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Abstract 

A damage localization method based on the time reversal focusing of the mode-converted 

scattered Lamb wave is proposed for plate structures with a non-symmetric defect in the thickness 

direction. Dual transducers are attached symmetrically on the upper and lower surfaces of the 

plate to selectively emit and receive the lowest-order symmetric (S0) and antisymmetric (A0) 

modes. The localization of damage is achieved by the numerical time-reversed (TR) simulation of 

the mode-converted Lamb wave generated at the defect. To investigate the validity of the 

proposed method, the signals of the Lamb waves in a plate with a partial-thickness notch are 

numerically simulated by the three-dimensional elastodynamic finite integration technique 

(EFIT). When the S0 mode is emitted in the damaged plate, not only the S0 mode is scattered but 

also the A0 mode is generated due to mode conversion at the notch. Similar mode conversion 

behavior is confirmed when the A0 mode is emitted. The time reversal of the mode-converted 

scattered Lamb waves creates focused spots at the damage location without using baseline data 

for the undamaged plate. The proposed method reduces the magnitude of the artifacts compared 

to the time reversal of the non-mode-converted Lamb wave, and yields the focused spot whose 

size is associated with the size of the notch and the half wavelength of the time-reversed wave 

mode. Furthermore, the proposed method is applied to a plate with a notch-type defect adjacent to 

an a priori known through-thickness hole, demonstrating the damage localization in a relatively 

complicated structure. 
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1.  Introduction 

Time reversal in acoustics is a wave focusing technique used in various areas, e.g. 

nondestructive evaluation, medical diagnosis, seismology, etc. When the wave signals recorded 

by multiple transducers are time-reversed and sent back into the medium, the self-focusing of the 

wave occurs at its original wave source. Since Fink and co-workers [1–3] established the concept 

of a time reversal mirror, time reversal acoustics has been applied not only to the focusing of 

acoustic waves at a desired location and time [4–6] but also to the localization of unknown wave 

sources or scatterers in various media [7–16].  

Lamb waves offer an effective tool for the damage detection and localization in plate-like 

structures since they can propagate relatively long distances. However, as the propagation 

distance becomes longer, the time resolution of Lamb wave signals tends to be lower due to their 

dispersion and multi-modal characteristics. To overcome this difficulty, signal processing 

techniques such as dispersion compensation [17], two-dimensional Fourier transform [18], and 

wavelet transform [19–21] were proposed in foregoing studies. These approaches effectively 

work to determine the arrival time of the dispersive wave modes or to decompose the measured 

waveform into different modes, but require a priori knowledge about the dispersion and 

multi-modal characteristics. 

Compensation of the Lamb wave dispersion characteristics can be achieved without a priori 

knowledge through the time reversal process, as reported by Ing and Fink [22]. They developed a 

time reversal mirror of a 32-element transducer array and demonstrated the self-compensation of 

the Lamb wave dispersion property using this device. In recent years, the temporal focusing of 

Lamb waves gathers attention in the damage detection for plate-like structures [23–28]. Park et al. 

[26] analyzed the time reversal process of the lowest-order antisymmetric (A0) mode which was 

emitted and received in pitch-catch mode. Their theoretical investigation has shown that the 

dispersion effect of the A0 mode is compensated in the backward propagation. It has been also 

shown that the main mode signal (i.e. the temporally focused signal obtained via the time reversal 

process) is accompanied by several sidebands due to the multi-modal effect of Lamb waves. The 

presence of possible damage can be evaluated from a damage index which is based on the 

difference between the input and reconstructed signals in the time reversal process [25, 27]. 

Basically, only the damage located between the emitter and the receiver can be directly detected 

by this method, although the reconstruction algorithm for the probabilistic inspection of damage 

(RAPID) was incorporated into the time reversal technique to overcome this difficulty [28]. 

Spatial focusing of the time-reversed Lamb waves is another approach for the damage 

localization in plate structures. For a homogeneous plate, several studies have reported the spatial 

characteristics of the Lamb wave focusing through the time reversal process [29–31]. Park [30] 

demonstrated theoretically and numerically that the spatial resolution of a focused spot obtained 

by the time-reversed A0 mode in a homogeneous plate is closely associated with its half 

wavelength. For the damage localization in plate structures, Wang et al. [32] proposed a synthetic 

time-reversal method, which incorporated the time reversal concept into the synthetic aperture 



3 
 

method. This approach was applied to estimate the location of a circular disk-shaped mass bonded 

on an aluminum alloy plate. Their concept was extended by Yu and Leckey [33] who evaluated 

the location and size of an electrical discharge machined slit by the multiplication of the 

time-reversed signals measured at multiple sensors. In the damage localization by the spatial 

focusing proposed in previous studies [32–34], however, baseline data for an undamaged 

structure are usually required to obtain the signals of the scattered wave from the damage because 

the measured waveforms include the direct wave from an actuator. Furthermore, the time reversal 

process of Lamb waves is treated merely as time shifting, which is applicable only to 

non-dispersive Lamb modes. 

The aim of this study is to propose a time reversal method of Lamb waves for the damage 

localization in plates without using baseline data. To this purpose, the mode conversion induced 

by the damage is incorporated in the time reversal process. Dual transducers are attached 

symmetrically on both surfaces of the plate to selectively emit and receive the lowest-order 

symmetric (S0) and antisymmetric (A0) modes in a low frequency range. The damage 

localization is performed by the numerical time-reversed (TR) simulation of the mode-converted 

scattered Lamb wave. 

In this study, to validate the proposed method, the signals of the Lamb wave in a plate with a 

partial-thickness notch-type defect are numerically simulated by the elastodynamic finite 

integration technique (EFIT) [35] instead of the actual measurement. The proposed damage 

localization method is presented in Section 2, and its verification procedure by the numerical 

simulation is explained in Section 3. Prior to the discussion of the time reversal of Lamb waves in 

the damaged plate, the effect of mode types and frequency on the focusing characteristics is 

studied for a homogeneous plate with no damage in Section 4. Subsequently, the time reversal of 

the scattered S0 and A0 modes at the notch is examined in Sections 5 and 6. 

 

2.  Proposal of the damage localization method based on the time reversal of the 

mode-converted Lamb wave 

2.1  Measurement of Lamb wave signals using dual transducers 

A homogeneous and isotropic elastic plate of uniform thickness |z| < d/2 is considered in the 

x-y-z Cartesian coordinate system, where d is the plate thickness. In such a structure, Lamb waves 

and shear horizontal (SH) guided waves can propagate along the plate. Lamb waves can be 

classified into symmetric and antisymmetric modes, which can be selectively excited and 

detected by dual transducers mounted symmetrically on the upper and lower surfaces of the 

structure [36, 37]. The polarization direction of the transducers is assumed to be aligned in the 

thickness (z) direction. In a sufficiently low frequency range, the propagating modes of the Lamb 

wave in the plate are only the S0 and A0 modes.  

The aim of the proposed method is the localization of a defect with non-symmetric geometry 

in the thickness direction, without using baseline data. This type of defect is common and can be 

made by corrosion pitting, for example. As shown in Fig. 1, the proposed method consists of the 



4 
 

following two steps: 

(a) Emitting the S0 or A0 mode in a damaged plate, receiving the wave signals at multiple 

transducers mounted on the plate, and extracting the signals of the mode-converted scattered 

Lamb wave from the defect 

(b) Localizing the damage by simulating the time reversal focusing of the mode-converted 

scattered wave 

When the S0 mode is excited by a dual actuator in a frequency range below the cut-off 

frequencies of the higher-order guided modes, not only the S0 mode is scattered but also the A0 

mode and the lowest-order shear horizontal (SH0) mode are generated by mode conversion at the 

defect. In this situation, the electric voltage measured at the upper side of a dual transducer 

(Transducer i) is given as 

 
݁௜
୙ሺݐሻ ൌ ݁ୗ,௜

ୈ୧୰ሺݐሻ ൅ ݁ୗ,௜
ୗୡୟሺݐሻ ൅ ݁୅,௜

ୗୡୟሺݐሻ, (1) 

where t is time, ݁ୗ,௜
ୈ୧୰ሺݐሻ is the signal of the direct S0 mode from the actuator, ݁ୗ,௜

ୗୡୟሺݐሻ and 

݁୅,௜
ୗୡୟሺݐሻ are the signals of the scattered S0 and A0 modes from the defect, respectively (i = 1, 2, …, 

 

 
 

Fig. 1  Schematics of the proposed damage localization method: (a) the Lamb wave 

measurement using dual transducers and (b) the numerical time-reversed (TR) simulation of 

the mode-converted scattered Lamb wave at the defect. 
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NT). The in-plane vibration of the SH0 mode is not detected by these transducers. The received 

signal at the other side of Transducer i can be expressed as 

 
݁௜
୐ሺݐሻ ൌ ݁ୗ,௜

ୈ୧୰ሺݐሻ ൅ ݁ୗ,௜
ୗୡୟሺݐሻ െ ݁୅,௜

ୗୡୟሺݐሻ, (2) 

due to the symmetry of Lamb modes. The waveforms of the S0 and A0 modes, ݁ୗ,௜
ୈ୧୰ሺݐሻ ൅

݁ୗ,௜
ୗୡୟሺݐሻ and ݁୅,௜

ୗୡୟሺݐሻ, can be isolated from the summation and subtraction of the signals ݁௜
୙ሺݐሻ 

and ݁௜
୐ሺݐሻ, respectively. The signal of the S0 mode includes both the direct wave from the 

actuator and the scattered wave from the defect, but the waveform of the scattered A0 mode can 

be directly obtained from ݁௜
୙ሺݐሻ and ݁௜

୐ሺݐሻ. When the A0 mode is emitted in a damaged plate, 

the scattered S0 mode from the defect can be directly calculated in a similar manner. 

 

2.2  Damage localization by numerical time-reversed (TR) simulation 

Based on the measured signals of the mode-converted Lamb wave generated at the defect, 

damage localization is performed by numerical TR simulation for the undamaged structure whose 

geometry and elastic property are assumed to be known. The propagation of the time-reversed 

Lamb wave is analyzed based on Hooke’s law and the equations of motion in the 

three-dimensional elastodynamic theory. When the S0 mode is emitted in the damaged plate, the 

time-reversed signal of the scattered A0 mode 

 
݁௜
ୖሺݐሻ ൌ ݁୅,௜

ୗୡୟሺܶ െ  ሻ, (3)ݐ

is used as the input waveform into Transducer i, and the A0 mode is re-emitted in the numerical 

TR simulation (T > 0), as shown in Fig. 1(b). Normal tractions ௭ܶ,௜
୙ ሺݐሻ  and ௭ܶ,௜

୐ ሺݐሻ  are 

prescribed uniformly in the regions on the upper and lower surfaces of the plate corresponding to 

Transducer i, respectively, where 

 
௭ܶ,௜
୙ ሺݐሻ ൌ െ ௭ܶ,௜

୐ ሺݐሻ ൌ ݇ୟ݁௜
ୖሺݐሻ ൌ ݇ୟ݁୅,௜

ୗୡୟሺܶ െ  ሻ, (4)ݐ

and ka represents the electro-mechanical efficiency coefficient of the transducer. In this study, the 

frequency dependence of the electro-mechanical efficiency coefficient is not taken into account 

because a narrow frequency range is used. On the other hand, when the A0 mode is emitted in the 

damaged plate, normal tractions are prescribed as 

 
௭ܶ,௜
୙ ሺݐሻ ൌ ௭ܶ,௜

୐ ሺݐሻ ൌ ݇ୟ݁௜
ୖሺݐሻ ൌ ݇ୟ݁ୗ,௜

ୗୡୟሺܶ െ  ሻ, (5)ݐ

at Transducer i to re-emit the time-reversed S0 mode in the numerical TR simulation. 

The locations of the focusing peaks are identified using the maximum absolute value of the 

out-of-plane particle velocity vz(x, y, z, t) on the plate surface 

 
,ݔ୫ሺܫ ሻݕ ൌ max

଴ழ௧ழ்
,ݔ௭ሺݒ| ,ݕ ݀/2, |ሻݐ ଴ݒ/ , (6) 
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where v0 is a normalization factor. In this study, the quantity Im(x, y) is called focusing index, 

which is similar to the directivity pattern defined in Ref. [30]. Since the mode-converted Lamb 

wave originates from the damage, the focusing peak so obtained indicates the damage location in 

the plate. 

 

3.  Verification of the proposed damage localization method 

In what follows, the time reversal process proposed in Section 2 is applied to the numerical 

model of a plate with a partial-thickness notch-type defect in order to investigate the validity of 

the proposed method. The signals of the forward-propagating Lamb waves are obtained by 

numerical simulation instead of the actual measurement. As shown in Fig. 2, the dimensions of 

the plate are 600 mm (x direction) × 600 mm (y direction), and the plate thickness is d = 5 mm. 

The upper and lower surfaces (|z| = d/2) and the edge faces (e.g. x = 0) of the plate are assumed to 

be traction-free. The partial-thickness notch has a square shape (side lengths 10 mm in the x and y 

directions), and its depth in the z direction is d/2 = 2.5 mm.  

 

3.1  Numerical simulation of the forward-propagating S0 and A0 modes 

As described in Section 2.1, a dual actuator is attached symmetrically on the upper and lower 

surfaces of the plate to selectively emit the S0 or A0 mode in a low frequency range. The 

excitation of the Lamb waves is modeled analogously to the numerical TR simulation described 

in Section 2.2. Namely, the normal traction Tz(x, y, t) is prescribed uniformly in the actuator 

regions PU and PL as 

 
௭ܶሺݔ, ,ݕ ሻݐ ൌ ݃୙ሺݐሻ	in	 ୙ܲ, 

௭ܶሺݔ, ,ݕ ሻݐ ൌ ݃୐ሺݐሻ	in	 ୐ܲ, 
(7) 

 

 
 

Fig. 2  Numerical model of a square plate with a partial-thickness notch for the calculation of the 

signals of the forward-propagating S0 and A0 modes. The center coordinates of the dual 

transducer regions T1–T15 are given in Table 1. 
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respectively, where PU = {(x, y, z)| (x–xP)2+(y–yP)2 ≤ D2/4, z = d/2} and PL = {(x, y, z)| 

(x–xP)2+(y–yP)2 ≤ D2/4, z = –d/2} are circular regions, (xP, yP) are their center coordinates, gU(t) 

and gL(t) are input waveforms, and D is the diameter. Hereafter, a pair of the circular regions PU 

and PL is referred to as the dual actuator P. Only the S0 mode is emitted when gU(t) = gL(t), while 

only the A0 mode is emitted when gU(t) = –gL(t). 

The emitted Lamb wave propagates in the plate and interacts with the defect. The wave 

signals are received by multiple dual transducers mounted on the surfaces of the plate. A pair of 

circular regions TU,i = {(x, y, z)| (x–xi)
2+(y–yi)

2 ≤ D2/4, z = d/2} and TL,i = {(x, y, z)| (x–xi)
2+(y–yi)

2 

≤ D2/4, z = –d/2} is referred to as the dual transducer Ti (i = 1, 2, …, NT), which corresponds to 

Transducer i introduced in Section 2.1. The electric voltages ݁௜
୙ሺݐሻ and ݁௜

୐ሺݐሻ obtained for TU,i 

and TL,i, respectively, are calculated as 

 
݁௜
୙ሺݐሻ ൌ ݇ୱݒ௜

୙ሺݐሻ,	

݁௜
୐ሺݐሻ ൌ െ݇ୱݒ௜

୐ሺݐሻ, 
(8) 

where ݒ௜
୙ሺݐሻ and ݒ௜

୐ሺݐሻ are the spatial averages of the out-of-plane particle velocity in TU,i 

and TL,i, respectively, and ks is the electro-mechanical coefficient of the transducer. As described 

in Section 2.2, the frequency dependence of the electro-mechanical coefficient is not taken into 

account in this study. The minus sign appears in the second equation of Eq. (8) to be consistent 

with the first equation because the outer normals of the circular regions TU,i and TL,i have 

opposite directions. The waveforms of the S0 and A0 modes can be calculated as 

 

݁ୗ,௜ሺݐሻ ൌ
݁௜
୙ሺݐሻ ൅ ݁௜

୐ሺݐሻ

2
, 

݁୅,௜ሺݐሻ ൌ
݁௜
୙ሺݐሻ െ ݁௜

୐ሺݐሻ

2
, 

(9) 

due to the symmetry of Lamb modes. Below, the damage localization methods in three different 

manners are examined including the proposed time reversal method. 

 

3.2  Numerical TR simulation 

As described in Section 2.2, the signals of the mode-converted scattered Lamb wave from a 

defect are time-reversed and re-emitted in the proposed method. In this study, two other damage 

localization methods based on non-mode-converted Lamb waves (Methods I and II) are also 

examined for comparison. 

 

3.2.1  Method I (time reversal of both direct and scattered waves) 

In Method I, the signals which correspond to the emitted mode in the forward propagation 

are time-reversed. Namely, when the S0 mode is emitted in the damaged plate, the 

time-reversed signal 
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݁௜
ୖሺݐሻ ൌ ݁ୗ,௜

ୈ୧୰ሺܶ െ ሻݐ ൅ ݁ୗ,௜
ୗୡୟሺܶ െ  ሻ, (10)ݐ

is used as the input waveform for Transducer i, and the S0 mode is re-emitted in the numerical 

TR simulation. It is noted that the time-reversed signal in Eq. (10) contains not only the 

scattered wave but also the direct wave from the actuator. The locations of the focusing peaks 

are identified by calculating Im(x, y) in Eq. (6) analogously to the proposed method. 

 

3.2.2  Method II (time reversal of the non-mode-converted scattered wave) 

In Method II, the same mode as the emitted wave in the forward propagation is utilized 

similarly to Method I. However, the signals of the scattered wave from the defect are extracted 

by using baseline data. If the scattering at the defect is sufficiently weak, the signals for the 

undamaged plate correspond to the direct wave from the actuator. When the S0 mode is emitted 

in the damaged plate, the time-reversed signal 

 
݁௜
ୖሺݐሻ ൌ ݁ୗ,௜

ୗୡୟሺܶ െ  ሻ, (11)ݐ

is used as the input waveform for Transducer i, and the scattered S0 mode is re-emitted in the 

numerical TR simulation. 

 

3.3  Numerical model and parameters 

The propagation behavior of Lamb waves in the plates is analyzed by the elastodynamic finite 

integration technique (EFIT) [35]. The material property of aluminum alloy plates is used in the 

numerical calculation. The velocities of the longitudinal and transverse waves of the plates are cL 

= 6.4 km/s and cT = 3.17 km/s, respectively, and the mass density is ρ = 2.7×103 kg/m3. The center 

coordinates of the dual actuator region, Pc, are (xP, yP) = (150 mm, 300 mm), as shown in Fig. 2. 

Table 1 shows the center coordinates of the dual transducers Ti (i = 1, 2, …, 15). The diameter of 

the transducers is set as D = 10 mm. The dual transducers serve as receivers in the forward 

propagation, and emitters in the backward propagation. The center coordinates of the square 

notch, Nc, are set as (xN, yN) = (320 mm, 330 mm). 

A 4-cycle tone burst with a given excitation frequency modulated by a Hanning window 

function is used as the input waveform for the dual actuator P, and the S0 or A0 mode is emitted in 

the damaged plate. Five excitation frequencies (0.075, 0.1, 0.15, 0.2, and 0.25 MHz) are 

considered to investigate the effect of frequency on the time reversal focusing characteristics. 

These excitation frequencies are lower than the cut-off frequencies of the higher-order guided 

wave modes. 

The numerical model of the plate is discretized by cubic cells with the side length of d/10 = 

0.5 mm. The size of these cells corresponds to approximately 5 % of the minimum wavelength 

(9.4 mm for the A0 mode at 0.25 MHz). The total number of the cells is approximately 14 million. 

The time increment is set as 34 ns based on the stability criterion [35]. The algorithm of the EFIT 

is implemented in C++, and the numerical calculation is run with the aid of parallel computing 
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based on OpenMP.  

 

Table 1  Center coordinates of the dual transducers Ti (i = 1, 2, …, 15). 

i (xi, yi) [mm] i (xi, yi) [mm] 

1 (150, 150) 9 (450, 450) 

2 (225, 150) 10 (375, 450) 

3 (300, 150) 11 (300, 450) 

4 (375, 150) 12 (225, 450) 

5 (450, 150) 13 (150, 450) 

6 (450, 225) 14 (150, 375) 

7 (450, 300) 15 (150, 225) 

8 (450, 375)  

 

 

4.  Spatial focusing of the time-reversed S0 and A0 modes in a homogeneous plate 

Prior to the verification of the proposed damage localization method, the spatial focusing 

characteristics of the time-reversed Lamb waves in a homogeneous plate with no damage are 

investigated. In this section, the dual actuator is mounted at the location Nc, which corresponds to 

the center location of the notch in the damaged plate of Fig. 2, as shown in Fig. 3. 

The S0 mode is excited by the actuator using the input waveform of the center frequency of 

0.1 MHz, and the signals of the S0 mode are calculated at the transducers Ti (i = 1, 2, …, 15) by 

Eq. (9). Figure 4(a) shows the waveforms of the S0 mode at the four transducers T1, T5, T9, and 

T13. For each waveform, the direct wave from the actuator is located before 100 μs, and the 

 

.  

 

Fig. 3  Numerical model of a homogeneous plate for the investigation of the spatial focusing 

characteristics of the time-reversed Lamb waves. The location of the dual actuator 

corresponds to the center location of the notch Nc shown in Fig. 2. 
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reflected waves from the edges of the plate are subsequently detected. The arrival times of the 

direct wave correspond to the group velocity of the S0 mode (5.4 km/s). The signal of the direct 

wave is extracted by multiplying each waveform by a tapered rectangular window function. The 

obtained signal is reversed in 0 < t < 200 μs, as shown in Fig. 4(b). This procedure is performed 

for all transducers, and the time-reversed signals are used as the input waveforms for the 

backward propagation of the S0 mode. If the effect of the reflection at the plate edges is 

considered in the time reversal process, the number of virtual sensors increases and the focusing 

characteristics will be enhanced [2, 3]. However, in this section, the reflected waves are 

eliminated to examine the spatial focusing of the direct waves only. 

The propagation of the time-reversed S0 mode is numerically analyzed in 0 < t < 200 μs. The 

calculated focusing index Im(x, y) is shown in Fig. 5(a), where Im(x, y) is normalized by the value 

at the center coordinates of the original wave source Nc, Im(xN, yN). It is shown in Fig. 5(a) that the 

focusing index has a peak at Nc due to the focusing of the time-reversed S0 mode at the original 

wave source. Other peaks which are higher than unity correspond to the wave sources in the 

numerical TR simulation (i.e. the transducers Ti). Figure 5(b) shows the focusing index along y = 

 

 

 

Fig. 4  (a) Waveforms of the S0 mode obtained at the transducers T1, T5, T9, and T13, and (b) the 

time-reversed signals of the direct wave, when the S0 mode is excited in a homogeneous plate 

using the input waveform of the center frequency of 0.1 MHz. 
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yN as a function of the x coordinate, Im(x, yN). In this study, the region around the original wave 

source location Nc in which Im(x, y) becomes more than 0.5 is referred to as the main lobe [30], as 

indicated in Fig. 5(b). The main lobe is accompanied by two side lobes of the level of 

 
 

Fig. 5  Focusing indices of the time-reversed S0 mode (a) on the entire plate surface, (b) along y 

= yN, and (c) around the center of the original wave source Nc. The input waveform of the 

center frequency of 0.1 MHz is used to emit the S0 mode in a homogeneous plate. The 

focusing index is normalized by the value at Nc. 
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approximately 0.4, which are located at around x = 290 mm and 350 mm. The focusing index in 

the vicinity of Nc is enlarged in Fig. 5(c), where the color scaling is different from Fig. 5(a). In Fig. 

5(c), the main lobe appears in red and has a circular-disk shape with the center at Nc. The relative 

magnitude of the side lobes is expected to decrease by increasing the number of transducers, or by 

using time-reversed signals with a longer time duration (i.e. including the reflected waves from 

the plate edges in the time reversal process) [2, 3].  

The above numerical simulation is performed for different input frequencies. To examine the 

spatial focusing characteristics of the time-reversed S0 mode, the width of the main lobe, as 

indicated in Fig. 5(b), is calculated. This quantity is called spatial resolution in Ref. [30]. The 

main lobe widths along the x and y directions obtained from the time reversal of the S0 mode are 

shown in Fig. 6. The horizontal axis represents the frequency at which the amplitude spectrum of 

the waveform at the transducer T1 in the forward propagation shows a maximum value. The peak 

frequency of the amplitude spectrum does not necessarily coincide with the input frequency 

because the amplitude response of the excited guided wave mode shows frequency dependence 

affected by the dimensions of the actuator [38, 39]. In Fig. 6, the main lobe width of the 

time-reversed S0 (TR S0) mode decreases with increasing frequency. The main lobe widths in the 

x and y directions have similar values, as indicated by a circular-disk shape of the main lobe in Fig. 

5(c). The time reversal focusing of the A0 mode is also simulated when the A0 mode is excited in 

the homogeneous plate. As shown in Fig. 6, the main lobe width of the A0 mode also takes almost 

the same values in the x and y directions, and slightly decreases with increasing frequency. 

The spatial focusing characteristics of the time-reversed A0 mode were reported by Park [30] 

using both theoretical and finite element analysis. In Ref. [30], based on the waveform of the A0 

 

 
 

Fig. 6  Frequency dependence of the widths of the main lobes created by the time-reversed (TR) 

S0 and A0 modes when the S0 and A0 modes are emitted from a circular wave source in a 

homogeneous plate, respectively. Solid and dashed lines represent the theoretical values of 

minimum spatial resolution, which correspond to the half wavelengths of the S0 and A0 

modes, respectively.
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mode excited at a point source on a homogeneous plate, the minimum spatial resolution of the 

time-reversed A0 mode is theoretically predicted as its half wavelength. In Fig. 6, the half 

wavelengths of the S0 and A0 modes are shown together with the main lobe widths. The width of 

the main lobe created by each time-reversed wave mode is shown to be close to its minimum 

spatial resolution. The size of the original circular wave source (D = 10 mm) does not seem to 

affect the variation of the main lobe width. 

 

5.  Time reversal of the scattered S0 and A0 modes at a partial-thickness notch in a plate 

 

5.1  Damage localization by the time reversal of the scattered Lamb wave 

The damage localization for the numerical model shown in Fig. 2 is performed by Methods I 

and II as well as the proposed time reversal method described in Section 2. The S0 mode is 

excited from the actuator P by using the input waveform of the center frequency of 0.1 MHz. The 

waveforms of the S0 mode calculated by Eq. (9) are shown in Fig. 7(a) for the four transducers T1, 

T5, T9, and T13. Each waveform contains the direct wave from the actuator, the scattered wave 

from the partial-thickness notch, and the reflected wave from the edges of the plate. Since the 

transducers T1 and T13 are symmetrically located with respect to the actuator P and the scattering 

at the notch is weak, the waveform obtained at the transducer T1 is analogous to the one at T13. 

This trend is also seen in the waveforms obtained at the transducers T5 and T9. 

In Method I, each S0 mode waveform shown in Fig. 7(a) is reversed in a time range of 0 < t < 

250 μs, and used as the input waveform in the numerical TR simulation of the S0 mode. The 

obtained focusing index Im(x, y) is shown in Fig. 8(a), where it is normalized by the value at the 

center location of the notch Nc. In this study, the focusing peak which the time-reversed wave 

creates at its original wave source is referred to as a focused spot. In Fig. 8(a), a focused spot 

appears at the wave source of the direct wave, P, around which four additional peaks can be seen. 

The four peaks around the focused spot correspond to side lobes described in Section 4. However, 

no distinct peak can be observed at the location of the notch Nc because the signals of the scattered 

wave from the notch are overwhelmed by the direct wave from the actuator. Namely, the focusing 

peak amplitude by the time reversal of the scattered S0 mode is far lower than the amplitude of the 

direct wave. Other clear peaks correspond to the wave sources in the numerical TR simulation (i.e. 

the transducers Ti).  
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Fig. 7  Waveforms of (a) the S0 mode including the direct wave from the actuator, (b) the 

scattered S0 mode, and (c) the scattered A0 mode generated by mode conversion at the notch, 

obtained at different transducers. The waveform of the center frequency of 0.1 MHz is used 

for the excitation of the S0 mode in the damaged plate. The scaling of the vertical axis in (b) 

and (c) is different from the one in (a).  
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Fig. 8  Focusing indices obtained from the time reversal of (a) the S0 mode including the direct 

wave from the actuator P (Method I), (b) the scattered S0 mode (Method II), and (c) the 

scattered A0 mode generated by mode conversion at the notch (the proposed method), when 

the S0 mode is excited by using the input waveform of the center frequency of 0.1 MHz in the 

damaged plate.  
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In Method II, the waveforms of the S0 mode calculated for an undamaged plate (i.e. a 

homogeneous plate with no notch), which correspond to baseline data, are subtracted from the 

results for the damaged plate in order to eliminate the effect of the direct wave. The waveforms so 

obtained correspond to the scattered S0 mode from the notch, as shown in Fig. 7(b). The signals 

of the scattered S0 mode from the notch are time-reversed in 0 < t < 250 μs, and then the S0 

mode is re-emitted in the numerical TR simulation. The obtained focusing index is shown in Fig. 

8(b). A focused spot can be confirmed at the location of the notch because the effect of the direct 

wave has been successfully excluded. Namely, to create a distinct focused spot at the damage 

location by the time reversal of the emitted wave mode in the forward propagation, the direct 

wave from the actuator should be eliminated from the received signals. It is noted that baseline 

data obtained for an undamaged plate are required in this procedure. 

In the proposed time reversal method of Section 2.2, the waveform of the scattered A0 mode 

from the notch is calculated by Eq. (9) for each transducer, as shown in Fig. 7(c). These 

waveforms are time-reversed in 0 < t < 250 μs, and then the A0 mode is re-emitted in the 

numerical TR simulation. In Fig. 8(c), the obtained focusing index shows that a focused spot is 

created at the location of the notch. Since the notch is the only wave source of the A0 mode in the 

damaged plate, baseline data are not necessary to obtain the waveforms of the scattered A0 mode.  

If multiple defects exist in the structure, relatively strong scatterers could be localized using 

the focusing index defined in Eq. (6). In this case, the detection of the other scatterers would be 

difficult to achieve because their focused spots are possibly overwhelmed by the time reversal of 

the scattered wave originating from the strong scatterers. If the DORT (French acronym for the 

decomposition of time reversal operator) [5, 40, 41], which is widely utilized for media with 

multiple scatterers, is incorporated into the proposed method, the selective focusing of the 

mode-converted Lamb wave on each defect would become possible. However, this topic is left for 

a future study. 

The damage localization by the three methods is also carried out when the A0 mode is 

excited in the damaged plate by using the same input waveform as the S0 mode. The focusing 

indices obtained by Methods I, II, and the proposed method are shown in Figs. 9(a)–(c), 

respectively. In Method I, a focused spot is not created at the location of the notch but at the 

original actuator location P, as shown in Fig. 9(a). This trend is analogous to the focusing result of 

the S0 mode by Method I shown in Fig. 8(a). In Method II (Fig. 9b) and the proposed method (Fig. 

9c), focused spots can be seen in the vicinity of the notch location. Hereafter, only the spatial 

focusing characteristics by Method II and the proposed method are examined.  
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Fig. 9  Focusing indices obtained from the time reversal of (a) the A0 mode including the direct 

wave from the actuator P (Method I), (b) the scattered A0 mode (Method II), and (c) the 

scattered S0 mode generated by mode conversion at the notch (the proposed method), when 

the A0 mode is excited by using the input waveform of the center frequency of 0.1 MHz in the 

damaged plate.  
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5.2  Comparison of the spatial focusing characteristics by the time reversal of mode-converted 

and non-mode-converted Lamb waves 

 

5.2.1  Focusing indices in the vicinity of the notch location 

The spatial focusing characteristics of the time-reversed scattered Lamb wave are investigated 

for Method II and the proposed method. The focusing indices Im(x, y) shown in Figs. 8(b), (c), 

Figs. 9(b), and (c) are enlarged in the vicinity of the notch location in Figs. 10(a)–(d), respectively. 

In each figure, the focusing index is normalized by its maximum value. Open black squares 

represent the location and dimensions of the notch. When the S0 mode is emitted in the damaged 

plate, a focused spot can be seen at the center location of the notch by both Method II and the 

proposed method, as shown in Figs. 10(a) and (b). The focused spot is accompanied by the peaks 

of the magnitude of approximately 0.6 around the notch location, which are called artifacts in this 

 

Fig. 10  Enlarged views of the focusing indices obtained by (a) Method II and (b) the proposed 

method when the S0 mode is excited in the damaged plate, and by (c) Method II and (d) the 

proposed method when the A0 mode is excited in the damaged plate using the input waveform 

of the center frequency of 0.1 MHz. Open black squares represent the location and dimensions 

of the notch. 
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study. When the A0 mode is emitted in the damaged plate, on the other hand, focused spots are 

generated on the left and right edges of the notch in Figs. 10(c) and (d). The double peaks indicate 

that scattering occurred at two step-like discontinuities of the notch. In the following sections, (1) 

artifacts generated by the time reversal focusing of the scattered wave and (2) the size of the 

focused spots at the location of the notch are separately discussed. 

 

5.2.2  Artifacts 

As shown in Fig. 10(c), when the A0 mode is emitted in the damaged plate, the focusing 

index of the time-reversed A0 mode obtained by Method II is widely distributed compared to the 

other three cases in Figs. 10 (a), (b), and (d). The magnitude of the focusing index increases not 

only at the edges of the notch but also at other locations, especially along y = yN = 330 mm, where 

yN is the y coordinate of the center location of the notch. These artifacts could deteriorate the 

relative focusing amplitude at the notch location. 

To examine the reason for non-negligible artifacts in Fig. 10(c), the maximum amplitudes of 

the scattered waveform obtained at each transducer are shown in Figs. 11(a) and (b) when the S0 

 

 

 

Fig. 11  Maximum amplitudes of the scattered S0 and A0 modes obtained at the transducers Ti (i 

= 1, 2, …, 15) when the (a) S0 and (b) A0 modes are excited in the damaged plate using the 

input waveform of the center frequency of 0.1 MHz. The vertical axis is normalized by the 

maximum value for each scattered wave mode. 
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and A0 modes are emitted in the damaged plate, respectively. The scattered amplitude is 

normalized by the maximum value for each scattered wave mode. In Fig. 11(a), when the S0 

mode is emitted, the scattered amplitudes of the S0 and A0 modes are larger than 0.3 at all 

transducers. When the A0 mode is emitted, the amplitude of the scattered S0 mode shows a 

similar trend in Fig. 11(b). However, the amplitude of the scattered A0 mode is found to be 

concentrated in the two transducers T7 and T8 in Fig. 11(b). This fact implies the decrease of the 

number of virtual sensors for the detection of the scattered A0 mode, which could lead to the 

imperfect focusing of the time-reversed A0 mode. Artifacts by the time reversal focusing of the 

A0 mode are distributed mainly along y = yN in Fig. 10(c) because the center coordinates of the 

two transducers T7 and T8 satisfy y7 < yN < y8, where the y coordinates y7 and y8 are given in Table 

1. Namely, the arrangement of transducers and the choice of the Lamb wave mode have a 

significant effect on the artifacts. Since the distribution of the scattered A0 mode amplitude is 

relatively wide in Fig. 11(a), the focusing index of the time-reversed A0 mode by the proposed 

 

 

Fig. 12  Sizes of the focused spots in the x and y directions obtained by the proposed method and 

Method II when the (a) S0 and (b) A0 modes are emitted in the damaged plate. The half 

wavelengths of the S0 and A0 modes and the notch size (side length 10 mm) are shown 

together. 
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method does not show distinct artifacts in Fig. 10(b), compared to the result by Method II in Fig. 

10(c). 

 

5.2.3  Size of the focused spots at the notch location 

The time reversal focusing by the proposed method and Method II is numerically analyzed for 

different input frequencies. The sizes of the focused spots at the location of the notch are 

calculated in a similar manner to the width of the main lobe in Section 4. When multiple focused 

spots appear at the left and right edges of the notch as shown in Figs. 10(c) and (d), the one with 

the higher focusing index is chosen to calculate the spot size. For the excitation of the S0 and A0 

modes in the damaged plate, the obtained spot sizes in the x and y directions are shown against the 

frequency in Figs. 12(a) and (b), respectively. In both figures, the spot sizes show direction 

dependence, which has not been observed in the focusing characteristics at a circular wave source 

in Section 4. While the source size does not seem to affect the main lobe width in Fig. 6, the 

direction dependence in Fig. 12 implies that the geometry and size of the notch influence the 

focused spot size. The side length of the square notch (10 mm) and the half wavelengths of the S0 

and A0 modes are shown together in Fig. 12.  

When the S0 mode is emitted in the damaged plate, the direction dependence of the spot size 

is not significant, as shown in Fig. 12(a). The spot size of the time-reversed S0 mode by Method II 

tends to decrease with increasing frequency but is still larger than the notch size. The spot size of 

the time-reversed A0 mode by the proposed method slightly decreases with the frequency and is 

close to the notch size, compared to the result of the S0 mode. The spot size of the time-reversed 

scattered wave is associated with not only its half wavelength but also the notch size. 

When the A0 mode is emitted in the forward propagation, the time-reversed A0 mode by 

Method II also shows the focused spot size close to the notch size in the y direction, as shown in 

Fig. 12(b). However, the spot size in the x direction by Method II becomes far larger than the half 

wavelength of the A0 mode and the notch size above 0.1 MHz (out of range in the vertical axis at 

around 0.2 MHz in Fig. 12b). This result appears to be due to the imperfect focusing suggested in 

Section 5.2.2, which makes the focused region broad particularly in the x direction. On the other 

hand, the spot sizes of the time-reversed S0 mode in both x and y directions by the proposed 

method tend to decrease with increasing frequency and become almost equal to the notch size at 

around 0.2 MHz. Even when the A0 mode is emitted in the forward propagation, the size of the 

focused spot by the proposed method is found to be affected by the defect size and the half 

wavelength of the time-reversed wave. 

In previous studies [42, 43], the algorithm for the quantitative damage imaging based on time 

reversal was proposed, and its advantage was discussed by comparing to modified diffraction 

tomography and beamforming method. It was demonstrated that the size of modeled laminar 

damage can be successfully estimated by these algorithms when the Born approximation is 

satisfied. The diffraction tomography algorithm was extended to the damage imaging utilizing the 

mode-converted Lamb wave. In the proposed method of the present study, on the other hand, the 
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localization of a defect can be achieved but its quantitative estimation seems to be not 

straight-forward. Nevertheless, since the focusing index Im(x, y) used in the proposed method is 

simple, the implementation is easy compared to the aforementioned algorithms, which require 

relatively complicated procedures using Green functions. The modification of the data processing 

in the proposed method could improve the quality of the damage estimation, but this topic 

remains as future work. 

 

 

6.  Localization of a notch-type defect in a plate with a through-thickness hole 

In this section, the proposed method is applied to a plate with a notch-type defect adjacent to 

an a priori known through-thickness hole. As shown in Fig. 13, the numerical model of a plate 

with a square through hole of side length 40 mm is considered. The dimensions of the plate are the 

same as the numerical model in Section 3 (600 mm × 600 mm × 5 mm). The through hole is 

located at the center of the plate and has a square partial-thickness notch (side lengths 10 mm in 

the x and y directions, and depth 2.5 mm in the z direction) at the upper edge of the hole. The 

localization of the partial-thickness notch is carried out by the proposed method. The 

configuration of the actuator and the transducers is the same as the previous numerical model. 

 

 

 

Fig. 13  Numerical model of a plate with a square through-thickness hole for the damage 

localization by the proposed method. The through hole has a square partial-thickness notch at 

its upper edge. 

 

The S0 mode is excited from the actuator P by using the input waveform of the center 

frequency of 0.1 MHz, and then the waveforms of the A0 mode are calculated at the transducers 

T1–T15 in a time range of 0 < t < 250 μs by Eq. (9). The obtained waveforms correspond to the 

scattered wave signals from the partial-thickness notch because the mode conversion between 

symmetric and antisymmetric Lamb modes does not occur except at the notch. 

The numerical TR simulation of the scattered A0 mode is performed for a plate which has the 
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through-thickness hole with no notch. The obtained focusing index around the hole is shown in 

Fig. 14, together with an open black square representing the location and dimensions of the notch. 

This result implies that the scattered A0 mode generated from the edges of the notch (i.e. the 

step-like discontinuities) is successfully focused at its original wave sources by the proposed 

method. While the time-reversed A0 mode by the proposed method shows a focused spot at the 

center location of the notch for the plate with no hole in Fig. 10(b), the magnitude of the focusing 

index in Fig. 14 is found to increase along the edges of the notch. A possible explanation for this 

difference is that the time-reversed A0 mode for the plate with the hole converges at the notch 

location via different propagation paths which permit the multiple reflection and scattering at 

the edges of the hole and the notch. This effect is likely to increase the virtual number of 

transducers and enhance the focusing amplitude. The focusing index also increases at the upper 

edge of the square hole because the reflection of the scattered A0 mode occurs at the hole edge. 

 

 

 

Fig. 14  Focusing index obtained from the time reversal of the scattered A0 mode by the 

proposed method when the S0 mode is excited in the damaged plate using the input waveform 

of the center frequency of 0.1 MHz. An open black square represents the location and 

dimensions of the notch. 

 

7.  Conclusion 

A damage localization method by the time reversal of the mode-converted Lamb wave has 

been proposed for plates with a non-symmetric defect in the thickness direction. In the proposed 

method, the signals of the mode-converted Lamb wave generated at the defect are measured at 

multiple transducers, and the localization of the damage is performed by the numerical 

time-reversed (TR) simulation based on the measured signals. To selectively emit and receive the 

S0 and A0 modes below the cut-off frequencies of the higher-order guided modes, dual 

transducers are attached symmetrically on the upper and lower surfaces of the plate. In this study, 

the elastodynamic finite integration technique (EFIT) has been used to simulate the signals of the 
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Lamb waves in a plate with a notch-type defect instead of the measurement. When the Lamb 

mode which corresponds to the emitted wave mode in the damaged plate is time-reversed, 

focusing peaks do not appear at the location of the notch without the extraction of the scattered 

wave signals using baseline data for the undamaged plate. However, the proposed method, 

namely, the time reversal of the mode-converted scattered wave, enables the focusing at the 

damage location without the baseline data. It has been shown that the proposed method reduces 

the magnitude of artifacts and creates focused spots at the notch location, whose sizes are 

associated with the size of the notch and the half wavelength of the time-reversed wave mode. 

Furthermore, the localization of a partial-thickness notch adjacent to a square through-thickness 

hole has been carried out. The proposed method has shown potential to achieve the localization of 

damage in a relatively complex plate structure, such as a plate with through-thickness holes. In 

future studies, experimental verification is necessary to discuss the applicability of the proposed 

method to the damage localization for real plate structures. 
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