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Relative Gromov-Witten theory in

Symplectic geometry

Keniji Fukaya

a research in progress

with
Aliakbar Daemi

The title of my Kinosaki talk is Relative Gromov-Witten theory
in Symplectic geometry.

This document is a slide of my talks at China and France on a
related topics, which focus associativity of quantum
cohomology.

My Kinosaki talk was more on the side of survey talks.

| feel this slide is more suitable to be public in a proceeding,
since it is more focused and contain more mathematical
contents than Kinosaki talk.

The contents is related to Section 6 of my joint paper
MONOTONE LAGRANGIAN FLOER THEORY IN SMOOTH
DIVISOR COMPLEMENTS: | with A. Daemi.
(arXiv:1808.089151v).
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Symplectic manifold
codimension 2 submanifold
almost complex structure

a neighborhood

is integrable on  [J

is a complex submanifold of (U, J)

AO Novikov ring
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H=H(X\ D;Ao) & H(D; Ao{q, ¢ *})

Problem

Some variant of [ has a structure of graded
commutative ring.

something related to the coefficient of qO is to be understood.

Open closed map
H=H(X\D;Ao)® HD;A_{q,q7})

F’u,k (X \ D) filtered (curved) A infinity category

whose object is a compact
Lagrangian submanifold L c X\ D

Problem

There is a ring homomorphism

H — HH(Fuk(X \ D)){q,q"'}

H(X \ D; AO) Cc H is not a subring in general.

Note if X \ D is convex

\

Usual Gromov-Witten theory
defines a ring structure on H(X \ D;A) C H

What’s wrong in our case ?

What'’s wrong in our case ?

Let me start with reviewing the proof of associativity
in usual Gromov-Witten theory.
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Mi(X;a) =

Y is genus 0

Z=(z1,..., z¢) ¢ marked points

(52,4 o % holomorphic N

u.([S?) = a. stable

a € Hy (X Z)

moduli space of stable map

ev: My(X;a) = X*
(X, 2),u] — (u(z1),...,u(z))
Py, P>, P3  cyclesin X\D (in D)

(Py U° Py, Py)
— ZTO‘“‘”# (M3(X;q)ey X (P1 X Py X P3))

10

(P, U? Py, Ps)

The proof of associativity uses

M4(X;Ot) X x4 (Pl X P2 X P3 X P4)

My

Deligne-Mumford moduli of
sphere with 4 points

M4§S2
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M4(X;Oz) X x4 (Pl X P2 X P3 X P4)

13

Deligne-Mumford moduli of
M4 sphere with 4 points

contains 3 special points.
2] 2\’
T12
E2) 21; €
c
24 K

My

M4(X;Oz) X x4 (Pl X Pg X P3 X P4)
C T D 77_1(1'14)

71'_1(1'12)

My

12 T14

TN 212) g (PLUC Py)UQ Py Py)

77_1(3714) @Pp (PO (RUYPR), P)

15

[ is a path joining
L12and L14

2 z‘r 3312 G
2
)

My
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I is apath joining
T12and L14

T 1 (I) is a cobordism between

7T_1(IE12) and ﬂ_1(1'14)

(PLU? P)UR Py, Py) = (P U9 (P UR Py), Py)

Back to the case of divisor complement: X \ D

Mi(X\ D; )

MZ(X \ D;a) is compact if X\D

is convex.

X \ D s not convex
MZ (X \ D; a) is not compact.

So the cobordism argument breaks down.

FX \ D is not convex
MZ (X \ D; a) is not compact.

We need a different compactification from the usual
stable map compactification.

We call it RGW compactification. M4RGW (X \ D, a)

RGW = relative Gromov Witten theory




RGW compactification MEGW(X \ D, a)

There are many related works

J.Li, Gross-Siebert (algebraic case)

lonel-Paker, A.M. Li - Y. Ruan

B.Parker .
Tehurani, Zinger (symplectic case)

A typical element of M};{GW(X \ D, «)

—

this component goes to D

¥ X
A

Ui

/ 2- Y
order of tangency

order of tangency

9 — (ul)*([SQ])ﬂD 3= (U3)*([52])ﬂD

Important point

In RGW compactification

MIV(X\ D, )
this configuration / 23
appears in codimension 2

In the stable map compactification

this configuration
appears in codimension 4
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2 3

is described by a fiber product

Moy0)2) (X, Diar) Xp Ma(D;az)
XD Moy (X, D;as)

M 0y(0)(2)(X, D; 1)

2.
2, D

2
sphere with 3 marked points U S = X

U1 intersect with D with order 0,0,2 at 21, 22,23

M 0)0)3)(X, D; a3)

3
2, D

. Q2
sphere with 3 marked points uz : S° — X

U3 intersect with D with order 0,0,3 at <1, 22, <3

sphere with 2 marked points ~ Uo : 52 — D

in D




2

is described by a fiber product

Moy0)2) (X, Diar) Xp Ma(D;az)
XD Moy 3) (X, D;as)

Put

Mo
I

Moy0y(2)(X, D; 1) Xp Ma(D;az)

XD Moy0)3) (X, D; as)

ev: My — (X\ D)* e
2 3

o = (uy(z1), u1(22), uz(z3), uz(z4))

P13P27P37P4

Cyclesin X

Mo(Pl,PQ,P3,P4) = Mo X x4 (P1 X P2 X P3 X P4)

fo

P
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We assume:
MO(P13P25P35P4)
is transversal and consists of one point.
is transversal in its

moduli space
and is rigid

In other words

MO(P17P27P37P4)

N
MEBEW (X 0) X x4 (Py x Py x P3 x Py)
Il
MECY (X a; P)

a=aj+as+as
anNnD=0

Elements of MZ(X \ D; a) converge to an element of M

Mo(P1, Py, Py, Py) ©  MRCW(X;a; P)

T12 € My

EA Z¢ , .
Deligne-Mumford moduli of

sphere with 4 points
My = 52




Mo (Pr, P2, Ps, Py) MEGW(X;a;ﬁ)

The answer is

5

I is apath joining
ZT12and L14
How many
\ elements of
= J is here ? T
-1
e 2, 7 (1(9))
O 2 ri2 g
My
’* z1y € — T M
C
) (N )ch- I S)
. The answeris 5
How many
elements of MY (X:a; P)
B is here ?

O

o 5# 0

) =1 (1(8))

e _ If we simply forget /] © then the quantum cup
X 1G) L %%  product is NOT associative.
2 ave
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2
|1
(7‘ R qu it cobordism
% argument
\3 fails
if we forget
"
- e
R Iu(

Why 5 2

is assumed to be transversal.
However this point is still a singular point

in the moduli space ME{GW(X; a; P)

This is the point very much different from
stable map compactification.

Local Kuranishi model of M4RGW (X; (&S P)

in a neighborhood of

s CxC—C

(01,02) — O'% - ag

Zw = oy Zu' = oy

Glue the 3 irreducible components via the parameter 01, 02

2(0'1, 0'2)




to obtain a well
defined global
map

2(0'1,0'2)
u:d(oy,02) > X

we need a condition:

o] = o3 + higher order }/ Y

Local Kuranishi model of MEGW (X; Q) P)

(44 i
Az 7,
22y,
2N 3

2
s CxC—C (01,02) = 07 — 0}

in a neighborhood of

The moduli parameter of (E(O'l, 02), 21,722,223, 24)

is 0 = 0102

L
Nq

)ﬁf&@/

(%

' How many
elements of MY (x;a; P)

\Y g\ is here ?
7

— | = (1(5))

_J
!
—

X, 1G) L

The equation we solve is: 0102 = ) given

2 _ 3
01 =09

We have 5 solutions!
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How / (*’9 contribute 5 in (P, U? P)U® P3, Py)

has two nodes

T they contribute 3 and 2
respectively

Let R beacyclein D.
| will define (Pl UQ PZ’ q—2R>
<P1 UQ P21q3R>

H = H(X;M\o)® H(D; Ao{q,q"'})
W W
P, ¢“R

(¢"R.q"R') = ore(R, R')

M0)(0)2)(X, D; a1)

2, D

<P1 UQ P23 q_2R>
= #(M0)0)2)(X; D; 1) Xx25p (P1 X P2 X R)

51

M 0)(0)(2) (X, D; a1)

2, D B

<P1 UQ P, q_2R>
= #(M0)0)(2)(X, D;a1) X x2xp (P1 X P2 X R)




Moy 0)2)(X, D; 1) X p Ma(D; )

(PLU® Py, ¢°R)

= 2 X # Mo@)(X,Dse1) xp Ma(D;02)) Xx2xp (P X P2 x R)

<q2RUP3aP4>

(gT>RU° P3, Py)

3
g D
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(P, U Py) U P3, Py)

= (PLU° Py, q ?R){(¢*R* U° Ps3, Py)
+(P, U Py, ¢®R)(q 3 R* U® Py, P,)
+...

=1x34+2x1+...

=5+... this is a part of the

“proof’ of associativity.
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