Cubic hypersurfaces with positive dual defects

Katsuhisa Furukawa

Abstract We show that if a cubic hypersurface with positive dual defect over the complex number
field is not a cone, then either the hypersurface coincides with the secant variety of the singular
locus, or the hypersurface contains a linear subvariety of dimension greater than the dual defect
such that the intersection of the singular locus and a general contact locus is contained in the

linear subvariety.

1 Introduction

WL RRIA X C PN 2R LT, R ZEA X C (PY)Y = G(N — 1,PN) ik TX c#73
EFHREDLTREGOME] L UTEEZRBEHETHD. I 5ITHMEIx =N -1 —dim(X™)
MEE - T, ThEFFEIE (dual defect) ZITR. 22T, 0y >0 THBHE X 2HFEMLLTW
BLFEZDBDIIEDN, 5o TVWBHBBLHIE LTI, cone ¥ join ¥ secant ZFk{K 72 &A
»H5.

ARTI, EEBUE LO =BT X C PN Téox >0 A2EDIZOWT, Iy & DEHIL
THL. (BB, ESICEMIRFERICOVTIK [1] 22U TLEEW)

EOBEICHBNT, ZXEHE X IS TRELES > TWED, X 512 TREEES D secant Lk
KL X I2E&ENDE | Zehbhrd. DFb,

Sec(Sing(X)) = | (ay) C X.
z,y€Sing(X)
TRREERETS L, bLERRMA o,y WU TEM (oy) C PV A X LEERARVAES,
(zy)NX © length 234 PAEE 75T deg(X) =3 KT 570D TH 5.

BT LTI, HT ARG v X > X7 C (PY)Y %, R o 104 L THEA S
T, X € (PV)Y Z3ISEEZHFIEHRE LTEDSND. TIZT, MHir e X CHT57 71,5
F =y~ 1(y(x)) &, 0x-Fifii (x WD PN OFIERD ZIRAK) L7225 2 LA SN TWT, contact
locus & HMFENS. T 512 codim(F NSing(X),F) =1 ThdIrdbbhd. LA dx=1D
Bieid, F 1d Sing(X) RO ZEMIZRDDITHS.

UTFTRAMEDE L 25 3 DOMEICDWT, ETHHE L.
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(a) F. L. Zak Ik [5, IV, §5] &, JERRABEHRIE Y C P™ TH - T codegree 3 2b D (7205,
deg(YV*) = 3 %ili=TH D) IKAKE TR, BT, X CPN % [5y > 0 ¥ 725 ZRBHTET, O
X*C (PN 2R RZED] £T5L, 2FD 3 20ENHIAR5: (1) P WD 3-fold TH-
T, Segre HIAA P x P2 < P5 5 LU P! x P2 D4hpih 5 DIFTEE P° ——» P* OAKSIZ & 55
ELUTHASNDED; (2) Severi ZREKAD secant ZRRIATH 2B D; (3) LD (2) & —fITEFHEY)
WLTEZONDED. BB, TZIXH5bND Severi ZEMK LI, IRD 4 FEFEOHHE RBZ BRAD
ZrTH5B: (i) P2 D P5 AD Veronese Hih; (i) P2 x P2 @ P& ~D Segre HiAA; (iii) G(1,P?)
@ P ~® Pliicker #5A; (iv) OP? ¢ P26 (16 Xyt0 Cartan kK L ITIEN 2 H D).

$oT [X* WERRTHD ] LWIRMEDOT TR, X KO2WTHEBIZDFEEINTWEDIFEN, —
HTI O UEREOBRVESIZIE, DED LS BRFELHISNT WS,

(b) J-M. Hwang [ [3] 1%, [Hessian ¥ L %W =yolihii X ¢ PN TH-T, H54%M4F (X A
CRBMOERZ I b b 5ME) 21791 DL LT, Severi ZHAD secant kA% RO 1 7-.
ZIT, H5%MEVEBRRZZEEDUMEL .

PN % N4+1WRERZ M VZER W Ot kL, X ¢ W izk 5T X O affine cone 2392 &
235, £72 A€ Hom(S2W, W) L w e W ZIZHL, MBEGR A, W - W % A, (w) = A(u, w)
Lo TED S, Z0E SME/NGEE LB O Lie K5 aut(X) = {¢ € End(W) | o(w) €
T, X for any w € X*™} (2% U, (first) prolongation aut(X)® = {4 € Hom(S2W, W) | 4, €
aut(X) for any u € W} AEE 3.

JEE X LT, [Hessian WM L 22\ SY0BEITE X C PN 23 aut(X)D £ 0 2572345, 6x >0 A
KT ] 2 EMREINT WS [3, Corollary 4.5]. KMEHUZHRH 23R 2 &, BTHRW A € aut(X)D)
DT B0, RS 2 € X WHIETBRZ Ml we W It LT, EHEPS Ay(w) € Tp,X &
BN, E5ITE Ay (w) ENIST 5 To X DD v 1(y(z)) \ {2} DRICH B LRET, ZHITED
dimy~1(y(z)) > 0 o270 TH 5.

P, MlE X C PY OEBFRLERE f LB L, hessy = det(%f/01;0x;) = &> T
Hessian V€ % %75, X ¥ Hessian I L 72\ &1E hessy # 0 BRZTH I L & LTEHT .

Hwang KM@ E LT, TSWHEITE X C PN A% hessy £ 0 22 aut(X)D #£0 27375518,
X X Severi ZEAD secant ZhftkE 2B h ] L WIEDEZEIT TV, EIRRAZEHERMOE X
b E&MEE, Tat(X)D HEVHEDTEL D] £S5 40 ELTRARINTVS.,

(c) Hessian I 5 5E (D £ D hessy = 0 D) 1T1&, HIZ ox > 0 LT 5. 5121,
U. Perazzo KOS [4] %, ZHIZES Wz R. Gondim & F. Russo & DKW [2] I2& > T,
[Hessian IS % =ZRBEHE X C PY Tcone THRWHD] IZD2WT, N < 6 TRAOEIALINT
WB. B, 25 L7 X OWAS Sec(Sing(X)) £ X LABHEBSND.

BRI 7RG E UT X = (z02% + m1oy_12n + 2204 + F(zs,...,o5) =0) CPN 25252,
Z 1% Hessian T 5720 6x >0 TH Y, ~/TSing(X) C (any-1 =2y =0) TEH->T, D
242 Sec(Sing(X)) # X ThH5HZ Lhbi5.

ZIZETITHEAREZEROS &, HIEIN X* PRETHIHEL DT, x > 0 & § =K
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HEIZDWTEARI LR DOREODHFELZL 25, BUEE TITIROFERME SNz,

Theorem 1. X C PV % 6x > 0 27z 3 ZXBINTE T, cone TIRARWVWED LTS, ZOHOED
3003, ERBHHIT .

(I) Sing(X) D d 2B S 12Xt U, X = Sec(S) DT 5.

(I) & 5 IHER PG Q; C (Q;) =PUm@+L C PN (i = 1,2) T, @D Q1N Q2 A1
HEETTND (Q1) N (Q2) K—BF BHDIIHL, X = Join(Q1,Q2) := Useq, yeo,(7¥)
AL B, B, ZOBAE x =1 Lk 5.

(IT) & 2D SRR P C X TUREH oy KD KREVEOMRHEELT, MWH z€ X L2WT
v~ 1(y(z)) N Sing(X) C P WIT 5. &, TOEHAIE X # Sec(Sing(X)) £75.

ST ATz & 50z, AEBD (1) DHlIE Severi ZHRIARD secant ZkAX, Z O — ik D - U] X
ZEoTHEZONS. BaAIl X* BWRETE Iz, &b —fEINIZ, Severi ZEED secant %k
R EFRR D DEET WL D OTR & QILEIS 2> TH L\ (III) OFlid Hessian iHi 3 %
SWEETIC Lo TER OGNS, £z, (II) OLEIFEEIZ X OEHBEXHIPE S N, B2 Hessian
HBLRWZ 2R EEbh 5.

2 Strategy of the proof of Theorem 1

ZITHE, EEMELEDOLIITRTONITDOVTHBEZ B2V, FFRDOESIT §x & >TH
ARTLULTHERS.

(A) 6x =1 DHERUATFTO_20OMEZ TNENRT.
(A-1) X = Sec(Sing(X)) TH B, Theorem 1 @ (I) H 2 W& (II) HKLT 5.
(A2) X # Sec(Sing(X)) T B, (IIT) AHALT 5.

(B) 6x > 0 OFHE, LD 6x =1 OBEITWMBEIC L > TREIND. T, — RO
H CPN W57, dxnpr =0x — 1 BSIT B2 212k 5.

HU I (A1) K DWTHBT 3. X = Sec(Sing(X)) AALL, 0 (I) ABALL AW EAEE
2B, ZOLEIE, BB 71,25 C Sing(X) LOWT X = Join(Z1, Zs) LARBHTHBHIEN, Z
S UEHRET, Wik 2WTOR [dim((Z;) =dim(Z;) +1 (i =1,2)) P72 EREFTRS
N5, 358 (Z;)=Sec(Z;) CX 235N T, 2D (Z;) 2EL X511k (dim((Z;)) + 1)-F
W LCPY 25 Y, 5 EEE Q; C L I22\T

LﬁX=<Zi>UQ7;

LW RANESND. — /T Z € Sing(LNX) = ((Z;)NQ;) USing(Q;) C Q; TH->T, PRIZ
Zi C{Z)N Qi DT, Witk EZNE Z, = (Z)NQ; Hbhd. D0 Z; 1x (Z;) MOk
METH 2. 25 LTz iEdiig, HBiciE (1) ORZAENNE 205 L Alh> T3,

89



T, AREDO LA TF D Tl (A-2) DHEIZDWTHRKS . TD78, 6x = 15D X # Sec(Sing(X))
THEIEEEHLELS. $2L Ml ze X THLT, HIREBD T 74 8— F =~y 1(y(z))
1 Sing(X) L x 0B EMELD. 51T FNSing(X) B—mEGLRE (F5ThVwe, F C
Sec(Sing(X)) DT, #4/& X = Sec(Sing(X)) &> T, WE LW LBEWLEFHIINT 27O TH
3). ZOXSHOMIEEZD. DE D,

z= " U 7 G@)nsnsx) CSing(x) <1>
x€X: general

LEDDE, TNRBHHEETHE I bnb. T, (A-2) DAT Y T TREZDIE, BUF O

Ref@5IeThHs.

Theorem 2. X C PV & 6x =1 72 X # Sec(Sing(X)) TH % =X T, cone TIERWE
DETH ZOLELEDESITEDE Z C Sing(X) XU, Z 12& > THES N BEIH L ERA
(ZYCcPN iZ X T&Eh3.

WHITIE, Lo 3 WIZZORRBED LS ITRIND0N, BBLZTORNESFHL THL.

3 Outline of the proof of Theorem 2

HEYEIZ & 2728, Theorem 2 DHIED D &, THIZ (Z) ¢ X 2FAH L THFER LTI LIT425.
ZOEHOFTOEDMENRSNS.

Proposition 3. —fsi w € Z 128 L T Cone,(Z) ¢ Sing(X) 23 &Y 7= D.

FEHRZAVS TR LBZDTIBTD, 7TAT7& LT XN(Z) 2FEXAT, EDLI A
Cone, (Z) ¢ Sing(X N(Z)) THDZL%EmRT.)

T, MM weZITHLTC, C X 2B%KA {ze X |weT, X} OB L LTHS.
ZZTCdim(Cy) =N-2Thd. EHID Mz e Cy ITHLT 7 (y(z)) C Cp BDT,
dimy(Cy) = N — 3 ORIA DI, 72, DENHLT 5.

Lemma 4. Cy, 1% w 2TH LT 5 cone &7 5.

Proof. —f € Cyp ICH LTI 74— F =~=1(y(z)) 2HD, TSICFEmM M = (F,w) c PV
BB, E7IBHH FSing(X) L5 2 Al-THL. 2T M ¢ X OBAEERS.
ZDrE e FIZO2WT w € T,X =TpX ZOT, F C Sing(XNM) THh5. /&L T
FU(zw)=XNM DT, & F = Sing(XNM) THd. =T weSing(XNM) %I &hs
FRERELS.

o T MCX %285, Zn&b ue(zw) ZH L, we M CT,X £%4>C,ueCy HPHLT
b EEFwmOToNG. O

Tl Theorem 2 2 HWHIET/RLUTITI D, — M w,w' € Z ZENIE, Proposition 312 & b
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y € (ww')\ Sing(X) %% MEWMNS. £IT, ZITOHEEM T = T,X Cc PN 2W->TsL.
7=,
X°={2e€ X |y 1(y(z)) ZEFRT Sing(X) £ —mMDATKDS }

LEDTHL. MDY, DEDOEEIHLT 5.

Claim 5. Z ¢ T TH»%. &7, — sl v € O,y N X° 1T U T, @IS v~ 1(y(x)) N Sing(X) &
Bk Z O—fERThHD.

SOEHATVAGH v X —-» X* C (PV)Y 2EZ B2 & UTHRLT 2.
Claim 6. v(C,y NT) =~v(Cw)

Proof. =iz e Cp ZMo T, F=~"1(y(z)) WY, FNSing(X) ={z} THdLT5. D

EED Claim 5 25, 2 ¢ T L EFHETES. KT FNT # {2} o<, 1@ HS FNT & X OIFF

R THDIeDbhd. ZhEhEFRIFLND. O
MAT, DEDEREFMIIK L THWS.

Claim 7. iz € Cp CHUT, B (aw) L% BN udE2LE ZNT,X & Z 23
(sweep T3). 20 Z=J ZNT,X DHALT 5.

w€E(zw ): general
zz7,
€2 =Co(w) = {z€CaNX® | 55 uc (zw)nX° BFLELT o € T,X DIt 5 )
LEHTH L, RO ERMRT 5.

Claim 8. —fit € C, NT IZHULT, 5 tg € (tw) PIFELT to #w 2D w' € Ty X DAL
T5.

Proof. FEMIEHEE 2173 AR S, Claim 6 12k D, t € C,NT 2ESEZEE 4~ 1(4(1) B C, %
BB, ZhtkoT, 2 ey (1) NCS HBMERNS. FRIZED, 5 uc (zw)NX° T
w eT,X &350 MND. £7z, K z 2B v (y(x)NZ =7y"1(v1t)NZ THS—K
LULTH-THL.

EROBEDE &, FH M = (wrz) C X 2L, dimy(M) =1 TH-oT, —fl y € v(M)
IZDWT 2z € v 1(4(y)) BB B2 e dbird. ZhiE@RdNE v((uz)) = [T.X] € (PY)Y T
HBIEME, BEEIND t) & EMOZE (tw)N(uz) C M L UTHB ZEMNTES. O

ZIZETOFHEZID-> Tz KEiE® LS. EOXSITty e T M- T, Fili L = (toww') C
PN 2#%x%. ZOLELCX THB (bW, y to,w,w € Sing(X NL) £7%>TFEMNEL
%) ¥oTw e LCT,X 2#B5NT, Claim 6 2bbEd L

'Y(Cw) = ’Y(Cw n T) - (’UJ/)*
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DFENLBDORE. WE we Z F—BEEo720T, X* =v(X) C (w')* &Y, X » cone &>
TLESDOTFETHS. PLED X S %N T Theorem 2 DFEHLEDL .
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