood-Paley decomposition.
Subsection three is devoted to paradifferential calculus and its basic properties. Last sub-
section consist of nonhomogeneous Besov spaces, paralinearization theorem and compact

properties of Besov spaces.

2.1 Sobolev Spaces

In this section, we study the basic concepts of real analysis, Sobolev spaces used in the

theory of nonlinear partial differential equations.

2.1.1 Fourier Transform on R"

In this subsection, we discuss about the Fourier transform on R™ and some basic properties

of it. We start this subsection with the definition of Fourier transform.

Definition 2.1.1. Let f € LY(R™). Then Fourier transform of f is defined as

FI©) = fle) = [ e f(ayar, (2.11)
where (]¢) denotes the inner product on R”. We can see that |f(€)| < ||f||z: which
implies that F : L'(R™) — L*°(R") is a continuous mapping. Now we define Schwartz
functions denoted as & with the help of following notations.
Let f be a function on R™ and a be a multi-index. Suppose that x € R™. Then
length of « is defined as |a| = a3 + -+ + ay,. Also, define 0°f = 07 f--- 0% f and

% =z ... x%.

Definition 2.1.2. The set of smooth functions u on R"™ is said to be Schwartz space
S(R™) if for any j € N we have

[ulljs = ISlljlg(l + |2])?|0%u()| < oo
a\]
z€eR™

The following theorem explain how the Fourier transform act on Schwartz functions.

Theorem 2.1.3. For any integer j there exist a constant C' and an integer k such that
Vues, ||lifjs < Cllullks-

Therefore, Fourier transform is a continuous map on S. Also, F is an automorphism on

S with inverse (2m) " F, where F denotes f — {€ — (Ff)(=£)}.
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Now, we define the tempered distribution and the relation between Fourier transform

and distribution.

Definition 2.1.4. Any continuous linear functional on S(R™) is known as tempered
distribution on R™. The set of tempered distribution is denoted as S'(R")

Definition 2.1.5. We say that a sequence (¢n)nen of tempered distributions is said to
converge to ¢ in S'(R™) if

Vi eSRY), lim (¢n,¢) = (¢, ¢).
We give a proposition related to the duality.

Proposition 2.1.6. Let T : S — S is a linear continuous map. Then

('To, ) = (¢, Tep)

defines a tempered distribution. Moreover, if (u,)nen S a sequence of distributions which
converges to u in S'(R™) then (‘Tuy,)nen converges to ‘Tu. Therefore, 'T is a continuous

and linear map.
Let us list some examples which are consequences of Proposition 2.1.6.

Remark 2.1.7. Consider an operator (—0)* for some multi-index . Then for all p € S,
we have

1(=0)%¢lljs < llelli+ials-
Also, we have the same assertion for x® — x%p i.e.
l2%¢lljs < llelli+als-

Remark 2.1.8. Define

where A is a linear automorphism on R™. Clearly, Ty, satisfies Proposition 2.1.6.

Remark 2.1.9. For any ¢ € S, we have

1Towlls < Cill0llj+nt1sllellss:
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wher 0 € S(R™) and Typ = 0 .

Remark 2.1.10. Let 05 be the space of smooth functions on R™ such that, for any

integer 7, an integer N exists such that

sup (1 + [a7) ™ sup [0° f ()] < os,

T€R" o] <
then the multiplication by f, the operator T satisfies the hypothesis of Proposition 2.1.6.

Definition 2.1.11. A tempered distribution g is said to be homogeneous of degree n if
g =A'g VA>O0.

Remark 2.1.12. We can easily see that the notation of convolution for distribution is
same that of the Schwartz class S if it is in L.

We list the properties of Fourier transform on S as the following proposition.

Proposition 2.1.13. Let (u,v) € &' xS, A € R\ {0} and (o, 5) € R" x R™. Then, we

have

(10)%0 = F(x%u),  (i&)*0 = F(0%u),
e G = F(rof), 70 = F(ePu),
ATMA(ATIE) = Flu(Ax)),  Fluxv) = o,
where T, stands for the translation operator.

Now, we state the Plancherel’s theorem as follow:

Theorem 2.1.14. The Fourier transform is an automorphism of S’ with inverse (27‘(‘)_”.7}.

Moreover, F is an automorphism on L*(R") and satisfies ||t||2 = (27)"/2||u| 2.
We define the following subspace of S'(R™) which is quite useful for us.

Definition 2.1.15. The space of tempered distributions u such that
Alim |lv(AD)ul||pe =0 for any v € D(R"), (2.1.2)
—00

is denoted by S;,(R™). Here, D(R™) denotes the space of smooth compactly supported

functions on R".

We can easily get the following equivalent condition for the distributions in S (R™).
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Proposition 2.1.16. u € S (R™) if and only if there exists some smooth compactly
supported function v satisfying the inequality (2.1.2) and v(0) # 0.

For better understanding of the space S; (R"), we list some of the examples:
Examples 2.1.17.

o If the Fourier transform of a distribution w is locally integrable near 0, then
u € S, (R™). Indeed, the space £ of compactly supported distributions is included in
Sy (R™).

e Ifu is a tempered distribution such that v(D)u € LP for some p € [1,00) and some
function v in D(R™) with v(0) # 0, then u € S, (R™).

e A nonzero polynomial P does not belongs to S, (R™). This implies that S (R") is

not a close subspace of S’ in weak topology.
We give Fourier transform for some functions which are not in L*.

Proposition 2.1.18. Let w be a nonzero complex number with nonnegative real part.
Then

n

Fe)o=(5) <

w

n o
2 )

where w2 = |w|"2e 2% with 6 € [, 3].

Proposition 2.1.19. Let s €)0,n(. Then F(|-|7*) = Cps| - |*™™ for some constant C,,

depending only on s and n.
To end this part of first section, let us state the following lemma:

Lemma 2.1.20. Let A be a distribution on R™ supported in {0}. Suppose that PA = bA

>n
for some real number b, where P = '21 x;0;. Then, we have the following results:
‘7:

1. If b is not an integer less than or equal to —n, Then A = 0.

2. If b is an integer less than or equal to —n,, then there exists some real numbers c,
such that

A=Y a0

|a|=—b—n
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2.1.2 Basic Real Analysis

In this section, we state very basic results of analysis which are very essential for our

work. Let us start this subsection with Holder’s inequality.

Proposition 2.1.21. Holder Inequality : Let (X, 1) be a measure space and (p, q,r) €

[1,00]3 such that
1 1 1

p q T
Let (u,v) € LP(X, n) x LUX, ), then uwv € L™ (X, u) and

Jwvllr < Jlullze o]l Lo

Now, let us state the following lemma:

Lemma 2.1.22. Let (X, u) be a measure space and p € [1,00]. Suppose that u be a

measurable function. If

sup [ Ju()o(e) dp(x) < o,

loll <1 /X

then v € LP and
luller < sup [ u(@)o(@)dn(z),
ol <1 /X

where p’ denotes the conjugate exponent of p defined as

11

Sps=1
p P

Proposition 2.1.23. Minkowski’s Inequality : Let (X, p) and (Y,v) be two measure

spaces and u be a nonzero measurable function on X xXY. For all 1 < p < q < 00, we

have

e, 22) | o S [[CE] [P

La(Y,v) LP(X,p)
Now, we give the definition of convolution between two measurable functions defined
on some locally compact topological group G equipped with a left-invariant Haar measure

V.

Definition 2.1.24. Let u and v are two measurable functions on a locally compact

topological group G equipped with a left-invariant Haar measure v. Then

wso(e) = [ ulyoly™ -2)dv(y)
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Lemma 2.1.25. Young’s Inequality: Le G be a locally compact topological group

equipped with a left-invariant Haar measure v. If v satisfies
v(P™Y = v(P) for any Borel set P,

then for all (p,q,r) € [1,00]* with

1 1 1
S+ s=-+1 (2.1.3)
poq

and for any (u,v) € LP(G,v) x LY(G,v), we have
urxve L'(G,v) and luxv|prcy < llull@unllvliaey

We now state the refined Yong’s inequality.

Theorem 2.1.26. Refined Young’s Inequality: Let (G,v) satisfies the same asser-
tion as in Lemma 2.1.25. Suppose that (p,q,r) € [1,00]® and satisfies (2.1.3). For any

u € LP(G,v) and any measurable function v on G where
ol .y = 50 A(1g] > ) < .
Then, there exists a constant C' such that the function uxv € L"(G,v), and

lu* vl zraw) < Cllullze@w)l|v] La@n)-

Theorem 2.1.26 implies the well known Hardy-Littlewood-Sobolev inequality on R*.

Theorem 2.1.27. Hardy-Little-wood-Sobolev Inequality: Let s € [0,n] and (p,r) €

[1,00]? satisfies
1 s 1
e
p n r

Then, there exists a constant C such that

T 172 wllrny < llullzogn).

Proposition 2.1.28. Atomic Decomposition: Let (X,v) be a measure space and

p € [1,00]. Suppose that u € LP. Then, there exists a sequence of positive real numbers
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(an)nez and a sequence of nonnagetive functions (uy)kez such that

U= Z Aply,,

neL

where the functions w, have pairwise disjoint supports and

v(Supp uy)

VASV/AN

2
275

[[en [ o

1
Slulls < X a2 < 2lulfy
nez
Proposition 2.1.28 describe the atomic decomposition of a function v € LP which
help us to prove Theorem 2.1.26. We state another application of atomic decomposition

namely bilinear interpolation theorem which is very useful in our study.

Theorem 2.1.29. Bilinear Interpolation Theorem: Let (X,u) and (Y,v) are
two measure spaces. Let A be a continuous bilinear functional on L*(X;LPi(Y)) x
LA(X;L%(Y)) for j € {0,1} and (p;,q;) € [1,2]* and such that py # p1 and qo # q.
For any 0 € [0,1], the bilinear functional A is then continuous on L*(X;LP(Y)) x
L2(X; L% (Y)), where

1 1 1 1 1 1
() 0n(id) i)
Do Qo Po Qo P1 ¢

Definition 2.1.30. Let (X,d) be a metric space endowed with the Borel measure v.
Indeed, if u: X — R is in L},.(X,v), then we define

loc

Vo€ X, Mf(@) = swp i [ ju(y)ldr(y)

Then, M s known as the maximal function.
The following lemma is useful for the proof of Theorem 2.1.32.

Lemma 2.1.31. Let (X, v) be a metric space with the Borel measure v with the doubling
property. Then there exists a constant Cy such that for any family (B;)i<i<n of balls,

there exists a subfamily (B;,)i1<j<n of pairwise disjoint balls such that

p n
I/(U sz) }Cll/ <U Bz)
j=1 =1
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We state the following well-known fundamental result about the maximal function.

Theorem 2.1.32. Let (X, d) be the metric space with the measure v has doubling property.
Then, there exists a constant C depending only on the doubling constant B such that
V1<p<ooandue LP(X,v), we have M f € LP(X,v) and

1
1M flle < —2=C% |Jull o
p—1

For the proof of Gagliardo-Nirenberg inequalities, we list the following results:

Proposition 2.1.33. Let G be a locally compact group with neutral element e, with a
distance d such that d(e,y~'.x) = d(z,y) ¥V (z,y) € G* and a left-invariant Haar measure
satisfies v(B™') = v(B) for any Borel set B. Also, for r > 0, there exists a positive
measure i, on the sphere Y., = {x € G\ d(e,z) = r} such that for any L* function v on

[ v@v(z) = | e ( /er(x)d,ur(:v)> dr.

For all measurable functions w and any L' function H on G such that

G, we have

Ve e G,H(x) = h(d(e, z))
for some nonincreasing function h : Rt — RT, we then have

Vo € G, [H * f(z)| < |H| @M f(@).

2.1.3 Homogeneous Sobolev Spaces

This subsection consist of introduction to homogeneous Sobolev spaces and there embed-
ding into Lebesgue, BMO and Holder spaces. The homogeneous Sobolev spaces plays a
vital role in study of nonlinear partial differential equations. Let us start this section

with the definition and some basic properties of homogeneous Sobolev spaces.

Definition 2.1.34. Let s € R. The homogeneous Sobolev space H*(R") is the space of

tempered distributions u over R™ such that 4 € L}, .(R™) and satisfies

lully = [ lellae) g < oo.

The following proposition explain a kind of interpolation of homogeneous Sobolev

spaces:
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Proposition 2.1.35. Let s1 < s < so. Then, H** N H® included in H® and for 0 € [0, 1],

we have

lull g+ < Cllell ull s

where s = s1(1 — 0) + s90.

Proposition 2.1.36. Let [ be a positive integer. Then, the space H_Z(Rm) consist of

distributions which are the sums of derivatives of order | of L*(R") functions.

Remark 2.1.37. Proposition 2.1.36, describe the homogeneous Sobolev spaces with
negative index. For the positive index, H® is the subset of distributions with locally
integrable Fourier transforms such that 0“u € L*(R™) for all multi-index o with length s.

We observe that H® = L? from Plancherel theorem.

The following proposition explain the necessary and sufficient property for H* to be

Hilbert space:
Proposition 2.1.38. H*(R") is a Hilbert space if and only if s < 5

We define the space Sp(R") as the collection of functions of S(R") whose Fourier

transform vanish near origin. Based on Sy(R™), we have the following proposition.
Proposition 2.1.39. Sy(R") is dense in H® for s < 5.
Proposition 2.1.40. Let s < 5. Then the bilinear functional

30X80%(C

(u,v) = fgn u(x)v(z)d

T =

can be extended to a bilinear continuous functional on H® x H~*. Moreover, if B is a
continuous linear functional on H®, then there exists a unique distribution v in H™* such
that

Vu € H* (B,u) =T (v,u) and 1Bl zsy = vl g

In fact, Proposition 2.1.67 states that H~* can be considered as dual of H*. The

following proposition explain that we can describe H?* as the finite difference for s € (0,1).

Proposition 2.1.41. Let s € (0,1) and u € H*(R™). Then, H* and

/‘ lu(z +y) — u(y)|?

dzdy < oo.
|y[+2s
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Moreover, there exists a constant Cy such that for any function v € H®, we have

lu(z +y) — u(y)|
R” xR? ly|nt2s

2
dzdy.

[ull 7o < Cs
With Proposition 2.1.41, introduction to H* is completed. Now we state the embed-
dings of H* spaces in LP(R™). We begin with the following well known result:

Proposition 2.1.42. If s € [0,n/2), then the space H® is continuously embedded in

L#5 (R,

Proposition 2.1.43. Let p € (1,2], then LP(R") is continuously embedded in H* for

—n_n
8—2 e

In order to make Proposition 2.1.42 invariant under multiplication by any character
¢'(z|w), we shall construct a family of Banach spaces B, whose norm is invariant under
translation and satisfies
B, ~ AT ]

[1F A B, < Con 2| f]

., 9IF(A)]

Hs>
and for some real number 6 € (0, 1), we have

IFllze < Comll £1I35"

0
Bs-

fl

To achieve our goal, let us introduce the following space:

Definition 2.1.44. Let n € S(R™) such that 6 is compactly supported, 0 < H < 1 and
has value 1 near 0. For uw € 8'(R™) and o > 0, we define

lull g-- = sup A7 [[n(A:) * wl| o
A>0

Remark 2.1.45. If u € B~ such that ||u||g-- is finite, then B~ is a Banach space.

Moreover, changing the value of n produces an equivalent norm.
We give the following relation between B and H*.

Proposition 2.1.46. Let s < 3. The space H* s continuously embedded in B %,

Moreover, there exists a constant only depending on Supp of 7) and n such that

-
(2 —s)

Jull go-z < ull o Vu € H*.
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z1

Proposition 2.1.47. Let o € (0,,n]| and (¢c)eso(x) = €< ¢(z). Then, there exists a
constant C such that ||¢e|| - < Ce” Ve > 0.

Now we state the refined Sobolev inequality.

Theorem 2.1.48. Let s € (0,%). There exists a constant depending on n and 1) such

that o , ,
1-2 2
Jullr < m”lﬂ s allullges

2n
n—2s"’

where p =

Remark 2.1.49. Let s € (0, 5). Then from Proposition 2.1.46 and Theorem 2.1.48 and

for any v € H®, we have

Hs»

C
[ull e < ﬁ”u\

2n
n—2s"

where p =
Definition 2.1.50. Define Q = [—1/2,1/2]" and let x; = 3/81 for any element of
{=1,1}". We define the transform A as

D(Q) = D(Q)
f — Af =2" Z Aff>

Ie{-11}"

where Arf(z) = f(4(x — z7)). For B C Q, we define Aj(B) = x; + 1B, T(B) =
Ureq—1,3n A1(B) and denote A;(Q) = Qr. The support of Arf is included in Qr as
f € D(Q) and the fact that if I # 1" then QN Qp = ¢, we get

n(1_1
IAf |z = 27| £l o (2.1.4)
For simplification, assume that s is an integer, then we have

0;(Af)(w) =2" > (40;f)(A(x — 21)) = 4A(9; f)(x)

Ie{-1,1}"

and from Equation (2.1.4), we get

e = 2772 £

IAf]

He-

The estimate of Af in terms of B~ is given by following proposition.
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Proposition 2.1.51. For o € (0,n], there exists a constant C' such that

IAfll5-- < 2"\ fll g+ + Cllfllze-

As H7(R") is not included in L=(R"), we have to discuss this limiting case separately.

We give the following definition:

Definition 2.1.52. The space BMO(R™) of bounded mean oscillations is the set of the
locally integrable function f such that

1
| fllBao :Supi/ |f — fBldr < oo,
B |B|/B

where fp = ﬁ I fdx. The supremum is taken oveer all Euclidean balls. Note that
| - l|Brmo vanishes for all constant functions and hence it is a seminorm. Now, we state

one of the important theorem of Sobolev embedding:

Theorem 2.1.53. The space L}, (R") N H%(R") is included in BMO(R™). Moreover,

loc

there exists a constant ¢ such that
lullpio < cllull s Vu € Li, (R*) N H?(R™).

Now, we state the embedding of H* in the Holder space. First of all let us give the

definition of Holder space.

Definition 2.1.54. Let (k,p) € N x (0,1]. The Hélder space is the space of C* functions
u on R™ such that

) )

s = sup (107l +up 0 =8
Ty |z =yl

la|<k
Remark 2.1.55. C%! is the space of bounded Lipschitz functions.
We state the following embedding between C*? and H?.

Theorem 2.1.56. Let s > 5 and s — % is not an integer. Then, the space H* is included

in the Holder space with index

= (=5 =3 --3))
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and for all u € H®, we have

o — o
sup sup |0%u(z) u(y)|
o=k a7y |z =yl

< Cnsllul

e

2.1.4 Nonhomogeneous Sobolev Spaces

This section is devoted to the introduction to nonhomogeneous Sobolev spaces. We
mainly focus on the trace theorem and the Hardy inequality. We start this section with

the definition of nonhomogeneous Sobolev space.

Definition 2.1.57. Let s € R. The Sobolev space H*(R™)(denoted as H*) consist of
distributions u such that @ € L3, .(R") and

loc

[l

we= [ Q1)) s < oc.

Remark 2.1.58. As the Fourier transform is an isometric linear operation from H® to
the space L*(R™; (1 + |£|*)%d€), the space H® equipped with the scaler product

(o) = [ 1+ 16 a©)i(e)de
is a Hilbert space.

Proposition 2.1.59. Let s; < s < sg. Then, H** N H*®2 included in H* and for 0 € [0, 1],

we have

1-0

0
Hs1 Hs2»

[ull s < Cllul

ul
where s = $1(1 — 0) + s20.

Remark 2.1.60. [t is easy to see that the family of H® spaces is decreasing with respect
to s. For nonnegative integer s, from Plancherel theorem, the space H® coincides with the

set of L*(R") functions u such that 0* € L* where o is a multi-index such that |a] < s.

For negative integer, we have the following proposition.

Proposition 2.1.61. Let s be a positive integer. Then, the space H *(R™) consist of

distributions which are the sums of derivatives of order | of L*(R") functions.

Remark 2.1.62. For any ¢ > 0,00 € H=27° but does not belongs to H=2. Also, & is

not in H® for any s.

Remark 2.1.63. H* is included in H* for nonnegative s and opposit happen for negative
s. Also, H® # H*, s # 0.
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Proposition 2.1.64. Let H;-(R™) is the space of distributions of H® which are supported
on a compact set K where s is nonnegative. Then, there exists a constant C' such that
1

relid

C

s < Clluf

For functions supported in small balls,we state the following Poincare-type inequality.

Corollary 2.1.65. Let 0 < t < s. For any positive § and any function u € H*(R™)

supported on a ball of radios 0, there exists a constant C' such that

lull ze < CO" g and JJullge < C6ul .

Proposition 2.1.66. The space S is dense in H*.
For duality of H®, we have the following proposition.

Proposition 2.1.67. For any real s, the bilinear functional

SxS—=C

(u,v) = fgn u(x)v(z)d

can be extended to a bilinear continuous functional on H® x H™*. Moreover, if B is a
continuous linear functional on H?®, then there exists a unique distribution v in H™*° such
that

Vu € H* (B,u) =T (v,u) and || B sy = [|v||g--.

Proposition 2.1.68. Let s = k + o, where k € N and o € (0,1). Then, for multi-index

a we have

H*(R™) = {u e LX(R")/]a| < m, 8% € L2(R”)}

and for |a| =m,

drdxr < 0o.

/ 10%u(x +5y) — 0%u(x)|?
R" xR ly|nt2e

Moreover, there exists a constant C' such that

1 |0%u(z +y) — 0%u(x)|? N
Slulif < 3 /R - dedz + 3 [0%u]22 < Cllullg-.
|a|=m

laj<m

Definition 2.1.69. A global k diffeomorphism on R™ is any C* diffeomorphism n : R® —

R™ whose derivatives of order less than or equal to k are bounded and for some constant
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c and (z,y) € R" x R", we have

In(z) —n(y)| = Clz —yl.
Corollary 2.1.70. Let n be a global k diffeomorphism on R",0 < s < k and u € R,
then won € H*(R™).
We also have the following density result.

Proposition 2.1.71. For any real s, the space D(R™) is dense in H*(R").

Proposition 2.1.72. Multiplication by a Schwartz function S(R™) is a continuous map
from H?® to itself.

Note that under multiplication by general C'*° function, H* is not stable.

Now, we consider the trace and the trace lifting operator. Consider the hyperplane
x1 = 0 in R"™. For u in Lebesgue space, we formally define the trace operator X as
Yu(z) = u(0,z), but as the Haar measure for the hyperplane is 0, this definition is not
good to consider. For example, there are L? functions which are continuous for z; # 0
and goes to infinity when x; — 0. Hence, we can not give this definition in general.
Extending the usual trace operator by continuity gives us the definition for trace operator

on R™ spaces.
Theorem 2.1.73. Let s > 1/2 be a real number. The restriction map ¥ defined by
S(R") — S(R™1)
u— X(u): (e, ..., 2,) = u(0,29,...,2,)
can be extended continuously from H*(R™) onto H*2(R"1).
We have the following corollary:
Corollary 2.1.74. Let s > k + % with k € N. The map
H(R") = @y He ()
u— (55(u))osj<k,
where Lyu = (9 u) is continuous and onto.

Remark 2.1.75. From Theorem 2.1.73 and Corollary 2.1.74, the spaces H® are local

and invariant under the action of diffeomorphism and we may define the trace operator
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for any smooth hypersurface S of R"™. So localizing and straightening S reduce the problem
to the study of the trace operator defined in Theorem 2.1.75.

Now, we state the few results related to embedding of the spaces H”.
Theorem 2.1.76. The space H® embedded continuously in

1. the Lebesque space LP(R™), if 0 < s < n/2 and 2 < p < 2n/(n — 2s)

2. the Holder space C*P(R™), if s > n/2 +k +p for some k € N and p € (0,1).

Following Moser-Trudinger inequality holds. Although, H? fails to be embedded in
L.

Theorem 2.1.77. There exist two constants ¢y and co only depending on the dimension
n, such that for any u € H= (R™), we have

[u)] \*
/ (exp(cl< ) ) —1) dr < ¢s.
" lull 3
Theorem 2.1.78. Let t < s. Multiplication by a function in S(R™) is a compact operator
from H® in H'.

From Theorem 2.1.78, we can deduce the following compactness result:

Theorem 2.1.79. For any compact subset K of R" and s' < s, the embedding Hj,(R™)

into H3.(R™) is a compact linear operator.

Before stating the Hardy inequality, we need to give the density result of D(R™ \ {0})
in H*. The density of D(R™\ {0}) plays an important role in the proof of Hardy inequality

and the related result.

Theorem 2.1.80. If s < n/2 (resp., < n/2.) Then the space D(R™\ {0}) is dense in
H"™? (resp., H"2.) If s > n/2, then the closer of the space D(R™\ {0}) in H* is the set

of functions w in H® such that for every multi-index o with |o| < s —n/2, 0*u(0) = 0.

Remark 2.1.81. For n = 1, the map u — u(0) can not be extended to H= (R) functions.
In other words, we can prove that the restriction map > on hyperplane x1 = 0 can not be
extended to H2(R™) functions.

Now we state the Hardy inequality with singular weight in Sobolev spaces.
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Theorem 2.1.82. [fn > 3, then

u(x)|? > 2
</ | |EU|2| da:) < 5 [Vl (2.1.5)

for any f € HY(R").

2.2 Besov Spaces

In this section, we give the details of Besov spaces and there basic properties using

Littlewood-Paley decomposition.

2.2.1 Bernstein Lemmas

From littlewood-Paley decomposition, the Fourier multiplier acts almost as homotheties
on distributions where Fourier transform supported in a ball or an annulus. We start
this subsection with Bernstein lemma.

Let R > 0. A set {¢€ € R": [{] < R} is called a ball and for o > r; > 0 the set
{£€R": 0 <r; <[] <ro}is called an annulus.

Lemma 2.2.1. Let C and B be an annulus and a ball respectively. Assume that k be an
arbitrary nonnegative integer, (p,q) € [1,00]* with ¢ = p > 1 and u be any function of

LP. Then there exists a constant C such that

Supp 1t C \B = ||Dku||Lq = sup ||0%| 1« < C’Hl)\k%(%ﬁ)ﬂuﬂm,
la|=k

Supp @ C AC = CF N |ul|p < || D¥ul| e < CFN¥||u]| o

Now we state the lemma about the action of Fourier multiplier which behaves like

homogeneous function of degree m.

Lemma 2.2.2. Let k = 2[1 +n/2] (where [r] stands for integer part of r), m € R and C
be an annulus. Given o a k-times differentiable function on R™\ {0} and a multi-index

a with |af| < k, there exits a constant C,, such that

VEER", 0% ()] < Calgm .



2.2 Besov Spaces 27

Suppose that p € [1,00], A > 0 and u be a function in LP with Fourier transform supported
in AC. Then there ezits a constant C' (depending only on C,) such that

lo(D)ullr < CA™||ul|» with o(D)u = F ' (cd).

We state the Faa da Bruno’s formula as follow:

Lemma 2.2.3. Let u : R* — R™ and F : R™ — R be smooth functions. Given a

multi-index o, we have

“(F ou) ZCW(‘)F [T (0%u?)",

1<[BI< e
1<j<m

where the coefficients C,,,, are non-negative integers and the sum is taken over those p
and v such that 1 < |u| < |af, vs, € N7,

Z vg, =p; V1< j<mand Z Prg, = a.
1<|BI<la 1<|pI<] el
1I<ism

With Fourier transform supported in an annulus, the action of semigroup of heat

equation on distributions is given by following lemma:

Lemma 2.2.4. Consider an annulus C. Let p € [1,00] and (t,\) be a couple of positive

real numbers. Then there exists positive constants ¢ and C' such that

—ctA?

Supp @ C A\C = ||e"®ul|r» < Ce ||l w|| o

Definition 2.2.5. Let X be a Banach space, I is an interval of R, p € [1,00] then
LY(X) is the Lebesgue measurable functions from I to X such that t — ||u(t)||x € LP(I).
The space LY (X) is embedded with the norm

Il = ([ ImOet)”

For p = 0o, we can give the definition in terms of esssup.

Corollary 2.2.6. Let \ be a positive real number and C be an annulus. Let ug [resp.
g = g(t,y)] satisfy Supp g C XC (resp., Supp §(t) CAXC ¥V t € [0,T]). Let u and v be

solutions of

Ou—vAu=0 and wu|i—o=uo and
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ow—vAv =g and wv|= =0,

respectively. Choose arbitrary 1 < a < b < oo and 1 < p < q < oo. Then there exists

positive constants ¢ and C', depending only on C, such that

Ll gl 1

(vA2) 73N ug| o,
2\—1+(2-2)yn(i-1

(vA%) pma A ”)HQHLg(La)-

Jull gy < C
[vllzazny < C

Now we explain the action of a diffeomorphism

Lemma 2.2.7. Let x € S(R"). Let u € S'(R™) such that @ is supported in \C, ¢ be C1!
global diffeomorphism over R™ with inverse ¢, p € [1,00] and (\,u) € (0,00)%. Then

there exists a constant C such that

Ix(u D)o W)lls < EX ol Ellullr (1D Tallo |l + Dl )

where Jy(z) = |det(Dp(2))| and x(u'D)(uop) = F 1 x(p ) F(uo)).

Lemma 2.2.8. Consider a smooth function 6 with support in an annulus of R™. Let
Y be a C%' measure-preserving global diffeomorphism over R"™ with inverse ¢, u be a
distribution with 4 supported in \C, (A, p) € (0,00) and p € [1,00]. Then there exists a
constant C' such that

_ e A
167 D)oo W)l < Clulls, min ({100l 51001 ).
Now we state the lemma which describe some properties of powers of functions with

Fourier support in an annulus.

Lemma 2.2.9. Consider an annulus C. Let X be a positive real number, p be a positive
integer and u be a function in LP whose Fourier transform is supported in X\C. Then

there exists a constant C such that
[u|| L2 < CXTHV (uP)]| 2.

Remark 2.2.10. If Fu is supported in an annulus, then F(uP) is not supported in an
annulus, but rather in a ball. The above lemma guarantees that the L? norm of u? may

be controlled by the L? norm of its gradient.

Now, let us discuss about the dyadic partition of unity which is useful in further

studies.
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Proposition 2.2.11. Consider an annulus {£ € R™ : 3/4 < |¢] < 8/3}. There exist
radial functions x € D(B(0,4/3)) and ¢ € D(C), with values in the interval [0, 1], such
that

VEER™, x(§)+ D p(277¢) =1, (2.2.1)
j=20
vEe R\ {0}, D (279 =1, (2.2.2)
JEZ
j =4 = 2= Supp ¢(277-) N Supp p(277") =0, (2.2.3)
j=1= Supp x N Supp p(277.) =0, (2.2.4)

the set C = B(0,2/3) 4 C is an annulus, and we have

j—j1=>5=2"Cn2C=0. (2.2.5)

Furthermore,
VE € R, ; (&) + ;)@2(2?5) <1, (2.2.6)
V¢E e R™\ 0, ; < 5@2(2—15) <L (2.2.7)

From now on, assume the following remark.

Remark 2.2.12. We fix two functions x and ¢ satisfying the assertions (2.2.1) — (2.2.7).
Write h = F ' and h = F~'x. The non-homogeneus dyadic blocks A; are defined by

Aj(u) =0 if j<-2, Aju=yx u—/h y)dy,
and Aj(u) = p(27/D)u = 2j”/h (2Iy)u(x —y)dy if =0

The nonhomogeneous low-frequency cut-off operator S; is defined by

Z A]/U

J'<i—1



30 Functional Spaces

The homogeneous dyadic blocks Aj and the homogeneous low-frequency cut-off operators
Sj are defined for all j € Z by

Aju=p(27Dyu=2" [ h(@y)ua - y)dy.
R

Sju = x(2 7D = 2" [ H@y)u(x — y)dy.
R’I’L

Note that, the operators in Remark 2.2.12 map LP into LP with norms independent of j

and p. Also, we can write the below (formal) Littlewood-Paley decompositions:

Id=3 A; and Id= ZAj. (2.2.8)
J J

In the non-homogeneous case, the above decomposition makes sense in S'(R™).

Proposition 2.2.13. Let u € 8'(RY). Then u = lim Sju, in S'(R?).

J—00

Now, we state the convergence result.

Proposition 2.2.14. Let C be a given annulus. Consider (uj)jen, a L™ sequence of
bounded functions such that the Fourier transform of u; is supported in 2iC. Assume
that, for some integer N, the sequence (279 ||u;||z=)jen is bounded. Then, the series
> u; converges in S'(R™).
J
Proposition 2.2.15. Let C be a given annulus. Consider (uj)jen, a sequence of bounded
functions such that the support of i; is included in 2iC. Let, for some integer N, the
sequence (279N||u;|| ) jen be bounded and the series Y- u; converges in L>. Then the
5 <0

series Y, converges to some u in S’ and u € Sj,.

jJEL
2.2.2 Homogeneous Besov Spaces

This subsection is devoted to the introduction to homogeneous Besov spaces. We start

this subsection with the definition of homogeneous Besov spaces.

Definition 2.2.16. Let (p,r) € [1,00]? and s € R. The homogeneous Besov space B;r

consists of those distributions u € S}, such that

1
Jullag, = (S 29 NAzul )" < oo

JET
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Proposition 2.2.17. The space B;T endowed with || - |

ps 15 a normed space.
p,r

Remark 2.2.18. The definition of the Besov space B;r is independent of the function
@ used for defining the blocks A] Moreover, changing ¢ yields an equivalent norm. In
fact, if ¢ is another dyadic partition of unity, then there exists an integer Ny such that
I — 7'l > No = Supp $(277-) 0 Supp p(277"-) = (). Therefore,

2°(|p(2 Dyulle = 2% | 3 @277 D)Ayu

l7—3'1<No

r

< C2YFIN 1y vo (G = 31271 Al o
jl

From Young’s inequality we get the result.
We also note that a distribution u of S}, belongs to B;J if and only if there exits some

non-negative sequence (c;);ez and some constant C' such that
Y j €L Al < Ce;27% and ||(¢;)||e = 1.

Proposition 2.2.19. Let N be an integer. Consider a distribution u of S;,. Then HUHB;T

is finite if and only if uy is finite. Furthermore, we have

N(s—2
5, = 2V P

[u] B,

Remark 2.2.20. More generally, if \ is a positive number, then there exists a constant

C, depending only on s, such that

n

CTIN |

By, SCXNT7 |l

p,r

g, < u(r)]

e
Bpr

We highlight that having u in some homogeneous Besov space B;T yields information
about both low and high frequencies of w. Therefore, if s1 # sa, then we can’t expect
any inclusion between the spaces B;}T and B;fr. But, we can state the following theorem,

which is comparable with Sobolev embedding theorem.

Theorem 2.2.21. Let s be any real number. Assume 1 < p; < ps < o0 and 1 < r; <
cs—n(—L)

. S
T2 < 00. Then, the space B, . is continuously embedded in Bp,r," " .

As compared to standard homogeneous Sobolev space or L? spaces for p < oo, the
homogeneous Besov spaces contains more nontrival homogeneous functions. We have

such a result as follow:
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Proposition 2.2.22. Consider o € (0,n). Let p € [1,00]. Then, the function |-|~% €

. ;70-
Bp,OO *

Proposition 2.2.23. Let s; and sy are real numbers such that s < s, 6 € (0,1),
(p,7) € [1,00]* and u € S},. Then there exists a constant C' such that

||u||BZ:STl+(1_6)52 < || %Zh |ul }B_;g and
C 1 1 0 1—0
gy -0 < (0 4 H)HUHBEOOM e

For investigating a series to be in Besov spaces, we have the following lemma.

Lemma 2.2.24. Consider an annulus C' and a sequence of functions (u;);ez such that

Supp i; C 2°C" and H(2j5||uj||Lp)jeZ

< Q.
o

Let the series ZZ u; converges in S’ to some u € S;. Then, u € Bfm and
jE

(27°|Juj o) ez

[[ul Bs, < G

o

Remark 2.2.25. The above convergence assumption concerns (u;);<o. If (s,p, 1) satisfies

the following condition:

s < Q, or s=2 and = 1, (2.2.9)
p p

then, by Lemma 2.2.1, we have

lim Y wy=0 in L.

j——00
/ 3'<j

Therefore, Y u; converges to some v € &' and when j — —oo, Sju tends to 0. In
jEL

particular, u € Sj,.

Theorem 2.2.26. Consider (si,s2) € R? and 1 < ry,7r9,p1,p2 < 00. Let (s1,p1,71)

satisfies the condition (2.2.9). Then, the space B, N B2, endowed with the norm

| - |Bf, + - |B;§ v is complete. Furthermore, it satisfies the Fatou property which

states:

Let (up)nen @s a bounded sequence of B;}yh N B;;m.

1
1:71

Then there exists an element u €
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B N B and a subsequence Uy(n) Such that:

p1,7m1 p2,72

Jm vy =win & and ull g < O liminf [[uy )]

Bk, for kE=1,2.

Remark 2.2.27. If s > n/p (or s =n/p and r > 1), then B;’T is no longer a Banach
space. This is because of a breakdown of convergence for low frequencies, which is called
infrared divergence.

There is a way to modify the definition of homogeneous Besov spaces so that we can
obtain a Banach space, with any reqularity index. This is known as realizing homogeneous
Besov spaces. It emerges that realizations coincide with our definition when s < n/p, or
s=mn/p and r = 1. In the other cases, realizations are defined up to a polynomial whose
degree depends on s —n/p and r. It goes without saying that solving partial differential
equations in such spaces is quite difficult.

Proposition 2.2.28. Let r and p are both finite. Then the space So(R™) of functions in

S(R™) such that there Fourier transforms are supported away from 0 is dense in B;’T(]R”).

Remark 2.2.29. When r = oo, the closure of Sy for the Besov norm B;J, is the set of

distributions in S;, such that

lim 2js||A]‘U||LP =0.

j—xo0

It emerges that Besov spaces have good duality properties. Also, note that in Littlewood-

Paley theory, the duality on S;, translates, for ¢ € S, into

wo)= ¥ (Budio)= ¥ [ Au)dsm)s)dy.

li—3'1<1 li—3'I<1 gn

For LP space, by duality we can estimate the norm in B;yr.

Proposition 2.2.30. Let 1 < p,r < oo and s € R. Define a continuous bilinear

functional on B;ﬂ, X B];;, by:

B;},, X BI;;, — R
(U,¢) — Z <A]’U, AJ’¢>

li=3'I<1

Denote the set of functions ¢ € SN B;in, such that Hd)HBP_/;/ <1byQ). Letue Sy,

then we have:

lullp, < C sup (u,¢).
Q"
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The following proposition describe the action of Fourier multiplier on homogeneous

Besov spaces.

Proposition 2.2.31. Consider a smooth function o on R™\ {0} which is homogeneous
of degree m. Let (sy,pr, ) € R x [1,00)% (with k = {1,2}) such that (s; — m,p1,71)
satisfies the condition 2.2.9. Then the operator o(D) continuously maps Bt N B

p1,r1 p2,72
. s1—m SSo—m
into Byt B2

Remark 2.2.32. Note that, the proof of above Proposition is very simple compared with
the similar result on LP spaces when p € (1,00). Moreover, Fourier multipliers do not
map L into L*™ in general. From this point of view Besov spaces are much easier to

handle than classical LP spaces or Sobolev spaces modeled on LP.

Corollary 2.2.33. Assume (s1,p1,71) and (s2,p2,79) in R x [1,00]2. Let (s1 + 1,p1,71)
satisfies the condition (2.2.9). If v is a vector field with components in Bsi-ln B2l

pP1,71 p2,72
which is curl free (i.e. 9;v* = ! ¥V 1< j, k < n), then there exists a unique function
in B N B2 such that <7(a) = v and

p1,r1 p2,72

C™lal

e S vl gt < Cllal

P Tk Bpkﬂ“k

oS or k=1,2
BPZ% f y &y

where C' a positive constant independent of v.

For the negative indicies, we have the characterization of homogeneous Besov spaces

in terms of operators S;.

Proposition 2.2.34. Assume s < 0 and 1 < p,r < oco. Let u be a distribution in S,.
Then,
ue B, < (2°|Sullre)jez € 0.

Furthermore, we have

e e 1
gy, < @ISyl < (14 )i

5 S
By

for some constant C' depending only on n.

Now we give the result concerning the characterization of Besov spaces which do not

require spectral localization.

Theorem 2.2.35. Let s be a positive real number and (p,r) € [1,00]%. Then for some

constant, we have

C 7 ull g2 < ||l[Ee™ ull o

L’(R‘*‘,%) < CHUHBI;%S \V/ u € S;L
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Lemma 2.2.36. Let s be any positive number. Then

o
sup Z 5225712V < g
t>0 jEZL

Now, we will give a characterization of Besov spaces with positive indices in terms of
finite differences. For simplicity of the presentation, we only consider the case where the
regularity index s € (0,1).

Theorem 2.2.37. For any s € (0,1), (p,r) € [1,0)* and u € S}, there exists a constant
C such that

| 7—yu — ullzr

C ™ u| WE

< Clul
Lr (R o)

3s g 3s .
Bpﬂ" | Bpﬂ“

For s = 1, we have the following characterization.

Theorem 2.2.38. Let (p,r) € [1,00]* and u € Sj,. Then there exists a constant C' such

that:
|7y + Tyu — 2ul| e

Y]

iy, <|

< Cllull -
Lr (R i)

Remark 2.2.39. When we apply the above theorem for p = r = oo, we get that the
1

00,00

space B coincides with the Zygmund class of functions u such that:

u(z +y) +ulz —y) — 2u(z)| < Clyl.

Now, we compare homogeneous Besov spaces with Lebesgue spaces.

n_mn

Proposition 2.2.40. Let (p,q) € [1,00]* such that p < q. Then the space ';1 7 s
continuously embedded in LY. Futhermore, if p is finite, then Bp? 1 s continuously embedded
in the space Cy of continuous functions vanishing at infinity. Moreover, ¥ q € [1, o0],
the space LY is continuously embedded in the space Bg’oo, and the space M of bounded

measures on R" is continuously embedded in BY .

The comparison between homogeneous Besov spaces with regularity index 0 and third

index 2 to Lebesgue space is given by following theorem.

Theorem 2.2.41. Let p € (2,00). Then, B;Q is continuously included in LP and L* is

continuously included in Bg, 9

Theorem 2.2.42. Let p € [1,2]. Then, Bg

continuously included in B]?,’p,.

. o . . /.
» s continuously included in LP and L? is
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The generalization of refined Sobolev embedding is given in the next theorem.

Theorem 2.2.43. For any 1 < g < p < 0o and a positive real number o, there exists a
constant C' such that

_ . p q
£l < CIAIE 11y, with A=a(®-1) and o=1

Theorem 2.2.44. For g € (1,00) and s € (0,n/q), there exists a constant C' such that

1 . s
lully, ™ with [l = 1(=2)Zul| s,

s—n
[ullr < Cllull, o
B’I’L

gqs
wherengzl—%.
Now, we establish the so-called Gagliardo-Nirenberg inequalities.

Theorem 2.2.45. For any (q,7) € (1,00]? and (o, s) € (0,00)* with o < s, there exists
a constant C such that
1 6 1-6
_|_

— . g
||U||V’V,;r < O||U||%q||u||114'/; with » = 4 . and 0 =1— .

2.2.3 Paradifferential Calculus

This subsection contains the introduction to paradifferential calculus. We mainly concen-
trate on product of distribution on §;, and their properties. First of all, we define the

Bony decomposition and for the same purpose let u and v be tempered distributions in
S;. We have

U= ZAj/u and v = ZAjU.
— 7

J

Definition 2.2.46. The homogeneous paraproduct of v by u is defined as follows:
TUU = Z Sj_lu Ajl).
J
The homogeneous remainder of u and v is defined by

Ru,v) = Y Agu Ajv.

lk—jl<1

Remark 2.2.47. [t is easy to note that when u,v € S}, then T,,v makes sense in S’ and
T : (u,v) = Ty is a bilinear operator. Also, the remainder operator R : (u,v) — R(u,v),

when restricted to sufficiently smooth distributions, is also bilinear.
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The main motivation for using the operators 7" and R is that, at least formally, the

following so-called Bony decomposition holds true:
wv = Tyv + Tyu + R(u,v). (2.2.10)

The following theorem describe the continuity of homogeneous paraproduct operator

Y.

Theorem 2.2.48. Let s be a real number, (p,r) € [1,00]* and (u,v) € L™ X B;}T. Then

there exists a constant C such that
ITuoll g, < Ol e o]l 5. -

Futhermore, if (s,t) € R x (—00,0), (p,71,72) € [1,00)% and (u,v) € B, x BS, , then

00,71 p,r2?

. Ol+\s+t| » 1 ‘ 1 1
||TuU||B;j;t < THU||B§W1HU’ B, with ,mm L, " + [

Remark 2.2.49. By Lemma (2.2.24) and remark (2.2.25), the hypothesis of convegence
is satisfied whenever (s,p,r) or (s +t,p,r) satisfies (2.2.9).

Lemma 2.2.50. Let B be a ball in R™. Consider a positive real number s and (p,r) €

[1,00]%. Let (u;) ez be a sequence of smooth functions such that
Supp 4; C2'B and [|(27]|u; ||rp)jezll,r < o0

Let the series Y u; converges to u € S;. Then, there exists a constant C' such that:
JEL

. C .
we By, and llullsy, < = @Il o,

Remark 2.2.51. By Lemma (2.2.50), it follows that the hypothesis of convergence is
satisfied whenever (s,p,r) satisfies (2.2.9).

Remark 2.2.52. The above lemma fails in the limit case s = 0. In fact, let us fiz a
non-zero function f € LP, spectrally supported in some ball B, and a nonnegative real «
such that ar > 1. Let

g for j=1

0 otherwise
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It is clear that
vV j€Z, Supp i; C 2'B and ||(||uj||LP)jeN||zr < 0.

If r > 1, then we can additionally set a < 1 so that the series 3 u; diverges in S'. If

j
r =1, then the series converges to a nonzero multiple of f. As 32,1 s a strict subspace

of LP, the function f need not be in 38,1- Thus, the lemma also fails in this case.
The following theorem gives the continuity of the reminder operator:
Theorem 2.2.53. Consider (s1,s2) € R? and (py,ps,71,72) € [1,00]% Suppose that

1 1 1 1 1 1
P P P2 ror T

Then there exists a constant C' which satisfies the following inequalities:
Let (u,v) € BS', x B and s, + sy be positive. Then, we have

p1,71 p2,72

Clsits2|+1

gt S o lullsgy, ollsgs -

1R(u, v)]

Let (u,v) € Bt x B2 Ifr=1 and s; + sy = 0, then we have

P1,71 p2,72"°

1R(u, v)] < Ol fy|

551+59 51 H’U‘ 52 .
By Bp1,r1 BPQJ“Q

Remark 2.2.54. By Lemma (2.2.50) and the remark that follows it, the hypothesis of
the convergence is satisfied whenever (s1 + S2,p,1) or (s1 + S2,p,00) satisfies (2.2.9).
We give few examples for product of paraproduct.

Corollary 2.2.55. Let (s,p,r) € (0,00) x [1,00]? satisfies (2.2.9). Then L>® N B;yr is

an algebra. Furthermore, there exists a constant C, depending only on dimension n, such

that
(Il e ol ).

Corollary 2.2.56. Let (s1,52) € (—n/2,n/2). If s + sy is positive, then there exists a
constant C' such that

Cs—i—l
<

[[uv]

B, + llul

s
D,

3s 3s
BPJ” BP»T

< Cllu|

luv] Ol e -

.s1tsg— 2 TS
By 2 =

Remark 2.2.57. The constant in Corollary 2.2.56 may be bounded by

n—2s; n—28y 81+ 59
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where C' depends only on dimension n.
We state the following form of Hardy’s inequality

Theorem 2.2.58. Let s € [0, %) be a real number. Then, there exists a constant C' such

thatV f € H*(R"),
2
[ Haa <l
RTL

The following theorem gives the refined Hardy inequality.

- (2.2.11)

Theorem 2.2.59. Consider a triplet of real numbers (s, p,q) such that

n 2n
0<s<—= and 2<g< — <p< o0
2 n2s

LetuEB ~3m)

WP NV < e
(f ) < Ol gy

Lemma 2.2.60. Let the assumptions be same as in Theorem 2.2.59. Let f,g € LP N LY.

Then there exists a constant C' such that

. Then there exists a constant C such that

1 1
with a:pq<_+8)
P—q\qg 2 n

S n(1 1)
4,2

—2s —a . pg (1 1 s
’ fa) < AT lgllzellf g with oz:<—_|_).
(I ) < CIAIE NG I Ngllza b—ale "2 n

Remark 2.2.61. Theorem 2.2.59 fails for p = q. =

function w with Fourier transform supported in C, we would have:

—= 25 Since, if it was true, for any

[u(z)?

< Cllullzg , < CllullZze @n)- (2.2.12)

Particularly, the above inequality holds when u € S(R™) satisfies
supp 4 C B(&,e) C C.

Since, the inequality (2.2.12) is invariant under oscillation (i.e., under translation in the
Fourier space), we conclude that ¥ u € S(R™) such that supp @ C B(0,¢), it is true. The
invariance under dilation implies that it is true for any function v € S(R™) such that
supp @ C B(0,R) for any R > 0. By density, we obtain (2.2.12) ¥ u € L**(R"™) , but

this implies that the singular weight |x|=2% belongs to L3, which is false.
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Theorem 2.2.62. Assume a smooth function f on R which vanishes at 0. Let (s1, $2)
be a couple of positive real numbers and (py, pa,71,72) € [1,00]* and (s1,p1,r1) satisfies
the condition (2.2.9).

Letue B, N B2 N L, then the function f ou belongs to same space, and we

p1,71 p2,72

have, for k =1 and k = 2,

If oul

sp, < O ull =) lul

Bk, (2.2.13)

Lemma 2.2.63. Let the hypothesis be the same as in Theorem 2.2.62. Define f; =

f(Sj1u) — f(Sju). Then the series Y. f; converges to f(u) in' S’ and we have
j€z

1
fj = mjAju wzth mj = /f,(S]U —f- tA]U>dt
0

Lemma 2.2.64. Consider a smooth function g from R? to R. For j € Z, define
m;(g) = g(Sju, Aju).
Let u be any bounded function. Then for all multi-index
Vj € Z, [[0°m;(g)|lr= < Calg, |lulle)27.

Lemma 2.2.65. Consider a positive real number s and (p,r) € [1,00)%. Let (u;);ez is a

sequence of smooth functions where Y- u; converges to some u in S;, and

< Q.

Ns((uj)jez) B H( sup 2j(8a|)Haauj‘HLp> '
()

lo|€{0,]s|+1} J

Then there ezists a constant Cs such that u € B;’T and ||u|

B3, < CsNy(u).

Corollary 2.2.66. Consider a function f € C;°(R) such that f(0) = 0. Let (s1,52) €
(0,00)? and (p1,p1,71,72) € [1,00]* such that (s1,p1,71) satisfies (2.2.9).



Chapter 3

Global Attractor for Weakly
Damped and Forced mKdV

Equation

3.1 Introduction

We consider the modified Korteweg-de Vries (in short, mKdV) equation:

Ou+ Pu+20u* +yu=f, t>0, 2€T, (3.1.1)
u(z,0) = ug(x) € H¥(T), (3.1.2)

where T is the one-dimensional torus, v > 0 is the damping parameter and f € H 1(T)
is the external forcing term which does not depends on t. In equation (3.1.1), “+"
and “—" represent the focussing and defocussing cases, respectively. We consider the
inhomogeneous Sobolev spaces H* = {f | Xpern (k)2 |f(k)|? < oo} where () = (1+]-|)
and the homogeneous Sobolev spaces H® = {f € H*|f(0) = 0}. The mKdV equation
models the propagation of nonlinear water waves in the shallow water approximation. We
only consider the focussing case as the defocussing case follows with the same assertion.
Also, considering inhomogeneous Sobolev norm is very important as for homogeneous
Sobolev norm, Proposition 3.3.1 does not hold for more details (see appendix by Nobu
Kishimoto). From the arguments in [13], [12] and [15], the existence of global attractor for
equations (3.1.1)-(3.1.2) directly follows for s > 1 in H*®. In the present paper, we prove
the existence of global attractor below the energy space in H*(T) for 1 > s > 11/12.
Miura [22],[23] and [24] studied the properties of solutions to the Korteweg-de Vries

(KdV) equation and its generalization. Miura [22] established the Miura transformation
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between the solutions of mKdV and KdV. Indeed, if u satisfies equation (3.1.1) with “+7”
sign, then the function defined by

p = Oyu + iu?

satisfies the KdV equation, where ¢ = /—1. Colliander, Keel, Staffilani, Takaoka and
Tao [8] presented the I-method and proved the existence of global solution for mKdV in
the Sobolev space H*(T) for s > 1/2 by using the Miura transformation. However, the
Miura transformation does not work well for the weakly damped and forced mKdV. In
fact, if we consider the mKdV and KdV equations with the damping and forcing term

and apply the Miura transformation, we get

It is clear from (3.1.3) that the Miura transformation does not transform the solution of
mKdV equation to the solution of KdV equation. For this reason, the results of damped
and forced KdV can not be directly converted to those of damped and forced mKdV by
the Miura transform unlike the case without damping and forcing terms.

The study of global attractor is important as it characterizes the global behaviour of
all solutions. The asymptotic behaviour of solutions below the energy space has not been
known, though the global well-posedness below the energy space is already proved for the
Cauchy problem of (3.1.1)-(3.1.2). To study the asympototic behaviour of the solution
of mKdV equation below energy space, we need to study the global attractor below
energy space. Chen, Tian and Deng [5] used Sobolev inequalities and a priori estimates
on Uy, Uz, derived by the energy method to show the existence of global attractor in
H?. Dlotko, Kania and Yang [9] considered more generalized KdV equation and showed
the existence for global attractor in H!. It is instructive to look at known results on
KdV, since KdV has been more extensively studied than mKdV. Tsugawa [29] proved
the existence of global attractor for KdV equation in H* for 0 > s > —3 /8 by using the
I-method. Later, Yang [31] closely investigated Tsugawa’s argument to bring down the
lower bound from s > —3/8 to s > —1/2.

Though mKdV has many common properties with KdV, there is a big difference
between KAV and mKdV in the structure of resonance. For KdV, we consider the
homogeneous Sobolev spaces instead of the inhomogeneous one, which eliminates the
resonant frequencies in quadratic nonlinearity (see Bourgain [4]). On the other hand,

for the homogeneous mKdV equation, to eliminate the resonant frequencies in cubic
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nonlinearity, we need to consider the reduced equation (or the renormalized equation)
3 2 1 2
Ou+ 0yu+6(u —Z—HuHLQ O,u = 0. (3.1.4)
s

Without damping and forcing terms, the L? norm of the solution is conserved. So,
the transformation from the original mKdV eqation to the reduced mKdV equation is
just the translation with constant velocity. But this is not the case with damped and
forced mKdV. The resonant structure of cubic nonlinearity is quite different from that
of quadratic nonlinearity. Therefore, in the mKdV case, we need to directly handle the
resonant trilinear estimate as well as the non-resonant trilinear estimate. In this respect,
it seems difficult to employ the modified energy similar to that used in [29],[31]. Especially,
the scaling argument is one of the main ingredient of the I method. So we need to
make the dependence of estimates on the scaling parameter A\ also. Hence, the following
questions naturally arise: How should we treat the nonlinearity of mKdV equation with
the damping and forcing terms? When we can not use Miura transformation, how should
we treat mKdV equation ? To deal with such issues, we apply the I-method directly to
(3.1.5)-(3.1.6) in the present paper and prove the following result:

Theorem 3.1.1. Assume 11/12 < s < 1 and uy € H*. Let S(t) is the semi-group
generated by the solution of mKdV. Then, there exists two operators Ly(t) and Lo(t) such
that

S(t)ug = L1 (t)ug + La(t)uo,

sup [ L1 ()uollm < K,

[ La(t)uol

ms < Kexp(—(t = T1)), Vt>T,

where K = K(|| f|lg1,v) and Ty = T1(|[ f|| a1, [Juo

Hsvfy)‘

In Theorem 3.1.1, the map L; is uniformaly compact and L, uniformly convergs to 0
in H*. Therefore, from [28, Theorem 1.1.1], we get the existence of global attractor. For

the proof of Theorem 3.1.1, we consider the following equation:

. 1
O+ Pu+6 (u2 — 2“’&“%2) u+yu=F t>0,z€eT, (3.1.5)
m

u(z,0) = ug(x) (3.1.6)
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where .
F=f (x—i—/Hu(T)H%QdT) .
0

If we put g(x,t) = u(x + ft |lu(7)||22dT, t), then g satisfies Equations (3.1.5)-(3.1.6).

We divide this paper %nto six sections. In Section 2, we describe the preliminaries
required for the present paper. Section 3 descirbes the proof of trilinear estimate by
using the Strichartz estimate for mKdV equation proved by J. Bourgain [4]. Section 4
contains a priori estimates. We describe the proof of Theorem 3.1.1 in Section 5. Finally

in Section 6, some multilinear estimates are proved.

3.2 Preliminaries

In this section, we present the notations and definitions which are used throughout this

article.

3.2.1 Notations

In this subsection, we list the notations which we use throughout this paper. C,c are
the various time independent constants which depend on s unless specified. a+ and a—
represent a + € and a — €, respectively for arbitrary small € > 0. A < B denotes the
estimate of the form A < CB. Similarly, A ~ B denotes A < B and B 2 A.

Define (dk), to be normalized counting measure on Z/\:

/(;5 )(dk)» Z¢

kEZ/)\

Let f(k) and f(k,7) denotes the Fourier transform of f(z,t) in z and in z and ¢,
respectively. We define the Sobolev space H*([0, A]) with the norm

1 s = 1 ()R Lz amy

where (-) = (1 + |- |). For details see [8],[29]. We define the space X*® embedded with

the norm

[ul| xs0 = [|{(k)*(T — 47T2k3>ﬁ<k’a T)”LQ((dk)AdT)-

We often study the KdV and mKdV equation in X 53 space but it hardly contorls the
norm L H? see [4],[8],[29]. To ensure the continuity of the solution, we define a slightly
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smaller space with the norm

[ullys = llull g + 1KY @k, T L2(@r)0) 21 (ar)-

Z° space is defined via the norm

lullze = llull ooy + KR (7 — 4mK7) "k, )| 2wy 2 ar)-
X

For the time interval [t;, ], we define the restricted spaces X** and Y* embedded with

the norms

= inf{||U]

||U| X(S[g,x]x[n,m]) Xeb U|([O7A]X[t1’t2]) - U},

= inf{||U|

lullyy ve : Uloaxies o)) = u}-

0,A]X[ty,t2])

We state the mean value theorem as follow:

Lemma 3.2.1. If a is controlled by b and |ki| < |kz|, then

a(ky + ko) — alks) = O (yklyb|(li2)> .

For details see [8, Section 4].

3.2.2 Rescaling

In this subsection, we rescale the mKdV equation. We can rewrite equations (3.1.5)-(3.1.6)

in A-rescaled form as follow:
O + Oppav + 6 (02 - 217THU||%2> 0,0 + A 3yu = AP, (3.2.1)
v(x,tg) = vy (), (3.2.2)
where

g(x,t) = X TE(\ e, A7),
vy () = )Flu()\’lx, )\’3150),

for initial time t,. If w is the solution of the equations (3.1.5)-(3.1.6), then v(z,t) =
A tu(A7tz, A73) is the solution of the equations (3.2.1)-(3.2.2). Rescaling is helpful in

proving the local in time result as well as a priori estimate.
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3.2.3 I-Operator

We define an operator I which plays an important role for the I-method. Let ¢ : R — R

be a smooth monotone R-valued function defined as:

1 k| <1,
¢(k) =
K==t k| > 2.
Then, for m(k) = ¢(£), we define
1 |k| < N,

m(k) =
|E|*7INT=s  |k| > 2N,

where we fix N to be a large cut-off. We define the operator I as:
Tu(k) = m(k)a(k).

We can rescale the operator I as follow:
Tu(k) = m'(k)ak),

) =m(k). Let N' = . Then

where m/(%

1 |k| < N/,

m'(k) =
|k[*IN"O=s) k| > 2N

We use the rescaled I-operator for proving the local results for mKdV equation in time.

Moreover, proving a priori estimate also use the same operator.

3.2.4 Strichartz Estimate

Strichartz estimate plays an important role for the proof of the trilinear estimate.
Bourgain in [4], proves the L* Strichartz estimate for mKdV equation. In the present

article, we use the same estimate. We list the following result:

Proposition 3.2.2. Let b > % Then, we have

|| Laexry S Cllul| xos.
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3.2.5 Local-Wellposedness
In this subsection, we state the local result in time which can be proved by using the

contraction mapping. Let n(t) € C3° be a cut-off function such that:

1 f <1,
0 if |¢] > 2.
Suppose that
Da(t)f(x) = [ e¥mse= G (k) (d),,

We assume the following well known lemmas:

Lemma 3.2.3.
In(@ D@l 1y < ol

Lemma 3.2.4. Let F € X' 2. Then
t
In(®) [ DAt =) F@)dt y: < |Fl|»

For the proof of Lemmas 3.2.3 and 3.2.4 see [§].

Proposition 3.2.5. Let £ < s < 1. Then the IVP (5.2.1)-(3.2.2) is locally well-posed
for the initial data vy, satisfying I'vy,, € HY(T) and I'g € H(T). Moreover, there exists
a unique solution on the time interval [to,to + 8] with the lifespan § ~ (|[I"vy || +
A3 gl +yAT2) ™ for some a > 0 and the solution satisfies

1llyr S 17wl + A2 1 gl
sup  [[Tv(®)lla S 1 v lrrr + A7 gl 1

to<t<to+9d

Remark 3.2.6. Note that

g(x,t) = X TF(Z e, A7)

t
_ 1
=Av@+%/wwm)
0

Proof. The proof of the Proposition 3.2.5 follows along the same lines as for KdV equation
given in [29] with the help of trilinear estimate given in Proposition 3.3.8. The only

difference arises in the estimate of g as it depends on unknown u. To deal with this issue,
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we define a new metric. Indeed, let

1 —
B={we X" |uwl .y SC(I1vollur + A Tgllm )}

and define the metric
d(w,w') = |lw —w'| o3 + v =201

for I'v = w. As X7 is reflexive, the ball B is complete with respect to the metric d for

details see [19, 9.14 and Lemma 7.3] . Therefore, it is enough to show
IN (v, w) = N, w')[yo S [[n(t)(P(v, w) = P, w'))]| 20
2
S (20 (ool + X721l )+ A2 glan )
(lw = w'll oy + v =2l oz)

where
N(w) = n(B)Dr(6)'vo = 1(t) [ Da(t = )(t') P(¢)at

with X
P(v,w) =6I' <v2 — 2”1)”%2) 00 + YA Pw — AT g.
T

As the metric consist of both w and u terms, we consider the pair of equation as:
2 1 2 -3 -3
OV + Opzzv + 6 (U - 2||U||L2> 0,0+ A"y = A""g, (3.2.3)
i

1
0w + Opgpw + 61’ (02 - 27r||v||%2) O (It 4+ A 3yw = A2 1g. (3.2.4)

The estimate of v in H* follows from that of w in H! because ||v| gs < ||w|| 5. Therefore,

we do not need to assume extra condition on ball for the variable “v” .Let

g (z,t) = X TF(Z e, A3
L
=\"1f (x + 27TO/HI’U/H%2>

At first, we consider the external forcing term for Equation (3.2.3) as:
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I1g~ 19 oy ST~ T'9|.

A3t
AT f (Alx—i—/o HAU(A.,A%)HiQdT) —

A3t
AT f <)\_1x+/0 ||Av’(A~,A3T)||i2dT>

L2

< H)\l /01 jef’f()\lx +0a(t) + (1 — 0)3(t))do

L2
where

A8 A3

t t
o) = [ IO N T)Fdr and B0 = [ A O X7 [edr
0 0
Now from mean value theorem and the fact that translation is invariant, we get

1’9 = I'g'll2 S gl llo =Vl oy

Similarly for Equation (3.2.4), we get

lg = 9'llz S llgllallv =o'l o3

The nonlinear term can be estimated similar to the 4-linear estimate of Lemma 3.4.9.
Note that the 4-linear estimate has third order derivative on the other hand the nonlinear
term has only one. We can make the similar cases for the nonlinear term as given in
Integrals (1) — (3) and prove the estimate. Hence, we can use the contraction principle.
This shows that the solution v € X 2. We need to show that the solution belongs to Y'!.
But from Proposition 3.3.8, the nonlinear term of the integral equation belongs to Y''.
In the same way, we can verify other two terms of integral equation by using Schwarz

inequality. Therefore, the solution u € Y . ]

3.3 Trilinear Estimate

Define an operator .J such that

A k
Tl 0, w] = i > (k)i (ko) (k) — ika(R)o(k)d(—k).  (3.3.1)
3 k1+ko+ks=k
1+ko+ks
(k1+k2)(k2+k3)(k3+k1)#0
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where @ and © denote the Fourier transforms in x variable and both x and ¢ variables,

respectively. We establish the following trilinear estimate for J:

Proposition 3.3.1. Let s > % and u,v,w € X*% are A-periodic in x variable. Then, we
have
0,0 gy < Nl o o] gy (332
Remark 3.3.2. We note that if u is real valued, then
Ju, u,u] = <u2 — 1||u||%2> O . (3.3.3)
27
yields the nonlinearity of mKdV. The first term and the second term of (3.53.1) can be
estimated in H® for s > i and s > %, respectively. So, the bound s = % comes from the

second term.

Simple computations yield

1 _ R X

(e = 5o lllfe) du=i % alh)alk)ksi(k)
m k1+ka+ks=k
(k1+k2)#0

=i{ > (k1) (ko) kst(ks)
ki+ko+ks=k
(k1+4-k2)(k2+-k3) (k3 +k1)7#0

+ > (k) a(—Fks)kst(ks)
ki+ko+kz=k

(k:l +k2)(k3+k1 )750
(k2+ks3)=0

+ > U(—ks)t(ks)ksti(ks)
ki+kao+ksz=k
(kl +k2)(k2+k3)750
(k3+k1)=0

+ > kti(k1)a(—ks)?}
ki+ko+ks=k
(k1+k2)#0
(ka+ks3)=(ks+k1)=0

k N . N
=i { Y a(k)i(ky)i(ks)}
ki1+ko+ks=k
(k1+k2)#0

—ik|a(k)[Pak).

Remark 3.3.3. Note that the right hand side of the above formula is equivalent to J.
Therefore, the nonlinearity of mKdV equation can be control if we prove the Proposition
3.3.1.
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Remark 3.3.4. If u is a complez-valued function, then we have only to consider

1 i
(101 ol ) Do — 5 Fn{0 )

instead of the left hand side of the above equality. This yield the nonlinearity of the
complexr mKdV.

Proof of Proposition 3.3.1. We first consider the trilinear estimate corresponding to non

resonant frequencies. We claim that

k
i

3
iy (k1 ) G2 (K2) s (ks) STl oy
ki1+kao+ks=k i=1

(k1+k2)(ka+ks) (ks+k1)#0 xo—3%

From duality, it is enough to show

4 3

/ (k1) / Hﬁi(ki,Ti)(dki)AdTi N H | 4] P HU4HX_S%. (3.3.4)
k1+ko+k3z+ks=0 4 i=1 i=1

k1+ko)(k2+k3)(k3+k1)7#0 > =0

=1

Consider LHS of (3.3.4) and let the region of the first integration to be “*” and region of
the second integration is denoted by “* x”. Define o; = 7; — 47k} for 1 < i < 4. Multiply
and divide by (ks)2(04)2 to get

N

Ty ((ky) " (04) 201s) | - (3.3.5)

[ [ ey o)

We divide this estimate into following four cases:
1. Let |o4] = max{|o;| for 1 < i < 4}.
2. Let |o3| = max{|o;| for 1 < i < 4}.
3. Let |og| = max{|o;| for 1 <i < 4}.
4. Let |oy| = max{|o;| for 1 <i < 4}.

From the symmetry and the duality argument, it is enough to show for Case 1 because

other cases can be treated in the same way. As we know, ky + ko + k3 + k4 = 0 and
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T1 + T2 + 73 + 74 = 0, from simple calculations, we have
(04) 2 3(|k1 + kal|ks + ks||ks + k1) ~ 3(|ka + ks||ks + ka| ks + ko). (3.3.6)

From symmetry, we can assume that |ki| > |ka| > |ks|. Now we can again subdivide all

three cases into four cases:
la [ki| ~ [ko| ~ [ks| ~ [kl
b [kx| ~ |ka| > [ka| Z [Fs]
Lo |ky| ~ |ka| ~ k2| Z [ks]

Remark 3.3.5. Note that there are other cases also but if we consider |ki| > |k4|, the

derivative corresponding to |ky| get very small and the estimate is easy to verify.

Lemma 3.3.6. For Case la, we give the following proof:

Proof. Note that we wish to prove

10:M (u,w, )l ooy S Hull g (3.3.7)
where
Fo M (u,v,w)] = Z U(k1)0(ka)w(ks),
k1+ko+ks=k
|1 [~ k2 |~ks]

and F denotes the Fourier transform in z variable. Hence,

et ( [k (/ ()" |fx,t[M<u,u,u>J|2dT) (dk‘)x>
k 9]

~N(EYE @) (0) 72 2 ey,

|0 M (u, u, u)|

where F,, is the Fourier transform in both z and ¢ variables. Let o(k,7) = (k)2|a(k,7)|.

Hence, we get

1. _1
1R 2D (o) ey S 0% oy
S 10,4 sy

From the duality of Strichartz’s estimate and Proposition 3.2.2, we get

1 _1
(k)2 ]al)* (o) "2l rarxry S IVl Zacrsmy,
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SR

1
x%2

Therefore, we can handle Case la directly.
Case 1b. We assume that the size of the Fourier support of u; satisfies

|k1| ~ |k4| > |k2|7 |k3|a

04| 2 |k + ksl ks + Kal|ks + ko,

1
" < kg + ksl <1 (3.3.8)

Remark 1. The restriction ki + ko + k3 + k4 = 0 and the assumption imply that
|k1| ~ |k4|. But it does not follow that |ko| ~ |k3| unless (3.3.8) additionally assumed.

We prove the following estimate of the quardlinear functional on R x AT with parameter
A> 1

Lemma 3.3.7. For the above conditions, we have

N |—=

//(’ﬁ)l<k4>8<04>_%ﬂ1@2ﬂ3(<k4>_%<0’4>

* kk

Uy)

Xs1/2 ||U4||X—s,1/2 .

(3.3.9)

S+ ) mind|Juz || xiaearz [usll xoarz, [Jusll xoarz [usll xi/aeae} x
Proof. We follow the argument in [8, Case 3 in the proof of Proposition 5 on page
733-734]. We first note that

0] 2 [ka + k][R | (3.3.10)

From the Plancherel theorem, inequality (3.3.10) and the Sobolev embedding, the left
side of (3.3.9) can be bounded by the following inequalities.

[ [k ) (o) Fiaia () (o) 3a)

S//(kﬁs\’ﬁl(kl)l(\kz+ka\’mlﬂz(/fzﬂ!ﬂs(ks)\)|04\”2Vf4|’5!ﬂ4(k4)|d7

*k  kk
SN D3v1 | a@som 1D 2 (0203) | Lo [ vall x 12

< il xsarss [1Dg 4 (v203) | Larszz ey [ vall x—s1/2, (3.3.11)
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where v; = |d;]. Furthermore, by the Plancherel’s theorem, 1/\ < |ko|+|ks| < 1, Schwarz

inequality and the Young’s inequality, we have

1D ) laom S [ sl [ (k) visks)

1/A< ka3 |<1 koz=ka+k3
1/2 4y 1/2
S ( / |k‘23|_1) ( / Ua(k2)U3(k3) )
1/A<]k23|<1 1/A<|kas|<1 | kaz=ko+ks
< (1+log A)'? min{||v2||%2(w)||vg||§11/4+(/\T), ||US||%2(AT)||U2||§11/4+(w)}- (3.3.12)

The integration in ¢ over R of the squared left side of (3.3.12) yield

1D (0903) | s ez vy S (14 A7) mind ||oa]|7s g, 120vmy)
||U3||i8(R;H1/4+(X]I‘))7 ||U3||%8(R;L2()\’I[‘))||U2||28(R;H1/4+(X]I‘)}

< (U A ) minffealonolosBeoriars, NealBosolltslenn}. (33.13)
Accordingly, from (3.3.11)-(3.3.13) we obtained the desire inequality (3.3.9).
Case 1c. Inequality (3.3.10) becomes
CAPA R AT

Therefore, we can estimate case 1c in the similar way as case 1b.

For the resonant part (the second term of operator J (3.3.1)), the proof is similar
to Lemma 3.3.6 with M defined in the formula (3.3.7) changes to the following:

Fol M (u,u, )] = |a(k)[* (k)]

Now, we prove the trilinear estimate corresponding to the function space Z°:

Proposition 3.3.8. For s > = andu,v,w € XS’%, we have

1
2

17 [u, v, w]llze < CX*FJully=[lv]ly«[wlly-. (3.3.14)
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Proof. From Proposition 3.3.1, it is enough to show

1) () (o)™ T, v, wlllpz,, 1, < Clul]

o llol g llwll g
Similar to Proposition 3.3.1, we also divide this problem into the following four cases.
1. Let |o| = max{|o|, |o;| for 1 < i < 3}.
2. Let |0y = max{|o]|, |o;| for 1 < i < 3}.
3. Let |o3] = max{|o|, |o;| for 1 < i < 3}.
4. Let |o3| = max{|o|,|o;| for 1 < i < 3}.

Case 1 is the worst one. Indeed, otherwise we have by Schwarz’s inequality,

(k) (B) (o) 3 a2

- (dk)kL}'
1 1
00 1 2 o0 EV28 (k)2 o 2 2
S (/ <0>2(§+5)d7> (/ 2012(2_1) Zuﬂmuzz dT)
— 00 00 k
L?dk))\
k)(k)s

SC < >(<1_>) Zﬁlﬁgﬁng y

(0)279 % L2, L2

(k) =7

and hence it reduces to the same proof as in Proposition 3.3.1. Therefore, we only have
to prove Case 1. From symmetry, assume that |ky| > |ka| > |k3|. We divide Case 1 into

further three cases as follow:
la. |ky| ~ k2| ~ |k3].
1b. |k1| > |k2| 2 |ks].
le. |ky| ~ |ko| > |ks].

Case la. By the Schwarz’s inequality, we have

o0

/ ()| Foa [ M (1, w0, )] | dr

< U <o>‘“d¢) ( / <o>—1+€|ft,x[M<u,u,um?dr) ,

o0

=
N
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where M is defined in (3.3.7). This case is reduces to Lemma 3.3.6.
Case 1b. In this case, we can clearly see that (o) > |ky + |ks||({k)? + (). Due to

symmetry, we can assume that |k| ~ |ki|. By using Schwarz’s inequality, we get

2
L(dk)kL}'

2
L(dk)A

As we can see

OOM T % i <k>2 T %

u (o ) : Q (@) + T + Kol R2 ) |
= 7 {7 dr

) (7 = B3+ [y + kol (R)?)? 7

; (1y” / (k)7
Zo(k3—¢+|kg+k3|(k>2)d7 +(/ <T—k3+|kz+k3|<’f>2>d7)

3

NI

N|=

< Clky + ks| V2.

Hence, from Hélder’s inequality, Proposition 3.2.2 and inequality (3.3.13), we get

> lko + ks | M2 (k) i tiatiy
2

2
L(dk)k L%

> (] ) (k2 + kes| 7V 2 g3
2

~Y
Y

L%dk)/\Lg
_1
S 1DZurl s (| Da ® (ugus)|| s

S A |

wobelluall criallus] o
The estimate for the resonant term follows in the same way as Case la. O

Let uw = uy, + ug where supp @ (k) C {|k| < N} and supp ag(k) C {|k| Z N}. We

prove the following corollary:

Corollary 3.3.9. Let 1 > € > 0. Let u,v,w € Xsae, Then, the following three

estimates hold:

N
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1. Ifv,u are low and w is high frequency functions, then we have

oo
(uLvL — Z ﬁL(l)UL<—l)>U)H
[=—00 X172e,7%+e
<A Cminducl g oozl gog o locl oy Nzl oy sl
2. If v,w are high and u is low frequency functions, then
oo
(ULUH — Z IALL(Z)QA)H(—Z))UJH
l=—00 X172e,7%+e
<A Cmingucl g o llomlcoq o ol gy el oy Hhoml
3. If u,v and w all are high frequency functions, then
o
(UHUH — Z ﬁH(l)UH(—l))’UJH
l=—00 X—QE,%+E
<2 Junll o g0l o e 0l o e

Proof. 1. We know that

oo

F [WL -y aL<l>@L<—l>>wH] - >
l=—00 k1+ka+ks+ks=0
k1+ka#£0
(k1+k2)(k2+ks) (k3 +k1)#0

1
’2

1
°2

€.
2

€.
2

g (k)0 (ko) wm (ks),

where F, denotes the Fourier transform in the z variable. Hence, we need to show that

> et / (ka2 (ko (R o ()

k ki1+ko+kz=k
(k1+k2) (ka+ks)(ka+k1)7#0 0 —F+e
S Cminfllugl piey vl oy lvell cpves—cllucll o - Hlwall o1
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From duality, it is enough to show

/ (ka) =200, (e )i (o ) i (s ) i (e (3.3.15)

k1+k2)(7€2+/€3)(k3+k1 #0 Z =
i=1

5 C’min{HuL|]X%+€%,é

|wHH 0

ur| ok

‘/ULHX%Jre,%fe uL“XO,%fe} 5-

XO,%*E’

where u; = ur, us = v, ug = wy and let uy = up+ug. Let o; = 7, —4w?k? for 1 < i < 4.

We divide the proof into the following four cases:
1. Let |o4| = max{|o;| for 1 < i < 4}.
2. Let |oq| = max{|o;| for 1 < i < 4}.
3. Let |og| = max{|o;| for 1 <i < 4}.
4. Let |o3] = max{|o;| for 1 <i < 4}.

It is enough to prove for Case 1 because other cases can be treated in the same way.
According to the given conditions, we have |ki|, |ks] < N’ and |ks| ~ |k4] 2 N'. So,
from (3.3.6), (04) = (k4)? |k‘3 + | k4| and 1/X < |k3 + k4] < 1. Let the region for the first

integration is denoted as “ * 7 and the region of second integration is denoted as “ x x

By using Plancherel’s theorem, Holder’s inequality, for the term (3.3.15), we get

/ ]{?4 u1 UQU3U4

S //<k4>1_26<1€4>_1+2€(|k1 + ko Y2 || |fis] (| s (04) 272

* ko

S IDF 2 w109) 15, lvsl s 9a(oa) 21z

for v; = |u;|. From Sobolev embedding, inequality (3.3.13) and Proposition 3.2.2, we get
the desired inequality.
2. We can prove this case along the similar line.

3. Form duality argument and Proposition 3.2.2, we get the desire estimate. [

Lemma 3.3.10.
ullree, S Mlull e die- (3.3.16)
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Proof.
lullfpe 2 = Sup 1T (=t)u(t)][7:,
where U(t) = e "% By Sobolev embedding, we have
Sup IT(=t)u®)ll7: < /Sup|U(—t)U(t)|2d£E
S [0+ U (=tu(t)*de
~ Nl ..

Hence, we get

lullZeez S ullo g

3.4 A Priori Estimate

In this section, we show a priori estimate of the solution to the mKdV equation which are

needed for the proof of Theorem 3.1.1. The energy for the mKdV equation is given as:
E(u) = / (Bpu)? — (u)*dz. (3.4.1)
For the operator I’, we have
E(I'v) = /(896[’11)2 — (I'v)*dz.
From equations (3.2.1)-(3.2.2), we obtain
WD _ [ [z — (o)~ — 0.1
[ [-aerorg - X roprg + S, (3.4.2)
For a Banach space X, we define the space L X via the norm:

lullesx = sup flu(t)|[x.
te[0,77]

Multiply equation (3.2.1) by v and take L? norm to obtain the following lemma:
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Lemma 3.4.1.
2 3 A 2 3
lv(t)]|Z2 S llvollz2 exp(—=yA™°t) + S 19/ 7e0 2 (1 — exp(—=yA™1)).

We establish the following lemma:

Lemma 3.4.2. Let v is the solution of IVP (3.2.1)-(5.2.2) fort € [0,T"]. Then, we have

1
70T fpeap(r2T) < Cull(O) +  llfsea(yA~T) (3.4.3)
and
1
70T Bean(rA ") < G (T 0) 3 + 7Hflglfioom€fl?p(7)\_3T')
Hl O + 25 gl ep(vA~T) ) (3.4.4)
where
M(t) = exp(yA~°t) / {=02I'v — (I'v)*}{ =0, I"v* — O2I'v}.
AT
Proof. Similar to Lemma 3.4.1, we have
d _
ST FaeaprA=T) = (=2l +237° [ v(t)g(t)de ) enp(:A~°T)

A3 _
< 7"9"%26$p<7)‘ °T").

Intriguing over [0,7"] and from the definition of operator I, we get (3.4.3).
From equations (3.2.1)-(3.2.2), we get

d .
T (E(I'v(t))exp(yA~t))
= CE((t))eap(X ) + AN B(I'w(1) eap(rA~1),

= /{—8923]'1) — (')A g =y 2T — 210 — 0, 1'%} | exp(yA™3)
_ -3 —34/ 1 IoN2 1 1, \4
A ep(\ ) [ 5010 = ()",

- /(—8:%]’1) — (I'v)*) (=021 — 89&]’713)] exp(yA3t)

+ [0 T g =N eap(127)
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1 1
+ YA Pexp(yA ) / 5(896]'1))2 — Z(I'U)Z’L7

1
=M(t) + /—A‘gail’v]'g — A3 () T'g — 57)\_3(@;]’1})2 + 3(1'0)47)\_3 exp(YAT3t).

Put the value of E, integrate over [0,7"], take absolute value on both side and from

Gagliardo-Nirenberg inequality, we get
(T 3 = 1T0(T)|[14) exp(yA~T")
T T
o Ol — IO+ [ 2@y + [ [-x0irorg = a1pry
0 0
1 3
— 57)\_3(&61/1})2 + 4(['0)47)\_3] exp(YA 2t dt’,

T’ T’

IO~ vl +| [ M@t |+ 3 [ (1291 10 g
0 0
1
e L GO PR T AT TR P P A1 8

3
+ 17 o)l | 70(E) 122 | exp(yA )t

From Young’s inequality, we have

_ 1 _
17o(T") |3 exp(yA™T") < H'0(0) 17 +?\|f’glli;3m€:ﬁp(w °T)
T/

| [ M) | + CllT (T | Gaeap(AT)
0
T/

1 _ _
+af <Hf’v(t’)\l(22 - 72||f'v<t'>|ri2uf'gu%z) A Seap(yA ")t
0

From inequality (3.4.3) we get

1 _ 1
(Hl’v@’)lliz . 72||1'v<t’>||‘zz||f’g|r%2) S IO erp(-303) + I gl

and hence we obtain inequality (3.4.4). O

Remark 3.4.3. For mKdV equation, we just consider the half part of damping term in
exp(YAT3T") as compare to KdV equation.

We need to state the following Leibnitz rule type lemma:
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Lemma 3.4.4.

xo0 S I flletlgl

1f(#)g ()]

xob [ g 1RG22, -

(dk)y —dr

Proof. Assume that 7 =7 + 7. Let 0 =7 — k?,00 = 71 and 09 = 75 — k3. Then
(V= (1=K < (m)o + (7 — 1 — k3.
Hence

(o) (k) F[f(t)g(x,t)] = <0>b<k‘>s/ Fm)a(k, 7 = 7)dn,

T1

S <k>s/ ()" 1 F(r)g(k, 7 = m)| + (7 =71 = B3| f(r)g(k, 7 — 1) |dry.
T1
After summing over k and taking L? norm, we get

o) (kY FLAEg(x, t)]llze - < R () f # dllze, + I1GR)* (7 =m0 = K5)°f * gl 2,

From Young’s inequality in 7, we obtain

(k) (r1) F 5 gllce + R (m =m0 = ) F |z S 1F e gl + LA 1GR3 22

(dk) x

Similar to [29, Proposition 3.1], we finally have the following proposition:

Proposition 3.4.5. Let 1 <s < 1. Let T > 0 is given, € > 0 be sufficiently small and u
be a solution of IVP (3.1.5) (3.1.6) on [0, T]. Assume that N20=9 >~ N > C4T and

(llu(O)1Z2 T ||f||L2€xp(7T)) < NG,
(I (0)][F + gllffllglewp(vT)) < Ns179y,
Then, we have
[ 7u(T)[[2e2p(7T) < Cal[[u(0)][72 + ;Ilflliwwp(vT)),
Hu(T) |7 exp(yT) < Ca(7u(0) I + u(0)ll72 + ;Hfllgzexp(’vT)

1 1
+ ¥||]f||?ql€ffp(7T)) + ([u(0) |7 + @IUII%@W(VT)),
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where Cy is independent of N and T.

Remark 3.4.6. Without loss of generality, we can replace f with F as F is just a

translation of f.

We can rescale Proposition 3.4.5 by taking A = N5(1=9, N/ = N, T = NT. Also, we
note that ||I'v||%, = A73||Tul|%,, ||I’g]|i5,3H1 = AL f[]%,. We rewrite Proposition 3.4.5
as following:

Proposition 3.4.7. Let 5 < s <1, T' > 0 is given and let v be a solution of IVP (3.2.1)-
(3.2.2) on [0,T"]. Assume that \*> > v and that for suitable Cg,C3 > 0, N'=X°~ > CaT'\?

and
1 —3
(lv(0)|I7= + ;Hglliww(v)\ °T")) < Cs

1 _
(L000) s + 51 gl oean(1A~'T) < O
Then, we have

_ 1 _
Ho(T")|[Z2exp(yA™T") < Cal(lo(0)172 + Qllgllizexp(ﬂ 1))

_ 1 _
70T eap(12=T) < CallTvO) s + 519l eeop(12 ™)

_ 1 _
+A([0(0)]7 + ﬁlll’gll?ﬁpeﬂfp(vA ")),

where Cy is independent of N',T" and ).

Remark 3.4.8. Because of non homogeneity of non homogeneous Sobolev space, we
can not rescale the Proposition 3.4.5 into Proposition 3.4.7 with the order of rescaling
factor as A3 like the KdV equation. Also, if we consider the homogeneous Sobolev space,
the trilinear and multilinear estimates may not follows for counterexample see appendiz.
Therefore, we consider the non homogeneous Sobolev space with the rescaling estimate
1T0||3 S A Y| Tul|3:. We estimate L? and H' separately to prove Proposition 3.4.7 in
H'. Although, it is not necessary for our problem to have the separate estimates but for

the shake of general proof, we estimate it separately.
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Proof of Proposition 3.4.7. Take § > 0 and j € N such that 65 = T’ where § ~
(v O) | + 119l 25 10 +9A3) " a > 0. For 0 < m < j, m € Z, we prove

[ I"0(md) ||%: exp(yA~>m)
1 _
L2C1 ([ T"0(0) 1% + [J0(0) |52 + ?H[/gﬂirl@xp(’w\ *mé)
1 - B 1 B
+ ;IIQII(’&@:CP(VA k6)) + A2 (I v(0) |7 + §I|f’g||?peﬂcp(vA °T")

1
<ACI1Cs + A2 (| T0(0) [ + ¥|11'9\|%16$p(7>\’3T')) (3.4.5)

by induction.
For m = 0, (3.4.5) hold trivially. We assume (3.4.5) hold true for m = [ where
0<l<j—1. From Lemma 3.4.2, we have

17v((1 + 1)8) [ 7 exp(yA ™ (1 + 1)8) < Cr(IlTv(0) 17 + [[0(0) ]2

1 / 2 -3 1 6 -3 (l+1)6
+ ﬁllf gllzerp(YA2 (1 +1)6) + ;IIKCJIILzm“p(vA (I+1)6) + /0 M (t)dt

Therefore, it suffices to prove

(1+1)8
/ L _
[ M@+ XL+ 10l oA+ 1)),

(I41)5
0
If v =0and f =0 in Equation (3.4.2), then we have the following estimate:

Lemma 3.4.9.

T/

/M(t)dt SN |t XN T
X2 X 2

0

T’ T/

We prove Lemma 3.4.9 in last section.

Lemma 3.4.9 implies that

(I+1)é | (kD)8

/M(t)dth / M (z,t)dt]|,

0 k=01 g5

l
_ 1
SIN)E0 Y fleap(paA ) T

k=0 ([0,A] % [k8,(k+1)6])
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l
- |
+ (N)ZXT S fleap(GA 0T 1y

k=0 X (10,21 k8, (64 1))
From Proposition 3.4.4, we obtain

(1+1)5

/ M(t)dt
0
l —_—
< N —14+10+ -3 1,114
SIN)TTA ;)Hexp(vk Oy s 1 vIIX(l[,O%]XWkWD
l
F NS eap(A 0l IR Tl
k=0 [k6,(k+1)0] ' ’
l —_—
V)Y fleaptt) g, I
k=0 ([0, X X [k8, (k+1)8])
l
NS ferp( Ay IR TOG

k=0 [kd,(k+1)8]

From simple computations, we can verify that

max Hemﬂ;%)ﬂg < Cexp(y (1 +1)0)

0<I<k [Ls,(+1)8] ~

and
max exp(yA "t S Cexp(yA (1 + 1)d)

O<isk [18,(1+1)6]
are bounded. From the first inequality of Proposition 3.2.5, we have

1), FIOTOL g ST+ O

N X . )0]) 0,7 ks, (k+1)6 (141)8

(3.4.6)
1], OIS ST G+ NG

([0,A] X [k8,(k41)8]) [0,A]7Tk3, (k+1)3 (I+1)8677[0,A]

(3.4.7)

Therefore, we have

(I+1)8 ;
| M@t S @XRTY STk + gl emp(A 0+ 1))

(1+1)51%0,7]
0 k=0

(3.4.8)
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From inequalities (3.4.6),(3.4.7) and the assumption in Proposition 3.4.7, we get

(14+1)6
| M0t S 2CNT) 1 Co(CF + O+ 1)(1'0(0) [
0

1 ! 112 -3
310, cop(2A 7+ 1)9))

We choose Cg sufficiently large such that 2(CeT") 1 C3(C? 4+ CF)(1+1) < 2(Cgd) 1 C5(CE +
C3) < 1, which leads to Proposition 3.4.7. O

3.5 Proof of Theorem 3.1.1

In this section, we describe the proof of Theorem 3.1.1.

Proof of Theorem 3.1.1. Let 0 < € < 125 — 11 be fixed. We choose T; > 0 so that

4(1—s) 2(1—s)

1 1 _
b+ lual) 1+ 1) lmwf{v B2 (oo ) 2,

(Sl
92 0

exp(vT1) >(|[uol
12(s—1)

o\ A—a+12(s—1) L 6<72fj2)
H%) (205192 f3pexp(vT)) } (3.5.1)

6(—2s+2)

which is possible as ==

< 1. Ty depends only on |lug||gs, ||f||z and 7. Set

6

—6
2(1—s)+(1—¢)
) (20 ™)™ |

(3.5.2)

Cs
2

ol

N = maz {v (CsTy) ™, (

From the choice of 77 and N, we know

and

N 6

_ C 1—e
ol < N*72uo| 73

2
e S

Y

l1—e

C
TS e < 2N

Hence, from Proposition 3.4.5, we gains

(T Fe <[Hu(T1)[7n
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<Cs(|| Tuo||Frexp(—yT1) + |uol|z2exp(—yT1) + ||ff||H1 o ||f||L2)

<C3(N*([luo|Fy-exp(—+Th) + Huollﬁzefﬁp(—vﬂ)) 7 HfHHl o Hme)
From (3.5.1) and (3.5.2) , we get

N2 D exp(—T1)(||uol

1 1
i+ luollz2) < I + 5 1F1122
8 g
which helps us give the bound

[|u(Th)] %{

1 1
< 203(¥||f||§11 + ¥||f||6m) < K,

where K depends only on || f||g: and .

In the next place, one can fix T; > 0 and solve mKdV equation on time interval
[T1, Ty + T3] with initial data replaced by u(77). Let Ky > 0 be sufficiently large such
that

4(1—s) 2(1—s)

1
Kyeap(yt) >(HuO||qu+||UOH%2)($|IJ‘||§11+ HfHL2> mafﬂ{v = (Get)

12(s—1) 6(—25+2)

((Car2m) T o o) | (359)

for any ¢t > 0. Set N2(1=%) = Kyexp(yT3), then inequality (3.5.3) verifies the assumptions

in Proposition 3.4.5 and hence we obtain

ITu(Ty + To) |3 <Ca(N*Cu(Th)|

1 1
<Cy(K 1Ky + K7 + ?Hf”%{l + ¥||f||%2) < K.

For t > T1, we define the maps L;(t) and Ls(t) as

— —

Lyi(t)ug = S(t)uolic<ny,  La(t)uo = S(t)uoligj>n,

where S(t)ug = u(t) and N, = (Keexp(y(t — Tl))_ﬁ.
It’s easy to see that for t > T},

1L (Buollzn < [Hu()|Fn < K,

1 1
meerp(YT2) + u(Th) | pzexp(—1T2) + ?Hf\l?{l +

1£11%2)
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[ La(tyuollys < N* 2 ([ Tu(t)|[Fn < Ky Ksezp(—y(t — T1)).

Hence we obtain Theorem 3.1.1 by taking K = max{K3, K, >K3}. O

3.6 Multilinear Estimates

In this section, we prove the 4-linear and 6-linear estimates given in Lemma 3.4.9.
Proof of Lemma 3.4.9. For v =0 and g = 0 in (3.4.2), we have

dE _
dt

/ (—2T'0 — (I'0))(=0PT'0 — axf/u?’)} ,
E(I'v(T)) — E(I'v(0)) = / / B I'o[(I')? — T'oP]dwdt + / / 0, (I'v[(I'v)? — I'v®|dadt,
=1 + I,

for any arbitrary 7" > 0. For an € > 0 let w; € X3 such that wjox[o,r] = v; and

;] X;% < Cllwgll (o3 < Cluy] ok for 1 < j < 4. Let nr(t) = n(t/T) and let 77 denotes
the Fourier transform only in ¢. From the Plancherel’s theorem, it suffices to prove the
following:
A
I = //n(t)ai’l/w[(f’w)g — I'w?)dzdt, < / /77(71 + 7o + T3+ T4)
R 0 k1+ka+ks+ks=0

(k1+k2)(1€2+k‘3)(k‘3+k‘1)¢0

_ m(ks + ks + k4) =\ (e
m<k2>m<k3>m<k4>>“ 2) (L) (Iw)

m(ka + ks + ky)
m(ka)m(kz)m(ks)

‘<k1>3(@1) (1 (dk)rdr:

+// (dki)adri, = Iy + Lo,
o)

where ) = {]{?1 + ]{72 + kg + ]f4 =0: |k‘1 + k‘2| 7& O, (|]€2 + kg”(/{?g + ]{?1’) == 0} and

w; = w;(ki, 7;). Let w = wy, + wy where supp W (k) C {|k] < N'} and supp @y (k) C

{|k| Z N’}. From dyadic partition of |k;|, we let |k;| ~ N!. Let o; = 7, — 47k} for

1 <@ < 4. We can assume that (o4) = max{(o;), 1 < i < 4} as all other cases can be

) (1- ) e ) )

treated in the same way. Let % be the region of integration for I;;. After substituting

w = wy, + wy, we can write I1; as a sum of the following three integrals:
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Integral 1.
//77(7'1 + T+ T35+ T4) <k1>3(]/'1\u;)
. m(k2+k3+k4) /,-1\1-]/ /,—,ZU_/ //-,L\U_/ A _
( m(k2)m(k3)m(k4)> (Twn)I'wn) (Iwy) | (dkidri (3.6.1)
Integral 2.
//77(7'1 + 7o+ T35+ T) <k1>3([/’1\1;;)
B m(kg + kg + k4) o /’_{U/ //-{U_/ ‘ N
< m(kQ)m(kS)m(k4)> (I'wp)(I'wir ) (I'wi )| (dki) ads. (3.6.2)
Integral 3.
//77(71 + 7o+ T3+ T4) (k1)3([/'q;;)
. m(k‘2+k3+k4) //-I\U-/ //—&)_/ /I_I\U/ . N
( m(krg)m(k3)m(k4)> (I'wp) (I'we ) (I'wp )| (dk;) adT;. (3.6.3)

Remark 3.6.1. We omit other cases as they follows in the similar manner.

Integral 1. For this case, we have |ki| ~ |ks] = N’ and |ko| ~ |ks3| < N’. Hence, by

using mean value theorem, we get

|< - ﬂé’%&iﬁ’&%ﬂ < P

For Integral 1, we get

Integral 1.5 N;% [ [(r1 475+ 7+ 70) (k) T o)) [<k1>{<|k2|ﬂ‘u£><f@+

(T'wp) (ks [ T'w) Y (k) o) (o)~

Plancherel’s theorem, Schwarz’s inequality and Corollary 3.3.9(1) imply

N|—=

).

1
Integral 1 < /\0+N'_1+25||I’wH||XL% 1w | 13 (N3) 72 ([T wil] oy " wm ] g
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S )\O+N/—1+25H[/w‘|;1’%.

Note that, we neglect (Ng)’% as it is not contributing in the decay.

Integral 2. From given conditions, we have |ki| ~ |k4| > |ks| 2 N’ and |ko| < N'.
Also, the definition of m implies m(kq) ~ 1. Therefore,

‘(1_ m(k2+k3+k4) >|< m(/ﬁ)
m(k2)m(ks)m(ky) )|~ m(ke)m(ks)m(ky)
1
~ m(k:3)
S N/—1+s‘k3‘1fs
S N Hksl.

For Integral 2, we get

Integral 2
SN[ Fin 4+ m b my o m) () o)) | ) (T (ks | oo () oo (o) 3)
From Plancherel’s theorem, Schwarz’s inequality and Corollary 3.3.9(2), we have

1
Integral 2 < N/, 2 H'wr|| g 1 will g 1 wrl] g [T wel] g

<N P

Integral 3. Clearly, we have |ki| ~ |ko| ~ |ks| ~ |k4] Z N'. Hence, from definition of

m, we have

‘(1_ m(ky + ks + kq) )‘ m(k)
m(ke)m(ks)m(ks) J| ~ m(kz2)m(ks)m(ks)
Nl—28+2|k1|8—1
~ oo |52 [T |+ Koy |51
A e 12 b 11 eV e R el VY[ P
SN,

e[ Kea| !

for 1/2 < s < 1. Therefore, Integral 8 implies

Integral 3
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,SN/_Hze//ﬁ(ﬁ+T2+T3+T4)(<k1>%<0>%) (<k1>]/’:07{)(<k1>]/’1\07{)(|k4|m)<0>_%

From Plancherel’s theorem, Schwarz’s inequality and Corollary 3.3.9(3), we have

Integral 35 )‘0+N/_1+26||],U)HHX1,%+ H]/wHHXl,%Jr HI,wHHXl,%Jr HI/UJHHXL%JF
AN L
X2
Remark 3.6.2. Note that
F%L—Mb+%+m>1 :4ﬁ_——i—f2ﬁﬁ
' mke)mlks)m(ke) ) | gy 327 mamamams 57

for details (see [8, Section 4]). Although, even after using symmetrization, we are not
able to improve the decay for the above 4-linear estimate for nonresonant frequencies.

Although, this symmetrization leads to the cancellation in the resonant case.

Hence, for the term [, the estimate holds. For I;5, we use the symmetrization as

follow:

Case 1. ky + k3 = 0.

Case 2. k1 + k3 =0.

Case 1. Clearly, we have ky = —k3 and k; = —k4. Therefore, from Remark 3.6.2, we

have
ko + ks + ky) 4 1 4
(e e VN S
[ 1( m(k:g)m(kg)m(k4) sym ]z::l J m1m2m3m4jz:; 7
which vanishes for k; = —k4 and ky = —ks.

Case 2. This case is similar to Case 1.

Now, we consider I5. From the Fourier transformation, we get
T A
bzf/awmwmm—rﬂmw,
00

S A B YRSt latien
26:1 k;=0 é:l‘ri:o

(L_mm+%+m

m(k:4)m(k:5)m(/<:6)

)@@d@ﬂ%MMmm,
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We may suppose (ki) = max{(k;),1 < i < 3}. Putting v = vy + vy, we divide the integral

I into the following three integrals:

Integral 4.
N (e iy (1 R s 4 Ke)
6/“ 6/‘(u@vaxfuL+1UHx1vL+lvH)G, nﬂ@ﬁn%ﬁnﬂhﬂ)
Z k;=0 Z 7;=0
(IE)(E)(]%)(CZ@)ACZ%-
Integral 5.
w1 ks £ ks + k)
6/’ 6/ (%gwavaL+1vfovL+1vH)O, meﬁn%anwhﬁ>
_Z ki=0 ZT"ZO
(o) (I'vg ) (I'vy) (dk;) ad;.
Integral 6.

[ ] )T (o + Fow) (T + Fo) (1 - nj};’:‘)‘nf(';j);f,iz))

Z k;=0 Z 7:=0
(I'vy) (I'vgr) (T'og ) (dki)adrs.

Integral 4. Clearly, we have |ky|, |ks| < N’ and |kg¢| 2 N’. Hence, the worst condition
is |ksl, |k2| < N’ and |k;| 2 N’. The proof is the same as in I;. From the mean value

theorem, we get

_ m(ks A ks + Kg) ea] + [k
‘(1 m(k:4)ﬂ®(k:5)m(k6)>‘§ ko] (3.6.4)

We may assume (0;) = max{(o;) : 1 <7 < 6} as other cases can be treated in the same

way. Therefore,

(01)% = (01)*(01) ™ < (01)* (02) ™5 min{{03) %, (o) 5 }. (3.6.5)
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From Plancherel’s theorem, Holder’s inequality, Proposition 3.2.2, Lemma 3.3.10 and
inequalities (3.6.4) and (3.6.5), we get

Integral 4 S N F (0 ) Fom) g |17 (02) ™5 o) s JIF " (fo) " 7001,
17 (k) o) s M vc g 170l
< N2 o oyl T0l] g I'vg

[/UHH

!/
s-g 0Ll geg-s VL] g

H[/ULHXO%+6 Xl’%+€.

We neglect extra derivatives corresponding to No, N3 and N5 to get
Integral 4 < N”QHI’UH;L%.

Integral 5. Clearly, we have |ky|, |ks| 2 N’ and |kg| < N'. Hence, the worst condition is
|ks| < N" and |k1], |k2| = N’ as |k;| always have high frequency. From definition of m,
we get

m(ky)

< | mk)
m(ky)m(ks)

~

KL'MM+%+W> < NN, (3.6.6)

m(ka)m(ks)m(ke)

From Plancherel’s theorem, Holder’s inequality, Proposition 3.2.2, Lemma 3.3.10 and
inequalities (3.6.5) and (3.6.6), we get

Integral 5 5 N F " ((0)* (ki) om0 s, 1F " (Cos) ™2 00n) s, 1 v 1
IF = (ks Tom) s IF " ((o6) ™5 '0m) s

N Nl_lHIIUHHXL%Me 0. 3+e [/ULH

1 v |

t

t

[/UHH

!
xired-sld UHHXO%“

],ULH

1 1 1_e€.
x1gte xztes—3

We neglect extra derivatives corresponding to N3 and Ng to get
Integral 4 < N'_3||]'v||§(1%.

Integral 6. Clearly, we have |ky|, |ks|, |k¢| = N’. Hence, the worst condition is | k3|, |ka| <
N’ and |ki| 2 N'.. From definition of m, we get

|<1 m(ky + ks + ko) )‘ < ’ m(kp)

— m(kg)m(ks)m(ke) m(ks)m(ks)m(ke) S N7F ks || - (3.6.7)
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From Plancherel’s theorem, Holder’s inequality, Proposition 3.2.2, Lemma 3.3.10 and
inequalities (3.6.5) and (3.6.7), we get

Integral 6 S N'2|F~ ((0)* (ki) o) | s I1F~H ((02) ™20 )| oo, 17 (o) ™ 170 ) | e,
IF 7 (ke Trom)l s IF (ko) o) s N om) e,

]/UHH

SN vn g 1702l ey —s 1100l ey e

HI/UHHX1%+e [/UHHXO,%+e-

We neglect extra derivatives corresponding to N, and N3 to get
Integral 4 < N”3H[’UH§(L%.

Remark 3.6.3. Note that the sexalinear term does not depend on the scaler parameter

A.

Appendix

The following example is given by Prof. Nobu Kishimoto which explain why we need
to use the inhomogeneous Soblev norm in place of homogeneous norm. In fact, for
homogeneous norm the Proposition 3.3.1 does not hold. Define the space X %3 via the
norm

lull ¢y = KPP (T — 4m*K) @k, 7)l| 2 () am)-

Examples 3.6.4. Assume A > 1 and VA € Z/)\. Let \T = R/\Z. We define the

functions vy, vy, v3 on AT x R by

Q~Jl<k’77') = 1[_171](7' — 47T2]€3> . 1{1/)\}(1{7),
Tk, 7) = 11y (7 — 402K%) - 1oy (K),
O3(k, 7) = 1—1,(7 — 472 K3 - 1{\5}0{:).

We have

~ s

loull

V]
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We see that

‘j[vl,vg,vg](\/x) — X,T)

3
~ \/X / B k1+k2+k3=\f)\—)\’1 H @j(kﬁj,Tj)(dk’l))\(dkg))\d’ﬁdTQ
TAT2HTS=T ko) (ko ks ) (ks -k )#0 5=1

2 APy (r = Am (VA = AP 4 4x’ M),

where . 5 5 )
v=3(5+5) (5 +VA) (VA 3):
so that |M| ~ 1. Hence, we have

||J[Ula Vg, U3]|

Nl=

Therefore, if the trilinear estimate

< Ao

||J[U17U27'U3]| x5 X% ||U2| X% ||U3| X%

were true, it would imply that
M2 e AT AT (A=),

For large A, this holds only if s < % +.
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Appendix A

Proof Of The Uniqueness For KdV

Equation

Definition A.0.1. Let ¢ € C{°(R) with ¢ = 1 on [—1,1] and Suppp C [—-2,2]. Let
T <T*. We define pr = gp(%) and Qp. = ¢(TL)

Definition A.0.2.

ul|x, = igf{||w| X, WE Xsp,u(t) =w(t),t €[0,T]in H*}.

Lemma A.0.3. If s <0 and b € (1,1) then for any é € (0,1), we have

1—

_ 2b
(6™ ) Fllx,, < cd = ||F|

Xsbo

1—

t / !/ ’ 2
lo(0™) [ Wit —O)F()d|Ix.,, < e8"5||Fx

s,b—1"

Proposition A.0.4. Let a,b € (0,%) with a <b and § € (0,1), then for f € X, _, we
have

(b—a)
s F||x, _, < 610 ||F|

Lemma A.0.5. For given s € (—2,0]3b € (3,1) anda € (0,3) with a < b and a,b are
sufficiently close to %, such that

Xs,—a °

|B(F, F)]

Xs,fa < C| ’F| ’%(571,'

Proof. First of all, we will rewrite the estimate. Let p = —s €]0, 2). From the definition
of ||.||x,, for I € X, = X_,;, we have

f&m) = +Ir =N+ NI 7) € L*(R?).
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and ||z =
As we know that

Xoo = 1Flx_,,-
0,(F2)(€,7) = c&(E + F).

So the bilinear estimate can be written as

IIB(F, F)||x :|\<1+\T—s3w>*“<1+\s\r”amF"’HLgLi

s,—a

= cll(+Ir = €70+ 1D T * Pz

3 « (€1, 7)1+ €))7 f(§*£1,‘r*7'1)(1+|§*§\)pd§1dn
(14 |7 — €3l + |ghr A+ |m — &3P (T+|7 =71 — (6 —¢&1)3)P

2
<ellFlk, ,-

21.2
1212

Now for s = 0, by using Cauchy-Schwartz inequality, we will get
f(€1,71) f€—&1,7—711)
T e // i - atlr—mn——epopr "
1

— i ’ e 1= €= )
1+ |7 —€d]e (U +Im =7 — (€= €0)3D2P(+ 11 — €52 . v

So to prove the lemma we just need to show that the first term is finite, which we will

prove in the following proposition.

1212
3

212
Lg]LT

Proposition A.0.6. Ifbe (3,2],a € (0,3) and b € (,b], then there exists ¢ > 0 such
that

S

d€1d71
(+|T—§3 <// (1+|7—7 — (5—51)3|)2b/(1+|71—f%|)26/> S¢

Proof. We know that, for [ > % 3¢ > 0 such that

/00 dz < c
—oo (L4 |z —a])?(1+ |z —b))? =~ (1+|a— b])*

Science, b > %, the above inequality implies that

d/ﬁoo dm
oo (L+|r—m — (€= &P (1 + In — &)Y

C

< .
(L4 |7 =&+ 386§ = &)*)
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To integrate with respect to &;, we will change the variable.

==& +366(E— &), then du = 3E(E — 26)dé;.

and
1 AT — €3 — 4y
&1 = 3 {f + 3¢ }
Therefor,
€(6 — 261)| = ey/|el] /AT — 483 — 4yl
and

de, = ¢ du
1= .
VIENVAT =485 =4

Combine these identities, we will get

c

(1+ |7 — € + 36 (€ — &)%)

du -

<1/°° / <— " -
IWVE Jmoo (1+ |p) 2 |[VAT — 48 —4p| — |€|2(1 + |47 — €3))2

Hence by using the identity. For [ > % 3¢ > 0 such that

/°° dx . c
oo (L & = al PO+ [z = B S {1+ Ja — 200"

we will get
3
5k |
(1+ 4T — &))2 (1 + |r — &%)

The above term is finite for b < 2 and a € (0, 3).

O
Hence, by using the above proposition, we are done. O

Theorem A.0.7. Let s € (—2,0]. Then3b € (3,1) such that for any ug € H*(R) 3T =
T(||uol|gs > 0) with T'(§) — o0 as § — oo and a unique solution of the KdV equation on
the time interval [T, T).

Proof. Let uy and @p+us be two solutions of the KdV equation where u;is the solution

we obtained and ¢r-us be the solution of the integral equation associated to the KAV
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equation. Let uy be the initial data. For M > 0, let

[lua]|x. ,» llreuallx,, < M.

We can assume that M > 1 and T" < 1. Also assume that 7* < T . Now consider,

t t / / / !
U — ety = ()W (t)ug — 90T2( ) /0 W(t —t )5t )O,ui (t )dt

!

~r (Wt~ T "Wt~ )6 (0 ur-ai ()t

2
For t € [0,T*]

!

SOT* t t / / / ’
B _2()/0 W (t =)@z (t)0u(ui(t) — oreuz(t))dt . (1)
Now for any € > 0, Jw € X4, such that for ¢ € [0,7%]
w(t) = Uy — Pr*U2

and by the definition of ||.|| x,.

[lw(®)]

Xop S ||y — SDT*UQHXT* + e

Now (1) can be restated as

!/ ’

W = _@T;(t) /Ot Wt — )2, (t/)am(w(t ))(ul(t/) + preug(t))dt

As we can see for t € [0, T*]

W =W ="Uy — Pr=Us.
Now.

!

) (wn () +pr-us(t))dt |

||U1—90T*U2HXT* < ||w/\ Xop

xo = 12 ) ot

Now we can use the second part of lemma (3) for F' = ¢%.0,(w)(uy + pr-us). So we will
get

a-

’ « 2b)
1w llx., < CT* |07 00 (W) (w1 + preus)l|x,, -
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Now use proposition (4) for F' = 0,(w)(u1 + ¢r-u2). While using proposition 4 for the
space ||.||x,,_,, we will replace —b by b — 1. For b € (0, 3).

(1—2b)

« (1—b—a)
x,, < OT* 2 =019, (W) (ur + or-us)|x, .

’
||
(1—b—a)

(1—2b)
< CT*(ig )+ Cia— )(||8I(WU1>|

Xs,fa + ||ax(w<l0T*u2)| Xs,fa)'

Let p = ((1;2b)) + ((iab_;‘?) Now by using lemma (5), we will get

|o7+us]

|u1| Xs,b)

2 (llwlllx.

C
CT*pM(Hul — QOT*’LLQHXT* + E)
€

1-CTM

||w,| Xs,b < Xs,b + ||w|| Xs,b
<

|ur — oreusl|xp <

We have, p = ((1_2%)) + (g@:lﬁ))

For a € (0,3),b € (,1),p is positive and hence we are done. ]
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Appendix B

A Counterexample

The following example is given by Prof. Nobu Kishimoto which explain why we
need to use the inhomogeneous Soblev norm in place of homogeneous norm. In fact, for
homogeneous norm the Proposition 3.3.1 does not hold. Define the space X 3 via the

norm
= [[[k]*(7 — 47*k*)" 0k, )| L2((ar)y ar)-

el 4.8

Examples B.0.1. Assume A\ > 1 and VA € Z/\. Let \T = R/\Z. We define the

functions vy, ve,v3 on AT X R by

?.NJl(k’,T) = 1[,1’1](7' — 47T2k'3) . 1{1/)\}(]{?),
272(/{3, 7’) = 1[_171](7' — 47‘(‘2/{73) . 1{_2/)\}(16),
’Z~}3<k},7') = 1[_171](7' — 47T2]€3> . 1{\&}(]6)

We have

We see that

j[Ul,’Ug,Ug](\/X) - *,7’)

3
~ \/X [—1+72+73:T/ ey Hha+hka—=v/A—A—1 H1~)j<kj,Tj)(dkl))\(dkg))\dTldTQ

(k1+4k2)(k2+ks) (ks+k1)7#0 J=1
> AP (1 — AnA (VN = AT At M),
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where

s G (3+5)

so that |M| ~ 1. Hence, we have

H'][Ula Vo, USH

[

X
Therefore, if the trilinear estimate

< A oy

3 llvs]

”J[’Ul;UZa/U?)” Xs% XS% HUZ, X XS%

were true, it would imply that
M2SOTTIAETET e AR AT (A2 1).

For large A, this holds only if s < % +.
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Appendix C

A Counterexample

The following example is given by Prof. Nobu Kishimoto which explain why we
need to use the inhomogeneous Soblev norm in place of homogeneous norm. In fact, for
homogeneous norm the Proposition 3.3.1 does not hold. Define the space X 3 via the

norm
= [[[k]*(7 — 47*k*)" 0k, )| L2((ar)y ar)-

el 4.8

Examples C.0.1. Assume A\ > 1 and VA € Z/\. Let \T = R/\Z. We define the

functions vy, ve,v3 on AT X R by

?.NJl(k’,T) = 1[,1’1](7' — 47T2k'3) . 1{1/)\}(]{?),
272(/{3, 7’) = 1[_171](7' — 47‘(‘2/{73) . 1{_2/)\}(16),
’Z~}3<k},7') = 1[_171](7' — 47T2]€3> . 1{\&}(]6)

We have

We see that

j[Ul,’Ug,Ug](\/X) - *,7’)

3
~ \/X / B / ey Hha+hka—=v/A—A—1 H1~)j<kj,Tj)(dkl))\(dkg))\dTldTQ
AT HTs=T (k1+k2) (ka+ks) (ks +k1)7#0 J=1

> AP (1 — AnA (VN = AT At M),




88

where

s G (3+5)

so that |M| ~ 1. Hence, we have

H'][Ula Vo, Ud”

[

X
Therefore, if the trilinear estimate

< A oy

3 llvs]

”J[’Ubv%v?)” Xs,% Xs,% HUQ’ b XS’%

were true, it would imply that
M2SOTTIAETET e AR AT (A2 1).

For large A, this holds only if s < % +.
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