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Abstract We show that if a cubic hypersurface with positive dual defect over the complex number

field is not a cone, then either the hypersurface coincides with the secant variety of the singular

locus, or the hypersurface contains a linear subvariety of dimension greater than the dual defect

such that the intersection of the singular locus and a general contact locus is contained in the

linear subvariety.

1 Introduction

ࣹӨଟ༷ମ X ⊂ PN ʹରͯ͠, ࣹӨରଟ༷ମ X∗ ⊂ (PN )∨ = G(N − 1,PN )  ʮX ʹ͢Δ

ฏ໘શମͷͳ͢ू߹ͷดแʯͱͯ͠ఆ·Δଟ༷ମͰ͋Δ. ͞Βʹ δX := N − 1− dim(X∗)

͕ఆ·ͬͯ, ͜ΕΛࣹӨୀԽ (dual defect)ͱݺͿ. ͜͜Ͱ, δX > 0 Ͱ͋Δ࣌ X ͕ࣹӨୀԽ͍ͯ͠

Δͱ͑ߟΔΘ͚͕ͩ, ͦ͏ͳ͍ͬͯΔయܕతͳྫͱͯ͠, cone  join  secant ଟ༷ମ ͳͲ͕

͋Δ.

ຊߘͰ, ෳૉମ্ͷ࣍ࡾۂ໘ X ⊂ PN Ͱ δX > 0 ͳΔͷʹ͍ͭͯ, ԋʹͱ͖ͮઆ໌͠ߨ

ͯΏ͘. (ͳ͓, ͞Βʹৄࡉͳٞʹ͍ͭͯ [1] Λࢀর͍ͯͩ͘͠͞.)

্ͷઃఆʹ͓͍ͯ, ໘ۂ࣍ࡾ X ඞͣಛҟΛ͍ͬͯΔ͕, ͞Βʹʮಛҟू߹ͷ secantଟ༷

ମ X ʹؚ·ΕΔʯ͜ͱ͕Θ͔Δ. ͭ·Γ,

Sec(Sing(X)) :=
⋃

x,y∈Sing(X)

⟨xy ⟩ ⊂ X.

͜Εͳ͔ͥͱ͏ݴͱ, ͠ಛҟ x, y ʹରͯ͠ઢ ⟨xy ⟩ ⊂ PN ͕ X ʹؚ·Εͳ͍ͳΒ,

⟨xy ⟩ ∩X ͷ length ͕ 4Ҏ্ͱͳͬͯ deg(X) = 3 ʹ͢ΔͨΊͰ͋Δ.

ۂ໘ʹରͯ͠, Ψεࣸ૾ γ : X !!" X∗ ⊂ (PN )∨ Λ, ඇಛҟ x ʹରͯ͠ຒࠐΈۭؒ

TxX ∈ (PN )∨ ΛରԠͤ͞Δ༗ཧࣸ૾ͱͯ͠ఆΊΒΕΔ. ͜͜Ͱ, Ұൠ x ∈ X ʹର͢ΔϑΝΠόʔ

F = γ−1(γ(x)) , δX -ฏ໘ (δX ͷݩ࣍ PN ͷઢܕ෦ଟ༷ମ)ͱͳΔ͜ͱ͕ΒΕ͍ͯͯ, contact

locus ͱݺΕΔ. ͞Βʹ codim(F ∩ Sing(X), F ) = 1 Ͱ͋Δ͜ͱΘ͔Δ. ͨͱ͑ δX = 1 ͷ

߹, F  Sing(X) ͱަΘΔઢʹͳΔΘ͚Ͱ͋Δ.

ҎԼͰຊڀݚͷഎܠͱͳΔ 3ͭͷڀݚʹ͍ͭͯ, ·ͣઆ໌͍ͨ͠.
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(a) F. L. Zak ࢯ [5, IV, §5] , ඇಛҟଟ༷ମ Y ⊂ Pm Ͱ͋ͬͯ codegree 3 ͳͷ (͢ͳΘͪ,

deg(Y ∗) = 3Λຬͨ͢ͷ)ʹྨΛ༩͑ͨ. ಛʹ, X ⊂ PN ΛʮδX > 0ͱͳΔ࣍ࡾۂ໘Ͱ, ͔ͭ

X∗ ⊂ (PN )∨ ͕ඇಛҟͱͳΔͷʯͱ͢Δͱ, ͭ͗ͷ 3ͭͷͲΕ͔ʹͳΔ: (1) P4 ͷ 3-fold Ͱ͋ͬ

ͯ, SegreຒࠐΈ P1 × P2 ↪→ P5 ͓Αͼ P1 × P2 ͷ֎͔ΒͷઢࣹܕӨ P5 !!" P4 ͷ߹ࣹʹΑΔ૾

ͱͯ͠༩͑ΒΕΔͷ; (2) Severi ଟ༷ମͷ secant ଟ༷ମͰ͋Δͷ; (3) ͷࠨ (2)ΛҰൠʹฏ໘

அͯ͠༩͑ΒΕΔͷ. ͳ͓, ͜͜ʹ͋ΒΘΕΔ Severi ଟ༷ମͱ, ͷ࣍ 4छྨͷ࣭ଟ༷ମͷ

͜ͱͰ͋Δ: (i) P2 ͷ P5 ͷ VeroneseຒࠐΈ; (ii) P2 × P2 ͷ P8 ͷ SegreຒࠐΈ; (iii) G(1,P5 )

ͷ P14 ͷ PlückerຒࠐΈ; (iv) OP2 ⊂ P26 ͷݩ࣍16) Cartanଟ༷ମͱݺΕΔͷ).

ΑͬͯʮX∗ ͕ඇಛҟͰ͋Δʯͱ͍͏݅ͷԼͰ, X ,શʹྨ͞Ε͍ͯΔΘ͚͕͍ͩͯͭʹ Ұ

ํͰ͜͏ͨ݅͠ͷͳ͍߹ʹ, ͭ͗ͷΑ͏ͳ͕ڀݚΒΕ͍ͯΔ.

(b) J.-M. Hwang ࢯ [3] , ʮHessianফ໓͠ͳ͍࣍ࡾۂ໘ X ⊂ PN Ͱ͋ͬͯ, ͋Δ݅ (X ͷࣗ

,େ͞ʹ͔͔ΘΔ݅)Λຬͨ͢ʯͷͱͯ͠ڊͷܕಉݾ Severiଟ༷ମͷ secantଟ༷ମΛಛ͚ͮͨ.

͜͜Ͱ, ͋Δ݅ͱ͍·ड़ͨ͜ͱΛগ͠ิ͍ͨ͠.

PN ΛN+1ݩ࣍ϕΫτϧۭؒW ͷࣹӨԽͱΈͳ͠, X̂ ⊂W ʹΑͬͯX ͷ affine coneΛ͜͢هͱ

ʹ͢Δ. ·ͨ A ∈ Hom(S2W,W ) ͱ u ∈W ͱʹର͠, ઢ૾ࣸܕ Au : W →W Λ Au(w) = A(u,w)

ʹΑͬͯఆΊΔ. ͜ͷͱ͖ແݶখઢݾࣗܕಉܕͷ Lie  aut(X̂) = {ϕ ∈ End(W ) | ϕ(w) ∈
TwX̂ for any w ∈ X̂sm } ʹର͠, (first) prolongation aut(X̂)(1) = {A ∈ Hom(S2W,W ) | Au ∈
aut(X̂) for any u ∈W } ͕ఆ·Δ.

ҙͱͯ͠, ʮHessianফ໓͠ͳ͍࣍ࡾۂ໘ X ⊂ PN ͕ aut(X̂)(1) ̸= 0Λຬͨ͢ͳΒ, δX > 0 ͕

ཱ͢Δʯ͜ ͱ͕ࣔ͞Ε͍ͯΔ [3, Corollary 4.5]. େࡶʹཧ༝Λड़Δͱ, ྵͰͳ͍ A ∈ aut(X̂)(1)

͕ଘ͢ࡏΔ࣌, ඇಛҟ x ∈ X ʹରԠ͢ΔϕΫτϧ w ∈ W ʹରͯ͠, ఆ͔ٛΒ Aw(w) ∈ TwX̂ ͱ

ͳΔ͕, ͞Βʹ Aw(w) ʹରԠ͢Δ TxX ͷ͕ γ−1(γ(x)) \ {x} ͷʹ͋Δͱࣔͤͯ, ͜ΕʹΑΓ

dim γ−1(γ(x)) > 0 ͕Θ͔ΔͨΊͰ͋Δ.

ͳ͓, ۂ໘ X ⊂ PN ͷఆٛ੪࣍ଟ߲ࣜΛ f ͱஔ͘ͱ, hessf = det(∂2f/∂xi∂xj) ʹΑͬͯ

Hessian͕ఆ·Δ͕, ʮX  Hessianফ໓͠ͳ͍ʯͱ hessf ̸= 0 ཱ͕͢Δ͜ͱͱͯ͠ఆٛ͢Δ.

Hwangࢯͱͯ͠, ʮ࣍ࡾۂ໘ X ⊂ PN ͕ hessf ̸= 0 ͔ͭ aut(X̂)(1) ̸= 0 Λຬͨ͢ͳΒ,

X  Severiଟ༷ମͷ secantଟ༷ମͱͳΔ͔ʯͱ͍͏ͷΛ͍ͨͯ͛ڍ. ্ʹड़ͨࣗݾಉܕͷڊେ

͞ʹ͔͔ΘΔ݅ͱ, ʮaut(X̂)(1) ͕ྑ͍ੑ࣭ͷݩΛͭʯͱ͍͏Α͏ͳ͔ͨͪͰهड़͞Ε͍ͯΔ.

(c) Hessian ফ໓͢Δ߹ (ͭ·Γ hessf = 0 ͷ߹) ʹ, ৗʹ δX > 0 ཱ͕͢Δ. ͞Βʹ,

U. Perazzo ڀݚͷࢯ [4] , ͦΕʹ͍ͨͮج R. Gondim ͱ F. Russo ͱͷ྆ࢯͷڀݚ [2] ʹΑͬͯ,

ʮHessianফ໓͢Δ࣍ࡾۂ໘ X ⊂ PN Ͱ coneͰͳ͍ͷʯʹ͍ͭͯ, N # 6 Ͱྨ͕ͳ͞Εͯ

͍Δ. ಛʹ, ͜͏ͨ͠ X ͷ͔Β Sec(Sing(X)) ̸= X ͱͳΔྫΛಘΒΕΔ.

యܕతͳྫͱͯ͠ X = (x0x2
N + x1xN−1xN + x2x2

N−1 + F (x3 , . . . , xN ) = 0) ⊂ PN Λ͑ߟΔͱ,

͜Ε Hessianফ໓͢ΔͨΊ δX > 0 Ͱ͋Γ, ҰํͰ Sing(X) ⊂ (xN−1 = xN = 0) Ͱ͋ͬͯ, Ώ

͑ʹ Sec(Sing(X)) ̸= X Ͱ͋Δ͜ͱ͕Θ͔Δ.

͜͜·Ͱʹड़ͨഎܠͷͱ, ࣹӨର X∗ ͕ಛҟͰ͋Δ߹;͘Ίͯ, δX > 0 Λຬͨ࣍͢ࡾ
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,໘ʹ͍ͭͯͲΜͳ͜ͱ͕Θ͔Δͷ͔ௐࠪͨ͠ͱ͜Ζۂ .ͷ݁Ռ͕ಘΒΕͨ࣍ʹͰ·ࡏݱ

Theorem 1. X ⊂ PN  δX > 0 Λຬͨ࣍͢ࡾۂ໘Ͱ, cone Ͱͳ͍ͷͱ͢Δ. ͜ͷ͗ͭ࣌ͷ

3ͭͷ͏ͪ, ͲΕཱ͔͕͢Δ.

(I) Sing(X) ͷ͋Δط S ʹର͠, X = Sec(S) ཱ͕͢Δ.

(II) ͋Δඇಛҟೋ࣍ۂ໘ Qi ⊂ ⟨Qi ⟩ = PdimQi+1 ⊂ PN (i = 1, 2) Ͱ, ௨෦ڞ Q1 ∩Q2 ͕Ұ

ू߹ͰͦΕ͕ ⟨Q1 ⟩ ∩ ⟨Q2 ⟩ ʹҰக͢Δͷʹର͠, X = Join(Q1, Q2) :=
⋃

x∈Q1,y∈Q2
⟨xy ⟩

ཱ͕͢Δ. ͳ͓, ͜ͷ߹ δX = 1 ͱͳΔ.

(III) ͋Δઢܕ෦ଟ༷ମ P ⊂ X Ͱ͕ݩ࣍ δX ΑΓେ͖͍ͷ͕ଘͯ͠ࡏ, Ұൠ x ∈ X ʹ͍ͭͯ

γ−1(γ(x)) ∩ Sing(X) ⊂ P ཱ͕͢Δ. ͳ͓, ͜ͷ߹ X ̸= Sec(Sing(X)) ͱͳΔ.

ઌʹड़ͨΑ͏ʹ, ຊఆཧͷ (I) ͷྫ Severi ଟ༷ମͷ secant ଟ༷ମ, ͦͷҰൠͷฏ໘அ

ʹΑͬͯ༩͑ΒΕΔ. ͪͳΈʹ X∗ ͕ಛҟͰΑ͍ͨΊ, ΑΓҰൠతʹ, Severi ଟ༷ମͷ secant ଟ༷

ମͱಛघͳͷΛؚΉ͍͔ͭ͘ͷฏ໘ͱͷڞ௨෦ΛऔͬͯΑ͍. (III) ͷྫ Hessianফ໓͢Δ

.໘ʹΑͬͯ༩͑ΒΕΔۂ࣍ࡾ ·ͨ, (II)ͷ߹۩ମతʹ X ͷఆ͕ܾٛࣜఆ͞Ε, ಛʹ Hessian

ফ໓͠ͳ͍͜ͱͳͲΘ͔Δ.

2 Strategy of the proof of Theorem 1

͜͜Ͱ, ओఆཧΛͲͷΑ͏ʹࣔ͢ͷ͔ʹུ͍ͭͯ֓Λड़͍ͨ. ʹͷΑ͏࣍ͣ· δX ʹΑͬͯ

߹͚ͯ͑͠ߟΔ.

(A) δX = 1 ͷ߹ҎԼͷೋͭͷ໋ΛͦΕͧΕࣔ͢.

(A-1) X = Sec(Sing(X)) Ͱ͋Δ࣌, Theorem 1 ͷ (I) ͋Δ͍ (II) ཱ͕͢Δ.

(A-2) X ̸= Sec(Sing(X)) Ͱ͋Δ࣌, (III) ཱ͕͢Δ.

(B) δX > 0 ͷ߹, ্ड़ͷ δX = 1 ͷ߹ʹؼೲ๏ʹΑͬͯؼண͞ΕΔ. ͜Ε, Ұൠͷฏ໘

H ⊂ PN Λऔͬͨ࣌ʹ, δX∩H = δX − 1 ཱ͕͢Δ͜ͱʹΑΔ.

͡Ίʹ (A-1) ʹ͍ͭͯղઆ͢Δ. X = Sec(Sing(X)) ཱ͕͠, ͔ͭ (I) ཱ͕͠ͳ͍߹Λߟ

͑Δ. ͜ͷͱ͖, ͋Δ Z1, Z2 ⊂ Sing(X) ʹ͍ͭͯ X = Join(Z1, Z2) ͱͳΔܗͰ͋ΔΘ͚͕ͩ, ͦ

͏ͨ͠ઃఆͰ, ͷࣜʮdim(⟨Zi͍ͯͭʹݩ࣍ ⟩) = dim(Zi) + 1 (i = 1, 2)ʯ͕Γͨͭ͜ͱ͕·ͣࣔ͞

ΕΔ. ͢Δͱ ⟨Zi ⟩ = Sec(Zi) ⊂ X ΛಘΒΕͯ, ͜ͷ ⟨Zi ⟩ ΛؚΉΑ͏ʹҰൠͷ (dim(⟨Zi ⟩) + 1)-ฏ

໘ L ⊂ PN ΛऔΔͱ, ͋Δೋ࣍ۂ໘ Q̃i ⊂ L ʹ͍ͭͯ

L ∩X = ⟨Zi ⟩ ∪ Q̃i

ͱ͍͏͕ࣜಘΒΕΔ. ҰํͰ Zi ⊂ Sing(L ∩X) = (⟨Zi ⟩ ∩ Q̃i) ∪ Sing(Q̃i) ⊂ Q̃i Ͱ͋ͬͯ, Ώ͑ʹ

Zi ⊂ ⟨Zi ⟩ ∩ Q̃i ͳͷͰ, Ε͑ߟΛݩ࣍ Zi = ⟨Zi ⟩ ∩ Q̃i ͕Θ͔Δ. ͭ·Γ Zi  ⟨Zi ⟩ ͷೋ࣍
.໘Ͱ͋Δۂ ͜͏ͯٞ͠ΛਐΊΕ, ʹޙ࠷ (II) ͷཱ͕ಋ͔ΕΔͱ͍͏͘͠Έʹͳ͍ͬͯΔ.
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ͯ͞,ຊߘͷҎԼͷٞͰ (A-2)ͷ߹ʹ͍ͭͯѻ͏. ͦͷͨΊ, δX = 1͔ͭX ̸= Sec(Sing(X))

Ͱ͋Δ͜ͱΛཁ͠Α͏. ͢ΔͱҰൠ x ∈ X ʹରͯ͠, Ψεࣸ૾ͷϑΝΠόʔ F = γ−1(γ(x))

 Sing(X) ͱަΘΔઢͱͳΔ. ͞Βʹ F ∩ Sing(X) ͕Ұू߹ͱͳΔ (ͦ͏Ͱͳ͍ͱ, F ⊂
Sec(Sing(X)) ͳͷͰ, ہ݁ X = Sec(Sing(X)) ͱͳͬͯ, ͍·͕ͨ͠ஔ͍ͨཁʹ͢ΔͨΊͰ͋

Δ). ͜ͷΑ͏ͳͷيΛ͑ߟΔ. ͭ·Γ,

Z =
⋃

x∈X: general

γ−1(γ(x)) ∩ Sing(X) ⊂ Sing(X) (1)

ͱఆΊΔͱ, ͜Εطดू߹Ͱ͋Δ͜ͱ͕Θ͔Δ. ͯ͞, (A-2)ͷεςοϓͰେͳͷ, ҎԼͷ݁

ՌΛಘΔ͜ͱͰ͋Δ.

Theorem 2. X ⊂ PN  δX = 1 ͔ͭ X ̸= Sec(Sing(X))Ͱ͋Δ࣍ࡾۂ໘Ͱ, cone Ͱͳ͍

ͷͱ͢Δ. ͜ͷͱ্͖ͷΑ͏ʹఆΊͨ Z ⊂ Sing(X) ʹର͠, Z ʹΑͬͯுΒΕΔઢܕ෦ଟ༷ମ

⟨Z ⟩ ⊂ PN  X ʹؚ·ΕΔ.

,અͰ࣍ ͍ͬ͡͞ʹ͜ͷ݁Ռ͕ͲͷΑ͏ʹࣔ͞ΕΔͷ͔, ͓͓ΑͦͷྲྀΕΛઆ໌ͯ͠Ώ͘.

3 Outline of the proof of Theorem 2

എཧ๏ʹΑΔͨΊ, Theorem 2 ͷલఏͷͱ, ͞Βʹ ⟨Z ⟩ ̸⊂ X Λཁͯ͠ໃ६Λग़͢͜ͱʹͳΔ.

͜ͷཁͷԼͰͭ͗ͷ໋͕ಘΒΕΔ.

Proposition 3. Ұൠ w ∈ Z ʹରͯ͠ Conew(Z) ̸⊂ Sing(X) ͕Γͨͭ.

(ূ໌͜Έ͍ͬͯ͘ͳΔͷͰུ͕͢, ΞΠσΞͱͯ͠ X ∩ ⟨Z ⟩ Λͯ͑ߟ, ࣮ͷͱ͜Ζ

Conew(Z) ̸⊂ Sing(X ∩ ⟨Z ⟩) Ͱ͋Δ͜ͱΛࣔ͢.)

ͯ͞, Ұൠ w ∈ Z ʹରͯ͠ Cw ⊂ X Λดू߹ {x ∈ X | w ∈ TxX } ͷطͱͯ͠औΔ.

͜͜Ͱ dim(Cw) = N − 2 Ͱ͋Δ. ఆٛΑΓҰൠ x ∈ Cw ʹରͯ͠ γ−1(γ(x)) ⊂ Cw ͳͷͰ,

dim γ(Cw) = N − 3 ͷཱ͕Θ͔Δ. ·ͨ, ཱ͕ͭ͗͢Δ.

Lemma 4. Cw  w Λͱ͢Δ cone ͱͳΔ.

Proof. Ұൠ x ∈ Cw ʹରͯ͠ϑΝΠόʔ F = γ−1(γ(x)) ΛऔΓ, ͞Βʹฏ໘ M = ⟨F,w ⟩ ⊂ PN

ΛऔΔ. ௨෦ڞͨ· F ∩ Sing(X) ͱͳΔ z Λऔ͓ͬͯ͘. ͜͜Ͱ M ̸⊂ X ͷ߹Λ͑ߟΔ.

͜ͷͱ͖ x′ ∈ F ʹ͍ͭͯ w ∈ TxX = Tx′X ͳͷͰ, F ⊂ Sing(X ∩M) Ͱ͋Δ. ू߹ͱͯ͠

F ∪ ⟨ zw ⟩ = X ∩M ͳͷͰ, ہ݁ F = Sing(X ∩M) Ͱ͋Δ. ҰํͰ w ∈ Sing(X ∩M) ͳ͜ͱ͔Β

ໃ६͕ੜ͡Δ.

Αͬͯ M ⊂ X ΛಘΔ. ͜ΕΑΓ u ∈ ⟨xw ⟩ ʹର͠, w ∈ M ⊂ TuX ͱͳͬͯ, u ∈ Cw ཱ͕͢

Δͱ͚݁ͮΒΕΔ.

Ͱ Theorem 2 Λഎཧ๏Ͱࣔͯ͠͏͜ߦ. Ұൠ w,w′ ∈ Z ΛऔΕ, Proposition 3ʹΑΓ
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y ∈ ⟨ww′ ⟩ \ Sing(X) ͳΔΛऔΕΔ. ͦ͜Ͱ, ͜͜Ͱͷۭؒ T = TyX ⊂ PN Λऔ͓ͬͯ͘.

·ͨ,
X◦ = {x ∈ Xsm | γ−1(γ(x)) ઢͰ Sing(X) ͱҰͷΈͰަΘΔ }

ͱఆΊ͓ͯ͘. ূ໌ུ͕͢, ͭ͗ͷओுཱ͕͢Δ.

Claim 5. Z ̸⊂ T Ͱ͋Δ. ·ͨ, Ұൠ x ∈ Cw ∩X◦ ʹରͯ͠, ௨෦ڞ γ−1(γ(x)) ∩ Sing(X) ͱ

ͳΔҰ Z ͷҰൠͰ͋Δ.

͞ΒʹΨεࣸ૾ γ : X !!" X∗ ⊂ (PN )∨ Λ͑ߟΔͱ͖, ҎԼཱ͕͢Δ.

Claim 6. γ(Cw ∩ T ) = γ(Cw)

Proof. Ұൠ x ∈ Cw Λऔͬͯ, F = γ−1(γ(x)) ΛऔΓ, F ∩ Sing(X) = {z} Ͱ͋Δͱ͢Δ. ͜ͷͱ

্͖ͷ Claim 5 ͔Β, z /∈ T ͱཁͰ͖Δ. ಛʹ F ∩ T ̸= {z} ͳͷͰ, ௨෦ڞ F ∩ T  X ͷඇಛ

ҟͳͰ͋Δ͜ͱ͕Θ͔Δ. ͜ΕΑΓओு͕ಘΒΕΔ.

Ճ͑ͯ, ͭ͗ͷओுূ໌ུͯ͠༻͍Δ.

Claim 7. Ұൠ x ∈ Cw ʹରͯ͠, ઢ ⟨xw ⟩ ্ΛҰൠ u ͕Δͱ͖ Z ∩ TuX  Z ΛΔ

(sweep͢Δ). ͭ·Γ Z =
⋃

u∈⟨ xw ⟩: general Z ∩ TuX ཱ͕͢Δ.

͜͜Ͱ,

C◦
w = C◦

w(w
′) := {x ∈ Cw ∩X◦ | ͋Δ u ∈ ⟨xw ⟩ ∩X◦ ͕ଘͯ͠ࡏ w′ ∈ TuX ཱ͕͢Δ }

ͱఆΊ͓ͯ͘ͱ, ҎԼͷओுཱ͕͢Δ.

Claim 8. Ұൠ t ∈ Cw ∩ T ʹରͯ͠, ͋Δ t0 ∈ ⟨ tw ⟩ ͕ଘͯ͠ࡏ t0 ̸= w ͔ͭ w′ ∈ Tt0X ཱ͕

͢Δ.

Proof. ূ໌֓ཁ͚ͩड़Δ. Claim 6 ʹΑΓ, t ∈ Cw ∩ T ΛΒͤͨͱ͖ γ−1(γ(t)) ͕ Cw Λ

Δ. ͜ΕʹΑͬͯ, x ∈ γ−1(γ(t)) ∩ C◦
w ͳΔΛऔΕΔ. ఆٛʹΑΓ, ͋Δ u ∈ ⟨xw ⟩ ∩ X◦ Ͱ

w′ ∈ TuX ͱͳΔͷ͕औΕΔ. ·ͨ,  z Λڞ௨෦ γ−1(γ(x)) ∩ Z = γ−1(γ(t)) ∩ Z Ͱ͋ΔҰ

ͱͯ͠औ͓ͬͯ͘.

্ड़ͷઃఆͷͱ, ฏ໘ M = ⟨wxz ⟩ ⊂ X ΛऔΕ, dim γ(M) = 1 Ͱ͋ͬͯ, Ұൠ y ∈ γ(M)

ʹ͍ͭͯ z ∈ γ−1(γ(y)) ཱ͕͢Δ͜ͱ͕Θ͔Δ. ͜ΕΛೝΊΕ, γ(⟨uz ⟩) = [TuX] ∈ (PN )∨ Ͱ

͋Δ͜ͱ͔Β, ඞཁͱ͞ΕΔ t0 Λೋઢͷަ ⟨ tw ⟩ ∩ ⟨uz ⟩ ⊂M ͱͯ͠औΔ͜ͱ͕Ͱ͖Δ.

͜͜·ͰͷΛ͔ͭͬͯٞΛऴ݁ͤ͞Α͏. ্ͷΑ͏ʹ t0 ∈ T Λऔͬͯ, ฏ໘ L = ⟨ t0ww′ ⟩ ⊂
PN Λ͑ߟΔ. ͜ͷͱ͖ L ⊂ X Ͱ͋Δ (͞ͳ͍ͱ, y, t0 , w, w′ ∈ Sing(X ∩ L) ͱͳͬͯໃ६͕ੜ͡

Δ). Αͬͯ w′ ∈ L ⊂ TtX ΛಘΒΕͯ, Claim 6 ͱ͋ΘͤΔͱ

γ(Cw) = γ(Cw ∩ T ) ⊂ (w′)∗
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ͷཱ͕Θ͔Δ. ͍· w ∈ Z ҰൠͩͬͨͷͰ, X∗ = γ(X) ⊂ (w′)∗ ͱͳΓ, X ͕ cone ͱͳͬ

ͯ͠·͏ͷͰໃ६Ͱ͋Δ. Ҏ্ͷΑ͏ͳྲྀΕͰ Theorem 2 ͷূ໌͕͓ΘΔ.
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