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Chapter 1

Introduction

1.1 Background

Let B be a two-dimensional compact rigid body. Then the planar stationary motion of a

viscous incompressible fluid filling the domain exterior to the body B is governed by a

system of nonlinear partial differential equations, called the Navier-Stokes equations
—Aw+Vr = —w-Vw+h, divw =0, €,

(NS)

w=0, xe€d,

where we have set Q = R? \ B and assumed that the boundary ¢ is smooth. Here w =
(wy(x),ws(x))" and r = r(z) are respectively the velocity field and the pressure field of
the fluid at the point = (21,72) " € Q, and h = (hy(z), ha(x)) " is a prescribed external
force. At the boundary we impose the typical no-slip condition for viscous fluids implying
that the velocity of the fluid at the boundary is equal to the velocity of the boundary.

The two-dimensional Navier-Stokes equations naturally appear when one considers the
motion of a fluid in the three-dimensional domain where one direction is small enough
compared to the other two directions, and therefore the flow behaves in an essentially two-
dimensional manner. For example, the motion of the atmosphere or the ocean on large scales
is sometimes treated as two-dimensional for many purposes. The study of two-dimensional
flows has been motivated by such applications in addition to mathematical interests.

A specific difficulty related to the problem (NS) is the asymptotic behavior of solutions
at spatial infinity. To explain this let us consider (NS) under the Dirichlet condition in the
far field which describes that the motion of the fluid w is at rest at infinity:

w— 0, |z|—o0. (Di)

We firstly give a brief review of the three-dimensional results. The mathematical analysis of
(NS)—(Di) is started by Leray [43] in 1933, where the existence of solutions is established
in the class of finite Dirichlet integral || Vw||12(q) < oo for an arbitrary external force h in
HYQ) = VVO1 2(€2)*. The condition (Di) is also verified in [43] but in a weak sense by the
summability of the solutions in some weighted Lebesgue spaces. The uniform pointwise
convergence (Di) is later proved by Finn [13], Fujita [16], and Ladyzhenskaya [42] for
the case when an external force h has a compact support in 2. In order to investigate the
asymptotic behavior of solutions to (NS)—(Di) more in detail, Finn proved in [13] the unique



existence of small solutions with the following spatial decay at infinity
w(z) = O(|z|7Y), |z| — oo, (1.1)

for a given external force h(z) decaying sufficiently fast as |x| — oo. This class of solutions
has a special importance for it is invariant under the Navier-Stokes scaling for A € (0, 00):

wy(z) = Mw(z), ra(z) = Nr(z), (1.2)

which is an invariant scaling for the nonlinear problem (NS) considered in the whole space.
Thus, the solutions in the class (1.1) indicate the qualitative balance between the nonlinear-
ity w - Vw and the dissipation Aw. For the derivative estimates of the solutions constructed
in [13], which is important when one considers these stability properties, the optimal rate
Vw = O(|z|~?) is obtained by Novotny and Padula [49], and Borchers and Miyakawa [5]
if the external force h is given by h = div H with some matrix H = (H;j)1<; j<3 and the
quantity sup,cq(1 + |2|)2|H (z)| + supgeq(l + |2|)3|VH (z)| is sufficiently small. The
asymptotic profiles of the solutions satisfying (1.1) are studied by Sverdk [57], and Ko-
rolev and Sverdk [40] where it is proved that they are described by the Landau solutions,
stationary scale-invariant solutions to the Navier-Stokes equations in R3 \ {0}.

Contrary to the three-dimensional case, there have been only a few results for the two-
dimensional problem. In fact, the existence of solutions to (NS)—(Di) still remains open in
general. One reason for the difficulty is due to the lack of certain embeddings on unbounded
domains in the two-dimensional case. Actually, the method of Leray leads to the existence
of a vector field w satisfying (NS) with finite Dirichlet integral, however, we cannot verify
the condition (Di) only by using the regularity ||Vw||z2(q) < oco. Indeed, regardless of
the domain shape, one can always find a function W (x) of finite Dirichlet integral such
that |W ()| diverges as |x| goes to infinity. This fact provides a significant difference be-
tween the two- and three-dimensional cases. As for the study of the convergence of Leray’s
solutions at spatial infinity, we refer to Gilbarg and Weinberger [25, 26] and Amick [2, 3].

Another difficulty for the two-dimensional problem (NS)—(Di) is an over-determined
aspect of the linearized equations. A glimpse of this inconvenience, which is known as the
Stokes paradox, is firstly given by Stokes himself in 1851 for the case when the domain
Q) is the exterior to a disk; if we consider the linearized problem of (NS)—(Di) under a
nonhomogeneous Dirichlet condition w, € R?\ {0} on the boundary 92

—Aw+Vr =0, divw =0, z€Q,
(1.3)

w=w., T¢I, w—0, |z]— o0,

then, however, this problem does not admit a solution for any w, € R?\ {0}. The reason for
this phenomenon is clearly explained by Chang and Finn [7] later on in 1961 by means of
the asymptotic expansion of the solutions to (1.3). They prove that the solution w converges
to zero at spatial infinity only if the total net force to the boundary vanishes:

/ T(w,r)vde = 0, (1.4)
oN

where T'(u,p) = Vu + (Vu)" —pI, T = (8;j)1<i j<2 , denotes the Cauchy stress tensor,
and v = (1, v5) " is the outward unit normal vector to 9€2. This condition and the energy
equation for (1.3) yield that the flow w is a rigid motion, and hence that w = 0 which



cannot satisfy (1.3) since w, € R?\ {0}. The additional requirement (1.4), unfortunately,
also appears when we consider the linearization of (NS)—(Di) with h = div H written as

—Aw+Vr =divH, divw =0, z€Q,
(1.5)

w=0, z€dQ, w—0, |z|]—> o0,

even in the class H € C§°()%*2 (we note that w - Vw = div (w ® w) holds if div w = 0).
Thus, in proving the existence of small solutions to (NS)—(Di), while the analysis of the
linearized problem is a rather standard procedure, it is already difficult to obtain qualitative
estimates of the linear approximation (1.5) due to its over-determined feature. Partial results
related to the solvability of (NS)—(Di) have been obtained by Galdi [18], Russo [53], Ya-
mazaki [58], and Pileckas and Russo [52], where the solutions are constructed under some
symmetry conditions on both domains and given data. In particular, the two-dimensional
Navier-Stokes flows decaying in the scale-critical order O(|z|~1) are obtained in [58]. The
reader is also referred to a work by Hillairet and Wittwer [32] discussing the problem (NS)—
(Di) in an exterior disk when the no-slip condition in (NS) is replaced as w = azt + b,
xt = (—x9,21) ", with a smooth function b = b(z). We note that the flow a@% exactly
solves this problem if h = b = 0. When « is large enough and b is small, the solutions are
constructed in [32] around the explicit solution d%, where & is a number close to .

In addition to stationary flows around a still rigid body, it is also interesting to study the
dynamics of the fluid when the body moves in a prescribed manner. As we shall see below,
the latter case is more manageable mathematically in view of the asymptotic behavior of
the flows at large distances. In fact, in the two-dimensional case, the motion of the body
attributes a radical change in the decay structure of the flows, which especially implies the
resolution of the Stokes paradox. One of the most typical motions is a translation. The flows
around a body B translating with a given constant velocity ¢ € R? \ {0} are described by

{atv—Av—l—Vq:—v-Vv, dive =0, t>0,yeQ(t), (L6)

v=~¢&, t>0,y€edt), v —=0, t>0, |yl — o0,
where v = (vy(y,t),v2(y,t))" and r = r(y,t) respectively denote the velocity field and
the pressure field of the fluid at the time ¢ and the point y = (y1,72)" € Q(t), and the

external force is assumed to be absent for simplicity. The time-dependent domain €2(¢)
exterior to the translating body B (or, equivalently, occupied by the fluid) is expressed as

Qi) = {yeR?|ly=a+¢, z€Q}.

In order to consider the stationary flows in the coordinates attached to the translating body
B, it is appropriate to introduce the following reference frame:

y =x+&, u(rt) =o(y,t), plt) = qlyt). (1.7)

Then the flows solving (1.6) which do not depend on time in this frame are subjecting to

{—Au—f-Vu—&-Vp——qu, divu =0, €, (18)

u=¢, v€d, u—0, |z]—>o0.
The linearized equations of (1.8) are known as the Oseen equations. To perform a detailed

analysis of the equations, Oseen [50] in 1910 introduces the associated fundamental so-
lution. Then by using the representation formula, one can prove that a solution (ues, Pos)



to the Oseen equations has an anisotropic decay structure. More precisely, there exists a
parabolic wake region YW C R? in the direction —¢ such that we have for large ||,

Ues(z) = Oz 72), T €W, ues(z) = O], z¢W. (1.9

We note that this decay structure is valid even when the condition (1.4) with (w, r) replaced
by (uos, pos) fails. Hence the Stokes paradox does not appear in the Oseen equations case.
Moreover, based on the decay estimate (1.9), Finn and Smith in [14, 15] prove the unique
existence of small solutions to the nonlinear problem (1.8) for small but nonzero &.

The translation case above suggests that the motion of a rigid body leads to a localizing
effect on its surrounding fluid, which is strong enough that one can construct corresponding
stationary state solutions. Recently, an important progress is made by Hishida [35] when the
prescribed motion on the body is a rotation. Let us assume that the body B rotates around
the origin with a constant angular velocity & € R\ {0}. The Navier-Stokes equations for
the viscous incompressible fluid occupying the exterior to the rotating body B are given by

{8tU—AU+Vq:—U-V’U+g, dive =0, t>0,yeQt), (1.10)

v=oayt, t>0,yedNt), v—0, t>0,|y .

Here g = (g1(y,1),92(y,t)) " denotes the given external force. The time-dependent fluid
domain (%) can be written by using a rotation matrix O(at) as

o) = {y€R2\y:O(at)g;’ ze€Q}, Olat) = <Cosat —Sinat) ‘

sinat  cosat
As is done in the translation case, we introduce the frame attached to the rotating body 5 by
y = Oat)z, u(z,t) = O(at)To(y,t), plx,t) = qy,1),

flz,t) = O(at) " g(y.1).

To describe stationary flows in this frame, we assume that f = f(x) is independent of the
time. Then the solutions of (1.10) time-independent in the frame (1.11) satisfy

(1.11)

{—Au—a(wl-Vu—uL)—l—Vp:—u-Vu—i—f, divu =0, z€Q, (L12)

w=ozxt, r€d, u—0, |z]— 0.

Our first interest is focused on the asymptotic behavior of the solution (ujiy, pin) to the
linearized problem of (1.12). In [35] the associated fundamental solution and its detailed
estimates are obtained, and it is proved that if @ # 0 and the smooth external force f
satisfies some suitable decay conditions, then uy;, obeys the asymptotic expansion

1

win(z) = B + (14 |a| Yoz, |z| — oo, (1.13)

R

where the constant § = ((u, p, f) is given by

= i 1, 1
B = 47T(/89y (T (u, p)v) day+/Qy fdy). (1.14)

Hence we again obtain the localizing effect arising from the rotation of the body which
resolves the Stokes paradox as in the translation case. Particularly important here is the



leading profile 3 ﬁ% of the asymptotics expansion in (1.13). It decays in the scale-critical

order O(|z|~1) and, moreover, is invariant under the Navier-Stokes scaling (1.2). This
suggests that the similar asymptotics is valid also for the Navier-Stokes flow.

Motivated by the results in [35], it is natural to consider the following problems:

(I) Existence and uniqueness of solutions to the equations (1.12) for small « € R\ {0}.
(IT) Asymptotic behavior and leading profiles of these solutions at spatial infinity.
(IIT) Analysis of (1.12) when the rotation speed is sufficiently large |« > 1.

We shall prove the problems (I) and (II) in Chapter 2 by extending the results in [35]. The
large rotation case as in the problem (III) is of importance in view of the localizing effect
we have been discussing. It is natural to expect that a large rotation of the body would give
a strong localizing effect on the motion of the fluid, however at the same time, it produces
a strong shear near the boundary causing the appearance of boundary layers. Including this
competitive mechanism, we will discuss the problem (III) in Chapter 3.

Let us consider the leading term (3 % of (1.13) independently from the asymptotic

expansion. The scale-critical rotating flow on the exterior unit disk Q = {z € R? | |z| > 1}

xt 1

(8U, B*VP) with U(z) = LEr PO = —gm

is an exact solution to the Navier-Stokes equations (NS)—(Di) with h = 0 if we replace the
no-slip boundary condition w = 0 on 92 by the non-zero condition w = Sz on 9. We
recall that the general solvability of (NS)—(Di) in two dimensions is not established yet even
if the condition w = 0 on O is changed to w = Sz on 9. Thus it is useful to study
the property of such exact solutions in order to develop the theory of the two-dimensional
Navier-Stokes equations. One of the most important topics concerning stationary solutions
is stability. However, the stability analysis of the two-dimensional flows decaying in the
order O(|z|™!) is an open question in general. The difficulty is due to the fact that the
Hardy inequality ||%||L2(Q) < OVl [ € W, %(€), does not hold when € is an
exterior domain in R?. The asymptotic stability of U is treated in Maekawa [44] and the
local L2-stability is proved if 3 € R\ {0} and initial perturbations are small enough. We
generalize the result in [44] to the case when the domain loses symmetry in Chapter 4.
Some related future works are also discussed at the end of the chapter.

1.2 Outline of results

In this section we quickly give an outline of the results gathered in this thesis.

1.2.1 On stationary Navier-Stokes flows around a rotating obstacle in two-
dimensions (Chapter 2)

In Chapter 2 we consider the two-dimensional stationary Navier-Stokes equations describ-
ing viscous incompressible flows around a rotating rigid body (called the obstacle below):

—Au—oz(xL-Vu—ul)—FVp:—u-Vu—i—fv divu =0, x€Q,
w = azt, zedn, (NSq)

u— 0, |z]— o0,



where €2 is an exterior domain with a smooth boundary, while the real number o € R \ {0}
represents the rotation speed of the obstacle Q¢ = R? \ Q. The equations (NS,,) is already
derived as (1.12) in Section 1.1. As is also noticed in the same section, we shall prove the
existence and uniqueness of solutions to (NS, ) by extending the result of Hishida [35]. To
state the result let us introduce the function spaces. For a fixed number s € [0,00) we
introduce the weighted L space Lg°(£2) and its subspace L35() as

L) = {f e L2(Q) | (1 + |2])°f € L¥(Q)},

() = {f € LT ] Jim esssuppysplel|f (@) =0} (1.15)

These are Banach spaces equipped with the natural norm

[fllzge () = ess-supgen(l + |2])°[f ()],

and the set of functions with compact support is dense in L5 (€2). We denote by L% (Q)

the set of functions which belong to L*(2N K) for any compact set K C R?, and Wk’z(Q),

loc
k € N, is defined in a similar manner. The main result in Chapter 2 is stated as follows.

Theorem 1.2.1 There exists € = €(§2) > 0 such that the following statement holds. Assume
that f € L*(Q)? is of the form f = div F = (0, F11 + 02F12, 01 Fo1 + 0o Fh) | with some
F = (Fij)lgi,j§2 € LSO(Q)2X2 and F9 — Fy € Ll(Q) Ide ceR \ {0} and

1 _1
a2 | log |af| + [ef ™2 [log || (If1lr2) + 1Fll g @) + 1Fi2 — Faillpie)) <,
(1.16)

then there exists a solution (u, Vp) € (‘/Vli’f(ﬁ) N LCI’O(Q))2 x L% (Q)? to (NS,), which

is unique in a suitable class of functions (see Theorem 2.4.1 in Chapter 2 for the precise
description). If F' € Lg?O(Q)QXQ in addition, then the solution u = u(x) behaves as

L
u(z) = ,Béﬁm(wl), 2] = o0, (1.17)

where the constant 3 = (u,p, f) is given by

Here T(u,p) = Vu + (Vu)" — pl, T = (8;j)1<i j<a, denotes the Cauchy stress tensor,
and v is the outward unit normal vector to Of).

Remark 1.2.2 (i) Both conditions F' € L$(2)2%2 and Fis — Fy; € LY(Q) are criti-
cal in view of the Navier-Stokes equations scaling. Note that the L'-summability of F is
needed only for its antisymmetric part. These two conditions are not enough to ensure that
u behaves like the circular flow 3% at spatial infinity, and the additional decay condition
F e Lg?O(Q)QX2 as in Theorem 1.2.1 is required to achieve this asymptotic property.

(ii) The second term of the right-hand side of (1.18) is well-defined if F' € Lgf’o(Q)2X2 and

Fip — Fyy € LYQ). If F € LY (Q2)**? with v € (0,1) then the order o(|z|~") in (1.17)

is replaced by O(|z|~1~7) at least when « and f are further small depending on .



(iii) The pressure p is determined uniquely up to a constant and belongs to I/Vlf)CQ(Q) Then

the regularity u € Wlicz (€2)? yields that the coefficient 3 in (1.18) is well-defined.
(iv) In Theorem 1.2.1 we assume that the external force f is of divergence form. In fact, this
is not an essential assumption, and it is possible to deal with the external force f satisfying

et fe ),  feLP)?, (1.19)

with the smallness in these norms. Moreover, the asymptotic expansion (1.17) is verified
if f e L§’7°0(9)2 in addition. This is obtained by using our recent result [30] in the whole
space which solves the linearized problem for f satisfying (1.19).

As far as the author knows, Theorem 1.2.1 is the first general existence result of the
Navier-Stokes flows around a rotating obstacle in the two-dimensional case. For the three-
dimensional existence result, we refer to Borchers [4], Silvestre [55], Galdi [17], and Farwig
and Hishida [9]. In particular, in [17] the stationary flows with the decay order O(|x|~!) are
obtained, while the work of [9] is based on the weak L3-framework, which is another natural
scale-critical space for the three-dimensional Navier-Stokes equations. Our Theorem 1.2.1
is considered as a two-dimensional counterpart of the result of [17].

Let us state the key idea for the proof of Theorem 1.2.1. Our approach is motivated by
the linear analysis developed in [35], thus we recall its result more precisely than Section
1.1. The linearization of the Navier-Stokes equations (NS,) is written as

—Au—a(xL-Vu—uL)jLVp:f, divu =0, z€Q,
w=oazt, ze€d, (Sa)
u— 0, |z|]— o0,

where the condition @ € R\ {0} is imposed. In [35] it is proved that if the smooth external
force f = f(x) satisfies the decay conditions

/Q!fﬂllf(:v)ldw <oo, f(x) = o[ (loglal)™), |z = o0, (1.20)

then the solution u = u(x) to (S,) obeys the asymptotic expansion
x
u(z) = BW + 1+ ol Yoz, |z = oo, (1.21)

where the constant § = ((u, p, f) is given by

_ i € 1
B = 47T</my (T'(u, p)v) day+/9y fdy). (1.22)

Our strategy for the proof of Theorem 1.2.1 is summarized as follows; we derive at the same
time the unique existence of solutions and their asymptotic behavior, under the smallness
condition on the given data («, f) in (NS,). The solution in the form u = % + w is
constructed by the fixed point theorem, where both the coefficient 5 and the remainder term
w are sufficiently small corresponding to the size of («, f). However, it is far from trivial to
justify this idea directly from the results of [35], especially to ensure the smallness of (3, w)
in the iteration scheme. Indeed, there are at least two difficulties for this procedure: (I) the
condition (1.20) is slightly restrictive to handle the nonlinear term «- Vu in the scale-critical



framework, and more seriously, (IT) the singularity in (1.21) for small || may prevent us
from closing the nonlinear estimates. In fact, a flow subject to the system (NS,,) is naturally

pointwise bounded above by |a/| near the boundary due to the boundary condition u = oz,

In resolving the difficulty (I), the structure of the nonlinear term u - Vu = V - (u ® u)
is essential. Indeed, the symmetry of the tensor v ® u leads to a crucial cancellation in
the coefficient * fQ y* - (u - Vu) dy”, which removes a possible singularity caused by the
scale-critical decay of the flow v = O(|z|™!). To overcome the difficulty (II), we revisit the
argument of [35] analyzing the fundamental solution to (S,) in R? and modify the singular-
ity of o appearing in the estimates of the remainder term; see Theorem 2.3.1, Lemma 2.3.3,
and Theorem 2.3.8 in Chapter 2. Applying these improved estimates, the problem (NS,)
is solved by the standard Banach fixed point theorem. However, the argument becomes
quite complicated since we have to control two kinds of norms: the one bounds the local
quantity, while the other one controls the spatial decay. This machinery is needed since the
flow in a far field region (|z| > 1) exhibits a different dependence on |a| from the flow in a
finite fluid region, and in principle, the problem becomes more singular at || > 1 as |/ is
decreasing. In order to close the nonlinear estimates it is important to distinguish these two
dependences on |«| and to estimate their interaction through the nonlinearity carefully.

The result in this chapter is based on a joint work with Yasunori Maekawa and Yuu
Nakahara, which corresponds to the paper [31] published in Archive for Rational Mechanics
and Analysis.

1.2.2 On stationary two-dimensional flows around a fast rotating disk (Chap-
ter 3)

As we have seen in Section 1.1, the motion of a two-dimensional rigid body (obstacle)
leads to a drastic change in the decay structure of its surrounding fluid. Moreover, it yields
a significant localizing effect that enables one to construct corresponding stationary state
solutions to the Navier-Stokes equations when the motion is slow enough. Although on the
one hand a faster motion of the obstacle gives a stronger localizing and stabilizing effect,
on the other hand it produces a rapid flow and creates a strong shear near the boundary
that can be a source of instability. As a result, rigorous analysis becomes quite difficult for
the nonlinear problem in general. Hence it is useful to study the problem under a simple
geometrical setting and to understand a typical fluid structure that describes these two com-
petitive mechanisms; localizing and stabilizing effects on the one hand, and the presence of
a rapid flow and the boundary layer created by the fast motion of the obstacle on the other.
In Chapter 3 we study two-dimensional flows around a rotating obstacle assuming that
the obstacle is a unit disk centered at the origin, especially in the case when the rotation
speed is sufficiently fast. After following the same procedure as in Section 1.1, we consider
the following stationary Navier-Stokes equations in the domain 2 = {z € R? | |z| > 1}:

—Au—a(azl-Vu—uJ‘)—FVp: —u-Vu+f, z€Q,
divu =0, €, (NS,)

w=azrt, xedN.

Due to the symmetry of the fluid domain, there is an explicit solution to (NS,) with f = 0:

xt 1

2 : -t - _
(aU, &°VP) with U(z) = ek P(z) ek

10



Thus it is natural to consider an expansion around this explicit solution. By using the iden-
tity w- Vu = £ V|u|? + utrot u with rot u = d1us — d2uy and the condition rot U = 0 for
x # 0, the equations for v = u — aU can be written as

—Av—a(a:J"Vv—vj‘)—FVq—i-aUlrotv:—vJ‘rotv—i—f, x e,
dive =0, z€Q, (NSq)
0, xe€0N.

v

The goal of Chapter 3 is to show the existence and uniqueness of solutions to (ﬁéa) for
arbitrary o € R\ {0} under a suitable condition on the external force f in terms of regularity
and summability. Moreover, we shall give a detailed qualitative analysis for the fast rotation
case |a| > 1 that exhibits a boundary layer structure and an axisymmetrization of the flows.
The novelty of the results in Chapter 3 can be summarized as follows:

(1) Existence and uniqueness of solutions to (NS,) for arbitrary o € R \ {0}.

(2) Relaxed summability condition on f and on the class of solutions, which allows slow
spatial decay with respect to the Navier-Stokes scaling.

(3) Qualitative analysis of solutions in the fast rotation case |a| > 1.

As for (1), the result is new compared with the one obtained in Chapter 2 where the station-
ary solutions are obtained only for nonzero but small ||, though there is no restriction on the
shape of the obstacle. The reason why we can construct solutions for all nonzero « in the ex-
terior unit disk is a remarkable coercive estimate for the term —a (2t - Vo —vt) +aU rot v
in polar coordinates; see (1.33) below. As for (2), we note that the given data f and the class
of solutions in Chapter 2 are in a scale critical space. A typical condition for f assumed
in Chapter 2 is that f = div F' with F(x) = O(|z|~2), and then the solution v satisfies
|v(z)| < C|z|~! for |x| > 1. In Chapter 3 the summability condition on f is weaker than
this scaling, see (1.25) below. Moreover, the radial part of the constructed solution only be-
haves like o(1) as |x| — oo in general, which is considerably slow, while the nonradial part
of the solution belongs to L?(2) which is just in the scale critical regime. The point (3) is
important both physically and mathematically. Understanding the fluid structure around the
fast rotating obstacle is one of the main subjects of Chapter 3, and we show the appearance
of a boundary layer as well as an axisymmetrization mechanism due to the fast rotation.

Let us state our functional setting. Thanks to the symmetry of the domain it is natural
to introduce the relevant function spaces in terms of polar coordinates. As usual, we set

x1 = rcosf, x9 = rsinf, r=|z[>1, 0€][0,27),
1
T
e = —, € = — = Ope,,
|| |z|
and
V= vUr€ + Upey, Vp =V €., Vg = V-€y.

For each n € Z, we denote by P, the projection on the Fourier mode n:

Pov = vpne™e, + vg ey, (1.23)
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where

1 21 )
Vpn(r) = o ; vp(r cos @, rsin 9)6_”“9 de,
1 21 )
von(r) = o ; vg(r cos @, rsin 0)671"0 de.
We also set for m € NU {0},
(o)
Qnv = Y Puv. (1.24)

In|=m+1

For notational convenience we will often write v, for P,v. Each P, is an orthogonal
2

2
projection in L?(2)2, and the space L2(Q2) = {f € C§°(Q)? | div f = O}L s invariant
under the action of P,,. Note that vyg = Py is the radial part of v, and thus, Qyv is the
nonradial part of v. We will set P,,L2(Q)? = {f € L*(Q)? | f = P.f}, and similar
notation will be used for L2(Q) and Qp. A vector field f in (2 is formally identified with
the pair (Py f, Qo f). Then, for the class of external forces we introduce the product space

Y = PoLY(Q)? x QoL (Q)?. (1.25)
For the class of solutions we set WOI’T(Q) ={f e Wbt (Q)| f = 00on 0N} and
X = PoW,(Q)% x QoW ()2, (1.26)
Then our first result in Chapter 3 is stated as follows.

Theorem 1.2.3 There exists v € (0, 00) such that the following statements hold.
(i) Let 0 < |a| < 1. Then for any external force f = (Pof, Qof) € Y satisfying

1(Pof)ollzrey <lal [1QoF 2@y <alal”, (1.27)
there exists a unique solution (v, Vq) € X N Wlicl(Q) x L ()2 to (NS,) satisfying
1Povll o= (@) + | VPov|[ oo ) < CllPoS ol 10 + Clol ™ 211Q0f 1320 (1.28)
3
(e Z [Prvllzoe (@) + lell| Qovll 2 () + a2 IVQovlL2) < C||Qof||L2(Q) . (1.29)

In|>1
(ii) Let || > 1. Then for any external force f = (Pof, Qof) € Y satisfying
[(Pofallery <7, 1Qofllzz) <7 (1.30)
there exists a unique solution (v,Vq) € X N I/Vli’cl(Q) x Li ()2 to0 (NSa) satisfying

loc

[Pov]| o0 +HV730vHLoo < Cl(Pof)ollLr(e) + Clal™ 2IIQofHLz ; (1.31)
i D 1Puvll oo )+|O<| 1Qovllz2(0) + IV Qovllr2) < CllQofll2) - (1.32)
n|>1
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Note that the summability of f assumed in Theorem 1.2.3 is much weaker than the scale-
critical one. For the radial part Pov we can show lim,_, |[Pov(z)| = 0 but there is no
rate in general under the assumptions of Theorem 1.2.3. Theorem 1.2.3 already exhibits
the axisymmetrization of the fast rotation in L? and L>, which will be further extended in
Theorems 1.2.4 and 1.2.5 below. The proof of Theorem 1.2.3 consists in two ingredients:
one is the analysis of the linearized equations of (NS,)

—Av—a(zt Vv —vt) +Vg+aUtrotv = f, z€Q,
divv =0, z€Q, (Sa)
v=0, xe€dl.

The other is the estimate of the interaction between the radial part and the nonradial part in
the nonlinear problem. The linear result used in Theorem 1.2.3 is proved based on an energy
method. Although the proof of the linear result is not so difficult, there is a key observation
for the term —04(31:L - Vo — UJ‘) + aU~+rot v. Indeed, for the linearized problem (S,) the
energy computation for v, = P, v with n # 0 gives the key identity

2

Urn
E)HT

Oén<||vr,n||%2(g) - (1 - ‘iE(Q) + HU&TLH%Q(Q) B H?Hi%ﬂ))

= —Im(fn,vn) 2(0) -

(1.33)

Here f,, denotes P, f and the norm ||g|12(q) for the function g : [1,00) — C is defined
as (277)% 191l 2((1,00);r ar)- The key point here is that the bracket in (1.33) is nonnegative and

provides a bound for || 7”‘9'1‘2_1 Un |22 ()- Then by combining an interpolation inequality

ViiZ =1 2 N
TQHEQ(Q) + CHTQHLQ(Q)

1
lgllz2 (@) < CllOrgl Fa gy | (1.34)

for any scalar function g € W12((1, 00); 7 dr) with the dissipation from the Laplacian, we
can close the energy computation for all « € R\ {0}. In solving the nonlinear problem the
key observation is that the product of the radial parts in the nonlinear term can always be
written in a gradient form and thus regarded as a pressure term, which yields the identity

vrrot v = vé‘rot Qov + (Qov)Lrot vy + (Qov)J‘rot Qov + V¢ (1.35)

for a suitable ¢. Since Py (voLrot Qov + (Qov)*rot vg) = 0 as long as Qgpv € VVOLQ(Q)2
the radial part of the velocity in the right-hand side of (1.35) (neglecting V§) belongs to
LY(2)2, which is the same summability as the space Y. This is a brief explanation for the
reason why we can close the nonlinear estimate and solve (ﬁéa) in X forasource f € Y.

Our second result is focused on the fast rotation case || >> 1. In this regime there are
three fundamental mechanisms in our system:

(I) Axisymmetrization due to the fast rotation of the obstacle,

(IT) Presence of a boundary layer for the nonradial part of the flow due to the no-slip bound-
ary condition,

(IIT) Diffusion in high angular frequencies due to the viscosity.

(D) and (II) are potentially in a competitive relation, for the no-slip boundary condition
and the boundary layer can suppress the effect of the fast rotation to some extent.
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(II) and (IIT) are also competitive. Indeed, it is natural that if the viscosity is strong
enough then the boundary layer is diffused and is no longer observable. The important
task here is to determine the regime of angular frequencies in which the boundary layer
appears, and to estimate its thickness. We show that the boundary layer appears in the
regime 1 < |n| < O(|a|é), and the thickness is (2|an\)_% for each n in this regime. By
performing the boundary layer analysis we can improve the result stated in (ii) of Theorem
1.2.3 in the regime || > 1, which is briefly described as follows.

Theorem 1.2.4 There exists v € (0,00) such that the following statement holds. For all
sufficiently large || > 1 and for any external force f = (Pof, Qof) € Y satisfying

1 1
[(PofellLry <Alalz,  1Qofllrz) < vlal3, (1.36)

there exists a unique solution (v,Vq) € X N W2 ()2 x Ll (@)% 10 (NS,) satisfying

loc

[Pov]| oo (@) + IVPov| oo () < Cll(Pof)ollLr ) + C\a|_1|’QOf||%2(Q) , o (1.37)
_1 1 2 1
(log ) 2|al? Z | Prvl poe () + |3 | Qov |l r2(q) + a3 |V Qovl| L2 (q)

In|>1

< ONQoflz2 ) - (1.38)

By fixing the external force f we can state Theorem 1.2.4 in a different but more convenient
way to understand the qualitative behavior of solutions in the fast rotation limit.

Theorem 1.2.5 Forany f = (Pof, Qof) € Y there is sufficiently large oy = oo (|| flly) >
1 such that the following statements hold. If |o| > «q then there exists a unique solution

(@), Vg @) e X nWEHQ)? x LL (Q)? 10 (NS,) satisfying

[0 = 0| oo ) < Clloga])? a7 (1.39)
Here v{i"®™ is the solution to the linearized problem (S,) with f replaced by Py f which is
in fact independent of o, and C' depends only on || f||y.

By going back to (NS, ), Theorems 1.2.4 and 1.2.5 show that there exists a unique solu-
tion u = u(® of (NS,.) which satisfies

. 1 1
[0®) — QU = o () < ClloglaFlal™%, Ja| >1.  (140)

The new ingredient of the proof of Theorems 1.2.4 and 1.2.5 consists in refined estimates
for the linearized problem (S,,), while the nonlinear problem is handled exactly in the same
manner as in the proof of Theorem 1.2.3. For (S,) we observe that in polar coordinates the
angular mode n of the streamfunction 1 satisfies the ODE in r € (1, c0)

2 1d n? 1 2 1d n?
s ian(l- ) ) (e = )b =0 1.41
(dr2+rdr T2+zom( r2)>(dr2 r dr r2)¢n ’ (141)
with the boundary condition ¢, (1) = d(ﬁ," (1) = 0 when |n| > 1. The thickness of the
boundary layer originating from the fast rotation is determined by the balance between dd—;
and ian(1— %2) ~ 2ian(r—1) near r = 1 as long as the dissipation —’7}—22 ~ —n? is moder-

o . . 1 . oo
ate. This implies that the thickness is |2an|™ 3. Then the regime of n where the dissipation
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is relatively moderate is estimated from the condition n? < dd—; ~ O(|om|%), which leads
to |n| < O(|af %) From this observation we employ the boundary layer analysis when the
angular frequency n satisfies 1 < |n| < O(|«| 3 ), while we just apply an energy estimate
again in the regime |n| > O(|«| %) where the boundary layer is no longer present.

The result in this chapter is based on a joint work with Isabelle Gallagher and Yasunori
Maekawa, which corresponds to the paper [22] published in Mathematische Nachrichten.

1.2.3 Note on the stability of planar stationary flows in an exterior domain
without symmetry (Chapter 4)

In Chapter 4 we consider the following perturbed Stokes equations for viscous incompress-
ible flows in a two-dimensional exterior domain €2 with a smooth boundary.

ov—Av+V -Vo+ov-VV+Vqg=0, t>0, x€Q,
dive =0, t>0, €,
vlgo = 0, t>0,
V=0 = vo, x €.

(PS)

Here the given vector field V = V(z) = (V;(x), Va(x)) T is assumed to decay in the scale-
critical order V' (x) = O(|z|™!) at spatial infinity. The exterior domain {2 is assumed to be
contained by the domain exterior to the radius-1 disk {z € R? | |z| > $}.

The aim of Chapter 4 is to investigate the LP- L9 estimates to the equations (PS), under
a suitable condition on the vector field V. The equations (PS) have been studied as the
linearization of the Navier-Stokes equations around a stationary solution V. The analysis of
the two-dimensional problem as (PS) is, contrary to the three-dimensional case, quite com-
plicated and there is no general result so far; see Borchers and Miyakawa [5] for the results
in three dimensions. The difficulty arises from the unavailability of the Hardy inequality

. ——||Vf
Héum) <COIVfli, feWgi@) = Cr@) 1w,

(1.42)
The validity of this bound is well known for three-dimensional exterior domains, and the
three-dimensional results essentially rely on the inequality (1.42). One can recover the
Hardy inequality in the two-dimensional case if the factor |z|~! in the left-hand side of
(1.42) is replaced with a logarithmic correction ||~ log(e + |z|)~*, but this inequality
has only a narrow application in our scale-critical framework. Another way to recover the
inequality (1.42) is to impose the symmetry on both {2 and f, and such an inequality is
applied in the analysis of (PS) for the case when V' is symmetric. Yamazaki [S9] proves the
LP-L4 estimates to (PS) with the symmetric Navier-Stokes flow V (z) = O(|z|™!), under
the symmetry conditions on both the domain and given data. We note that these estimates
imply the asymptotic stability of V under symmetric initial L?-perturbations.

An important remark is given by Russo [54] concerning the Hardy-type inequality in
two-dimensional exterior domains without symmetry. Let us introduce the next scale-
critical radial flow W = W (x), which is called the flux carrier.

W(z) = xi zeR2\ {0}. (1.43)
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Then, from the existence of a potential to W (z) = V log|z|, one can show that the follow-
ing Hardy-type inequality holds in the L?-inner product (-, -) L2(Q):

: ———||Vu
(- Vu, W) o) < O Vuldagy.  ueWo(@) = Coo(@) 2@ . (1.44)

By the energy method using (1.44), Guillod [27] proves the global L?-stability of the flux
carrier )W when the flux ¢ is small enough. On the other hand, the validity of the inequality
(1.44) essentially depends on the potential property of W. Indeed, as is pointed out in [27],
the bound (1.44) breaks down if T is replaced by the next rotating flow U = U (z):

il

U(z) = \TW z € R2\ {0}. (1.45)
Hence, if we consider the problem (PS) with V' = aU, a € R\ {0}, the linearized term
a(U - Vv + v - VU) can no more be regarded as a perturbation from the Laplacian, and
we cannot avoid the difficulty coming from the lack of the Hardy inequality. Maekawa
[44] studies the stability of the flow aU in the exterior unit disk. The symmetry of the
domain allows us to express the solution to the problem (PS) explicitly through the Dunford
integral of the resolvent operator. Based on this representation formula, [44] obtains the
LP-L7 estimates to (PS) with V' = aU for small but non-zero o, and shows the asymptotic
L?-stability of aUU if o and initial perturbations are sufficiently small.

Our first motivation is to generalize the result in [44] to the case when the domain loses
symmetry (and the second one is explained in Remark 4.1.2 (3) of Chapter 4). Let us prepare
the assumptions on the domain 2 and the stationary flow V" in (PS). We denote by 5,(0)
the two-dimensional disk of radius p > 0 centered at the origin.

Assumption 1.2.6 (1) There is a positive constant d € (0, i) such that the complement of
the domain §Q satisfies

Bl_gd(O) cQ°cC Bl_d(O) . (1.46)

(2) Let the constants o € (0,1) and d € (0, 1) in (1.46) be sufficiently small. Then the
vector field V' in (PS) satisfies divV = 0 in Q) and the asymptotic behavior

V(z) = BU(z) + R(x), =€, (1.47)

where U(x) is the rotating flow in (1.45). The constant 3 and the remainder R(x) are
assumed to satisfy the following conditions with some y € (%, 1) and k € (0,1):

ﬁ =a+tag, |&d| SCda BG (0? 1)> (1.48)
sup |z|'™|R(z)| < CB°d, (1.49)
x€Q)

where the constant C' depends only on .

Remark 1.2.7 (1) Formally taking d = 0 in (1.46)—(1.49) we obtain the flow V' = U
in the exterior disk 2 = R? \ B;(0), which solves the two-dimensional stationary Navier-
Stokes equations (SNS): —Au +u-Vu+ Vp = f,dive = 01in Q, u = b on 012, and
u — 0as |z|] — oo with f = 0and b = az’. The vector field V in (1.47)-(1.49)
describes the flow around aU created from a small perturbation to the exterior disk, and
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hence, one can naturally expect the existence of such solutions to (SNS) if f and b — ax™*

are sufficiently small with respect to 0 < d < 1. Indeed, imposing the symmetry on the
domain perturbation in (1.46), we can construct the Navier-Stokes flow V satisfying at least
(1.47) and (1.48) for small symmetric given data by the energy method and the recovered
Hardy-inequality (1.42) thanks to the symmetry of the domain €2 and the remainder R.

(2) The novelty of our assumption is that we do not impose the symmetry either on the
domain €2 and the flow V/, and it is a crucial assumption for the stability analysis in [59]
to resolve the difficulty related to the lack of the Hardy inequality. While one can realize
the exterior disk case in [44] by putting d = 0 to (1.46)—(1.49) formally. In this sense, the
assumption gives a generalization of the setting in [44] to non-symmetric domain cases.

Before stating the main result in Chapter 4, let us introduce some notations and basic
facts related to the problem (PS). We denote by L2 () the L?-closure of C6 (). The
orthogonal projection P : L2(Q2)? — L2(Q) is called the Helmholtz projection. Then the
Stokes operator A with the domain D;2(A) = L2(2) N W()1’2(Q)2 N W22(Q)? is defined
as A = —PA, and it is well known that the Stokes operator is nonnegative and self-adjoint
in L2 (). Finally we define the perturbed Stokes operator Ay as

Dp2(Ay) = Dp2(A),

(1.50)
Ayv = Av+P(V-Vuo+v-VV).

The perturbation theory for sectorial operators implies that —Ay generates a Cp-analytic
semigroup in L2(£2). We denote this semigroup by e~*AV . Then our main result is stated
as follows. Let d, 3, and ~ be the constants in Assumption 1.2.6.

Theorem 1.2.8 There are positive constants [3, and . such that if 5 € (0,5,) and d €
(0, 1+ 3%). then the following statement holds. Let q € (1,2]. Then we have

_ C _1,1
le™™Y fll 20y < ek 2| fllay, t>0, (1.51)
Ve thv < 0 1.52
[Ve™ ™V fll o) < 52t N fllza@y, t>0, (1.52)

for f € L2(2) N L4()2. Here the constant C is independent of 3 and depends on q.

As an application of Theorem 1.2.8, we can prove the local L?-stability of V' for the Navier-
Stokes equations, as is stated in Theorem 4.1.4 in Chapter 4.

The proof of Theorem 1.2.8 relies on the resolvent estimate to the perturbed Stokes
operator Ay. Since the difference Ay — A is relatively compact to A in L2 (£2), one can show
that the spectrum of —Ay has the structure o(—Ay ) = (—00,0] U ogisc(—Ay) in L2(9),
where o4isc(—Ay ) denotes the set of discrete spectrum of —Ay; see [44, Lemma 2.11 and
Proposition 2.12]. By using the identity v-Vv = %V!v|2+erot v withrot v = Q1vy— 001
and rot U = 0 in « € (), we can write the resolvent problem associated with (PS) as

Mo — Av+ U rotv+div(RQv+v®@R)+Vqg = f, z€Q,
dive =0, ze€, (RS)
vlga = 0.

Here A € C is the resolvent parameter and we have used the conditions divv = divR =0
to derive R- Vv + v - VR = div(R ® v + v ® R). Hence, the proof of Theorem 1.2.8 is
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complete as soon as we show that there is a sector ¥ included in the resolvent set p(—Ay/),
and that the following estimates to (RS) hold for ¢ € (1,2] and f € L2(Q2) N LI(2)2:

1 C . -341
% L2(Q) = o9 NI LaQ) ;
(A +Av)" /] <3 (A2l 7l AeX
3 O (1.53)
IV +AV) ™ fllze@) < @W | fllpay, A€

Let us prepare the ingredients for the proof of the resolvent estimates (1.53). Our approach
is based on the energy method to (RS), and thus one of the most important steps is to
obtain the estimate for the term |{8U~rot v, v) r2(q)| which enables us to close the energy
computation. Again we note that the bound |(3U~rot v, V)2l < C/B”VUH%Q(Q) is no
longer available contrary to the three-dimensional cases.

Firstly let us examine the next inequality containing the parameter 7' >> 1:
B
(BUr0t v, ) 2y | < ZIVellayllel ooy + CBOMIVElEagy, (154

where the function ©(T) satisfies O(T") =~ logT if T' > 1. This inequality leads to the
closed energy computation for (RS), as long as the coefficient C30(T') is small enough so
that the second term in the right-hand side of (1.54) can be controlled by the dissipation from
the Laplacian in (RS). However, this observation does not give the information about the
spectrum of —Ay near the origin. More precisely, we cannot close the energy computation
when the resolvent parameter A\ is exponentially small with respect to 3, that is, when

0< A< O(eié). We emphasize that this difficulty is essentially due to the unavailability
of the Hardy inequality (1.42) in two-dimensional exterior domains.

To overcome the difficulty for the case 0 < |A\| < O(efé ), we rely on the representation
formula to the resolvent problem in the exterior unit disk established in [44]. Since the
restriction (v|{|z>1}, @l{|z|>1}) gives a unique solution to the next problem for (w,r):

Mo — Aw + fUrrotw + Vr = —div(R@v+v®R) + f, |z| >1,
divw =0, |z|>1, (RS®Y)
Wlgjaj=1} = Vl{jel=1} >

we can study the a priori estimates of w = v|{| «|>1) based on the solution formula to (RS®Y).
Then a detailed calculation shows that |{3Urot v, V) 2({|z|>1}) | satisfies

[(BU 10t v, ) £2((jaf>1})|
C 2
< Gi(IR@v+v@ Rl + 6 > IPvllzoegjo=1p)

In|=1

C. . _oy2
+ i e + CBIVY L)

(1.55)

where P, v denotes the Fourier n-mode of v|{|z‘21}; see (1.23) in Subsection 1.2.2 for the
definition. Once we obtain (1.55) then the estimate of |(3U~rot v, v) r2(q)| is derived by
using the Poincaré inequality on the bounded domain 2 \ {|z| > 1}. However, in closing
the energy computation, we need to be careful about the S-singularity in the coefficients
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in (1.55). In fact, the first term in the right-hand side of (1.55) has to be controlled by the
dissipation as

| Q

2 . 1
(IR@v+v® Rl +8 Y Pavlleui=1p)” < =7(8%d + Bd2)*|[Voll72(q) ,

In|=1

Sy

and then the smallness of C'(5"d + Bd%)2674 < 1 is required in order to close the en-
ergy computation. This condition is achieved by imposing the smallness on the distance d
between the domain € and the exterior unit disk, which is introduced in Assumption 1.2.6.

Next we pay close attention to the S-dependencies appearing in Theorem 1.2.8. If we
consider the limit case d = 0 and V' = aU in Assumption 1.2.6, then the term

BU*rotv +div(R®v+v®R) = aUtrotw

in (RS) has an oscillation effect on the solutions in the exterior disk Q@ = {|z| > 1} at
least when A = 0. Indeed, for the solutions to (RS) with A = 0, this effect leads to the
faster spatial decay compared with the case o = 0 (i.e. the Stokes equations case), and this
observation is indeed an important step in Hillairet and Wittwer [32] to prove the existence
of the Navier-Stokes flows around aU in the exterior disk when the rotation « is large, as
explained in Subsection 1.1. However, contrary to the stationary problem, the situation be-
comes more complicated if we consider the nonstationary problem requiring the analysis of
(RS) for nonzero A € C\ {0}, since there is an interaction between the two oscillation ef-
fects due to the terms \v and aU-rot v in (RS). In fact, even in the exterior disk, a detailed
analysis to the representation of the resolvent operator suggests the existence of a time-
frequency domain, which we call the nearly-resonance regime, where the oscillation effect
from aUrot v is drastically weakened by the one from \v and the a-singularity appears in
the operator norm of the resolvent. The existence of the nearly-resonance regime yields that
the stability of the aU-type flows is sensitive under the perturbation of the domain. This is
the reason why the distance d between the fluid domain €2 and the exterior disk is assumed
to be small depending on 5 = « + &4 in Theorem 1.2.8. Additionally, Lemma 4.5.6 il;l

Chapter 4 implies that the nearly-resonance regime lies in the annulus e 52 < |\ < e 7
in the complex plane. As far as the author knows, the existence of such time-frequency
domain and the qualitative analysis seem to be new and have not been achieved before.

In the last section we discuss some future work. We proved the LP-L? estimates for
the semigroup e **V in Theorem 1.2.8, however, they are singular in the small parameter
5. Especially, these singularities lead to the restriction on the size of the initial data in the
stability analysis. Our aim is to derive the semigroup estimates without the S-singularity by
allowing slower decays in time. To make the problem simple, we take a formal limit d = 0
in Assumption 1.2.6. Then we obtain the rotating flow aU = a%, a € (0,1), on the

exterior disk D = {z € R? | |z| > 1}, and the perturbed Stokes equations (PS,) written as

ov—Av+aU -Vo+v-VU)+Vqg=0, t>0, x€D,
divve =0, t>0, x€D,

PS
vlop = 0, t>0, (PSa)

v]t:() =vy, xT€E€D.

We define the perturbed Stokes operator A, associated with the problem (PS,) by (1.50)
with Ay and V respectively replaced with A, and aU. Again, the perturbation theory
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for sectorial operators leads to the generation of an analytic semigroup by —A,, in L2(D),
which we denote as e~*<. Our main result in the last section is the following exponentially
large time estimates for the semigroup e~ *Ae:

Theorem 1.2.9 There is a positive constant o, such that if o € (0, cv) then the following
statement holds. Let q € (1,2]. Then we have
1

_141 1
Ct a'2 Hf”Lq(D) ) te (0’66(’} ’

lle™ ™ £l 2py < (1.56)

g, 141 1
Ca(logt)®t 2| fllLapy, t€ (eba,00),

1 N
Cta||fllLapy, t€(0,eda],

Ve~ ™ £l r2(py < (1.57)

1

1
CoP(logt) %t ||l Lap) 1 € (e55,00).
for f € LE(D) N L4(D)2. Here the constant C'is independent of o and depends on q.

Remark 1.2.10 Compared with the LP-L? estimate in Theorem 1.2.8, the new estimate
in (1.56) or (1.57) is uniformly bounded in sufficiently small @ € (0,1) for each fixed
t € (0, 00), while the bound in the right-hand side decays slower or even grows in time.

By applying Theorem 1.2.9, we can prove the nonlinear stability of aU for fast decaying
initial data under a milder smallness condition compared with the result in the main sections.

The proof of Theorem 1.2.9 is carried out by resolving the a-singularity in (1.53) with
Ay, Q, and B respectively replaced with A,, D, and «. This resolution causes the ap-
pearance of the logarithm |log |A|| in the resolvent estimates, which finally leads to the
logarithmic loss in the time decay estimates in Theorem 1.2.9; see the proof of Theorem
4.6.7 in Subsection 4.6.1 for the correspondence between the singularities 2 and | log [A[].

The result in this chapter basically corresponds to the submitted paper [29], while the
work in the last section is in preparation.
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Chapter 2

On stationary Navier-Stokes flows
around a rotating obstacle in
two-dimensions

Abstract We study the two-dimensional stationary Navier-Stokes equations describing the
flows around a rotating obstacle. The unique existence of solutions and their asymptotic
behavior at spatial infinity are established when the rotation speed of the obstacle and the
given exterior force are sufficiently small.

2.1 Introduction

In this chapter we consider the two-dimensional Navier-Stokes equations for viscous in-
compressible flows around a rotating obstacle in two-dimensions:

ov—Av+v-Vvo+Vqg =g, dive =0, t>0,y€Q(t),
v=ayt, t>0,yecdt), (2.1)
v—0, t>0,y —oco.

Here v = v(y,t) = (vi1(y,t),v2(y,t))" and ¢ = q(y,t) are respectively the unknown
velocity field and pressure field, and g = g(y,t) = (91(y,t),g2(y,t)) " is a given external
force. The time-dependent domain €2(¢) is defined as

Qt) = {y€R2 ly=0(at)z, z € Q},
O(at) = <cosat sinat) ’ (2.2)

sinat cosat

where () is an exterior domain in R? with a smooth compact boundary, while the real number
a # 0 represents the rotation speed of the obstacle Q¢ = R? \ Q. We use the standard
notation for derivatives: 0; = %, 0; = %, A= 23:1 8?, dive = Z?Zl djvj,v- Vv =
25:1 v;0;v. The vector z+ € R? denotes the perpendicular of : 2+ = (—z9,21)".
The system (2.1) describes the flow around the obstacle €2° which rotates with a constant
angular velocity a, and the condition v(t, ) = ay™ on the boundary 9$(t) represents the

no-slip boundary condition. To remove the difficulty due to the time dependence of the fluid

21



domain, it is more convenient to analyze the system (2.1) in the reference frame:

Yy = O(Oét)él?, u(m,t) = O(at)Tv(y7t)7 p(x,t) = Q(yvt)v
fla,t) = O(at) g(y.t),

fort > 0and € Q. Here M denotes the transpose of a matrix A/. Then (2.1) is
equivalent with the equations in the time-independent domain €2:

Otu—Au—a(wL-Vu—uL)—FVp: —u-Vu+f, divu=0, t>0,xeQ,
w=azt, t>0,xecdN,

u—0, t>0,]z]—>o0.

In this chapter we are interested in the stationary solutions to this system. Thus we assume
that f is independent of ¢ and consider the next system

*AU*O{(xJ_‘VU*UJ_)+vp:*U‘V'U/‘Ff, divu =0, x€Q,
w=az", x€d, (NSo)
u—0, |z|]— .

To state our result let us introduce the function spaces used in this chapter. As usual, the
class CG5,(§2) is defined as the set of smooth divergence free vector fields with compact

support in €2, and the homogeneous space Wolf(Q) is the closure of CF5, (£2) with respect

to the norm ||V f||z2(q). For a fixed number s > 0 we also introduce the weighted L>
space L;°(€2) and its subspace L35 (£2) as follows.

LE(Q) = {f € L2(Q) | (1 + |2])*f € L¥(Q)},

Q) = {f € LE(@) | Jim ess.sup,ps plollf(2)] = 0} 3

These are Banach spaces equipped with the natural norm

[ fllze() = esssupgeq(l + [2])°|f(z)],

and the set of functions with compact support is dense in L;oo(Q). Moreover, for any
bounded sequence {f,,} in L3°(Q) (or LGH(2)) with || fnl| Lo () < M for some positive
number M, there exists a subsequence { f,,y} which converges in the weak-star topology in
the sense that there is f € L3°(Q) (or f € L35(€2), respectively) such that

n'/—o00

lim | for(2)d(2)(1 + |2])° do = /f($)¢(w)(1+ j2|)*dz,  forany ¢ € L'(Q),
Q Q

and || f || Lo () < M. We denote by Li_(€) the set of functions which belong to L*(Q2N K)

for any compact set K C R?, and W“(Q) k € N, is defined in a similar manner.

loc
The main result of this chapter is stated as follows.

Theorem 2.1.1 There exists e = €(€2) > 0 such that the following statement holds. Assume
thatf S LQ(Q)Q is of the form f =divF = (81F11 + 09 F19,01F5 + 82F22)T with some
F = (Fij)lgi,j§2 € L?(Q)zXQ and 9 — Foy € Ll(Q) If o 75 0 and

1 _1
o2 [og ol + |o| ™2 |log |al| (Il c2() + 1F Nz () + [1F12 = Farllpye) <e.
(2.4)
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then there exists a solution (u,Vp) € (Wﬁf(ﬁ) N L91’C’((2))2 x L% (Q)? to (NSy), which

is unique in a suitable class of functions (see Theorem 2.4.1 for the precise description). If
F e Lgfo(Q)2X2 in addition, then the solution u behaves as

€1

x -1
W+O(|$| ), |z = o0, (2.5)

u(z) =
where

B = ” y= - (T(u,p)v) day+}ig(l)/ﬂe_5y'2yL-fdy- (2.6)

Here T(u,p) = Vu + (Vu)" — pl, T = (6;j)1<i j<a, denotes the Cauchy stress tensor,
and v is the outward unit normal vector to Of).

Remark 2.1.2 (i) The smallness condition on f and F in (2.4) can be slightly weakened
with respect to the dependence on «; see Theorem 2.4.1 for details.

(ii) Both conditions F' € L$°(2)?*2 and Fyy — Fy; € LY(Q) are critical in view of the
Navier-Stokes equations scaling. Note that the L'-summability of F' is needed only for its
antisymmetric part. These two conditions are not enough to ensure that u behaves like the
circular flow 3 ﬁ at spatial infinity, and the additional decay condition " € L3%(€2)**?
as in Theorem 2.{.1 is required to achieve this asymptotic property.

(iii) The second term of the right-hand side of (2.6) is well-defined if F' & Lgfo(Q) and
Fio — Fy; € LY(Q). If F possesses an additional decay such as L55.,(Q) with v € (0, 1)
then the order o(|z|~1) in (2.5) is replaced by O(|x|~1~7) at least when « and f are further
small depending on ~. The precise description for this result is stated in Theorem 2.4.1.
(iv) The pressure p is determined uniquely up to a constant and belongs to Wllof (). Then
the regularity u € Wlicz (€2)? yields that the coefficient 3 in (2.6) is well-defined.

(v) In Theorem 2.1.1 we assume that the external force f is of divergence form. In fact, this
is not an essential assumption, and it is possible to deal with the external force f satisfying

at feLNQ),  feL$(Q)?, (2.7)

with the smallness in these norms. Moreover, the asymptotic expansion (2.5) is verified if
fe Lg?o(ﬂ)2 in addition. This is obtained by using the recent result by [30] in the whole
space which solves the linearized problem for f satisfying (2.7). Although this result is not
so trivial since the condition (2.7) is just in the scale-critical regime, we focus only on f of
divergence form in this chapter, for the argument becomes shorter due to the fact that the
nonlinear term is also written in the divergence form as div (u ® u).

As far as the author knows, Theorem 2.1.1 is the first general existence result of the
Navier-Stokes flows around a rotating obstacle in the two-dimensional case. Before stat-
ing the main idea of the proof of Theorem 2.1.1, let us recall some known results on the
mathematical analysis of flows around a rotating obstacle.

So far the mathematical results on this topic have been obtained mainly for the three-
dimensional problem, as listed below. For the nonstationary problem the existence of global
weak solutions is proved by Borchers [4], and the unique existence of time-local regular
solutions is shown by Hishida [33] and Geissert, Heck, and Hieber [23], while the global
strong solutions for small data are obtained by Galdi and Silvestre [20]. The spectrum of
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the linear operator related to this problem is studied by Farwig and Neustupa [12]; see also
the linear analysis by Hishida [34]. The existence of stationary solutions to the associated
system is proved in [4], Silvestre [55], Galdi [17], and Farwig and Hishida [9]. In particular,
in [17] the stationary flows with the decay order O(|z|~!) are obtained, while the work of
[9] is based on the weak L3 framework, which is another natural scale-critical space for
the three-dimensional Navier-Stokes equations. Our Theorem 2.1.1 is considered as a two-
dimensional counterpart of the result of [17]. For the asymptotic profiles of the stationary
flows at spatial infinity are studied by Farwig and Hishida [10, 11] and Farwig, Galdi, and
Kyed [8], where it is proved that they are described by the Landau solutions, stationary self-
similar solutions to the Navier-Stokes equations in R? \ {0}. The stability of the stationary
solutions has been well studied in the three-dimensional case; the global L? stability is
proved in [20], and the local L? stability is obtained by Hishida and Shibata [39].

All results mentioned above are in the three-dimensional case, while only a few results
are known so far for the flow around a rotating obstacle in the two-dimensional case. Re-
cently, an important progress has been made by Hishida [35], where the asymptotic behavior
of the two-dimensional stationary Stokes flow around a rotating obstacle is investigated in
details. The equations studied in [35] are written as

—Au—a(mJ‘-Vu—uL)+Vp:f, divu =0, xz€Q,
u=="b, x€0N, (Sa)
u—0, |z|]—o00.

Here b = b(x) is a given smooth function on 0€2. It is proved in [35] that if & # 0 and the
smooth external force f satisfies the decay conditions

/Q|x\|f|d:v < 00, flx) = 0(|x]_3(10g\:v|)_1) , x| = o0, (2.8)

then the solution u to (S,) decaying at spatial infinity obeys the asymptotic expansion

ozt — 2c0n

Ar|z|? + @+ ooz 7Y, 2] = o0, (2.9)

u(z) =
where

c1 :/ yl-(T(u,p)+ab®yL)uday+/yl-fdy,
a0 Q

co :/ b-vdoy.
o

The result of [35] leads to an important conclusion that the rotation of the obstacle resolves
the Stokes paradox (see Chang and Finn [7] for the rigorous description of the Stokes para-
dox) as in the Oseen resolution. We recall that when the obstacle is translating with a con-
stant velocity 1o, € R?\ {0} the Navier-Stokes flows have been constructed by Finn and
Smith [14, 15] for small but nonzero u.., through the analysis of the Oseen linearization;
see also Galdi [19]. The resolution of the Stokes paradox for (S,) is due to the fact that the
rotation removes the logarithmic singularity of the associated fundamental solution, which
has been well known for the Oseen problem where the resolution occurs by the translation.

(2.10)

For a two-dimensional exterior problem related with ours, the reader is referred to a
work by Hillairet and Wittwer [32], where the stationary problem of (2.1) is discussed
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when Q(t) = {y € R? | |y| > 1} and the boundary condition is given as v = ay* + b with
a smooth and time-independent b. We note that the flow aﬁ exactly solves this problem
when b = 0. When « is large enough and b is sufficiently small the stationary solutions
are constructed in [32] around the explicit solution di’/—;, where & is a number close to .
Although the problem discussed in [32] is different from ours due to the time-independent
given data b in the original frame (2.1), the solutions obtained in [32] share a common
property with the ones in Theorem 2.1.1 in view of their asymptotics at spatial infinity.

It is well known that the existence of stationary Navier-Stokes flows in two-dimensional
exterior domains (hence, formally o = 0 in (NS,,)) is an open problem in general. Partial
results related to this problem have been obtained by Galdi [18], Russo [53], Yamazaki [58],
and Pileckas and Russo [52], where the solutions are constructed under some symmetry con-
ditions on both domains and given data. In particular, the two-dimensional Navier-Stokes
flows decaying in the scale-critical order O(|x|~!) are obtained in [58] in this category. The
uniqueness is also available again under some symmetry conditions, see Nakatsuka [48].

The stability of the stationary solutions obtained in [32, 58] or in Theorem 2.1.1 is a
highly challenging issue due to their spatial decay in the scale-critical order, and it is still an
open question in general. The difficulty is brought from the fact that the Hardy inequality
||%||L2(Q) < CVflrz@)y f € W&’Q(Q), does not hold when €2 is an exterior domain in

R2. We will discuss the stability problem more in detail in Chapter 4.

Finally, let us state the key idea for the proof of Theorem 2.1.1. Our approach is moti-
vated by the linear analysis developed in [35], where (2.10) is obtained through the detailed
analysis of the fundamental solution associated to the system (S,) in R2. The expansion
(2.9) strongly indicates that the similar asymptotics is valid also for the Navier-Stokes flow,
since the leading profile in (2.9) is a stationary self-similar solution to the Navier-Stokes
equations in R? \ {0}. Thus our strategy for the proof of Theorem 2.1.1 can be summarized
as follows; we derive at the same time the unique existence of solutions and their asymptotic
behavior, under the smallness condition on the given data («, f) in (NS,). The solution in
the form u = % + w is constructed through the Banach fixed point theorem, where both
the coefficient 5 and the remainder term w are sufficiently small corresponding to the size
of (o, f). However, it is far from trivial to justify this idea directly from the results of [35],
especially to ensure the smallness of (3, w) in the iteration scheme. Indeed, there are at
least two difficulties for this procedure: (I) the condition (2.8) is slightly restrictive to han-
dle the nonlinear term u - Vu in the scale-critical framework, and more seriously, (II) the
singularity in (2.9) for small || may prevent us from closing the nonlinear estimates. In
fact, the smooth flows subject to the system (NS,) are naturally pointwise bounded above

by |a| near the boundary due to the boundary condition u = azt.

In resolving the difficulty (I), the structure of the nonlinear term v - Vu = V - (u ® u)
is essential. Indeed, the symmetry of the tensor u ® v leads to a crucial cancellation in
the coefficient fQ y* - (u - Vu) dy”, which removes a possible singularity caused by the
scale-critical decay of the flow u = O(|x|~!). To overcome the difficulty (II), we revisit the
argument of [35] analyzing the fundamental solution to (S,) in R? and modify the singular-
ity of o appearing in the estimates of the remainder term; see Theorem 2.3.1, Lemma 2.3.3,
and Theorem 2.3.8. Applying these improved estimates, the nonlinear problem (NS,) is
solved by the standard Banach fixed point theorem. However, the argument becomes quite
complicated since we have to control two kinds of norms: the one bounds the local quantity,
while the other one controls the spatial decay. This machinery is needed since the flow in
a far field region (|x| > 1) exhibits a different dependence on || from the flow in a finite
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fluid region, and in principle, the problem becomes more singular at |z| > 1 as |/ is de-
creasing. In order to close the nonlinear estimates it is important to distinguish these two
dependences on |a| and to estimate their interaction through the nonlinearity carefully.

This chapter is organized as follows. In Section 2.2 the basic results on the oscillatory
integrals are collected, which are used to establish the pointwise estimates of the funda-
mental solution to (S,) with a milder singularity on small |«|. In Section 2.3 the linearized
problem (S,) with b = 0 is studied in details. Subsection 2.3.1 is devoted to the analysis
in R?, while the exterior problem is discussed in Subsection 2.3.2. Finally the nonlinear
problem (NS,) is solved in Section 2.4 by the strategy explained as above.

2.2 Preliminaries
In this section we collect the results of the oscillatory integrals used in Section 2.3.1.

Lemma 2.2.1 Let o € R\ {0} and let m,r > 0. Then we have

00 dt ! !
/ t _rt ’ / zat/ = i ‘ S len{ om? 1 2m2 } 3
; s |Oé|7“ ‘Q|Wrm+1

(2.11)
where the constant C = C(m) is independent of r and .. Moreover, for m > 1 we have

° 2dt T(m-1)  T(m—1)
/0 T = / / ; sm+1 dt = =y (212)

where I'(+) denotes the Gamma function.

Proof: The proof of (2.12) is a direct computation, and we omit the details. To show (2.11)
let us take a constant [ = [(r, &) > 0 to be determined later and split the integral as

o0 2 L 2 o 2
/ ewzte—Tg — / ezate—Tg + / ewzte—Tﬁ )
0 rm 0 Ak l rm

The first term is estimated without using the effect from oscillation:

! dt 1 [f 2\ l
/ ew‘teff < —5- | 7 ) oa < g—
0 tm rem 0 t rem

For the second term we use the oscillation effect to obtain

/oo eiatefég _ i o d ezat et dt
1 tm Q0 1 dt tm

2 2

_r2 t=00 00 9 _r° _r2
_ 1 eio‘te t _ 1 gt rfe” T me 7 q
i tm ia tm+2 gm+1 ’

which yields

(]

r

giat = 1 fe” T 1 o y2 72 mil 2 213
‘/ o §m< m +r2<m+1>/, (- rm)(5) at). 213)
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By taking the limit of [ = 0 we observe that the left-hand side of (2.13) is then bounded
from above by \Oél% thanks to (2.12). On the other hand, the right-hand side of (2.13) is

also bounded from above by ‘a% Then by taking [ = 1"772#1 |a|_#ﬂ we see that

‘/ zat ——7 < c -
2m

|a| m+1 rerl

zat
/ / Sm—‘rl dt

is obtained in the same manner, and the details are omitted here. The proof is complete. O

The estimate of the integral

Lemma 2.2.2 Let m > 1. Then we have

© _O(at)z—y|? — otz —y? v|? _l=2, ds
|e 1t - —e 4 T dt
0 st
vl (2.14)
<Opmer ll>2h,
and
a lz12 dt 1 1
wat  — < ) .
/0 e a tm‘ C’mln{ [l a2 } , |z] >0 (2.15)
Moreover, for m > 1 we have
e 122 ds 1 1
2e% ~ s < i . .
’/0 e /t ] dt’ < Cmm{\aux\2m’ |x’2(m_1)}, [z| > 0. (2.16)
Here C = C(m) is independent of x, y, and c.
Proof: By using the Taylor formula with respect to ¢ around y = 0, we see that
at)z—y|? z|? T at)r— 2
ot gt (O0ny) | Q) et

Here the matrix Q = Q(z,y,t) is defined by Q(z,y,t) = (O(at)z — by) @ (O(at)z —
0y) — 2tI with some constant 6 = 6(c, t,z,y) € (0,1), and (-,-) denotes the usual inner
product in R?; (x,y) = x - y. By using the condition

2]

Oat)e —by| = [o] — |y > !, Ja] > 2y,
from Lemma 2.2.1 we have
/°° _|O<at>xfy\2 \x\ dt
‘e —e”
tm
<C 2112 3 4 > —% de
vally\ th + (lz[7|yl” + [z|ly[” + [y]") ¢
Cly|
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In the similar manner we have from Lemma 2.2.1,

—10(at)r—y? ul? _le?, ds Cly|
/ / —e & }3m+1 dt < RET=E |z| > 2|y|.
The proof of (2.14) is complete. Since we have m > 1, the estimates (2.15) and (2.16) are
immediate consequences of (2.11) and (2.12). This completes the proof. O

2.3 Stokes equations with a rotation effect

This section is devoted to the analysis of the linearized problem (S,) with b = 0, which is
already introduced in the previous section.

2.3.1 Linear estimate in the whole plane
In this subsection let us consider the linear problem in the whole plane for & € R\ {0}:
—Au—a(xL-Vu—ul)—i-Vp: f, divu =0, zeR2. (Sa,r2)

Our main interest is the estimate of solutions that are represented in terms of the fundamen-
tal solution defined by (2.18) below. We will see that such solutions decay at spatial infinity
for a suitable class of f thanks to the effect from the rotation; see also Remark 2.3.2 about
the uniqueness for solutions to (S, g2). The couple (u,p) is said to be a weak solution to
(Sor2) if (u,p) € L (R?)? x L%2(R?) for some ¢; € [2,00) and g2 € [1,00), and (i)
divu = 0 in the sense of distributions, and (ii) (u, p) satisfies

/ u-L_gpdz —/ pdiveds = / f-¢dx, forall ¢ € S(R?)?,
R2 R2 R?2
where the operator L, is defined as
Lou = —Au—a(zt - Vu—ut).
The fundamental solution to (S, r2) plays a central role in this chapter, which is defined as
o
Tl y) = / O(at) K (O(at)z — y, 1) dt, 2.18)
0
where

K(z,t) = G(z,t)I + H(x,t), H(z,t) = /OO V3G (z,5)ds

t

and G(z,t) is the two-dimensional Gauss kernel

The next theorem is the main result of this subsection, which extends the result in [35] to
our setting. For f € L?(R?)? and F = (F};)1<,i j<2 € L*(R?)?*? we formally set

of] = lim [ e WPyt f(y) dy,

2 (2.19)
gF] = lim [ e W (Fa(y) — Fa(y)) dy.
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Note that if f € L?(R?)? is of the form f = div F' with some F' € L'(R?)?*2, then
c|[f] = ¢[F] holds. Indeed, from the integration by parts we see that

c[f] = ¢[F] + lim Z/R2 el eyt (F(y)y) dy.

e—0

Then the Lebesgue dominated convergence theorem implies ¢[f] = ¢[F|. Moreover, if F' is
symmetric then ¢[F] = 0. In the following Br C R? denotes the open disk of radius R > 0
centered at the origin, and its complement is denoted by BS, = {z € R? | |z| > R}.

Theorem 2.3.1 Let o € R\ {0}. We formally set

Lif)(x) = lim [ e ¥ Ty(z,)f(y)dy. (2.20)

e—0 R2

Then the following statements hold.
() Let v € [0,1). Suppose that f € L?(R?)? satisfies supp f C Bp for some R > 1. Then
u = L[f] is a weak solution to (S, r2) and is written as

1
u(@) = elflprm + R, 2 £0, @21)

where R|f] satisfies
IR s (B < C1(lal™ 5 HfHLl(BR + [y fll i sp) - (2.22)

Here C1 is a numerical constant, and is independent of v, o, R, and f.

(ii) Let v € [0,1). Suppose that f € L?>(R?)? is of the form f = div F with some F €
L35, (R*)**2, and in addition that ¢[F] in (2.19) converges when~y = 0. Then u = L|[f] is
a weak solution to (S, r2) and is written as

T+

u(z) = E[F]W

+R[fl(x), x#0, (2.23)

where R|f] satisfies for R > 1,

IRty 30 < Co (1P

. (By) T Sup || Ty F | (Blg))

|z[>2

. 1
+ sup mln{ma‘fﬁp}HFHLl(B@)

|z|>2R
+ sup |z[7]lim e W (Fia(y) — Fai(y)) dyl)-
|z|>2R €20 Jaly|>|x|
(2.24)

Here Cy is a numerical constant, and is independent of v, o, R, and f.

Remark 2.3.2 Under the assumptions of (i) or (ii) in Theorem 2.3.1 it is not difficult to see
that L[f] belongs to W,>:>(R?), and thus, L[f] is bounded in R? by the Sobolev embedding

in By and the estimates stated in Theorem 2.3.1 for |z| > 1 (by taking R = 1). Set

p(z) =/1R Y y‘Qf( y) dy (2.25)

2 2m|x —
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Then, Vp belongs to L?(R?)? under the assumptions of (i) or (ii) in Theorem 2.3.1 by the
Calderén-Zygmund inequality, and as is shown in [35, Proposition 3.2], the pair (L[f], Vp)
satisfies (S, g2) in the sense of distributions. Thanks to the uniqueness result stated in
[35, Lemma 3.5], if f satisfies one of the assumptions in Theorem 2.3.1, and if (v,q) €
S'(R%)?2 x & (RZ) is a solution to (S, g2) in the sense of distributions, then (v, ¢) has a
representation as v = L[f] + P, and ¢ = p + P» with some polynomials P, and P,. Hence,
by the definition stated above, any weak solution (u, p) to (S, g2) is represented as u = L|f]
and p is given by (2.25), if the condition (i) or (ii) on f in Theorem 2.3.1 is assumed.

We note that in (ii) of Theorem 2.3.1 the coefficient ¢[F] is always well-defined when
v > 0. The asymptotic expansion (2.21) for (i) is firstly established by [35, Proposition
3.2]. Indeed, for (i) it is shown in [35, Proposition 3.2] that R[f] decays at infinity as
O(|x|72), while the singularity |o|~! appears in the coefficient of the estimates there. The
novelty of Theorem 2.3.1 are (2.22) and (2.24), where both the consistency in the weighted
L spaces and the milder singularity on « for small |«| are essential to solve the nonlinear
problem in Section 2.4. On the other hand, as in [35], the key step to prove Theorem 2.3.1
is the expansion and the pointwise estimate of the fundamental solution I, (x,y), which
are stated in Lemma 2.3.3 below. The fundamental solution I', (z, y) is studied in details in
[35, Proposition 3.1] and we will revisit the argument developed by [35] in the proof.

Lemma 2.3.3 Set

L(z,y) = m (2.26)
Then for m = 0, 1 the kernel I, (x,y) satisfies
IVy' (Ca(z,y) — L(z,y))]
gc(aom 0 g} o min { ) 4 B m), (2.27)
e[z o)z 2| IaH 3 ||
\ﬂfl > 2Jy|.

Here dop, is the Kronecker delta and the constant C' is independent of x, y, and a.

Remark 2.3.4 The case m = 0 of (2.27) is already obtained in [35, Proposition 3.1] but
with |a|~! dependence of the coefficients in the estimate. The case m = 1 is not stated
explicitly in [35], although it can be handled in the similar spirit as in the case m = 0.
Hence, in this sense Lemma 2.3.3 is not a completely new result, and is an improvement of
[35, Proposition 3.1] with respect to the singularity on small |« > 0.

Proof of Lemma 2.3.3: In principle, our proof of Lemma 2.3.3 will proceed along the line
of [35, Proposition 3.1]. In fact, the only key difference for the case m = 0 in out proof is
the application of Lemmas 2.2.1 and 2.2.2 in suitable parts. While in the proof for the case
m = 1, the inequality (2.14) will be essentially used in addition.
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Following the argument of [35, Section 3], we decompose I',, (7, /) and define T' (x, y),
I8 (2, ), and T12(z, y) as

Lolz,y)
= T0(z,y) + T (2, y) + T (2, y)

_ [T 0tat)TG(O(at)s — y. 1) dt
0 (2.28)

> *° ds
+ /0 O(ozt)T(O(at)a: —y) ® (O(at)x — y)/t G(O(at)x —y, S)@ dt

—/0 O(at)T/t G(O(at)m—y,s)gdt.

We also decompose L(x, %) and define L°(x, ), L'*!(z,y), L'%(z, y), and L*??(x,y) as

L(z,y) = L°(z,y) + L' (z,y) + L' (2, y) + L (z,y)
zQy+at oyt | Broyt+rteyt | ey zey+sieyt
47 |x|? 8r|x|? 47 |x|? 8r|z|?
(2.29)

Then, by Lemma 2.2.1 the following representations hold:
o dt x - ot
0 _ e Y Yy
-3 1 1
LMY(z,y) = / / Gz dt< (m®y)%2—(m ®y)>7
(2.30)

112(

L (z,y) / / Gm3163dt]a:\( v),

1
12 -y -y
L**(z,y) / / Gx882dt< wl ey acy)

where we have used the equality

1
1 1 _ z-y r— -y
reyrr ey _<—xL'y >

Ty
To prove (2.27) we observe that
< |V;”(Fg(:c,y) - Lo(xvy))’ + |V;n(Fé{1(x,y) - Llll(x’y) - Lllz(‘r’y)ﬂ
+ |V (T (2, y) — L (2, y)].

Let us estimate each term in the right-hand side of the above inequality. The key idea is to
use the Taylor formula for G(O(at)z — y,t') around y = 0 as follows.

(O(at)z,y) (y, Qy)
2t 8t/2

G(O(at)x —y,t') = G(x,t') + G(z,t') + G(O(at)x — y,t') ,
(2.31)

where

Q = Q(z,0y,at,t') = (O(at)x — 0y) @ (O(at)x — Oy) — 2t'1,
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and 0 = 0(a, ', z,y) € (0,1). To estimate 'Y (z, y) — L°(z, y) we use the identity

1 vy at-y
Ofat) (Olat)a) = 5 (510 4 V)

cos2at (x-y —at-y sin2at (zt-y 2x-y
+ L + L :
2 Ty Ty 2 —r-y Ty

Let |z| > 2|y|. Then we have from (2.31) and (2.32),

10 () — L(a, )] = ] [ otenT et a

+ / h 21t<0(at) (O(atye,y) — 5 (-ﬁiy.y x;.-yy> )G(:v,t) at
/ O(a yégm G(O(at)z — Oy, t) dt|
’/ O(at TG(:J; t)dt‘ —|—C\:I:Hy|m1n{| ” TS |x\2}

OB [ (ol +lelll + P + -2} e .
(2.33)

Here we have used (2.15) for the second term and used the condition |z| > 2|y| for the third

term to achieve the last line. Clearly the last term in the right-hand side of (2.33) is bounded

from above by C % for |x| > 2|y|, while in virtue of (2.11) the first term is estimated as

o0 1 1
/ O(at) ' G(z,t)dt| < Cmin { ———,——1}, lz| > 0. (2.34)
0 laf|z*" ||z |z
Thus we have arrived at
|Fg([l},y> - Lo(l',y)’
1 11 ly|?
§C< L Flylmin{—— Ly By s g,
e o) W e

(2.35)

Next we consider the derivative estimate for I') (z,y) — L%(z,y). Let us go back to the
definition of I')(, y) in (2.28). Then 9, (I'%(z,y) — L°(z,y)) is computed as

|0y ( ( Lo(w y))|
at)r — - zt -
2(15 § y)kG(O(at)x —Yt) - %tayk (—HfLy'y T - yy) G(w,t)) dt’

at)x — Y <G(O(at)x —y,t) - G(x, t)> dt‘

+

; <O(at)T(O(at)m — )k — %% (_iiyy z: yy) )G(x,t)gtt’ :
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By applying (2.14) the first term is bounded from above by C' M To estimate the

z|3
second term we observe that

1 xT - rt -
T _ _ _ Yy y
cos2at [ 1 X2 sin2at (—x2 71 _ le(at)T , ifk=1,
B 2 —X9 X1 2 —x1 —I2
cos2at [x2 —w1 simn2at [(x1 x2) y20(at)‘l" itk =2,
2 1 T9 2 —Tr2 T1
(2.37)

Then, by using (2.15) the second term in the right-hand side of (2.36) is bounded from
above by C(|z| + |y|) min{m, ﬁ} Hence we have shown that

. 11
}ayk(rg(x,y)—LO(m,y))]gC(ZLerm{'aHx'g,m}), lz| > 2|y|. (2.38)

Exactly in the same way we obtain for m = 0,1 and |z| > 2|y|,
‘v;ﬂ (Fi?(xv y) - Ll?(xa y))‘

1 1
< C(éOmmin{OW, ———} +[y/""" min {

a2 ||

11 }+|yy2*m (2.39)
o[ J| > )~

Next we estimate the term |1} (2, y) — L' (2, y) — L'%(z, y)|. By the Taylor expansion
stated in (2.31), we decompose I'}! (x, ) and define T'}'*(z,y), k = 1, 2,3, as

Ly (z,y)
= T (2,y) + T2 (2, y) + T3P (2, y)
[e'e} o0 dS
= [ 0t ©Ote =) @ (Olatie ) [~ Gl L ar
+ O(at) " (O(at)z —y) ® (O(at)z —y) /t <O(at)x,y>G(x,s>;7i dt
+ [7 0T (Ota0s — ) © (Ofat)e ) [ 0. QuG(O(at)e — 03.5) 5% ar.
0 t

For the last term I'}!3(z, y) it is straightforward to see from (2.12) that, for |z| > 2]y|,

00 oo 7% ds
PG| < Clul (el + D [ [l 4 e L e
lyl?
< CW. (2.40)

To estimate the first two terms we observe

O(at) " (O(at)z — y) ® (O(at)z —y)

cos 2at sin 2aet (2.41)

= Ap + (cosat)A; + (sinat)As + As + : Ay,
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where

3(z®y) + (zt @yt 2 4+y? xixe +
A()(ﬂj,y) = ( y) ( Y )7 Al(Ivy) = ( ! u 2 y1y2> y

2 T+ Yy 23+ Y5
—2122 + Y192 x% + y% > < —x-y  at- y>
A Z, = , A xz, = ,
2ey) < —(23 + 1) T1x2 — Yiye 3(@:y) —zty —z-y
L

_(—xty -y
Ay(z,y) = ( zey _xJ_.y> :
Then, by using (2.41) and by applying (2.11) the term '} (z, ) is estimated as

T (2, y) — L' (2, p)]

o0 o 2 :
= ‘ / / ((cos at)A; + (sinat)As + COS2 atAg + sm22atA4) G(z, S)E dt‘

452
< |z min {‘ || B |I’} |z| > 2|y]. (2.42)
Next we see
(O(at)z,y) O(at) T (O(at)z — y) © (O(at)z — y)
|2 (2.43)
= 5 e®y+ (cos2at) By (z,y) + (sin2at)Ba(z,y) + Bs(z,y, at),
where each component of the matrices B; and 32 is a fourth order polynomial of x,y

written as a suitable sum of the terms :clllxlfyl y2 with [1 + 19 = 3 and k1 + ko = 1, while

Bs is estimated as | B3| < C|z|?|y|? for |z| > 2|y|. Thus we have from (2.43) and (2.11),
|Fé}2(l‘,y) _L112(xay)|

< ‘ /O h /t h ((cosQat)Bl(x,y)+(sinQat)Bg(:p,y)>G(x,s);§zdt‘

D [oe) d
—I—C']:U|2y|2/ / Gla,5) 5

< C|( |z|min { ——, } v |z| > 2|y|. (2.44)
| H 2 J|

ER
Summing up (2.40), (2.42), and (2.44), we obtain
T8 (z,y) — LM (x, y) - L' (z,y)|

1 11 ly|? (2.45)
<C — S R L 2yl .
- ( " JalleP jafFia] m} PG ) ) 2

To estimate the derivatives in y of I'}!(z,y) we recall the definition of I'}!(z,y) in (2.28)
and use (2.41), which leads to the representation

Fll(ac Y)

/ / Ao G Oét )4d2 dt
/ / < cosat)A; + (sinat)As + o8 2atA3 + s 2atA4> GO(at)xr —y,s)— ds dt

2 2 452
LM (2,y) + TP (2, )

(2.46)
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From the expression of L1 (z, y) in (2.30), we have for

|0y, (T3 (2, 9) — LM (2, ) |
/m /wQ@A@(GK&HW—yJ)—G@JOJEdt

/ /‘ (Hx—)“%@%mmm—%ﬁ—G@ﬁo&;&
/ /“ cnx—)w%cugssﬂ

2 2
<oty G+ Pyl (Pl D) ol
|z[? |z[? |z [* |z[?
Here we have used (2.14). Next we estimate the derivatives of T'}12(z, y):
9y, L% (2, )
. 2at 2at
= /0 /t ((COS at)0y, A1 + (sin at) 0y, Az + %%Ag + sin 2a aykA4)
ds
t
G(O(at)z ~y,s) 5 d
2at in 2at
/L/ am—ngmmm+@mmbﬁ%“@+m;AQ
x G(O(at)r —y, s)sd?i dt

To estimate I (z, y) we observe that
o o d
/ / <(cos at)dy, A1 + (sin at)ﬁyk/b) G(O(at)z —y, )432 dt‘
o Jt

o 12 d
< Clyl ol ds ool 2l > 2yl (2.49)
53 EE
0 t

and that

o0 [0 [cos2at S n2 " .
/ / (2(189“43 e 8ykA4> G(O(at)z —y, S)TZ dt‘
0 t .
= ’ / / <COS2atay’“A3 + o ataykA4> (G(O(at)x —vy,s) — G(x, s)> % dt'
0 t :
L e
0 t 5

| ,
< CW +Cm1n{

|OZH$|3,313|}, lz| > 2|y|. (2.50)

Here we have used (2.14) for the first term and (2.16) for the second term to derive the last

line. It remains to estimate I (x,y) in (2.48). We consider the case k¥ = 1 only, for the

case k = 2 is obtained in the same way. A direct computation yields the following identity:
(O(at)z — y)1((cos at) Ay + (sinat) Az)

(2.51)

2
= ‘2’ <il 8) + (cos2at) D1 (x,y) + (sin2at)Dy(z,y) + D3(x,y, at) .
2
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Here Dy and D, are the matrices whose components are suitable sums of the third order

polynomials of the form xlf:cl;yl y2 with 1 4+ lo > 1, while D3(x,y, at) is estimated as

|Ds| < Clx|?|y| for || > 2|y|. Recalling the expression of L1!?(z, y) in (2.30), we have

O(at)z — y)1((cos at) Ay + (sinat) A2) G(O(at)z — y, s)% dt — 9y, L' (x, y)‘

< cos 2at) Dy + (sin2at) Dy + D3> G(O(at)x — )8(12

< ‘/ / < cos 2at) D + (sin 2at) Dy + D3> (G (at)z —y, 8) — G(m,s)>8;dt‘
)t

( cos 2at) Dy + (sin2at) Dy + D3 | G(x ‘

at

§C|’y||2 —|—C’m1n{

, 2] > 2y (2.52)
Al )

Here, we have again applied (2.14) for the first term and (2.16) for the second term to derive
the last line. Finally we have

cos 2at sin 2ot ds
— A A — —
‘ / / O(at)x )1< 5 3+ 5 4) G(O(at)x —y, s) 3 dt‘

<mm+wum/l/ - gdﬂ, o> 2. 253)

Collecting (2.49), (2.50), (2.52), and (2.53), we have shown that

’81/1 (f‘é12($,y) - L112($,y))| < C<||y||2 + min {

1
Pzl > 2yl

o[z [z
(2.54)

The estimate of 9y, (T}12(x,y) — L'*2(z, y)) is obtained in the similar manner. Thus, from
(2.47) and (2.54) we have obtained the estimates of the derivatives in % for I'}!(x, 7). The
proof of Lemma 2.3.3 is complete. O

Proof of Theorem 2.3.1: The assertion that u = L|f] is a weak solution to (S, g2) (Whose
definitions are stated in the beginning of this subsection) follows from a similar argument
as in [35, Proposition 3.2]. Hence we omit its details and focus on the estimates of u here.

(i) Let v € [0,1). Suppose that supp f C Bp for some R > 1. Note that w =

4r|z|

L(z,y)f(y) holds. Let |x| > 2R. Then we have from Lemma 2.3.3 with m = 0,

[ ralen - [ﬂ4,P
_ 'JCAS}{(Fa(x7y)-—.L(xyy))f(y)dy‘

; ! |m>
¢ laf|z[? d
<l o ot 1 e ) + T VO
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which implies L[f](z) = c[f]ﬁ + R[f] (w) with

1
o7 [RIf)(2)] sc(m{w N o
(2.55)

. 1
ain {1 o s + W Pl )

Here C' is independent of z, R, «, 7y, and f. Then we use the inequality for v € [0, 1),
1 | | _ . 1 1 _ 14y
min{+————,— < | | min{ ————— |z|"™"} < |a|77Z7 , (2.56)
L= g1t < Sl

E
which leads to (2.22).

(ii) Lety € [0, 1) and write I, (x, y) = (Fa (x, y)ij)lgi,jSQ and L(ac, y) = (L(x, y)ij)lgm'SQ.
From the integration by parts we see for k = 1,2 and f = (35,1 5 OF11, Y=y o OiF) T,

L Cataaiudy = 3 [ e ety dy

7=1,2
—- Y % [ etorae a2 Y Y [ e W urate sy
j=1,21=1,2 §=1,21=1,2
== > / e 0y, (Ta )iy — L, y)is) Fin dy
j=1,21=1,2
Y S [ e g Fady e [ Tt Fyudy,
§=1,21=1,2 R?
Note that
T at
(=2 2 duL@wyFy. =, D duLle.y) Fu) = (Fr2=Fo) g
j=121=1,2 J=121=12

by the definition of L(x,y). Moreover, we have |I'(z, y)| < C(T‘ 12D for ly| > 2|z| by [35,

Proposition 3.1], and f|y|<2|m| To(z,y)|dy < C'(a, |z]) < oo by [35, Lemma 3.3], which
implies -

lime/ efe‘ylea(x,y)Fydy =0
]RQ

e—0

for F € L3, (R?)2%2, For simplicity we use the next notations:

vyra(xvy)F = (Z Z aylra(xvy)lijla Z Z 8ylFa($,y)2ijl)T,

j=121=1,2 J=121=12
-
VyL(z,y) F = (Z Z Oy L(w,y)15 Fji Z Z Oy L(x,y)2; Fjl)
J=1.21=12 j=1,21=1.2
Then we have
/ Vyla(z,y) F(y)dy
_ _/ Vy (Talz,y) — L(z,y)) F(y) dy—/ Vyla(z,y) F(y)dy (257
lyl <zl ly|>12l
ly|? zt .
—1 € F; - F d c
50 y|> Lzl (F12(v) 2(v)) Yirla? || gl ]47r\:n|2
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The sum of the first three terms of the right-hand side of this equality is denoted by R[f].
To estimate R[f] we firstly observe from Lemma 2.3.3,

’/l ‘ ,y) — L(w,y))F(y)dy’
<
<c<1/ ly F(y)| dy + min { —— }/ y) 20
< — Y + min Y T )
2 Jpy)< 2l |a Hw\3 [] y\<H
(2.58)
Next we have from the direct calculation
3 _la? 5 _le?
|(V.K)(x, t)’ < C( 2 16t + S 2 T6s dS)
t
which implies
o0 C
/ |(VK)(O(at)x,t)|dt§‘?|, x#0.
0
Then by the transformation of the variables y = O(at)z we have
[ i)
lyl>'5
<[ ([ im0 - .ol )iFw)a
ly|>5 0
< F g °)/||> X </0 \(VK)(O(at)(x—z),t)|dt>\z|—2—“/dz
— o772y
gcl!FlleBc;l)/ o |z — 2| 72|72V dz
= 2
C
< ‘gj|1+’YHF” 2Jr,Y(Bj[) (259)

Here C is independent of = and y € [0, 1). Collecting (2.57), (2.58), and (2.59), we obtain
(2.23) and (2.24). The proof of Theorem 2.3.1 is complete. O

Based on the results of Theorem 2.3.1 we study the exterior problem (S,) in the next
subsection, where its asymptotics profile is represented as a solution to (S, g2) by a cut-off
technique. However, the existence of solutions to (S,) decaying at spatial infinity has to be
proved carefully. As in [35], for the exterior problem, a way to construct decaying solutions
is to consider first a regularized system and to take the limit; see the proof of Theorem 2.3.8
for details. In this procedure we need to treat the following system in the whole space:

Auy — Auy, —oz(xJ‘~Vu>\ —uf\‘)—f—Vp)\ = f, divuy =0, zeR?, (S)‘ )
uy — 0, |z| = o0, 2
where ) is a small positive number. Let us introduce the integral kernel I')(x, ) as
e}
A (z,y) = / e MO(at) K (O(at)z —y,t)dt, z#y. (2.60)
0
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In virtue of the positive A, the integral in (2.60) converges absolutely for z # y. Further-
more, the velocity u) defined by

ur(z) = /]R Lol f)dy, e LR, (2.61)

satisfies (S R2) in the sense of distributions with a suitable pressure Vp,. The next lemma
will be used in the proof of Theorem 2.3.8.

Lemma 2.3.5 Let o € R\ {0} and v € [0,1). Suppose that f € L?(R?)? is of the form
f = div F with some F € L2+7(R2)2X2. Then for any 6 € (0,1) and R > 1, the velocity
u) defined by (2.61) satisfies

luallzge sy < CUIF g (g + 1F L1 (sr)) - (2.62)

Here the constant C' is independent of A and ~y, and depends only on 6 and R.

Proof: In the same way as in the proof of Lemma 2.3.3, we define L* = L*(z,y) by
Nz,y) = LN(z,y) + L (2, y) + LM (2, ) + LY (2, ),

where

4t

Lol
M (g, ) = / / —)\thSdet< 3z@y)+ (z-®y ))7

LMYU2 (2 ) / / e MG(x, s) 12—3dt|x\ (x®vy),
L)‘12 / / 7MG (z,s dsdﬁ( wiy xL.y) .
Ty Ty
Then we have
/ / el ds

o0 \x|2 dt
1V, L ()| < cm( [ / G
< E‘ 2 >0, (2.63)

L(,y) = / NGyt >dt<xﬂy "”ly)

where the constant C' is independent of « and A. By integration by parts we rewrite u) as
— [ Vrien) Py
= —/ o Vy(Tae,y) = L, ) Fy) dy — / o Vila@ v F@) dy (2.64)
lyl<3 ly|>5"
[ L Ve Fe) dy.
lyl<5

Then, proceeding as in the proof of Lemma 2.3.3, we obtain

1V, (CA (@) — I ()| < c(,‘ﬂL T min |

}) lz| > 2ly|, (2.65)

Ial\ 2" J]
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where C' is independent of x, y, a,, and A. Then we have

’/ " Vy(Fé(x,y)—LA(x,y))F( ) dy | |HFHL Blz
y|<5

C'log(2 + |z|)
< SRR 1Py gy, el > 1.

(2.66)

where the constant C' is independent of A and ~. The second term in the right-hand side of
(2.64) is also estimated as in the proof of Lemma 2.3.3, resulting the estimate

C
‘/|>|x z,y)F(y) dy‘ < |x‘1+7”FHL§1~/(B\x\)' (2.67)

2

For the last term in the right-hand side of (2.64) it is straightforward from (2.63) to see

Clog(2 + |z
| / @ora| < CEEE Dy ) w1 e
y|< lz| | ‘LE| v
Collecting (2.66), (2.67), and (2.68), we obtain (2.62). This completes the proof. O

2.3.2 Linear estimate in the exterior domain

In this subsection we study the asymptotic estimates for solutions to the Stokes system in
the exterior domain

—Au—a(xJ‘-Vu—uJ‘)—FVp:f, divu =0, x€Q,
u =0, x €00, (Sa)
u—0, |z]— o0,

where o € R\ {0} is a given constant. In the following, we fix a positive number Ry > 1
large enough so that R?\ © C Bg, holds. We also fix a radial cut-off function ¢ € C§°(R?)
such that p(z) = 1 for |z| < Ry and p(z) = 0 for |z| > 2Ry. As in the previous
subsection, for f € L?(Q)? and F' € L?(£2)?*? we formally set

colf] = lim | e Wy" - f(y)dy,
Q ] (2.69)
éolF] = lim Qe_dy' (Fia(y) — Fau(y)) dy.

These are well-defined at least when f = div ' with F € L%, (92)*** for some v > 0,

and cq|[f] = é[F)] holds in this case if the generalized traces v - (z2F}), v - (x1F5) on 69
are zero in addition. Here we have set F' = (Fy, F5)'. Note that the coefficient éo[F] is
well-defined under the condition Fyo — Fb; € L! (Q). In general, we have the following.

Lemma 2.3.6 Let f € L?*(Q)? be of the form f = div F = (>=120iF15,> 10 0 Fo;) T
for some F € Lg?O(Q)QXQ and Fiy — Fy1 € LY(Q). Then both cq[f] and éq[F) converge.

40



Proof: It is trivial that é[F] converges. Let ¢ € C§°(R?) be a cut-off function intro-
duced at the beginning of this subsection. The convergence of cq| f] easily follows from the
integration by parts:

CQU]==/£yL'f¢dy+gg%/£emﬁ(l—qﬂyL‘fdy
=!l¥ﬁ“f¢dy+€hUﬂ——KkFu—Jﬁnwdy (2.70)
+/ yL-FVngy—i—limQ/ e_e‘y|26yl-(Fy)(1—g0)dy.
9] e—0 O

The last term in the right-hand side of (2.70) vanishes in virtue of the decay |F'(z)| =
o(|z|~?) as |x| — oo. In fact, by extending F to the whole space by zero we have

/eeywey.(ﬂy)yg(l_@dy‘ < [ e duPIF )y
Q R

= [ e E Il

1 1
€2 €2

. . _1

where we have used the transformation of the variables y = ¢~ 2z. Then the Lebesgue
dominated convergence theorem implies the right-hand side of the above inequality goes to
zero as € — 0. In particular, we have

calf] = calF| +/ {(yL - f = Fia + Fz1)<p+yL -FVp}dy. (2.71)
Q
The proof is complete. O

Let us denote by T'(u, p) the stress tensor, which is defined as
T(u,p) = Du — p]I, Du=Vu-+ (V’LL)—r , I= (5jk:)1§j,k‘§2 . (272)

The next lemma is a counterpart of [35, Theorem 2.1] in our functional setting. We denote
by 2, the truncated domain defined as Q, = {z € Q| |z| < r} forr > 0.

Lemma 2.3.7 Let o € R\ {0} and v € [0, 1). Assume that f € L*(Q)? is of the form f =
div F' with some F € Lg?w(Q)QXZ, and that ¢q|F| converges when v = 0. Suppose that
(u, Vp) € Wli’f ()2 x LE (Q)? is a solution to the system (Sy,) satisfying [Vl g2y < oo
and lim |u(x)| = 0. Then u is represented as

|x|—o00

1

L+ R(@), xe\{0}, (2.73)

where

5= / v - (T(u, p)v) doy + balf],
oQ (2.74)

balf] = 5Q[F]+/Q{(Z/L'f—F12+F21)<P+yL'Fch}dy,
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while R satisfies

o0 C (e o) C _1+’y
IRl 550, < O(1Flliz 3+ s ol 10 i

1
£ oswp min{— B e
sup min{ e Pl ey

+ sup |z|” ’ lim 6_E‘y|2(F12 — 1) dy|>
|z >4 R0 70 Joly|>xl

_liy 1
+C(lal" 7 +1al™7 + 1) (1]l 2(@um,) + (1 + @D VUl 2(00p,))
(2.75)

Here the constant C' is independent of vy, o, and F. The coefficient bq[f] coincides with
calf] when F belongs in addition to Lg?O(Q)2X2.

Proof: We may assume that fQQR pdz = 0. Let ¢ € C§°(R?) be a cut-off function
0

introduced at the beginning of this subsection. We introduce the Bogovskii operator B in
the closed annulus A = {x € R? | Ry < |z| < 2Ro}, and set

v=(1-pu+BVp-ul, ¢=(1-9)p.
Note that B[V - u] satisfies
suppB[Ve-u] C A, divB[Vy-u] = Ve - u, (2.76)
and the estimates
IBIVe - ullynio@ < CIVe - ulwnsg, m=01. @77
See, e.g. Borchers and Sohr [6]. Then (v, Vq) satisfies
—Av—a(zt - Vo—vt)+ Vg =divF+g, dive =0, reR?,  (278)
where F and g are the functions on R? given by

F=1-9F-VBVe-u,
g=F-Vo+2Vy - Vu+ (Ap+ azt - Vy)u
—a(zt VB[V - u] = B[Ve-ult) — (Ve)p.

Note that supp g C A by (2.76). Recalling the uniqueness result in Remark 2.3.2, we find

u(z) = v(z) = L[div F] + Llg]
1

= (e[F] + C[Q])m

+ R(x), x| = 4Ry, (2.79)
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where ¢[F] and c[g] are defined in (2.19). Recalling that Ry > 1, we see from Theorem
2.3.1 that R(x) satisfies

1Rllzgs g < ORI Fllligs gy + IRl a5, )
< w (Bs 1y .
_c(n |\LM(B2RO>+WS35RO@| 9P s et
1 - Y
+ s min ol Lo e
+ sup \a:|7’hm e*6|y‘2(F12—F21)dy‘
l|>4Ro 0. /2ly|> e

1
F( sup min{ 2} + ) Fl s )
(Ir\>4Ro {‘an‘Q 5 } ) (B2rg)

+C(lal™ % + 1)llgllzt(Byn,) -
Here C' depends only on Rj. It is easy to see
IFN Lt (Bary) < CUIFI2(uny) + IVl 2(0255,))
by applying (2.77) and the Poincaré inequality. Similarly, the function g is estimated as
HQHLl(BQRO) < C(HFHL2(92RO) + (1 + ’a’)HVUHLQ(QgRO) + HP”B(QQRO)) .

In order to estimate the pressure term let us recall the condition fQQR pdx = 0, which
0
yields from (S,),

P2y < CIVBll -1 qamey = Cldiv [F + Y+ 6w @ 2+ — o © u)llgr-1(c0m )
< C(HF”L2(QQRO) +(1+ \a\)HVU”B(QZRO)) ,

where H~1(Qqp, ) is the dual of VVO1 ’2(92 R, ). Collecting these estimates, we obtain (2.75).

Finally let us determine the coefficient 5 in (2.73). In view of (2.79) it suffices to
compute ¢[F| + c[g]. We follow the argument in the proof of [35, Theorem 2.1]. Fix
N > 2R and let 5 € C5°(IR?) be a radial cut-off function such that ¢ (x) = 1 for
|z| < N and ¢ (x) = 0 for |x| > 2N. Then we have

EF] +clgl = lim [ e M (Fy — ) (1 — ¢n) dy

e—=0 Jr2

+/ (fla—F21)¢Ndy+/ y - gon dy
R2 R2

= éqlF] - /Q(FIQ — Fy1)on dy + /RQ(]:IQ — Fo1)on dy + /R2 y* - gondy.
(2.80)

We set S(v, q)(x) = T(v,q)(x) +a(v@zt —zt ®wv). Since div F + g = —div S(v, q) =
(= 22212051 (v, @), — 3221 2 03525 (v, q)) " in R?, the integration by parts and the sym-
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metry of T'(v, q) yield
/ y - gon dy
R2

_/ ¢N3/J‘-div5’(v,q)dy—/ ngyJ‘-div]:dy
R2 R2
= 2/ ¢Ny-vdy+/ yL‘S(v,q)V(bNdy
R2 R2
—/ (]:12—}—21)¢Ndy+/ yt - FVon dy
R2 R2
= / y' - S(v,q)Ven dy
]R2
- /2(.7-"12 — Fo1)ON dy+/2yL-]-"V¢N dy. (2.81)
R R

Here we have used the fact that ¢ is radial, and thus, yon(y) = Vy(leT réN(T) dr),

where ¢ (r) is such that ¢ (|y|) = ¢n(y). Since S(v,q) = S(u,p) for |z| > 2R, and
—div S(u,p) = f in §2, again from the integration parts we have

/ y* - S(v,q)Von dy
]RQ

y* - S(u,p)Von dy

S~

=/ yL'S(u,p)Vde—2/¢Ny~udy+/¢NyL-fdy
o0 Q Q

= / yJ‘ - T(u,p)vdoy, —l—/ ¢Nyl - fdy. (2.82)
o0 Q

Here we have used the boundary condition © = 0 on 9f2 and also the radial symmetry of
¢n. By taking the cut-off function ¢ above, and using the relation ¢y = ¢, we then
compute the second term in the above as

1 _ J__ o J-,
/Q¢NZ/ ‘fdy—/ﬂwy fdy+/Q<bzv(1 ey - fdy

= /@i’f‘fdy—i‘/(F12—F21)¢Ndy—/(F12—F21)<de
Q Q Q

(2.83)
— / yi-Fv¢Ndy+/ yt - FVedy.
Q Q
Collecting (2.80)—(2.83) and using F = F for |z| > 2Ry, we obtain
&P+ clg] = / Yt T(u,p)v do,
o0 (2.84)

+5Q[F]+/ {(y" f=Fio+Fan)p+y" - FVpldy,
Q

as desired. When F' € L5%(€2)%*? the coefficient bo[f] coincides with cq[f] in virtue of
(2.71). The proof is complete. O

Let us recall that Ry > 1 is taken so that R? \ Q C Bg,. Let p € C5°(Q) be a radial
cut-off function such that ¢(z) = 1 for |z| < Ry and ¢(z) = 0 for |x| > 2Ry. Then we set

J:L

— . 2.85
47|z |2 (2.85)

V(z) = (1-¢()
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Note that V' is a radial circular flow satisfying div V' = 0, which describes the asymptotic
behavior of solutions to the Stokes system (S, g2) as is shown in Theorem 2.3.1. The main
result of this section is stated as follows.

Theorem 2.3.8 Let o« € R\ {0} and v € [0,1). Suppose that f € L*(2)? is of the
form f=divFwith F € L2+,Y(Q)2X2. Assume in addition that éq|F| converges when

= 0. Then there exists a unique solution (u,Vp) € VVlif (Q)2x L2 () to (Sa) satisfying
hm |u(z)| = 0 and

|z| =00
[Vullz2) < 1Fll22@) » (2.86)
1Pl 2(065,) < CA + |a))IFll12(q) (2.87)
IVl L2 (@) + 1V N 2 (4my) < CL A+ ) (1F L2 + 12 @ iayry) » 2 S k<5,
(2.88)

Moreover, the velocity u is written as

u(z) = BV (z) + Ralfl(z), xeN, (2.89)

where 3 € R is given by

B = y~ - (T(u,p)v) doy + balf],
0% (2.90)
bolf] = ZalF] + /Q ((y" -~ Fuo+ Fn)o + y- - FV) dy,

while Rq[f] satisfies

IRalflluz o) = € (1Pl R A el A
Ro T
, 1
+ sup mln{ig_,y |z }HFHLl
|z|>4Ro o[z T (2.91)
+ sup |m|7}hm e_€|y|2(F12—F21)dy‘>
|z|>4Ro =0 Joly|>|a|

1ty _1
+C(lo 7 F + o] 72 + 1) (1 + [a]) || Fll 2o

Here the constant C is independent of v, o, and F. If F' € Lg?O(Q)QXQ then the coefficient
balf] coincides with cqlf].

Proof: We follow the argument of [35, Theorem 2.2]. Since the argument is quite parallel
to it, we only give the outline here. (Uniqueness) Let (u, Vp), (v/,Vp') € I/Vli C2 ()2 x
L% (€2)? be solutions to (S,) with the same f such that V|20 and [[Vu'||z2(q) are
finite and |u(z)| + |u/(x)| — 0 as |x| — oco. Then the difference (v, Vq) = (u — ', V(p —

p)) € Wif(ﬂ) x L, (€)? solves (So) with f = 0 and satisfies || V|| 12(q) < oo as
well as |v(z)| — 0 as |z| — oco. Moreover, the standard elliptic regularity of the Stokes
operator implies that (v, Vq) is smooth in 2. Then we can apply [35, Theorem 2.1, (2.8)],

which gives fQ |Dv|? dz = 0. Hence v is the rigid motion, but the condition v = 0 on the
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boundary leads to v = 0 in 2. Then we obtain Vg = 0 from the equation. The proof of the
uniqueness is complete. (Existence) Firstly we consider the regularized system
)\uA—AuA—a(xJ‘-VU,\—ui‘)—}—Vp,\:f, divuy =0, xz€,
uy = 0, r € 00, (53)
uy = 0, |z| = o0.

Here A is a small positive number. For (Sg‘{) one can show the existence of the solution
(uy, Vpy) satisfying fQ2R px dx = 0 and the energy estimate
0

1 1
Muall7z (o) + §HVU>\H%2(Q) < §HFH%2(Q)‘ (2.92)

Moreover, the assumption f € L?(£2)? and the elliptic regularity for the Stokes operator
imply the regularity uy € Wlicz ()2, Vpy € L2 _(Q)2%, where in virtue of (2.92) each

loc
seminorm of I/Vif () can be bounded uniformly in A\ € (0,1). Indeed, since (uy,py)

solves the Stokes system with the source term f + a(z* - Vuy — uf\-), for any bounded
subdomain w C {2, there exists p > 0 with w C €2, such that
lurllw22w) < CUIfllzz@) + IVuallze@) + lluallizz,)) »
where the constant C' depends on €2, Ry, w, and p; see [56, page 117, Theorem 1.5.1] for
the proof. From (2.92) and the Poincaré inequality [[ux|[z2(n,) < Cpl[Vual|p2(q) with C
depending only on €2 and p, we obtain the bound of uy in W??2(w) which is independent
of A. Let us recall that Ry > 1 is taken so that R? \  C Bpg, and ¢ € C§°(R?) is a
radial cut-off function such that ¢(x) = 1 for |z| < Rp and ¢(z) = 0 for |x| > 2Ry. As
in the proof of Lemma 2.3.7, we introduce the Bogovskii operator B in the closed annulus
A={z €R?| Ry < |z| < 2Ry}, and set
n=[_1-pux+B[Ve-u\], an=(1-¢)pr.

Recall that B[V - u,] satisfies

suppB[Vy - uy] C A, divB[Ve - uy] = Vo -uy, (2.93)

IB[Ve - U)\]me-»-l,Q(Q) < C||Vep- u,\HWm,z(Q) , m=20,1. (2.94)

Then (vy, Vgy) satisfies

AUA—AU,\—a(xJ‘-Vv,\—U)%)—FVq,\ = divFy 4+ g\, divuy =0, zeR?,
vy = 0, |z| — o0,

(2.95)
where

F\ = (1—-¢)F — VB[V -uyl,
gy = F-Vo+AB[Ve-uy] + 2V - Vuy + (Ap + azt - Vo)uy
— (e VB[Ve - w] ~ B[Ve - u]7) = (Ve)pa-

Note that supp gx C A due to (2.93). Let I')(x, ) be the function defined in (2.60). Then,
as is shown in [35] (see also Remark 2.3.2), the velocity v is written as

@) = [ Ty R@d+ [ T

= wy(z) + ry(x). (2.96)
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Since gy = 0 for |z| > 2Ry, we have from [35, Proposition 3.3],

Il e < Co [ (1 luloato)]
< Callgallz2(o)
< CalIFll2(my) + (1 + 10D V0rl 2023 + P2l 22(020m) - 297

Since fQ2Ro px dz = 0 we have from (Sg),

P2l 22(005,) < CIVPAl -1 (2p,) < CUIF N L2(005,) + (L + @D Vurll22(05,))
Combining this estimate with (2.92) and (2.97), we obtain

Irallzge (Bgs ) < CallFllL2() - (2.98)

Here C,, depends only on « and Ry, but is independent of A € (0,1). As for w), from
Lemma 2.3.5, there is 0 < 6 < 1 such that
HwAHLgO(BgRO) < C(HFHLgi7

< C(I1Flleg

24y

(Bsp,) T HFA||L1(32RO))
(Bsp) T I1F llz2(s)) - (2.99)

Collecting (2.92), (2.98), (2.99), and u) € I/Vlicz (€2)? with its uniform bound on A € (0, 1),
we have a uniform estimate in A € (0, 1):

Juallzge () < CalllFllLge @ + I1Fllz2@)) - (2.100)

24y

where the Sobolev embedding W22(Q5r,) < L>(25r,) has been applied. Thus, there
are a subsequence, denoted again by (uy, Vp,), and (u, Vp) € T/VI(QDC2 (Q)? x L2 .(Q)?, such
that uy —* win LP(Q)% Vuy — Vuin L2(Q2)>*2, and py — p in W.2(Q). It is easy
to see that (u, Vp) satisfies (S,) in the sense of distributions (note that each term of (S,)

makes sense at least as a function in L120 (92)). The proof of the existence is complete.

(Estimates) We note that the solution (u, Vp) obtained in the existence proof above satisfies
Vull2i) < [1Flz2(q) by (2.92). Thus (2.86) holds. Since the pressure p is uniquely
determined up to a constant, we may assume fQﬁR pdx = 0. Then we have from (S,,),

“0

12l 22(@0my) < IVl 106, < CUIFN2@um) + (L + 1DVl 2(0gm,))
< C(1L+ |aD||Fll 2o

Here C' depends only on Ry. This proves (2.87). The local estimates (2.88) follow from a
standard cut-off argument and elliptic estimates for the Stokes system in bounded domains,
together with the estimates (2.86) and (2.87). Since the argument is rather standard, we omit
the details. The expansion (2.89) with (2.90) and the estimate (2.91) follow from Lemma
2.3.7 and (2.86). Note that the constant vector u. in (2.73) must be zero, for the solution «
constructed here decays as |z| — oo. The proof of Theorem 2.3.8 is complete. O

Remark 2.3.9 Let Ry > 1 be as in Theorem 2.3.8 and let v € [0,1). Then we have for
|z| > 4Ry,

2"l (@)

||?JF||L1(Q|%|) < T 5,

1El2r@,)) < ClFlLg @) logz].
Iz]
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Here C' is independent of  and F'. Since
1
min{mwl”}logl%! < |Oz|7%‘10g]04]|, la] >0,

we have fory € [0,1) and 0 < || < 1, by using (2.91),

C _a _ 14y
||Rﬂ[f”|Lﬁﬂ/(BZRO) <71—- . <|Ol’ 2| log |ov|| 1F Nl @) + led™ > ([Pl 12(q)
(2.101)
2
+ sup |z|” ‘ lim el (Fio — Fgl)dy‘) )
|| >4Ro <=0 Jaly|>|a|

Here C is independent of 0 < |a| < 1,y € [0,1), and F. The estimate (2.101) plays a
central role to solve the Navier-Stokes equations for small || in the next section. We note
that ¢o[F] and the last term in the right-hand side of (2.101) do not converge in general if
F € L$(2)%%2 . In solving the nonlinear problem, especially for the case v = 0, it is
crucial that we only need the decay of the component Fi5 — Fb1, which always vanishes
when F' is symmetric.

2.4 Solvability of nonlinear problem
Based on the linear analysis in the previous sections the following Navier-Stokes equations
are studied in this section:
—Au—oa(zt Vu—ut)+Vp = —u-Vu+f, divu=0, z€Q,
uw=azr-, x€df, (NS»)

u—0, |z]— o0,

Our aim is to prove, under some conditions on f, the unique existence of solutions (u, Vp)
to (NS, satisfying the asymptotic behavior

u(z) = BV (x) + o(|z| ™) as |z| — oo

for some 5 € R, where V is a radial circular flow defined by (2.85) and coincides with
#;‘2 for |[x| > 1. As in the previous sections we fix a positive number Ry > 1 large

enough so that R? \ Q C Bg,, and let ¢ € C§°(R?) be a radial cut-off function satisfying
o(z) = 1for |z| < Ry, ¢(x) = 0 for |z| > 2Ry. Set

Ulz) = o(x)zt, (2.102)

which is a radial circular flow supported in the ball Bag,. We also introduce the function
space X, v > 0, as

Xy = Rx (Wy ()N L, (Q)%), (2.103)
which is the Banach space under the norm for (5, w) € X:

18, w)llx, = 18I+ [Vwllzae) + [[wllzes () - (2.104)

1ty

We sketch the proof that X, is complete. It suffices to show the completeness of the space
Wolf(Q) N L‘fﬁw(Q)? Suppose that {w(™} C Wolf(Q) N Lj’j’w(Q)2 is a Cauchy sequence.
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Then there exist u € Wolf(ﬂ)2 and v € L‘f‘jw(Q)2 such that ||V (w(™) — u)||r2(q) — 0 and
[Jw(™ — U“Lﬁ’y(ﬂ) — 0 as n — oco. What we need to show is u = v. To show this, set

f = u — v. Note that the fact u, w(™ € I/Vol’z(ﬂ)2 implies u = w™ = 0 on dQ. Then, for
any ¢ € W1H2(Q) with compact support, the integration by parts yields for j, k = 1,2,

/f]8k¢d$ = /(’U,j—?}j)ak¢d$
Q Q

= —/qb@kuj dm—/vj(?wﬁdm
Q Q
= — lim (/ d)(?kwj(-n) dx+/ w](n)@kqﬁdx) =0.
Q Q

n—oo

Since we can take an arbitrary ¢ € C3°(Q2) we first conclude that f; is a constant in §2,
denoted by c;. Next we have for ¢ € WL2(Q)? such that supp ¢ is compact,

Cj/ p-vdo, = /cjdivgpdx = /f]dIV(pdx =0,
o0 Q Q

where the result of the above computation is used. This implies ¢; = 0 since we can choose
¢ so that | oq ¢ v dog # 0. Thus we obtain u = v, and hence, X, is complete.

Let us recall that for f € L?(2)? of the form f = div F = (Y, 5, 8;F15, 3,1, 0iFa;) "
with some F € L%(Q)%*? satisfying F12 — Fp; € L'(Q) the coefficients éo[F] and bg[f]
in (2.69) and (2.90) are well-defined. The main results of this section are Theorems 2.4.1,
2.4.3 below. Let us start from the next theorem.

Theorem 2.4.1 Let vy € [0,1). There exists a positive constant € = €(§2, ) such that the
following statement holds. Suppose that f € L?(Q)? is of the form f = div F with some
F e L5 (0)**?, and in addition that F13 — Fy, € L'(Q) when v = 0. If o # 0 and

1=y _a _1
al'% 1o o + lof 2 10g al| {1~ (bl + 1 Fll2(0) + 1 12(00r,)
(2.105)
+11Fia - Fatllay + |log ol ||F|Lgo<m) <e

then there exists a unique solution (u, Vp) € I/VIZO’CQ (Q)? x L2 ()% to (NS,) satisfying

[ Fllp2(q) + Calal
Vu < ,
[Vullp2q) < il

and enjoying the expression u = aU + BV +w with U and V defined by (2.102) and (2.85),
respectively, and

(2.106)

5 = / yh - (T(u, p)v) doy + balf], (2.107)
o0

while

_1
[wll £ge (@) < C3<|a| 2 (laf + [balf1l + 1 FllL2@) + 1l 2206 R,))
(2.108)

+ og al] 1Pl g + 1 Fis — lem)) |
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and if v € (0,1),

HwHLﬁW

_ 14y
o < cg<|a| 7 (ol log al] + el )l + I F L2y + 1200,
(2.109)

_ 1
+(laf #|1oglal] + 1)1 Fluz (Q)>.

24y

Here ¢, C1, Co, and C3 depend only on ) and v, and are taken uniformly with respect to vy
in each compact subset of [0, 1).

Remark 2.4.2 (i) A careful analysis implies that 8 in Theorem 2.4.1 is estimated as

181 < Ca(jod + bal)l + 1 Fllz2(@) + 171l 2(c20m,)) - 2.110)

where Cy depends only on 2. But we do not go into details in this chapter.

(ii) In Theorem 2.4.1 when v = 0 the term w decays with the order O(|z|~!) and there is
no reason why SV provides a leading term of the asymptotic behavior of v at |x| — oo. To
achieve this asymptotics we need the additional decay of F' such as F' € Lg?O(Q)2X2; see
Theorem 2.4.3 below.

Proof of Theorem 2.4.1: In the following argument we will freely use the condition 0 <
|| < e~1. We look for the solution to (NS,,) of the form

u=alU+wv, v=pV+w, (B,w) € X. (2.111)

We need to determine 3 and w. Inserting (2.111) into (NS, ), we see that v is the solution
to the system

—Av—a(zt - Vv —vt) + Vg = divGae(B,w) +div Hy(F), z€Q,
dive =0, z€Q,
v=0, x€d.
v—=>0, |z]—>o0.

(NS,)

Here

q=p+PF,
Go(f,w) = —aUuw+weU)-B(Vow+wV)—-ww,
Ho(F) = aVU + F,

and we may assume that fﬂeR qdz = 0. Note that we have used the relations 2+ - VU —
0

U+ = 0, and the radial scalar function P = P(|z|) is taken so that VP = div [(aU +
BV) ® (aU + BV)]. Both of these follow from the direct calculation. The proof of the
unique existence below relies on the standard Banach fixed point argument in a suitable
class of functions. To this end we introduce the closed convex set 3 5 in Xo:

By = B, 50800y = 1(B,w) € Xo| (Bl + [Vwllzz) + wlpeo(sp,) < 01

HwHL(fC(Q) < 527 HwHLﬁy(Q) < (53} .
(2.112)
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Here we have set § = (01, 02, 03), and the positive numbers d1, d2, 03 with do < d3 will be
suitably determined later. We note that the following inclusion always holds for do < J3.

8(51,52,53)77 - 8(51752,52)70 . (2.113)

For any w = (B, w) € ng, let (uy,, Vq,,) be the unique solution in Theorem 2.3.8 to the
linear system

—Auy, — a(zt - Vuy, —ul) + Vg, = divGa (8, w) + div Hy(F), z€Q,
divu, =0, x€Q,
u, =0, x€Q,
u, = 0, |z| = o0,

Our aim is to show the unique existence of (3, w) € B~ such that Uy = Ugw) = BV +w

for suitably chosen and sufficiently small 0 < §; < 62 < e 2 and 5y < 63. We remark
that the value d3 need not to be small when -y is positive. Let us start from the estimates for
Go(B,w). Firstly we estimate its L? norm as

1Ga (B, W) 1200

< c(rar 19w lzage + 181 ]z + 0l | V0] 3y Tog HVme(Q)’) .
(2.114)

Here, for the nonlinear term, we have used (2.161) and the smallness of §; and 5 to obtain

lw @ w20y < Cllwll oo ll(1+ |2)) " wll 20

< Cllwl e @IVl L2 [ log [Vl L2y | -

On the other hand, it is not difficult to see that

1Ga(B,w )HL; (@ < C(lal + 18] + [[wl e ) )”wHL‘l’i (@), 0<A <7y,
(2.115)
Idiv a8, )| 2201y < C el + 18] + 0]l ) IV 22 (2.116)
and
1Ha(F)llz20) < C(lol + 1Flr2q)) 2.117)
1Ho(F)lzze @ < Cllal+1Flx @),  0<9" <7, (2.118)
1div Ha(F)|z2(045,) < C(lo] + ||f||Lz(QGRO>) : (2.119)
Then we can apply the result of Theorem 2.3.8. To simplify the notation we set
M(a, 8, F,w) = (laf +[B]) [[Vwl| 20y + Bl [|w] e (o)
(2.120)
+ lwllzee @) IVl 2o log [[Vwll 2 @) + ol + 1 Fllz2 () -
From (2.86), (2.114), and (2.117), we have
IVl z2@) < CM(a, 8, F,w). (2.121)
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Moreover, by the Sobolev embedding W22(Q5r,) — L>®(25r,) and (2.86) - (2.88) com-
bined with (2.114), (2.116), (2.117), (2.119), and [w]] () < 0] 1 (). we have

[wg.w)llLoo(@sry) T 10(80) W22(95 1) + 1908.0) W12 (25 50

(2.122)
S C(M(CK, B7F7 w) + HfHL2(Q6RO)) *
Set F' = Go(B,w) + Ho(F) and f = div . By Theorem 2.3.8, the velocity u,, = U(B,w)
is written as
Uy = w[w]v + R[w] )
where R[w] belongs to L7 . (€2 )2 and 9 [w] is given by
Y] = / v* Tl . doy + balf).
(2.123)

bolf] = éqa /{ — Fio+ Fo)o+y~ - FVpldy.

We observe that éo[G, (8, w)] = 0 and

/{ div Ga(B,w) — Gal(B,0)12 + GalByw)n) o + 1 - (Gal(fyw)Ve) ) dy = 0.

is symmetric and its trace on the boundary is

Here we have used the facts that G, (5, w)
= 0. Moreover, we have

zero. This implies b [div G (8, w)]
ba[AU] = cq[AU] = 0

in virtue of the computation

/yL-AUdy— /y-VrotUdy —/ y-u(rotU)day—Q/rotUdy
Q Q o0 Q

:/ y-y(rotU)day—Q/ vt Udo,
o0 o0

= 2/ y'yday—Z/ I/J"yJ‘day =0.
o0 o

Here rot U = 01Uy — 02U and we have used the identity U(z) = z* near 95). Hence,
(2.123) is in fact written as

Ylw] = / v - T, q)v doy + baf] . (2.124)
N
Now let us define the mapping @ : Bg,y — Xp as

Plw] = (Y[w], Rlw]),  ¢[w]isgiven by (2.124), R[w] = u, — Yw]V . (2.125)

Recalling the inclusion (2.113), our aim is to show

(1) ® is a mapping from B~ into Bgﬁ, and

(ii) ® is a contraction on B~ in the topology of Xj. i.e., there is 7 € (0, 1) such that
|P(w1) — P(wa)|lx, < 7-||w1 — wa|| x, for any wy,wsy € B
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The properties (i) and (ii) imply the existence of the fixed point of & in 857 even for the

case 7 > 0. Indeed, note that the sequence {w(™}2 = {(B(™ w(M}>  defined by
w® = &(0) and w™ = &(w™ V) for n = 1,...1is a Cauchy sequence in X and each
w™ belongs to B 5 which is not difficult to see from (i) and (ii). Then the limitw = (3, w)
of {w(") 122, in X also belongs to B 5y since 657 is a closed subset in X by the definition.

To prove (i) let us estimate 1)[w]| based on the representation (2.124). By the trace
theorem we have

|y Tl v doyl < O(1Vmallws (g, + lslwrzun,)
Hence we have from (2.122),
[Wlw]] < C(M(a, B, F,w) + [bal £l + | 122 (r,)) - (2.126)
Next let us estimate R[w]. Firstly we observe from (2.122), (2.121), and (2.126) that

[R[w]l Lo (5 5y) + IVRIW] L20) = [t = P[w]V ][ Lo (05 0) + [V (o = P [w]V) || 12(0)
< C(lluwllzee(9spy) + 1 Vuwllz2) + 1¥[w])
(2.127)

On the other hand, from (2.101) and Fy5 — Fy; € L'(Q) we have for any 7/ € [0,7],

[ R[w]]] Loe

c <
T Birg) = 1

C A
- (1al% [logall 1652w + HaP) o
_
+la|~ 7 HGa(B?w)JrHa(F)HLz(Q)+d7/[F]>, (2.128)

dy[F] = sup ]xvl‘/ (Fi2 — Fo1) dy]
|z|>4Ro 2|y[ ==

where C'is independent of 7/, ~y, and «. Here we have used that G (3, w) is symmetric and
that U = 0 for [2| > 2Ry by its definition. Note that do[F] < [[Fi2 — Fb1||11(q) holds,
which will be used later. Combining (2.127) with (2.128), (2.114), (2.115), (2.117), and
(2.118), we obtain for 7" € [0, 7],

[ R[]l 2

< ) S

iy
1 _7,{!bﬂ[fﬂ + 122 (06m,) + 2 M(a, B, F,w) + dy[F]

_2
+ lal % 1og ol (ja] + 18] + [0l ze) @)
_7
+lal ¥ [1og | (al + 1Pz o) }-
(2.129)

Now we observe that for sufficiently small §; and 2 (depending only on €2 so far) the
function M («v, B, F, w) is bounded from above as

Mo, B, F,w) < (|a| 4 61 + d2|log 61]) 61 + o] + 1F[l 20 - (2.130)
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Here we have used the fact that p(r) = 7|log r| is monotone increasing on (0, e~!], which
implies ||Vw|[z2(q)[log [[Vwl[12(q)| < d1]logdi|. Taking (2.126), (2.127), and (2.130)
into account, we assume that ||, ||| 12(q), [ba[f]], and ||f||Lz(QﬁRO) are small enough that

o1 =16(Co + 1) (laf + | F'll 20y + bl 1l + [ 1l 22 (6r,)) (2.131)

<.
16(0{) + 1)

Here Cj is the largest constant of C' appearing in (2.126), (2.127), and (2.129) (larger than

1 without loss of generality), and then, Cj is independent of v and «. Then for d2 €

1
(0, W)Ilogéll] we see from (2130),

1

M(a, B, F,w) < m

01 . (2.132)

Thus, (2.126) and (2.127) imply that for & € (0, m],

o1
[Pl + VR 2@ + 1B o @5ry) < 5
Next we focus on || R[w]|| 2 (o). Taking (2.129) with " = 0 and (2.131) (with |a| < e b
into account, we set d as

16(Co + 1)
by = —2 )
|10g51|

forall w e 857'

_1
(a\ 201 + | log lal| (la] + 1P|l rg(e)) + [F12 — F21||L1(Q)> ,
(2.133)

which is smaller than if || and the data related to £ in (2.131) and (2.133)

are small enough, while &2 is larger than 0; since 6; > |o| and |a|%‘ log |a|’ < 1 for
la] < et Note that do[F] < ||F12 — Fa | 11(q) is also taken into account in the choice of
(2.133). The key observation here is that, when f = F' = 0, the numbers §; and Jo are of
the order O(|«|) and O(\a\%) for || < 1, respectively. Then the term C|log |al|(]a| -+
18] + ||w]| L%O(Q)) in the right-hand side of (2.129) with 4" = 0 is bounded from above by

1
Collog |a|| (Jao| 4 61 + b2) < 3 (2.134)
if v € [0,1) and if || and the data related to F' (and f = div F)) appearing in (2.131)

and (2.133) are sufficiently small. Note that, since Js is at best of the order O(\a\%), the
condition v € [0, 1) is crucial to ensure (2.134). Precisely, we need the smallness such as

|2 [log[a]| + ra(F) < €(Q) < 1, (2.135)
where

_1
kia(F) = |a|"2[loglal| ([balf]l + 1F ]l L2 () + fllz2(pm,))

. (2.136)
+ |log || || Fiz2 — o]l pya) + (logla)) | Fllge @) -

Here the number €(2) depends only on €2 and is independent of « and ~, and we also
note that s [F'] does not contain the number + in its definition. Under the above smallness
condition we have from (2.129) with 4/ = 0 and the choice of ds,

)
HR[W]||L<;°(Q) <

2
5 forall we Bgﬁ ,
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as desired. In the above argument the number 3 can be arbitrary.
Next we estimate the norm || R[w]| L$s, (@) (in the case 7y is positive). To bound the term
Y

C _v
ﬁ\od ;}log |0¢|‘(!Oé\ + 18] + ||w”Li>°(Q))

in the right-hand side of (2.129) with 7/ = ~, we need the additional smallness for 4, and
09 depending on ~y:

Co —2 1
1_Vya\ 2| log || (Joe| + 61 + 62) <35 (2.137)
Precisely, in the case -y is positive, §; and J5 are required to have the smallness as
a2 | log || + || "2 ka(F) < 6, (Q) < 1, (2.138)

where the number €., (€2) depends €2 on +, contrary to the case of €({2) in (2.135). We note
that €9(€2) = €(£2) and €, (€2) is taken so that it is monotone decreasing and continuous on
v € [0, 1) in virtue of (2.129). Then we set d3 as

S e _
93 = 2<|Oz] 761 + |af g‘log |al| “F"Lﬁ’y(ﬂ) + dW[F]> , (2.139)

Then we can conclude from (2.129) with 7/ = ~ and (2.134) that

03

[Rw]llee () < B

I+y

forall w € Bg .
7’Y

It should be emphasized here that the argument works even if 3 itself is large. We have now
shown that ® is a mapping from 5 5y into B&w with the choice of §; in (2.131), (2.133), and
(2.139) for j = 1, 2, 3, respectively.

Next let us show that @ is a contraction mapping on By, s, s,),0- For convenience we
set 5: (B1, B2), and w = (w1, wa) for w; = (Bj, w;) € B(s, 55,6,),0J = 1,2. We also set

h = (Ywi] = Ywa])V + Rlwi] — Rlwa], (2.140)
which is equal to u,,, — u.,, and hence, the velocity h satisfies

—Ah— ozt - Vh—h') + Vg = divG, (B, w), divh =0, =zeQ,
h=0, xe€dQ,
h —0, |z|]— o0,

where ¢ = qu, — quw, € VVI})C2 (Q). Here G, (5, w) is given by

GL(Bw) = —a(U @ (wy —wa) + (w1 —w2) @ U) — (B — B2)(V @wy +wy @ V)
— Bo(V @ (w1 —ws) + (w1 —w2) @V) — w1 @ (w1 — wsa) — (w1 — wsz) ® ws.

Below we give the estimates of G, (5 , W), where the estimate for the L? norm of the term
V ® w1 + w; ® V has to be carefully computed: in principle, we need to estimate it by
91 rather than d9, for their dependence on |« is essentially different. Due to the negative
power on || in the linear estimate (2.101) this is crucial to show that ® is a contraction
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mapping. Because of this reasoning we apply (2.161) in Lemma A.1 by recalling the bound
|V (z)] < C(1 + |z|)~}, which yields

IV @wr +wi @ V|12 < CllVwi| 2yl log [[Vwi || 2o |- (2.141)

Here we have used the smallness of [|[Vwi|p2(q) + [[wi||rse(q). Similarly, also for the

nonlinear term in G, (6 , w) we will apply (2.161). Then it follows that
HGQ(@W)HB(Q)
< C(lal IV (w1 — w2l 20 + 181 — Bo| [Vwill 2ol log [| Veor [ 2 ()
+ B2l lwr — wall L @) + w1 — wal Lo (@) VW L2() | Tog VWl L2 () |])
< O(lal V(w1 = w2)ll 20y + 01]10g 1] [B1 — Ba| + 301 |log 1| [lw1 — wa Leo(a)
< C(|a| + 61|log 61]) |lwr — wal|x, » (2.142)

and on the other hand, it is not difficult to see

1G4 (B, W)l g () < C(Jal flwr = wall L0y + |81 = Bal [wr Lo
+ [Ba| [[wi = wal Leo () + [[Wl oo (o lw1 — w2l Lo ()
< C(021p1 = Ba| + (laf 4 01 + 202) w1 — wa| Lo (q2))
< C(|la| + 61 + 02)||wi — w2l x, - (2.143)

Similarly, we observe that

|div G, (B, W)l 12(955,)

< C(lalV(wr = wa)ll 20 + 181 = BellVwil L2 (s 5,) + 182l IV (w1 — w2)ll 22 (s, )
+ w1l Lo (@55 IV (w1 = w2) [ £2(0) + Vw2l 20 llwr — wall Lo (o))

< C(le[|V (w1 — w2l r2(0) + 01181 — B2l + 61|V (w1 — w2) |l 12
+ 81|V (w1 — wa)|| 20 + 01 flwr — wall Lo (0y)

< C(|la| + 61)||wi — walx, - (2.144)

By applying Theorem 2.3.8, we have the representation of the velocity & as
h = (/ y - T(h, q)v d0y>V + Rq[div G (5, w)]. (2.145)
onN

Here we have used bq[div G;(g, w)] = 0 again, which follows from the symmetry of
G.,(B,w) and from the fact that the trace of G/, (5, w) on 02 is zero. Since h = uy,, — U,
and ¢ = qu, — qu,, We see from the definitions of 7'(h, ¢) and ¥ [w;] in (2.124),

| vt Thaw do, = vler) - vl
o0
and thus, we also have from (2.140) and (2.145),

Raldiv G, (B, w)] = R[wi] — Rlwa] .
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In virtue of (2.86)—(2.88) we see

| /aQ y* - T(h,q)v doy| < C(IVhllwran) + lalwiz@g,))
< C(IIGL (B, W)l 2() + |div Go (B, W)l 12(05sy)) - (2:146)
A similar argument as in the derivation of (2.127) yields

IRadiv Gl (5, W)l Loe(24m,) + VRaldiv GG (B, )] 220

o o (2.147)
< C(IGL(B, W)l 20 + 1div G (8, W)l 120 5,)) -
Moreover, by applying (2.101) we see that the term Rq[div G, (3, w)] satisfies
[Ra[div G (5, WlllLee(Bg,,)
(2.148)

s<?(kwMxxxﬁﬂvaaQy+<bghnumzx5n~nu§@n).

Here we have used again the symmetry of G, (E, w). Combining (2.146)—(2.148) with
(2.142)—(2.144), we obtain for sufficiently small || # 0 and k4 [F] in (2.136),

[@fwi] — @[wa]|lx,
= [Ylwi] = Ylwa]| + |V (Rlwi] = Rlwa]) | z2(0) + [ Rlwi] — Rlwa]l| o (o)

sc@r%m+&mwm+u%mwm+a+&ﬁwrwﬂ%
3
< ZHWI —wallx, (2.149)

that is, the map @ is a contraction on 8(51 02,82),0- Here we have used the estimates | log 01| <
! log |a|‘ and §; < 2_1|a|%‘ log |a||_1 if 01 > |o and the data related to F' in (2.131) are
small enough. Therefore, there exists a fixed pointw = (3, w) of ® in B 5o which is unique
in B(s, 5,,55),0- BY the definition of ® in (2.125), the fixed point w = (3, w) satisfies

Uy = Ugw) = YWV + Rlw] = BV +w,

which is the solution to (NS.,), as desired. Let us set v = SV + w for the fixed point
(B,w) € By . The local regularity of v € VVE)C2 (Q2)? as well as Vg € L2 (9)? follows
from the standard elliptic regularity of the Stokes operator by regarding the nonlinear term,
which belongs to L?(£2)? by the above construction, as a given external force. This leads
to the regularity u € I/Vlic2 (Q)? and Vp € L2 (€2)? for the solution (u, Vp) to (NS,) by

(2.111). Next we observe that v = 8V + w solves

(—Av—a(zt - Vw—wh) +V§ = —div(aU @v+v@al +v @ v)
FdivHo(F), zeq,

divv =0, z€9, (NS2)
v=20, x€dN,
v—=0, |z]—o0.
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Here we have used the identity 2 - VV — V1 = 0 by the definition of V. Let us take the
approximation of v of the form

where xn(]z|) is the radial cut-off function satisfying x5 = 1 for || < N, xn = 0 for
|z| > 2N, and |Vxn| < CN~1, while By is the Bogovskii operator in the closed annulus
An = {N < |z| < 2N} which satisfies

supp By [Vxwn -w] C Ay,  divBy[Vxn - w] = Vxn - w
and
N7 By [Vxn - W]l 2y + IVBN VXN - 0]l 2(0) < CIIVBN[VXN - w]l|£2(0)
< O|Vxn - wll2y. (2151

Here C' is independent of NV; see, e.g. Borchers and Sohr [6, Theorem 2.10]. Then, by

multiplying v() both sides of the first equation in (NS”) and integrating over €2, we obtain
(Vu, V'U(N)>L2(Q) + a(w, 't vl — (w(N))J_>L2(Q) 2.152)
= (wev+al @0 +v®al, Vo) 12 ) — (Ho(F), Vo) 12

from the integration by parts. Here we have used again the identity for the radial circular
flow: z+ - V(xnV) — xyV+ = 0. Itis easy to see from (2.151) and w € Wolf(Q) N
Lﬁy(ﬂ) that

(

<v®v V)2 = 0,

(@U®v+v®al,Vu)r2q) = (U@ v, V)2,
(Ho(F), V)20 5

)"

)L2() We see

2

as N — oo. As for the term <w, ( )

[(w, (W™ o )| = |<waBN[VXN w1 ) 2y
< Nwllz2(qv<jel<enh BN VXN - w]ll12(0)
< ON|wl p2(qn<jzi<enh I VXN - w2200
< CN*ZVHWH%ﬁV(Q)
-0 (N — o) it v>0,
{ SCHU’HZ?O(Q) if v=0.
It remains to consider the term (w, z - VN )> r2(q)- From the integration by parts and
from 2t - Vxn = 0, div(ztxn) = 0, and supp By [Vxn - w] C Ay we have
[(w, 2 - Vw™) 12| = [(w, 2 VBN [Vn - w]) 20
< Nljwl ze((n<jz)<2np IVBN VXN - w]l 120
< ON"w|fe (o)
-0 (N — ) it v>0,
{ < CHwHigo(Q) if y=0.
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Here we have also used (2.151). Collecting these above, we have arrived at the identity
(Vu,Vo)r20) = a{U @ v, V) 12(q) — (Ha(F), V) 2(q)  when ~>0. (2.153)

In particular, from the Poincaré inequality [(U ® v, Vo) 12(q)] < C|Vo|3, () We obtain
the estimate

(1= ClaD IVl 72 < IIF + VU721 when ~ >0, (2.154)

which shows (2.106) for the case v > 0 by the relation ©w = aU + v. Note that the constant
C in (2.154) depends only on Ry and is independent of o and . To obtain the energy
inequality for the case v = 0 we first consider the approximation of F’ and f such that

Fo(z) = e »"*F(z),  f, = divF,. (2.155)
Then F), € LSiV(Q)QXQ for v > 0 and
lim bo[fn — f] = lm [|[F = Fullra@) = Hm [[fa = flr2en,) = 0,

nee (2.156)
lim [[(F = Fy)i2 — (F = Fo)aallpi) = 0, [ Fnllrse@) < 1 Fllrge ) -

n—oo

Here we have used 1o — Fb € L1(f2) for the convergence of bo[f,]. Assume that
a2 |log o] + ka[F] < €(Q),

and we fix . Then there is a unique fixed point (3,w) of ® in Bs, s, 5,),0- On the other
hand, since « is fixed, there is g > 0 such that

1—
sup (la] 2 |logla|| + a2 ka[F]) < €().
0<v<vo

Here we have used the fact that €5 (2) = €(£2) and e,(£2) is continuous on y € [0, 1). Hence,
in view of (2.156) and (2.136), there is IN > 1 such that

1—
sup sup (|oz|Tw‘ log |a|| + |a|_%ma[Fn]) <€y (9) .
n>N 0<y<y0
Let (vp, V§@n) with v, = 3,V 4+ w,, n > N, be the unique solution to (NS/) with F'
replaced by F,, such that (3,,w,) € 8(61 52.50) C B(5,,50,6,),0 With some v € (0,70].
102,03 )
Note that for sufficiently large n, we can take the same ¢; and d3. Then (2.153) implies

||an||%2(§z) = a(U ® vy, Vo) 12(q) — (Ha(F), Vup) 12(q) - (2.157)

Since (B, wn) € B(s, 5,,5,),0 We have uniform estimates of (vy,, V§y), and thus, we find a
subsequence, denoted again by (v, V§,), such that 5, — S,

Wy — Weo 1IN VV]%)’?(Q)2 ) dn — oo 1n I/Vl}),(?(ﬁ) ’
Vw, = Ve in L)% w, ~*ws, in LTQ)?,

and w, — W strongly in VVI})C2 (2)2. Moreover, we observe from (2.153) that vs, =
BV 4 woo satisfies the energy inequality

Vool Z2() < @ (U @ vos, Vo) r2() = (Ha(F), Vo) £2(q) - (2.158)
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It is also easy to see that (veo, Vo) is a solution to (NS{) and (Boo, Weo) € Bys, 4,,55),0-
By the uniqueness of the fixed point of ® in B(s, 5, 5,),0 » We have (S0, Weo) = (8, w).
Therefore, (2.158) holds with v, replaced by v = BV + w, as desired. Thus we have
(2.106) also when F' € L5°(9)**2 and Fi5 — Fy € LY(Q).

The estimates (2.108) and (2.109) follow from the fact [|w|| ze<(q) < d2 and ||w "Lﬁ’y(ﬂ) <
d3 together with the definitions of §; in (2.133), (2.139), and d, [F] < 07_1||F||L§3W(Q)
when v > 0. As for the identity (2.107) on the coefficient 5, we observe from (2.124),

B= [ y - (T(v,qv) doy, +balf].
09

Since v = u — az’ and ¢ = p + P near 92, where P = P(|z|) is a radial function and
taken so that VP = div [(aU + V) @ (aU + V)], the straightforward calculations yield

/ y= - (T(v,q)v) doy = / y= - (T(u,p)v) doy, .
o0 o0

Thus (2.107) holds. The proof of Theorem 2.4.1 is complete. O

Finally we consider the case F' € L5, (£2)2*2. Combining Theorem 2.4.1 with Theorem
2.4.3 below, we obtain Theorem 2.1.1.

Theorem 2.4.3 Assume that f = div F satisfies the conditions in Theorem 2.4.1 for v = 0.
Assume in addition that F' € LS?O(Q)QXQ. Then the remainder w in Theorem 2.4.1 belongs
to ch’o(Q)Q.

Proof: The proof is very similar to the derivation of the energy inequality for the case
~ = 0 in the proof of Theorem 2.4.1. We set F}, and f,, as in (2.155). Then F}, and f,
satisfy (2.156), and moreover, the additional condition F € L5%(£2)**? implies

The proof of (2.159) is as follows: for any small number ¢ > 0, there exists R > 0 such
that ||[F, — F[| g (e) < 2€ || F|| Lgo(q) by the condition F* € Lg?O(Q)QXQ. Then we have

lim sup || F}, — F||L§O(Q) < lim sup (HFn - F||L§°(BR) + ||Fn — F”LgO(Bg%))
n—00 n—00
2

. _R?
<limsup ((1—e™ ™)+ 26)”F||Lg°(§z) = 2¢||F||zge(0) -

n—o0

which implies (2.159). As in the proof of Theorem 2.4.1, let (vy,, V@n), vp, = BV + wp,

n > 1, be the solution to (NS”) with F replaced by F;, such that (/3,,, w,,) € B (61.52.60) C
292,93 )y

Bs, 62,5,),0 With some v € (0, 1). Since wy, € LﬁV(Q)Q and v > 0, it suffices to show that
(Bn, wy) converges to (3, w) in R x L°(Q)2, where v = BV + w is the solution to (NS).
To prove this we observe that the difference h = v — v,, solves

—Ah—a(zt - Vh—h')+Vq = divG,(B,w) +div(F — F,), zeQ,
divh =0, zeQ,
h=0, zecdf.
h —0, |z|]—=o00.

60



Here we have set § = (8, Bn), w = (w,wy), and

GL(B,w) = —a(U® (w—wn) + (w—w,) @U) = (8= Ba)(VOw+waV)
=B (VR (w—wy) +(w—w,) @V) —w® (w—w,) — (w—w,) @ w,.

Then the same argument as in the derivation of (2.149) shows

108, w) = (Bn, wn)llxo < II(B, w) = (Bn, wn)llxo

+0(Ioalf = I+ IF = Fullzo) + 1 = ful oy

)
)
~4

FIF = Faia = (F = Faalgoy +1F = Pl ).
where C' is independent of n. Thus, (3, w,) converges to (3,w) in R x L°(Q)?, which
shows w € L‘ioo(Q)2. The proof is complete. O

2.5 Appendix

We will prove the Hardy type inequality in two-dimensional exterior domains, which has
been used in the proof of Theorem 2.4.1.

Lemma A.1 Let Q be an exterior domain in R?. Then it follows that

£l oo ()
2 < ClIV {2 log< 1> (2.160)
forany f € Wol’Q(Q) N L3 (R2). Here C depends only on ). In particular, if
ellVilirz@) + 1flee@ <1,
then
| Ir2@) < CIVF L2y |10g IV fll 20| - (2.161)

1+ |z

Proof: Take 79 € R?\ Q and 0 < 79 < e~ ! so that B,,(zo) C R?\ Q. By considering
the zero extension of f to R?, it suffices to show (2.160) for = R? and f € W12(R?) N
L$°(R?) such that f = 0 in By, (7). Fix R > 2|z¢|. By the condition f(z0) = 0 and the
mean value theorem in the integral form we have

S@)| _ ool
1+ |z 1+ |z

/ ‘ (V) (1(x — x0) + x0)| dT

1
§(1+!$0|)/T0 (V) (r(x = z0) +z0)|dT, € R*\ Byy(a0),

[z—zq]

which gives

1
L e sy < u+uw/’memWﬂf

R

< (1+ |zo])([log B[ + [log ro|) [V f | L2 (r2) - (2.162)

1+ |x|
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On the other hand, we have

f 1
I 1+ |z| 22 ({e—zo|=RY) < Hmnm({ng})”fHLTO(R?)
C
< plfleges) - (2.163)

If HfHL;’O(RQ) < 2[zo[[|V f[|2(r2) then we obtain (2.160) from (2.162) and (2.163) with

Hf||L<1>O(R2)

R =2|xo| + 1. If || f|| peo (r2) = 2|x0|||V [ 2(r2) then we take R = e + r=7———, which
r°(R?) (R?) VT2 R2)
yields again from (2.162) and (2.163) that
/ [ £l Loe (r2)
— | r2r2) < Cllogro|(1 + |zoD||V fllr2(m2ylog | € + ——2——— ] . (2.164)

Here we have used |logrg| > 1 and |log R| > 1, and C' is a numerical constant. Thus
(2.160) holds. The proof is complete. O
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Chapter 3

On stationary two-dimensional flows
around a fast rotating disk

Abstract In the previous chapter, we proved the unique existence of solutions to the two-
dimensional stationary Navier-Stokes equations describing the flows around a rotating ob-
stacle, when the rotation speed is sufficiently small. We will study the fast rotation case in
this chapter under the assumption that the obstacle is a unit disk.

Thanks to the symmetry of the fluid domain, we can establish the unique existence of
solutions for any rotating speed contrary to the previous chapter, and moreover, we can
relax the summability conditions in Theorem 2.1.1 on the external force and on the class
of solutions. Finally, the qualitative effects of a large rotation are described precisely by
exhibiting a boundary layer structure and an axisymmetrization of the flow.

3.1 Introduction

As we have seen in Chapter 2, the rotation of a two-dimensional rigid body (obstacle) leads
to a drastic change in the decay structure of its surrounding fluid as in the translation case
explained in Chapter 1. Moreover, the obstacle’s rotation yields a significant localizing ef-
fect that enables us to construct corresponding steady state solutions to the Navier-Stokes
equations when the rotation is slow enough, and in particular, the Reynolds number is suf-
ficiently small; see Galdi [19] for the translation case results. Although on the one hand a
faster motion of the obstacle might give a stronger localizing and stabilizing effect, on the
other hand it produces a rapid flow and creates a strong shear near the boundary that can be
a source of instability. As a result, rigorous analysis becomes quite difficult for the nonlin-
ear problem in general. Hence it is useful to study the problem under a simple geometrical
setting and to understand a typical fluid structure that describes these two competitive mech-
anisms; localizing and stabilizing effects on the one hand, and the presence of a rapid flow
and the boundary layer created by the fast motion of the obstacle on the other hand.

In this chapter we study two-dimensional flows around a rotating obstacle assuming
that the obstacle is a unit disk centered at the origin, especially in the case when the rotation
speed is sufficiently fast and the Reynolds number is high. Note that in a three-dimensional
setting, these flows are considered as a model for two-dimensional flows around a rotating
infinite cylinder with a uniform cross section which is a unit disk.

After taking the same change of variables procedure as in Chapter 2, we consider the
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following stationary Navier-Stokes equations in the domain Q = {x € R? | |z| > 1}:

—Au—azt - Vu—ut)+Vp = —u-Vu+f, z€Q,
divu =0, x€Q, (NS.)

w=azt, xed.

Here the unknown functions u = u(z) = (uy(x),us(x))" and p = p(x) are respectively
the velocity field and the pressure field of the fluid in the coordinates attached to the rotating
disk, and f = f(x) = (fi(x), fo(2))" is an external force given in this reference coordi-
nates. We use the same notations as in Chapter 2 for differential operators with respect to
r = (21,72)". We note again that in the original coordinates the stationary solution to
(NS,) gives a specific time periodic flow with a periodicity %ﬁl Due to the symmetry of the
domain there is an explicit stationary solution to (NS, ) when f = 0:

= 1
PO = onp

oz
=P

(aU,a’VP) with U(z) 3.1)

Thus it is natural to consider an expansion around this explicit solution. By using the iden-
tity u- Vu = %V!u\Q + utrot u with rot u = dyus — Gruq and the condition rot U = 0 for
x # 0, the equations for v = u — aU can be written as

—Av—a(zt - Vo—ovt) + Vg4 aUtrotv = —vtrotv+ f, 2€Q,
dive = 0, T € Q, (NS.)
v=20, T € 00.

The goal of this chapter is to show the existence and uniqueness of solutions to (1<TvSa) for
arbitrary o € R\ {0} under a suitable condition on the external force f in terms of regularity
and summability. Moreover, we shall give a detailed qualitative analysis for the fast rotation
case || > 1 that exhibits a boundary layer structure and an axisymmetrization of the flow.

For the known results related to the problem in this chapter, we mainly refer the reader
to the papers in Chapter 2 in order to avoid overlapping, but let us compare our results with
Hillairet and Wittwer [32] in which they consider the stationary Navier-Stokes equations

—Aw+Vr = —-w-Vw, ye,
divw =0, ye,
w = art+b, yedQ,

in the exterior unit disk as in this chapter and establish the existence of solutions around (3.1)
when |« /| is sufficiently large and the time-independent given data b = b(x) is small enough.
Our problem is in fact essentially different from the one discussed in [32]. Indeed, the
stationary solution to (NS,,) is a time periodic solution in the original frame, and therefore,
the result in [32] is not applicable to our problem and vice versa.

We summarize the novelty of the results in this chapter as follows:

(1) Existence and uniqueness of solutions to (NNSa) for arbitrary o € R\ {0}.

(2) Relaxed summability condition on f and on the class of solutions, which allows slow
spatial decay with respect to scaling.

(3) Qualitative analysis of solutions in the fast rotation case |a| > 1.
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As for (1), the result is new compared with the ones in Chapter 2 in which the stationary
solutions are obtained only for nonzero but small |«/|, though there is no restriction on the
shape of the obstacle in Chapter 2. The reason why we can construct solutions for all
nonzero « in the exterior unit disk is a remarkable coercive estimate for the term —a/(x" -
Vv — ’UJ‘) + aUtrotv in polar coordinates; see (3.16) below. As for (2), we note that
the given data f and the class of solutions in Chapter 2 are in a scale critical space. A
typical condition for f assumed in Chapter 2 is that f = div F' with F(z) = O(|z|~2), and
then the solution v satisfies the estimate |v(x)| < C|z|~! for |x| > 1. In this chapter the
summability condition on f is much weaker than this scaling; see (3.4) below. Moreover,
the radial part of the solution constructed in this chapter only behaves like o(1) as || — oo
in general, which is considerably slow, while the nonradial part of the solution belongs to
L?(Q) which is just in the scale critical regime. The point (3) is important both physically
and mathematically. Understanding the fluid structure around the fast rotating obstacle up
to the boundary is one of the main subjects of this chapter, and we show the appearance of
a boundary layer as well as an axisymmetrization mechanism due to the fast rotation.

Let us state our functional setting. Due to the symmetry of the domain it is natural to
introduce the relevant function spaces in terms of polar coordinates. As usual, we set

21 = rcosf, xo = rsinf, r=lz|>1, 0€]l0,2n),
L
T x
€ = —, 99:726997-,
|| |z|
and
V= vUr€r + Vpey, Vp = V- €, Vg = V-€g.

Next, for each n € Z, we denote by P,, the projection on the Fourier mode n with respect
to the angular variable 6:

Pov = UT,nemeeT + vg,nemeeg , (3.2)
where
1 27 )
Vpp(r) = Py vy (rcos 0, rsinf)e” " do
T Jo
e A
v n(r) = Py vg(r cos 0, rsinf)e” 0 dg .
T Jo

We also set for m € NU {0},

Qnv = Y Pav. (3.3)

[n|=m+1

For notational convenience we will often write v,, for P,v. Each P, is an ortgogonal pro-
jection in L?()?, and the space L2(Q) := {f € C(Q)? | div f = O}L @7 is invariant
under the action of P,. Note that vy := Pyv is the radial part of v, and thus, Qgv is the
nonradial part of v. We will set P,L%3(Q)? := {f € L?>(Q)? | f = P,f}, and similar
notation will be used for L2(Q) and Qp. A vector field f in €2 is formally identified with
the pair (Py f, Qo f). Then, for the class of external forces we introduce the product space

Y := PoL ()% x QoL%(0)2. (3.4)
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For the class of solutions we set
X = PoWy ()% x QW2 (Q)?2. (3.5)

Here W,"(Q) := {f € W' (Q) | f = 00n 89} for 1 < r < oo. In this chapter we say
that a couple (v, Vq) is a solution to (NS,) with f = (Pof, Qof) € Y if

(Hve XNLOQ2NW2 ()2 and g € W (Q),

loc

(ii) (v, Vq) satisfies the first and the second equations in (Néa) fora.e.x € Q).

We note that the Dirichlet boundary condition on v is implemented in the function space X.
Our first result is stated as follows.

Theorem 3.1.1 There exists v > 0 such that the following statements hold.
(i) Let 0 < || < 1. Then for any external force f = (Pof, Qof) € Y satisfying

I(Poflellzrcy < vlal,  1Qof 2y < lal?, (3.6)

there exists a unique solution (v,Vq) € X N L*>()? N T/VI?)CI(Q) x LL ()2 to (NSq)
satisfying

1P| o0y + [|VPov]| oo ) < Cl(Pofell 1) ‘ ‘3 190 f1I72q) - (3.7)
|2
C
1Qov|lz2(0) < ;|||Qof||L2(Q), (3.8)
C
Z [Prvllpee@) < —511Q0f 220 ; (3.9)
n|>1 a1
C
IVQovllr2) < | |;HQDf||L2(Q)- (3.10)
ol2

(ii) Let || > 1. Then for any external force f = (Pof, Qof) € Y satisfying
[(Pofoll Loy < 1Qof L2 < s (3.11)

there exists a unique solution (v,Vq) € X N L>®(Q)? N Wlicl Q)2 x LL ()% 1o (NSa)
satisfying

C
[ Povl| oo () + HVPOUHLOO < Cl(Pof)allr |a|% \|Qof||%2(g) : (3.12)
C
[Qov|[2() < ’ ‘;”QOfHLQ(Q)y (3.13)
o2
C
> 1Pwvllre) < —<11Q0fll 220 » (3.14)
In|>1 [
1VQovllr2() < CllQofllL2(0) - (3.15)
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Note that the summability of f assumed in Theorem 3.1.1 is much weaker than the scale-
critical one. For the radial part Pov we can show lim,_, |[Pov(z)| = 0 but there is no
rate in general under the assumptions of Theorem 3.1.1. If the external force f decays fast
enough as |z| — oo then it is expected that the solution in Theorem 3.1.1 behaves like a
constant multiple of the circular flow U for any size of «, as in the case 0 < |a| < 1
which is proved in Chapter 2 and Hishida and Kyed [36]. Although such an asymptotic
behavior at spatial infinity is also an important problem, we will not go into the details
about this topic in this chapter. Theorem 3.1.1 already exhibits the axisymmetrizing effect
of the fast rotating obstacle in L? and L>, which will be further extended in Theorems
3.1.2 and 3.1.3 below. The proof of Theorem 3.1.1 consists in two ingredients: the analysis
of the linearized problem (S,) (defined and studied in Section 3.3), and the estimate of
the interaction between the radial part and the nonradial part in the nonlinear problem (see
Section 3.4). The linear result used in Theorem 3.1.1 is stated in Proposition 3.3.1, and
the proof is based on an energy method. Although the proof of the linear result is not so
difficult, there is a key observation for the term —a/(zt - Vv — v1) 4+ aU rot v. Indeed,
for the linearized problem (S, ) the energy computation for v,, = P,v with n # 0 gives

2

Urn
2l=F

2 Von (12
(Xn(”'l)nnH%Q(Q) - (1 - ‘L2(Q) + HUQJLH%Q(Q) - HTHL2(Q)) (3 16)
= —Im(fn,vn) 2(0) -

Here f,, denotes P, f and the norm ||g||;2(q) for the function g : [1,00) — C is defined
as (27r)% 191l 2((1,00);r dr)- The key point here is that the bracket in (3.16) is nonnegative

and provides a bound for || ¥ |I‘len||%z(g) since 2 = {|z| > 1}. Then by combining with

: S . ||
an interpolation inequality of the form

ViZ =1 2 V2 =1
TQHEQ(Q) + CHTQHLQ(Q)

1
lgllz2 (@) < CllOrgl 7oy | (3.17)
for any scalar function g € W12((1,00);7dr) and the dissipation from the Laplacian in
the energy computation, we can close the energy estimate for all o # 0. The proof of (3.17)
is given in Appendix 3.5.2. In solving the nonlinear problem the key observation is that the
product of the radial parts in the nonlinear term can always be written in a gradient form
and thus regarded as a pressure term, which yields the identity

vrrot v = volrot Qov + (Qov)Lrot vg + (Qov)Lrot Qov + Vg (3.18)

for a suitable ¢g. Indeed, this identity is valid since v is solenoidal and its normal trace
vanishes at the boundary |z| = 1. Since Py (vé-rot Qov + (Qov)*rot vo) = 0 as long as
Qov € VVO1 2(€2)? the radial part of the velocity in the right-hand side of (3.18) (neglecting
V§) belongs to L'(€2)2, which is the same summability as the space Y. This is a brief
explanation for the reason why we can close the nonlinear estimate and solve (ﬁéa) in X
for a source f € Y.

Our second result is focused on the fast rotation case |«| > 1. In this regime there are
three fundamental mechanisms in our system:

(D) an axisymmetrization due to the fast rotation of the obstacle,

(II) the presence of a boundary layer for the nonradial part of the flow due to the no-slip
boundary condition,
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(I1I) the diffusion in high angular frequencies due to the viscosity.

(D) and (II) are potentially in a competitive relation, for the no-slip boundary condition
and the boundary layer can suppress the effect of the fast rotation to some extent.

(II) and (IIT) are also competitive. Indeed, it is natural that if the viscosity is strong
enough then the boundary layer is diffused and is no longer observable. The important
task here is to determine the regime of angular frequencies in which the boundary layer
appears, and to estimate the thickness of the boundary layer. We show that the bound-
ary layer appears in the regime 1 < |n| < O(|oz|%), and the thickness of the bound-
ary layer is (2|an|)_% for each n in this regime. In constructing the boundary layer the
term al/*rot v plays a crucial role as well as the term —a(z* - Vo — v1). In fact, if we
drop the term U ' rot v as a model problem then the thickness of the boundary layer aris-
ing from the rotation term —a(zt - Vo — vt) is |an\7%, and the leading boundary layer
profile is simply described by exponential functions. The term aU-rot v leads to a signif-
icant change both in the thickness and in the profile of the boundary layer, and we need to
introduce the Airy function to describe the profile of the boundary layer associated with the
term —a(zt - Vo — vt) + aUtrot .

By performing the boundary layer analysis we can improve the result stated in (ii) of
Theorem 3.1.1 in the regime || > 1, which is briefly described as follows.

Theorem 3.1.2 There exists v > 0 such that the following statement holds. For all suffi-
ciently large || > 1 and for any external force f = (Pof, Qof) € Y satisfying

1 1
[(Pof)ellLray < vlaf?, 1Qofllz2(0) < vlel?, (3.19)

there exists a unique solution (v,Vq) € X N L>®(Q)? N T/Vli’cl Q)2 x LL .(Q)% 1o (NSa)
satisfying

C
Pov]| oo () + IV Pov| Loo () < ClI(Pof)oll L1 () + EHQUJCH%Q(Q) : (3.20)
C
1Qov|lz2(0) < | ’gHQOfHL2(Q)7 (3.21)
|3
1
C(loglal)?
D 1Pavll o) < (7;)\\Qof||L2(Q)7 (3.22)
In|>1 o] 2
Cc
IVQovl 12y < FHQOJCHL%Q) : (3.23)
|3

This solution is unique in a suitable subset of X.

By fixing the external force f we can state Theorem 3.1.2 in a different but more convenient
way to understand the qualitative behavior of solutions in the fast rotation limit.

Theorem 3.1.3 For any f = (Pof,Qof) € Y there is ag = ao(||f|ly) > 1 such that
the following statements hold. If |a| > o then there exists a solution (v(®),Vq(®)) ¢
X NL2(Q)2 N WEHQ)? x LL (Q)? 10 (NS,) satisfying

C(loglal)? |

HU(OL) _ vgnear|’L ’ ‘; (324)
ol2

Q) <

68



linear

Here v is the solution to the linearized problem (S,,) defined in page 72 with f replaced
by Po f which is in fact independent of o, and C depends only on || f||y. Moreover, there
exists k > 0 independent of o and f such that if 1 < |n| < H|Oé|% then v\ = Po(@) is
written in the form

vga) _ ,U7(lo¢),slip + ,UT(Za),slow + Ur(:?é])BL + ;JT(La). (3.25)
(a),slip . (a)slip (a),slip (a),slow . . . .
Here vy, satisfies vy, = rotuy = 0 on 99, vy, is irrotational in §,

and v, 5 possesses a boundary layer structure with the boundary layer thickness |2an/| -3
Finally the following estimates hold:

(a)

C

2
jan|s

[0l 20y + [0S || 120 + 1085 ll22(0) <

while ESLO‘) is a remainder which satisfies

» c
[ )||L2(Q) < Jan]

Here the constant C depends only on || f ||y

By going back to (NS,), Theorems 3.1.2 and 3.1.3 show that there exists a unique
solution u = u(® which satisfies

C(log |a])2

[u(®) — alU — vfi || oo ) < T
a2

, la] > 1. (3.26)
The expansion (3.26) verifies the axisymmetrizing effect (measured in L) due to the fast
rotation. The logarithmic factor (log ]a!)% is simply due to the regularity of f, and if f has
more regularity such as » -, g HPanSLQ(Q) < oo for some s < 2 then the factor (log \a\)%

in (3.24) and (3.26) can be dropped. Moreover, the power |a|7% can be also improved by
assuming enough regularity of f. For example, if Qg f € VVO1 ’2(9)2 in addition, then |a]*%
is replaced by |a|_§, though we do not go into the detail on this point. The new ingredient
of the proof of Theorems 3.1.2 and 3.1.3 is stated in Proposition 3.3.2 and consists in refined
estimates for the linearized problem (S,,). The nonlinear problem is handled exactly in the
same manner as in the proof of Theorem 3.1.1. For (S, ) we observe that in polar coordinates
the angular mode n of the streamfunction satisfies the ODE in r € (1, c0)

2 1d n? 1 2 1d n?
[, 3 1— — R _ n:O7 3.27
(dr2+rdr r2+zom( r2)>(dr2+rdr ?"Q)w ( )

with the boundary condition ¢, (1) = défﬁ" (1) = 0 when |n| > 1. The thickness of the

boundary layer originating from the fast rotation is determined by the balance between dd—;
and ian(1— %2) ~ 2ian(r —1) near r = 1 as long as the dissipation —’;—22 ~ —n? is moder-

L . . _1 . oo
ate. This implies that the thickness is |2an|~3. Then the regime of n where the dissipation
is relatively moderate is estimated from the condition n? < dd—; ~ O(|an|3), which leads

to |n| < O(|af %) From this observation we employ the boundary layer analysis when the
angular frequency n satisfies 1 < |n| < O(|a|%), while we just apply Proposition 3.3.1
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in the regime |n| > O(|«| %) where the boundary layer due to the fast rotation is no longer
present. In the regime 1 < |n| < O(|a|%) we first consider (S,) with f = P, f but under
the slip boundary condition v;.,, = rotv, = 0 on J€2. The estimate of this slip solution
is obtained by the energy method for the vorticity equations thanks to the boundary con-
dition rotv,, = 0 on 0. The key point is that the term U-rot in the velocity equation
becomes U - V in the vorticity equation which is antisymmetric because of divU = 0, and
thus, it is easy to apply the energy method for the vorticity under the slip boundary condi-
tion. The no-slip solution is then obtained by correcting the boundary condition. To this end
we construct the boundary layer solution called the fast mode. The leading profile of the
boundary layer is given by a suitable integrg}) of the Airy function. In order to recover the

no-slip boundary condition, the fact that / Ai(s)ds # 0 is crucial and it plays the role

of a nondegeneracy condition in our constguction of the solution. This construction gives
a formula as in (3.25) for the solution to (S,). Compared with Proposition 3.3.1, which is
based only on an energy computation for the velocity field, the estimate of the n mode v,, is
drastically improved for 1 < |n| < O(|«a %) thanks to the boundary layer analysis. On the
other hand, in the regime |n| > O(|«| 3 ), Proposition 3.3.1 for the no-slip solution already
gives the same decay estimates as in Proposition 3.3.4 for the s/ip solution, as expected.
This chapter is organized as follows. In Section 3.2 we recall basic facts on operators
and vector fields in polar coordinates. In Section 3.3 the linearized problem (S, ) is studied.
This section is the core of the chapter. In Subsection 3.3.1 we prove the linear estimates
which are valid for all & € R\ {0}. These are summarized in Proposition 3.3.1. Subsection
3.3.2 is devoted to the linear analysis for the case || > 1, and the main result of this section
is Proposition 3.3.2. The nonlinear problem is discussed in Section 3.4. Some basics on the
Airy function and the proof of the interpolation inequality (3.17) are given in the appendix.

3.2 Preliminaries

In this preliminary section we state basic results on some differential operators and vector
fields in polar coordinates.

3.2.1 Operators in polar coordinates

The following formulas will be used frequently:

1 1
divv = d1v1 + Oavg = ;GT (rvy) + ;891)9 , (3.28)
1 1
rotv = O1vg — vy = ;&(rvg) — ;agvr, (3.29)
1
|V’U|2 = |8ﬂ}r|2 + |07~l)9|2 + 7«72(|09UT — v9]2 + v + 89’Ug|2) , (3.30)

and

1 1 2
—Av = (—&(r@r(rvr)) — 305 + ﬂaHUG)eT
(3.31)
e (=o ot - Lo - 2o )o
e , o 0 7’2 0 Vo 7’2 0Ur 0 5
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e Vv = (Ov,.) e, + (Orvg)ep,

Oy — Ogg + ¥
eg'V’U: 0Ur Ger+ (A7) re
T T

In particular, we have

at - Vo — ot = [z](eg - Vv) — (vrey + vgey)
= (&9% - UG) e + (89U6 + Ur) €9 — (fUre7+ + IUGeGL)
= Ogvr €, + Ogugeg. (3.32)

From (3.30) and the definition of P, in (3.2) it follows that for n € N U {0} and for v
in Wt2(Q)?,

IVollZe@) = D IIVPavlF2 »
nez

|V73nv|2 = |(3,,v,,,n|2 +

1 4n .
+ \&09771]2 + D) |ve n‘2 - ﬁIm(UG,nUT,n) .

In particular, we have

n| —1)32 n| —1)32
]Van|2 > |a'rU'r,n|2 + (‘7.2)"1)7",71’2 + ‘ar'l)e,n|2 + (‘7.2)"09,77,|2 ’ (333)

and thus, from the definition of Q,, in (3.3),

v
IV Quvll72(0y = 10-(Qmo)r 172 () + 10-(Quv)al 2 () + m2||‘?|||%2(9) :

3.2.2 The Biot-Savart law in polar coordinates

For a given scalar field w in €2, the streamfunction ¢ is formally defined as the solution to
the Poisson equation: —Av = win Q, ¢ = 0on d. Forn € Z and w € L?() we set
1 2 ) )
Ppw = — w(rcos s, 7sin s)e "M ds e |
2T 0

Wp 1= (in) e~

(3.34)

By using the Laplace operator in polar coordinates, the Poisson equation for the Fourier
mode n is given by

n2

” 1,

Let |n| > 1. Then the solution v, = 1, [wy] to the ordinary differential equation (3.35)
decaying at spatial infinity is formally given as

Ynlwn] (r) ! (— duleon) +ﬁ /1 Tsl+|”|wn(s) ds + ri"! / msl‘”'wn(s)ds>,

=g\~

dplwy] = /1OO st (s) ds
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The Biot-Savart law V,,[wy,] is then written as

Vlwn] = Vinlwn] €™ e, + Vanlwn] €™ e,
in d (3.36)
Vinloon] 1= Tbalion] . Vonlon] 1= =)

The velocity V;,[wy] is well defined at least when 7'~ "lw,, € L((1, 00)), and it is straight-
forward to see that

div Vo wn] = 0, rot Vy[w,] = wy en? in Q,

(3.37)
e - Vplwn] =0 ondfd.

The condition '~ "lw,, € L1((1, 00)) is automatically satisfied when w € L?(Q) and |n| >

2. When |n| = 1 the integral in the definition of v, [w,,| does not always converge absolutely

for general w € L?(12). However, it is well-defined if w = rot u for some u € W12(2)2,

N

for one can apply the integration by parts that ensures the convergence of A}im wy, dr
—00 Jp

even when |n| = 1. As a result, we can check that for any solenoidal vector field v

in L2(Q) N W12(Q)2, the n mode v, = P,v is expressed in terms of its vorticity w;,
by the formula (3.36) when |n| > 1.

3.3 Analysis of the linearized system

The linearized system around aUU for (N\SQ) is

—Av — ozt - Vv —vt) + Vg + aUrrotv = f, x €,
divev = 0, z €, (Sa)
v =20, r € 0.

In this section we study (S,) for & € R\ {0}.

3.3.1 General estimate

In this subsection we establish estimates on solutions to (S,) that are valid for all & # 0.
For convenience we set for scalar functions g, h : [1,00) — C,

@@mme%ﬁgmwww, M@@*%[\WWM%

Before going into details let us give a remark on the verification of the energy argument.
Let us assume that f € L2(Q)? and v € I/VOLQ(Q)2 N VVE)?(@)Q is a solution to (S,) for
some q € I/Vlif (€2). We have to be careful when applying the energy argument due to the
presence of the term z - Vv in the first equation of (S,), for this term involves a linearly
growing coefficient, and therefore it is not clear whether the inner product (z+ - Vv, v) L2(Q)
makes sense or not. A similar difficulty appears in taking the inner product (Vgq, v) L2(9)>

since we are assuming only ¢ € W1’2(Q). The most convenient way to overcome this

loc
difficulty is to consider the equation for v, := P,v, which is identified with (v, ,, vgm).
Note that v;.,,,vg,, € W()I’Q((l,oo);rdr) N Wlif([l, o0)) if v € T/VOI’Q(Q)2 N Wﬁf(ﬁﬁ
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Let us denote by w,, = wy(r) the n mode of the vorticity of v in the polar coordinates,

ie., wy(r) = (rot Pyw)e 0. Similarly, we set ¢, = ¢n(r) = (Png)e™™, where the
projection P, for the scalar ¢ is defined as
1 2 . )
Prnq = — q(rcos s, sin s)e” ™ ds e |
2 0
Then, from (3.31) and (3.32), v, ;, and vy, obey the following equations:
1 n? 2in ) w
_ar(;ar(rvr,n)) + ﬁvr,n + TTUG,n — 1NV pn — 04771 + Orqn = f'r,n7 (3.38)
1 n2 2in . . 339
—&(;&«(rve,n)) + 5 00n = g Urn — M09+ inGn = fon, (3.39)

together with the divergence free condition 0, (rv;.,) + invg, = 0 and the boundary con-
dition v, ,(1) = vg,(1) = 0. Then the key observation is that the factor —ian is regarded
as a resolvent parameter, and by setting A = —ian, the above system is equivalent to

(A = A)v, + VPuq + aUrrot v, = fp, €N, (3.40)

with divv, = 0 and v,|g9q = 0, where f, = P, f € P,L*(Q)2. Indeed, system (3.40) in
polar coordinates is exactly (3.38) and (3.39). The key point is that there is no term involving
a linearly growing coefficient in (3.40), and therefore we can apply the standard regularity
theory of the Stokes resolvent system with a resolvent parameter A. Let us assume that n #

0. Then A\ # 0 since we are assuming that o # 0. If v,, € L2(Q) N I/Vol’z(Q)2 NW22(0)2

e loc

and Ppq € VV&?(Q) is a solution to (3.40), then (v, Pnq) is a weak solution to the Stokes
system with source term f,, — aU~rot v, which clearly belongs to L?(2)?, and thus, the
regularity theory of the Stokes system implies that v,, € W%2(Q)2 and VP, q € L?(2)?. In
this way we can recover the summability of V2v,,, VP,q € L?(Q)2. Then, by going back
to the system (3.38) and (3.39), we also find that ¢,, € L?((1, 00);r dr) from (3.39), for all
the other terms in (3.39) belong to L?([1,00);r dr). As a summary, for any solution v €
L2(Q) N VV&’Q(Q)2 N I/Vlic2 ()% and q € I/Vlicz(ﬁ) to (S,), we can rigorously verify the
energy computation for the system (3.38)-(3.39) in each n mode (v, p,vp,,) With n # 0.
The estimate for the 0 mode is handled in a different way from the energy method, and is
discussed in Subsection 3.3.1 below.

Our main result in this subsection is stated as follows. Let us recall that the projection Qg
is defined as Qo := 3, .o Pn.

Proposition 3.3.1 Ler a € R\ {0}.

(i) For any external force fo € PoL'(Q)? the system (S,) admits a unique solution (vg, Vq)
with vg € PoL>®(2)2 N W&’OO(Q)2, Vg € LL ()**% q € Wﬁ)cl (Q2). Moreover, vy =
vg,0€9 and

[voll oo @) + (121 V00| oo ) < Cllfo0ll 10 - (3.41)

Here fg o := fo - €9 and C'is independent of c.
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(i) For any external force f € QyL?(Q)? the system (Sq) admits a unique solution (v, Vq)
with v € QoL2(2) N VV&LQ(Q)2 N I/Vli’CZ(Q)2 and q € VVli’CQ(Q) Moreover, v, = Ppv
satisfies the following estimates: if 1 < |n| <1+ \/2|a\ then

Cc ,1
vnll2@) < —5 (= )||anL (3.42)
of? Tl Jaf?
VigP -1 C 1 1 .1
[ 7] Unl| 2y < W(m WE —1) 2 fall 20 » (3.43)
Cc ,1
|vn Loo () < W(W | ’ )anHL (3.44)
1
I¥onllzz@) < O + —) 1 full 2o (3.45)
nl |z
while if [n| > 1+ \/2|a| then
c ., 1 1
lenllzaey < o (o + o) I nllzzce (3.46)
\/7 c 1 1.1
H |x| HL2(Q) W(‘n‘ ’a‘)QanHLQ (Q) (3.47)
Cc 1
onll o0y < W(‘ | ,a‘) | full 2@ (348)
C 1
Vel < (G + i ‘) [ fall 2o (3.49)
Finally if || > 1 and |n| = O(|a|%) then
C
[vnllL2@) < ﬁ”fn”L2(Q)7 (3.50)
[Vl Lo () < | |3 [ frllz2(@) (3.51)
o4
IVonllzz (o) ‘ ‘1 1 fnllL2 (3.52)
|2

Here f,, := P, f and C is independent of n and .

Structure and estimate of the 0 mode

Firstly we observe that if vg satisfies vg € PoL>(Q)%N VVO1 ()2 then the divergence-free
condition in polar coordinates (3.28) implies that

d(rv,p)
) — O
dr ’
_C
and thus, v,o = — with some constant C. Then the no-slip boundary condition leads
to C = 0, and therefore vro = 0. So it suffices to consider the angular part vg .

From (3.32) we have
L. Vg —vg =0,
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and we also note that the term U-rot vy in (S,) with U+ = is always written in a

1712
gradient form, so can be absorbed in a pressure term. | |
Collecting these remarks, we see that any solution (vg, V) to (S,) with fo € PoL!(2)?
satisfying vg € PoL>®(Q)2 N Wy ()%, V2uy € LL (Q)**% ¢ € W21 (Q) must be
written as vy = vg geg, where vy o = vg o(r) obeys from (3.39) the ODE

d2U970 1 d’U@ 0
dr? r dr

= fo0, r>1, vp0(1) =0. (3.53)

The bounded solution to (3.53) is written as

e (—/ foods+ 3 [ hogdstr [ f9,0d8>- (3.54)
1 r

‘We note that

[ fo.ollr@) = 27r/1 |fool sds.

Thus we see from (3.54) that

dU970
3 =@ = Cllfoolliie

which implies (3.41).

A priori estimate of the n mode with |n| > 1

Let v denote a solution to (S,) satisfying v € QL2(Q) N Wy (Q)2 N W22 (Q)? for f €
Qo L%(9)? with some ¢q € W]})Cz (). Then, as we have already seen in the beginning of
Section 3.3.1, for each n # 0, the n mode v, = P,v belongs in addition to W22(Q)?
and we also have that P,,q belongs to W2(Q). Hence the energy computation below for
(Vr,n, V9.5, to the system (3.38)—(3.39) is rigorously verified. With this important remark
in mind we multiply both sides of (3.38) by rv;.,, and of (3.39) by rvg ,, and integrate over

[1, 00), which results in the following identities:
HVUTLH%Q(Q) = —aRe(Utrot v, sUn)r2(0) + Re(fa, vn) 120 » (3.55)

—an(||vr7n||%2 +||veg nHL2 )—|—aIm<ULr0t Un s Un) 2(Q) = I fn , Un) 12 - (3.56)

Note that U (x) = thus we see from rot v,, = —Au1), by definition of the stream-

T
, R
function ,, for the n mode with n # 0,
1
R6<UJ'I‘O’E Un Un>L2(Q) = Re<mA¢n y Ur,n>L2(Q)

0o 2
T

— d7nIm / Orton T
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This gives the bound
v vy,
Re(U™ 0t v v 200y | < 20172 | ooy |22 (e - (3.57)
Therefore, (3.55) and (3.57) with the lower bound (3.33) imply

Urn Vo,n
Harvr,nH%%Q) + HaTUG,nH%?(Q) + ((In] = 1)? = |a]) (H HL2 @ TlI=—= HL2(Q))
< [Re(fn,vn) L20) -

(3.58)
Next we study identity (3.56). We see that
1
1L
Im(U=rot v, , vn) r2(0) = Im<mA¢n s Urin) L2(Q)
& 1 —d
= —-2m™n Re/ (63¢n + ;87‘wn - 2 wn)wn i :
1
Integrations by parts yield
> 1 C—|
M/(%%+&%—wanr
1 r r r
00 d © 1 _d 0o 2 n 2 d
= _/ |8rwn|2r+2Re/ - rwnwnr_/ " W; | .
1 1 T T 1 T T
dr |4, |? dr
- - 87“ n 2 2 2 / -
[0 - ) [T RS
Hence,
Vg ,n 2 Urn
m<ULf0t Un s Un)[2(Q) = ”(H HL2(Q +1- ?)H ”L2(Q)) (3.59)
Hence, (3.56) and (3.59) give
o oenllZa@ — (1 = ) 2 2y + looal3age — 172
rnllL2(Q) n2 L2(Q) OnllL2(Q (3.60)
= _Im<fn ) Un>L2(Q) )
which in particular leads to
Vvr2 -1 VrZ -1 2
H r vTv”HLQ(Q) H v@,'rLHLQ(Q) S ‘an’ |Im<fn7vn> (361)
Vrmn (12 n
H r HL2(Q) S ‘%‘ |Im<fn7vn>L2(Q)‘ . (362)
Then, from (3.60) and (3.62) we gather
Urn 1
HU’/‘,nH%Q(Q) < || ||L2(Q) + | 7’L| ‘Im<fn 7Un>L2(Q)‘
n 1
< (|g’ + m)\lm%  Vn) £2(0)|
< y%y I (o) n| >3, (3.63)
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while for |n| = 1,2, a slightly finer estimate is available from (3.60):
1
”Ur,n”%%gz) < lam| T (fr, vn) 1200 » In| =1,2. (3.64)

To obtain the estimate of [|vy||2(q) we first observe that the following interpolation in-
equality holds for any scalar function g € W2((1, 00); rdr):

V2 —1 2 V2 —1
lollz2y < Clorgl s o100 aey + O g2y (365)
See Appendix 3.5.2 for the proof of (3.65). From (3.65) and (3.61) we have
vVr2 —1 2
o (I[ornl2 2y + l0.nl1320)) < Clof (|| 'wuu%m I——v0nll12(0))

1
+ 1(”81”111”,71”[/2(9) + H&«v(;’nHQLQ(Q))

N N
I gy + 1Lt )
1
al2 1
< o2+ ol ol

1
+ Z(Har”r,nHQm(Q) + Harvé,n”%%g)) )
and thus,

‘a|(‘|vrn”%2 + ”UGnH%Q )

C (3.66)
< S+ H)anHLzQ)Jr (Havap 0y T 10rvo.nll72(c)) -

Hence (3.58) and (3.66) imply
Cq

2 2
[0rvrnllz2(0) + 10rvomll12(0) < o)

( )anHL? +2|Re<fnavn>L2 )| (3-67)

laf
Then (3.66) and (3.67) yield

C 1
T 7 : < —1 T 2 T lln n
[vrnllz2) + lvomll72(0) < ‘a‘ng( + |a’)anHL2(Q) + ol [ frll 2 lvnll2 ) »
that is,
2 1 1 2
HU"”LQ(Q) < C(W + ‘a|2)||anL2(Q) : (3.68)

This proves (3.42) and (3.50). Note that the factor la\ﬁ dominates i in the regime |n| <

O(|a] %) and || > 1. Once we have proved (3.68) the following estimates are immediately
obtained from (3.61) and (3.67):

vr2—1 Vr2 —1 2 C 1 1
H r 'Ur,nHL2(Q) H r UG,nHLz(Q) < ﬁ(| | ’ ’ m)”an%?(Q)a (369)
1
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The constant C' in (3.68), (3.69), and (3.70) is independent of |n| > 1 and «. Inequality in
(3.69) proves (3.43). Moreover, (3.68) and (3.58) prove (3.45) and (3.52) since

U
|04|||ﬁ||%2(9) < lalllvnlZ2(q -

Finally (3.44) and (3.51) are obtained from the interpolation inequality for functions in the
space Wol’Z((l, 00); dr).

A priori estimate of the n mode with [n| > O(y/1 + |a])

If [n| > 1+ /2|« then (3.58) yields

2
n v
18071722y + 10rv0,0172 (0 + g(”%

g,
==

2
= @) (3.71)
< ’Re<fn ) Un)LQ(Q)‘ .

120

Then (3.60) and (3.71) give

) 1
anH%%Q) < Hﬁ”%%m + W\\fn”L?(Q)H”nHL?(Q)
8 1

< Gz + anp) Mallz@ Il 2

which shows

8 1 2

2 2

lonllzz) < (5 + ,an|) £l 20 (3.72)
Note that (3.72) is better than (3.68) in the regime |n| > 1 4+ 1/2|a|, while both are of the
same order in the regime |n| = O(y/1 + |a|). The estimates (3.71) and (3.72) yield

1 1
IVonllZe) < C (5 + Tanl) £l 720 - (3.73)
while (3.61) and (3.72) lead to
I altag) + 10l < ot Gz + paay) Ml - G374

Again, (3.73) and (3.74) are better than (3.70) and (3.69) in the regime |n| > 1 + /2|«
The estimates (3.72), (3.73), and (3.74) show (3.46), (3.49), and (3.47). Then (3.48) follows
by interpolation using (3.46) and (3.49)

Proof of Proposition 3.3.1

The statement (i) of Proposition 3.3.1 is proved in Subsection 3.3.1. In particular, we have
that vy = vg geg and vy o is given by (3.54). It remains to prove (ii) of Proposition 3.3.1.

(Estimates and Uniqueness) We have already proved the a priori estimates of solutions in
Subsections 3.3.1 and 3.3.1, which give (3.42)—(3.49). The uniqueness of solutions directly
follows from these a priori estimates.
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(Existence) By considering the Helmholtz-Leray projection which is bounded in L? and
invariant under the action of P,, we may assume that f,, belongs to QL2 (f), rather
than Qg L?()?. To show the existence of solutions we consider the operator

A, = PA — aPU rot

in the L? framework, where P : L?(Q)% — L2(Q) is the Helmholtz-Leray projection and A
is the Dirichlet Laplacian in L?(£2). The operator PA is thus the standard Stokes operator
in L2 (). Let us consider the operator A,, in the invariant space P,, L2 (2), n # 0. Note that
the spectrum of the Stokes operator PA in P,, L2 () is included in the half real line R_ =
{\ < 0}, while the operator PU-rot is relatively compact with respect to PA in P, L2 (1),
for U is smooth and decays at infinity. Thus, the difference between the spectrum of A,
and the one of PA consists only of discrete eigenvalues with finite multiplicities. Then the

scalar A := —ian must belong to the resolvent set of A, in P, L2(2), otherwise —ian is
an eigenvalue of A, in P,L2(£2) but this cannot be true due to the a priori estimates on
solutions of (3.40) with A = —ian which we have shown above. Hence, when A = —iamn,

for any f,, = P, f € P,L2(f) there exists a unique solution v,, to (3.40) belonging to the

space P, L2 (Q)NW, ()20 22(2)2 with a suitable pressure field belonging to W, ().

loc
Then v = >, ., vn belongs to QLi(Q) N T/VOI’Q(Q)2 N W22(2)? and solves (S,) by
construction, for (3.40) with A = —ian is equivalent to (3.38) and (3.39) for each n # 0.
The proof of (ii) of Proposition 3.3.1 is complete. O

3.3.2 Analysis in the fast rotation case |o| > 1

In this subsection we focus on the behavior of solutions to (S,) in the case |«| > 1. Let us

define the parameter
[ (@an))
(2lan|)

V3
2
Our goal is to prove the following structure result on solutions to (S,).

c_ if an>0,

W=

B = (—2ian) (3.75)

W= Wl

cy if an<O0,

where

s (3.76)

Proposition 3.3.2 There is a constant k € (0,1) such that as long as 1 < |n| < H|a|%
and |B| large enough (implying |«| large enough), the n mode of the velocity field vy, solv-
ing (Sa) with f = f, € P,L*(Q)? may be decomposed into four parts

Up = ’U;hp + UZIOW + Un,BL + 5n s

where

e the term v,ilip satisfies the system (mS,,) and the estimates (3.83)-(3.85) of Proposi-

tion 3.3.4.

slow

o the stream function of v3,

is given by
W}OW(T) = anr_lnl )

where ;
|an| < Clan| 76| fall L2 -
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o the boundary layer term vy, By, is given by

inby, /
UnBLr(T) = %Gn,a(lﬁl(r —1)), vnpLe = —|81bnG, o (18](r — 1))

with G, o a smooth function, decaying exponentially at infinity, uniformly in n and o,
and where ;
|bn| < Clan|~o|| fal2 -

o the term v,, is a remainder term in the sense that

il < Clonl ™ fullz, nllimo < Clonl =¥ falle,
~ _2 :
and  ||Vn||r2(0) < Clan| 73| fall L2 -
In particular, the following estimates hold for v,:
2 1
Unllr2) < Clan|™3 2, Unllpoo() < Clan|™2 2,
[vnll2(@) < Clan| 73| full [vnll Lo (02) lan| "2 || fallL (3.78)

_1
and ||Vun|r2() < Clan| 75| ful 12 -
The constant C' is independent of n, «, and fy,.

Remark 3.3.3 (1) The velocity fields vf} ip v,ilow and vy, gr, have the same decay order in the
spaces L2, L°° and H', although their structure is different. Contrary to the other velocity
fields, the term v, gy, is negligible away from the boundary due to its rapid decay. The
key point is that the boundary layer analysis enables us to improve the decay order in the
low and middle frequencies [n| < O(]«| 2 ), compared with the results of Proposition 3.3.1
which are based only on energy computations. Indeed, it is not clear whether (3.78) can be

shown only from energy computations without using the boundary layer analysis.

(2) The vorticity of vf}ow vanishes in €2, that is, vf}ow is irrotational in 2. The function G,
and its derivatives of finite order are uniformly bounded in n and « which satisfy |«| >
land 1 < |n| < \a\%. The uniform decay estimate of G, o(p) for p > 1 is stated
in (3.117) below. The smallness of & in Proposition 3.3.2 is required only in obtaining some
lower bound for the quantity ‘| BlGY,.0(0) + [n]Gra(0)]| which is essential to construct

the solution satisfying the no-slip boundary condition and possessing the structure stated in
Proposition 3.3.2.

Proof of Proposition 3.3.2: We first consider a linearized problem similar to (S,,) but with
a different boundary condition, such that the vorticity vanishes on the boundary:

—Av —a(zt Vv —vt) + Vg + aUtrotv = f, x €},
dive =0, x €N, (mS,)
v, =10tV =0, r € 0f.

Note that the vorticity field w then satisfies the following equations

—Aw—azt-Vw+aU- -Vw=rot f, z¢€Q,
(3.79)

wlaga =0.

Let us prove the following proposition.
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Proposition 3.3.4 For any a € R with |a| > 1 and external force f € QOLZ(QQ2 the
72 re)

system (mS,,) admits a unique solution (v, Vq) withv € QOL?,(Q) N I/VI’Q(Q)2 NWye (Q)
and q € I/Vlicz(ﬁ) Moreover, w = rotv € QOW&’2(Q) satisfies for n # 0,
C
[Prwllz2) < —< I fall2@) (3.80)
an|s
Vix|2 =1 1
H‘ipnw”L?(Q) < ——|lfallze@) s (3.81)
z| |an|2
IVPrwll 2y < [l fallr2(e) s (3.82)
while v, = Ppv satisfies for 1 < |n| < 2|a|%,
C
[vnllL2(0) < 31 fnllz2) > (3.83)
janf?
C
[vnllLoe @) £ — Ifnllz2() (3.84)
|an|2
Vix)2 -1 C
[~———vnllr2) < —=5 Ifallz2() - (3.85)
|| |an]|s
Here f,, := P, f and C is independent of n and c.
Remark 3.3.5 Note that
Un, C
IVonllrz) < C(IPrwll 2 + 5 l2) < — 1falli2) - (3.86)
|| |an|s

The decay order in each estimate of (3.86) and (3.83)—(3.85) is better than the order in (3.42)—
(3.45) for the solution subject to the no-slip boundary condition. This faster decay is shown
by an energy estimate thanks to the slip condition in (mS,), which reduces the magnitude
of the boundary layer arising from the fast rotation in low and middle frequencies.

Proof of Proposition 3.3.4: For simplicity we set w,, = w,(r) := (Ppw)e” 7.

(A priori estimates) We first show the a priori estimates stated in (3.80)—(3.85). As in
the proof of Proposition 3.3.1, for each n mode the energy computation for v, based
on the integration by parts is verified for any solution (v,Vq) to (mS,) such that v €
QLE(Q) N W2(Q)2 N I/VleCQ () and q € I/Vl})f (Q2) (see the argument at the beginning of
Subsection 3.3.1). We also note that the n mode of the vorticity w,, € I/VO1 2((1, 00); rdr)
satisfies the following ordinary differential equations on (1, c0) in the weak sense:

2 14 n? . 1 1d in
_< + 2 + Zan(l - T.2)>wn = (rfﬁ,n) - 7f7“,na (3.87)

dr2 " rdr 7 T ordr
with the Dirichlet boundary condition w, (1) = 0. We can multiply both sides by rw,, and
integrate over [1, c0), which gives the following identities:

[e'e] n 2 [e’e] din oo
/ (|8Twn\2+n2‘w2| )rdr: —Re</ fgm—: rdr+in/ fr,nwndr>,
1 r 1 r 1
(3.88)

o0 1 ) o0 da, . 0o B
an (1= —)|wn|*rdr = Im fon rdr+in frnwndr | . (3.89)
1 r 1 dr 1
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The first identity (3.88) gives the bound

IVPuwll 2y < I fallr2(e) s

and then the second identity (3.89) yields

[RAE

2 1 2
W < IIanL2 VPl L2) < = Ilfall :
m HL2 ’ n| (©) an| L2(Q)

Thus (3.81)—(3.82) hold. The estimate (3.80) follows from (3.81)—(3.82) by the interpola-
tion inequality (3.65) and |« > 1. The estimates on the velocity v,, are obtained from the
estimates for the streamfunction v, which is a solution to the equation (3.35). Let us first

42 2
d=n, w dipy, d“¢y,
02 and —-- We write ¢, = o and ¢ = R

/fingrdr:/l (w")u/’ dr +/OO U Bt dr

A similar computation yields

“Re | ‘Z’; ;;rdr_Re/l (‘””) ol dr _/loo‘(‘i”)w
[ e [ 131

Hence we have from (3.35), by multiplying both sides by 71" and by integrating over
[1,00),

* "2 Un ” o0 Un\'|2 0o _,
1 [Yal"rdr + Re 1 ( )w rdr + (n? —1) . ‘(7) } rdr = —Re 1 wptbprdr,
and similarly, by multiplying by ™ in (3.35) and integrating over [1, 00),
I Un\ 2
[162)

Combining these two identities gives the following bounds: when |n| > 2,

nwn

estimate and then observe that

rdr

and

rdr.

| ¥n|?

r2

rd7’+(n2—1)/ rdr:Re/ wnw—grdr.
1 T

1

1971 z2cey + || € Hpmﬁnzuguy(mgcuwnup(m, (3.90)

while when |n| = 1,

Un

)

e 122 2

)l122(9) < llwnll 2@
(3.91)

uw oy < Cllonllzzcay (lonllzzgey + | ol ey

where C is independent of n. Next we observe that the identity (3.60) holds even under the
slip boundary condition, and thus, (3.61) and (3.62) are valid also for solutions to (mS,).
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Hence, by recalling the relation v, , = %”v,/zn and using the interpolation inequality (3.65),
we obtain for |n| > 2, thanks to (3.90) and (3.61),

1 vrz—1
”UT‘,nHLQ(Q) < Cuarvr,nHzE!(Q)H TUT,TLHZQ(Q)
1 1
< CHwan (| n|an”L2(Q yllvnllp2 Q)) (m“anB o llonllz2@)?

while for [n| = 1 we use (3.91) and also (3.62), which give

Vrz —1

Vrz —1
r

2
[ornllzzt0) < ClOrvral ooy Orn|| g2y + €| Ol 2

N

1 5 1
< CHWNHEQ(Q)(m”fn”L%Q)”URHL?(Q)) 2+ C(mﬂanL? o) llvnll2@))? -

Similarly, we have from vy, = —/,, (3.65), (3.90), and (3.61), for |n| > 2,

1 1 1
[v0.nll 20 <CHWHHL2 (‘an|anHL2(Q)HUnHL2(Q))“+C(W’\fn”L?(Q)||”nHL2(Q))’

N|—=

on the other hand, for |n| = 1, by applying (3.65), (3.91), (3.61) and (3.62),

Wl

1
[vonllL2(0 <CHwnHL2 (manHL?(Q)HUnHL?(Q))

N

1 1 5 1
+ CHWnsz(Q) (m”anH(Q) HUnHL2(Q)) 24 C(mHfNHLQ(Q)HUnHLZ(Q))

Hence we have from (3.80) for the estimate of ||wp | 72(q) and |af > 1,

C
lonllzz@) < ——=lfallzz@.  In[=1. (3.92)

|an|s

The estimate (3.85) follows from (3.61) and (3.92). As for the L>° estimate in the case |n| >
2, we have from the interpolation inequality and (3.90),

HUT,nH%OO(Q) < CHaTUT,nHLQ(Q)||Ur,n||L2(Q) < CHWnHLQ(Q)||Ur,n||L2(Q)
c 2
S ‘an‘ an||L2(Q) )
and similarly,
2
00,0170 () ‘ ‘anHLQ

The case |n| = 1 is handled in the same manner, and in this case we use (3.91) instead
of (3.90) to estimate ||0,vy,n | 2(2) and [|0;vp n 2 (q)- This modification does not produce
any change in the final estimate

C
vnllpe @) < —< I fnll2) -
a2
The details are omitted here. Thus (3.80)—(3.85) hold.
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(Existence and uniqueness) The uniqueness follows from the a priori estimates. The exis-
tence is shown by the same way as in the proof of Proposition 3.3.1 in Subsection 3.3.1 (the
proof for the statement (ii)), so we omit the details here. The proof is complete. O

Let us return to the proof of Proposition 3.3.2. We denote by v*'"P the solution to (mS,,)
with the external force f in Proposition 3.3.4. Note that v*P satisfies the desired esti-
mate (3.78), while v*'' is not necessarily subject to the no-slip boundary condition. Hence,
starting from the perfect-slip solution v*"P, our next task is to recover the no-slip boundary
condition by the boundary layer analysis. To this end we consider the following equations
related to the stream function:

2 1d n* | 1 > 1d n?
<d7‘2+7’d7’_7“2+zan(1_7°2)>(dr2+7’d7“_7“2)()0n:07 r>1

lon(1)] <1, lim ¢, =0.
r—00

" (3.93)

Indeed, the first equation in (3.93) is nothing but the equation for the n mode of the stream
function in our problem (in polar coordinates), while here we do not need to impose the
exact boundary value on the boundary » = 1, and the key point is that there exists a solution
to (3.93) which possess a boundary layer structure due to |an| > 1. We shall decompose it
into a boundary layer part and a remainder:

¥Yn = ©n,BL + QZn ) (3.94)

where ¢, gy, is a function on the boundary layer variable |3|(r—1) and ¢y, vanishes at = 1
and is smaller than ¢, r, up to its derivatives. The precise construction of ¢, g1, and ¢,
will be stated later.

Once ¢, is constructed as in (3.94), the n mode of the no-slip solution vy, to (3.93), or equiv-
alently its stream function ,,, is obtained by the following argument. Noticing that (3.93)
has an explicit solution given by r — rinl (corresponding to a vorticity-free solution), we
look for the stream function v,, under the following form:

V(1) = anr™ ™ + b0 (r) + YSEP(r) (3.95)
where w;l P is the 7 mode of the streamfunction for vfll ip, namely,
e g %vi%’, n#0, (3.96)

and the coefficients a,, and b,, are determined from the prescription that ¢, and 1/, vanish
at the boundary r = 1:

an, + bppn(1) =0

dgn depP i
() =~ ) (= o))

—|nlan, + by,
In other words there holds

d” sli
b (S220) + Inlen(D) = 021, aw = —bupa()). G

d
The key point is that for |n| < ﬁ\aﬁ for some small enough , the term :1'0” (1) +|n|en(1)
r

will be shown to be nonzero and actually large, due to a specific boundary layer structure
of ¢,,. Combining (3.94) with (3.95) gives the formula

Yo () = P (1) + @™ 4 by 0n BL) + ba@n(r) .
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Thus, with the notation of Proposition 3.3.2, the remainder velocity v, is given in terms of
the stream function ), defined as

"Zn(r) = bn@n(r) .

We now focus on the construction of ¢,, and its associate velocity field. To estimate a pos-
sible boundary layer thickness we observe from the first equation of (3.93) that there is a
d2

natural scale balance between — - and —ian(1 — %2) ~ —2ian(r — 1) near the bound-

ary r = 1, which formally implies that the thickness of the boundary layer is \2om\_% =
|3|~* where 3 is defined in (3.75). Before stating the result leading to the construction of
the boundary layer term, let us recall the notation introduced in (3.35):

d2_1d n?

H,=————+—, 3.98
dr2 rdr 2 ( )

and let us denote )
A, = H, — ian(l _ 72) (3.99)

so that the first equation in (3.93) translates into A,, H,,,, = 0. The next proposition is the
construction of ¢, gr, in (3.94), which describes the leading part of the boundary layer.

Proposition 3.3.6 There exist k € (0,1) and C > 0 such that the following statement
holds. If |n| < /1\04\% and if |B] = (2]om])% is large enough, then there exist smooth
functions ¢y, B, and g, Br, on [1,00) such that

1d : 3
ApHppn L = ;E(rgn,BL)u with  ||gnBLl L2(0) < C1B]2 , |enpL(1)] <1,
(3.100)
and
e there holds
doy, K
RBL (1) + [nlonpL(1)] 2 5161, (3.101)

e there is a smooth function Gy, o decaying exponentially at infinity uniformly in n
and o such that

¢onBL(r) = Gna(Bl(r—1)), r>1. (3.102)

More precisely, G, o in (3.102) satisfies the estimate (3.117) stated below. Let us postpone
the proof of Proposition 3.3.6 and conclude the proof of Proposition 3.3.2. We construct a
couple (¢ BL, gn,BL) as in Proposition 3.3.6, which produces a boundary layer vector field

inby,

UrnBL(T) = . Gna(IBl(r—=1)),  vgnsL(r) := =BG, o (18](r = 1)) .
(3.103)

Next we fix ¢, (1) = ¢y, B1(1), so that the remainder ¢, as in (3.94) vanishes at the bound-
ary. Moreover, from the requirement A, H,, = 0 and thanks to (3.100), ,, is obtained
as the solution to

~ 1d - ~
AanSOn = _;E(Tgn,BL) r>1, (Hnspn)(l) = Qpn(l) =0.
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More precisely, the construction of @, is as follows: we first construct @, (r)e™? as the

solution to (3.79) with right-hand side —rot (gmBLei”Beg). Then @,, is obtained as the
solution to H,,$, = w, under the boundary condition ¢, (1) = 0. Let us denote by w,
the velocity field whose stream function is ¢,. Then the estimates of w,, and w,, follow
from Proposition 3.3.4 and the fact that ||g, BL|/z2(0) < C|B |% as stated in (3.100). In

particular, (3.84) in Proposition 3.3.4 produces from || = |2an|% that

4G
(1) ) S 181 lgn bz < C.

Together with (3.94) and (3.101), we find that

den dn BL dcpn ‘
1 1| > d _
| 800) 4 k()] 2 | SERBL (1) g ()] - | S0 1)
K
> gl —
SRy
K
>
_4|5’

for |3] > k~!. Let us estimate the coefficients a,, and b, which are defined in (3.97).
Since )
li _1
V()] < [yl pee () S loml 2| full 1200y

thanks to Proposition 3.3.4 we infer that the parameter b,, satisfies
.
n don
(1) ¥ [nlen(1)

while since |, (1)] <1,

_5
‘ S lan] 6an||L2(Q)

_3
|an| = [brpn ()] S lan| 7| fall 2@

Thus, the estimates of the velocity vy, i, easily follow from its definition in (3.103). The
estimates of the remainder velocity v, follow from Proposition 3.3.4 and the estimates of b,
since ¥, = b, @, that implies v,, = b,w,. This concludes the proof of Proposition 3.3.2. O

Proof of Proposition 3.3.6: Without loss of generality we assume from now on that o > 0.
As already mentioned we formally estimate the thickness of the boundary layer to be of the

order | 5| = ]20471\ One important remark here is the size of 7 > in the operators H,, and A,

defined in (3.98) and (3.99). Recall that we are interested in the regime |n| < O(Oﬂ).
If |n| = O(a%) then we observe that |G| = \2om|% = O((a%)%) = O(|n|), and thus, the
term %2 has the same size near the boundary as 92 and an(r—1). Hence, in the construction
of the boundary layer we also need to take into account the term ’1}—;, for this term is no longer

small in the regime |n| = O(«2). With this remark in mind let us rewrite H,, and A,, in
more convenient forms: we define

~ d2 ~ ~ ) d2 3 in
Hn——m—i—n and A, = H, —2ian(r—1) = d2+ﬂ (r—1+2)
so that
~ 1d 1
Hy=H, - —— +n2(— — 1
rdr+n(r2 )



and by using 1 — %2 =2(r—1)+(r— 1)2%,

1+2
A, = H, — 2ian(r — 1) —ian(r — 1)? +2 T
r
~ 1d 1 142
= Hn — 22@”(7“ — 1) — ;5 —I—nQ(ﬁ — ].) — iom(r — 1)2 —:2 "

That is, f[n and ﬁn have the leading size of H,, and A,,, respectively, for the boundary layer
functions. Then we write A,, H,, as

ApHy, = A Hy + (A, — A, Hy, + Ay (H, — Hy) (3.104)
and we claim that
(A, — A Hy + Ay (H, — Hy) = 10t Ry, (3.105)

with a suitable operator R,,, where rot,, is defined in p~olz§vr coordinates with the n mode
for the angular variable. Note that the leading operator A;, H,,, when applied to a boundary
layer function of the form h(|3|(r—1)), formally has size O(|3[*), the term (A,,— A, ) H,, +

A, (H, — fIn) has size O(|3]3), and then R,, is of size O(|3|?).
Let us look for the boundary layer ¢,, g1, as a solution to

AnHppnpr, =0. (3.106)

Since~fln is easily inverted for [n| > 1, we start by considering the homogeneous prob-
lem A, ¢ = 0. By its very definition the operator A,, is nothing but the Airy operator with
a complex coefficient. Hence we introduce the Airy function Ai(z) which is a solution to

d2Ai

2 zAi=0

in C; for details, see Appendix 3.5.1. Then we define

Gralp) = Ai(c_(p+ igf‘)) ., p>0, (3.107)

i:_ia

which satisfies from c

i—l—z’( +i—"|ﬁ|) Gro =0 >0 (3.108)
dp? P75 e P ’ '
Next we set
o fm(pr) > 7m(077)~
Gnalp) i=— e 1Al e 1Al Gnal(o)dodr, (3.109)
p T
which satisfies
d2G, 0 n? ~
- : ——Gpnao=Gna, . 3.110
1,2 +|5|2G7 G, p>0 ( )
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Finally we define

1
if |Gpa(0)>1,
Coma =14 Gnal0) [ O) (3.111)
1 otherwise
and we set
SDn,BL(T) = CO,n,aGn,a(WKr - 1)) ’ (3‘112)
which satisfies from —i|3|® = 33,
gnﬁn(Pn,BL =0, r>1,
as desired. Notice also that
lnBL(1)] < 1.
The key quantity is
den BL
dr ‘r 1= COnoz‘/B| |,0 0
Il
(o) do — (0))
I( / 3¢
in| 8| n|
o+ do — 7Gna 0 )
([ e il o+ 5 do - 56ua0)
1 /°° i\ | inlBle- n|
x “Ai — Gral0)),
o (54 7o V45 gm0
with nl_ Inl
n nlces
A=A\ 5= = :
P Ble- 1Bl
We find from 83 = |B|3¢3 that
in|B|c— _ n2|@|c_ _ n2|5|c_ _ n2|52| _ nzca_ — )2 (3.113)
2c —2ian B33 |B|3¢% 1812
SO
dr c— Jo 18]

Note that [A|2 = 4~|n|5a3 is small when |n| < a2. The proof of the following lemma

is postponed to Appendix 3.5.1.
Lemma 3.3.7 There holds

Co = inf { Comal | @>1,1
and there is a constant € € (0, 1) such that defining

T
Y. = {,uEC|arg,u:g,
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then

/ e M Ai(s 4+ p?)ds| > 0. (3.116)
0

ke := Inf
HEX.

Moreover, the function G, , defined in (3.109) satisfies for R large enough

d*G,y o
e (p)|<oo, k=0,1,2,3. (3.117)

sup sup  sup €’ |
azl 1<|n|<al/2 p2R

Now let us return to the proof of Proposition 3.3.6. We define ¢, gy, as in (3.112). Note

that thanks to (3.114), (3.116) and (3.115) there holds as long as [ = |\ < ¢,
]

()12 ol (7 — 57Gna0)])

> 50‘B|(%5 - Cf'o) :

| den BL
dr

Here we have also used (3.111). Hence

d@n BL CO"%
L 1
Loy Cofeg

(3.118)

as long as 2¢ < 507{5, which is possible since k. is nonincreasing in ¢ > 0. This
proves (3.101) since

doy, d n,
EBL (1) + Inlpnpr(1)] = | 2P (1) = InllennL(D)]
C’ P
> =181 = Inl
> —
> Qw

with & := Cyi./2, and the last inequality holds as long as |n| < min(e, /2)|5]. It then
suffices to choose x < min(ﬁag i /2) which ensures that

[0l < rat = [n] < mine, 5|8

The result (3.102) is an obvious consequence of the previous construction so it remains to
prove that (3.100) is satisfied for a suitable g, gr,. Let us recall (3.104). We define g, gr, as

1 [ /-~ ~ ~
gn,BL(r) = _7”/ 5<An (Hn - Hn) + (An - An)Hn> nBL ds, (3.119)
which then satisfies
- - _ 14
((An - An)Hn + An (Hn - Hn))SDn,BL = ;E(T gn,BL) .

Let us consider the estimate of g, gr,. We compute the highest order terms in ;LL (H n— Hn)
and A, (Hp — ﬁn), which are of order O(|3|®) when n = O(a%):

2 4
1 ~ ~ 1 ,,, n2r2—1 / n , n

Aan_H n Gna_ Gna_if’f’z—lGna
Eie Jon = il 7 Che = O~ g = VG
2ian 2ian3

+ \B|2r(r — G o+ W(T‘ —1)%(r +1)Gpa + Lot

&9



where all the G, ,, are computed at |3|(r— 1) and the lower order terms are to be understood
in terms of | 3| forn = O(a% ). Itis clear from this formula that as long as n? < « then there
is a function R,, o 1(7, p), uniformly bounded in r and exponentially decaying at infinity
in p, such that _ _

Ay, (Hn - Hn)‘Pn,BL = ‘B|3Rn,a,f (7’, |ﬁ’(7’ - 1)) :
Similarly one has

n2

|B]r?
n? _, 2ian?
rlBp e ape

1 ~ 1
W(An - An)HnSOn,BL = ;Gzl,a -

2ian

8|72
(r—1)%(1 +2r)Gpa + Lot

(1 - TQ)G;’:,Q’ +

(r—1)%(1+ 2r)Gy

SO again _
(An — Ap) Hopnpr = |B* R a,r1 (r, |Bl(r — 1))

with some R, o 17(r, p) which is uniformly bounded in  and exponentially decaying as
p — oo. This implies that g,, g1, defined in (3.119) satisfies

3
lgn.BLI L2(0) S 182 -

The result (3.100) follows. Proposition 3.3.6 is proved. a

3.4 The nonlinear problem

In this section we construct the solution to the nonlinear problem (NS,,)

—Av—a(zt - Vo —vt) + Vg4 aUrrotv = —vtrotv+ f, e,
dive = 0, x € Q, (NS.)
v=20, x € 09,

in the class v = (Pov, Qov) € X = PoWy ()% x QuW,*(Q)? with a suitable pres-
sure q¢ € I/Vlicl (€2). As already noted in the introduction, for the solvability of (NS,), the
key observation is the decomposition of the nonlinear term v rot v: we have for v € X,

virotv = (Pov)trot Quv + (Qov)trot Pow 4 (Qov)trot Qou + (Pov)trot Pov
= Qo <(Pov)Lrot Qov + (Qov)Lrot P0v> + (Qov)Lrot Qov + (Pov)J‘rot Pov .

Here we have used Py ((Pov)*rot Qov + (Qov)*rot Pyv) = 0. Furthermore, since the last

term on the right-hand side can be written in a gradient form, the problem (ﬁéa) is in fact
reduced to the next system

—Av — ozt Vv —vt) + Vi+ aUtrotv = G(v) + f, x €,
dive = 0, zeQ, (NS.)
v =0, x € 00.

Here we have set

G(v) := —Qy ((Pov)Lrot Qv + (Qov)lrot 7301)) — (Qov)Lrot Qov, (3.120)
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and G := ¢+ Q, where Q = Q(|z]) is a radial function satisfying VQ = —(Pyv)*rot Pyv.

Our aim is to prove the existence and uniqueness of solutions (v, q) for (N\Sa) in a
suitable subset of X, under some conditions on the external force f = (Pyf, Qof) inY =
PoL ()2 x QoL?(2)2. The proofs in Subsections 3.4.2 and 3.4.3 rely on the standard
Banach fixed point argument, where the estimate of the nonlinearity G (v) in the space Y is
important. Thanks to the identity

PoG(v) = =Py ((Qov)Lrot Qov) )

we see that PyG (v) belongs to L'(€)2, which is the same summability as the space Y. In
order to control the L2-norm of QyG(v) in the iteration scheme, we introduce the closed
subspace X of X equipped with the norm || - || x,:

Xy = {UGX‘ div Pogv = div Qpv = 0 in 2,
[vllxo = [IPovllLeo() + IVPov|[L= (@) (3.121)

1100l sy + 1V Qotllzzay + 3 1Pwtllimiey < oo} .

In>1

Indeed, we can easily establish an a priori estimate for
QoG (v) = —Qy ((Pov)Lrot Qv + (Qov)lrot Pov + (Qov)Lrot Qov)

in L2(Q)? for v € Xo; see (3.140) below for the estimate of H Qo ((Qov)Lrot Qov) HLQ(Q).

After proving Theorem 3.1.1 and 3.1.2, we revisit Theorem 3.1.2 in order to study the
qualitative behavior of solutions. By fixing the external force f € Y, we consider the fast
rotation limit |a| — oo for the solution (v,q) = (v(®),¢(®)) to (NS,). The results are
summarized in Theorem 3.1.3, which will be proved in Subsection 3.4.4.

3.4.1 Useful estimates on (S,)

Before we give the proofs of Theorems 3.1.1 and 3.1.2, let us restate the main estimates for
the linearized problem (S,) for general «, which will be used throughout this section, as
well as some specific estimates corresponding to o > 1.

The case of general «

Leta € R\ {0} and f € Y, and let (v,q) € X X VVI})C1 (€2) be the unique solution to

(S.) given in Proposition 3.3.1. For notational simplicity, we denote by v'°V and vhigh,

respectively, the low and high frequency parts of Qguv:

low ._ high ._
v : Z Pro, v : Z Prv. (3.122)
1<|n|<14++/2]| [n|>14+/2|«f
From the estimates (3.42) and (3.46) in Proposition 3.3.1, we have
C 1

10 N[220y < —5 (1+ —5) Q0 120 (3.123)

o2 o2

high c

[0 L2 () < EIHQOJCHB(Q), (3.124)
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and from (3.45) and (3.49) in the same proposition, we have the estimates for the derivatives.

V"%, 2( <C(

)”Qome(Q) : (3.125)

(07

[VuMER | o) < — ||Qof||Lz (3.126)

ol

For the fixed point argument in the space X, the estimate of } 7, > [[Pnv| Lo () is also
needed. In the case 0 < |a| < 1, (3.44) and (3.48) in Proposition 3.3.1, and the Holder
inequality for sequences lead to

1
Y IPwvl=a —5 1Pnfllrz o)
In|>1 \a\ In|>1 n|3
C
() ;)2 1Qof 20 -
‘0“ |n\>1‘ nf2
which implies
C
> NPwvllroee) < —5 1190|220 (3.127)
|n|>1 g

In the case || > 1 we have from (3.44),

C
> [Prvllzoeo@) < —1Qofll 22 » (3.128)
1<|n|<14+/2/a] s
and from (3.48) with the Holder inequality,
C
> IPavllie@) < —<11Q0fllr2) - (3.129)
In|>1+/2]a] o

The case of large ||

Now let us consider the special case when |«| > 1. Thanks to the boundary layer analysis
in Proposition 3.3.2, we have a better estimate for the linearized problem (S, ) in terms of
decay in the parameter |an|. Given the parameter x defined in Proposition 3.3.2 we assume
that |« is large enough, as required in Proposition 3.3.2, and let us truncate frequencies,
similarly to (3.122), as follows:

low,x .__ high,x .__
v = E Prv pHehE = E Pv.
o " (3.130)
1<|n|<xk|a|2 In|>r|o|2

Then thanks to (3.78) we know that

lv L2(Q) > IIQofHL2 (3.131)

\a\

@ = 3 IIQofHLz (3.132)

a3

|V
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and

C 1.1
Z [P o) < — ( Z —)211Q0f I 20

a2 n

1<|n|<nla|2
1
C(log |al)2
< CUoglaD? o ey - (3.133)

o2

1
1<|n|<k|a|2

Note that the constant C' depends on «, which is fixed. One can see that the decay in terms
of || compared with (3.123), (3.125) and (3.128) are improved.

Similarly thanks to (3.46), (3.49), (3.50) and (3.52) there holds
C

thigh,nHLz(Q) S |a‘ ”QOfHLQ(Q) , (3134)
. C

[ VOMERS | o) < 1 190l z2(0) - (3.135)
o2

Finally from (3.48), (3.51) and the Holder inequality, we derive

C
> Pl € — 110l r2e) - (3.136)

a2

1
In|>kl|al2

3.4.2 Proof for general o

In this subsection we prove Theorem 3.1.1, by means of a fixed point argument. The solu-
tions to (NS, ) will be found in the closed convex set B 5e of X defined as follows:

Bg,e = 8(51,52,53,54),6

— {h € Xo | [ Pohllz=(a + IV Pohll (0 < el
190k 12(0) < €|l IV Qohllz2) < elal®®, > [Puhllp(q) < 6!0654},
[n|>1
where we have set § := (01, 02, d3,04), and the numbers d1, . . ., 44 and the positive number €

will be chosen later. For any h € By, let (vp, qp) be the unique solution constructed in
Proposition 3.3.1 to the linear system
—Avy, — ozt -V, — o) + Vg, + aUrrotv, = G(h) + f, x €,
divep, = 0, x e,

vp = 0, r €00,
(3.137)
where the function G is defined in (3.120).

Let us start with the estimate of G(h) in the space Y. The first two terms in the right-
hand side of (3.120) with v replaced by h can be estimated as

1Q0((Poh)*rot Qoh) |20 + Qo ((Qoh) ot Poh) | 12(q)
= ( Z ‘|(Poh)Lrot77nh“%2(Q))§ + ( Z ‘|(’Pnh)Lrot,P0hH%2(Q))§ (3.138)

In|>1 In|>1

< [ Pohll oo ()| V Qohll L2y + [V Poh| Lo ()| Qolll 12 -
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For the last term in the right-hand side of (3.120) with v replaced by h, we observe that

Pn((Qoh)'rot Qoh) = > (Prh) ot Po_gh.

kezZ\{0,n}

Then, applying the Holder inequality we have

[Po((Qoh) rot Qoh) Iy < D IPekll 2@ Pk VAl 12
kez\{0} (3.139)
< 1Qohl L2 IV Qohll L2 »

and the Young inequality for sequences implies that

N

1Q0((Qoh)rot Qoh) |2y = (D IIPa(Qoh) ot Qohl|7aqy)

[n|>1

< ( Z ( Z HthHLoo(Q)||V77n—kh||L2(Q))2>
[n|>1  kez\{0,n}

< (D IPakllzeo() IV Qohlir2(qy -

[n|>1

N|=

(3.140)

Next we estimate the difference G(h()) — G(h(?) for h(V h(®) € X. Setting h =
(D b)) for simplicity, we define the function H (h) on By x By _as
H(h) := G(hY) - G(h?)
- QO((POh D — Poh®)Lrot Qo™ + (Poh®) 1ot (Quh™) — Qoh(?)
+ (QohM — Quh @) rot Poh ™M + (Qoh®))Lrot (PehH) — Poh@)))

+ (QohM — Qoh@)trot Qoh™ + (Qeh™®))trot (Qoh ) — Quh?)) .
(3.141)

The following estimates on H (h) are obtained in the same way as (3.138)—(3.140):
IPoH (0) 110y < (IVQoh W 120y + [1Q0h [ 120y ) 1KY — hP||x, (3.142)
|QoH (h)|r2(0) < (||VQ0h(1)HL2(Q) +1Q0h | 2@y + IVPoh M| 1 ()

+ [ PohP | Loy + Y Hpnh(Q)HLw(Q)> 1R = h®|x, . (3.143)

In|>1

From (3.138)—(3.140), (3.142)—(3.143), and the definition of ng, we obtain the following
estimates on G(h) and H(h) in Y.

[PoG(R) || () < a0 (3.144)
1Q0G (1)l z2() < €(Jaf 02 + |19 4 |o|%3104) (3.145)
HPoH(h)HLl(m < e(ja]® +[al?®) [|nD — APk, , (3.146)
1QoH (h)|r2() < e(al® + [o|® + |a]® + |o|*) 1) — B x, . (3.147)
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Now let us define the mapping ® : By — X by setting ®[h] := vy, where vy, is the
unique solution to (3.137). Our aim is to show that
1) ®is Llpschltz continuous on By _in the topology of X. Namely, there exists 7 € (0, 1)
such that ||®[A1] — ®[n?)]||x, < THh(l) — h?||x, forany ) () € B; .
(i) @ is a mapping from B&G into By, if the pair (6, ¢) and the external force f =
(Pof,Qof) €Y satisfy a suitable condltlon

For convenience in the following proof, let K1 and K5 denote the largest constant C' (larger
than 1 without loss of generality) appearing in (3.41), (3.123)—(3.127), and (3.41), (3.123)-
(3.126), (3.128)—(3.129), respectively.

We first show (i). For any h = (h(1) h(?)) ¢ B;  x By, we observe that the differ-
ences uy, := ®[hM] — ®[hP] and py, := ¢,0) — qp,2) solve the following system:

—Aup, — a(zt - Vup — ui) + Vpn + aUtrotuy, = H(h), x €,
divup, = 0, x e,
up = 0, x € 00,

where H (h) is defined in (3.141). We consider the case 0 < |a| < 1. Then for any A1), h(2)
in Xg, by (3.41) and (3.123)—(3.127) combined with (3.146)—(3.147), we see that

@[] — &[RP]||x,
= [|Poun|l L0 + VPounl o= (o) + | Qounll r2(0) + IV Qounllzz) + D Prunllz~(q)

In|>1
< KO 110) + ol QB0
< 8Kqe(|af 7+ a7+ [al® T 4 o) RN = P x,
Hence, if we choose the pair (3, €) to satisfy
§;>1 for j=1...4, 0<6<L, when 0<|a| <1, (3.148)

32K,

then the mapping @ is Lipschitz continuous on the set By . For the case |a| > 1, from
(3.41), (3.123)—(3.126), and (3.128)—(3.129) combined Wlth (3.146)—(3.147), we have

|@[rM] — @[h ]| x, < Ka|PoH (h)]| 110 + 8K2||QoH (h)| 12(0
< 9Ke (o) + ]a\52 + )% + o) ||hD — P x, . (3.149)

Then we obtain the next condition

1
9; <0 for j=1...4, 0<6<W[{2, when |a] >1, (3.150)

for the Lipschitz continuity of ® on By . We have shown (i) provided the pair (5 , €) satisfies
the conditions (3.148) or (3.150).

Next we prove (ii). In the case 0 < |a| < 1, the estimates (3.41) and (3.144) imply

[Po® (]| oo (@) + IVPo@[A] || e () < K1 ([(PoG(h)allLr(y + (Pofell L)
< Ky (@l 1 |[(Pof)oll i), (.151)
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for any h € Xg. From (3.123)—(3.124), (3.125)—(3.126), and (3.145) we have,

3K
1Q0®[A]l| L2 () < ﬁ(IIQoG( Mrz) + 120/l r2(e)

< 3K, (6 (|a|61+62—1 + |a|51+53—1 + |a‘(53+64—1) + |a|_1||Q0f||L2(Q)> ’
3K
IV Qo® (1]l 12 () < l(HQoG( Wiz + 1Q0fllr2())

o>

< 3K, (62(|a|61+52—§ + |a|§1+53_% + |a|63+54—%) + |a|_%HQ0f||L2(Q)) ,

and

K
> IPn@lAlllz(e) < —+ (1QG (M) 2 + 1Q0f l12(@))

n|>1 o

3 3 3 3
< K, (62(|a|51+6271 + |a|51+6371 + |a|63+54*1) + |a|7Z”QOfHL2(Q)> .

Hence, recalling the condition (3.148), if we choose the pair (5 ,€) and f € Y to satisfy

1
(51—52—(53—(54—1, 0<€<32K1 when 0<‘O¢‘<1, (3.152)
and
2
[(Pof)ell (o 2K slal, 11Qofllr2 (o) 6?'04 when 0 <|af <1, (3.153)

then ® defines a mapping from Bj _into itself.

In the case || > 1, we have (3.151) with K replaced by K9, and moreover, from (3.123)—
(3.124), (3.125)—(3.126), and (3.128)—(3.129), along with (3.145), we have

3K,
1Qo®[A]ll12(q) < | - (1Q0G(n Mr2@) + HQUJCHLQ(Q))
oY
< 3K, (62(|Q|al+52—§ n |a|51+53—é + |Q|53+54—é) + ,a\—%HQOfHLQ(Q)) 7
(3.154)
IV Qo®[hl 120y < 3K2([| QoG (M)l L2y + [1Q0 Sl r2(0))
< 3K, (62(’a’61+52 + ‘a‘51+63 4 ’a’63+54> + HQOf”L2(Q)> 7 (3.155)
and
2K2
> Pa®[Bl Lo F (190G (M)l 20y + 11 Q0 f Il 2(e))
In|>1 ‘a‘
< 2K, (62(|a’61+52_1 + |a’61+53—i 4 |a’63+54—i) + ’a‘_%HQOfHLQ(Q)) .
(3.156)
Then recalling (3.150), if the pair (5 ,€) and f € Y satisfy
1
01 = 09 = 03 = 84 = 0, 0<e< ——, when |a|>1, (3.157)

36K5
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and
€ €

< 2K, 1Qofllr2) < 6K when |af>1,  (3.158)

1(Pof)ollLr o)
then we see that @ defines a mapping ® : By = — By
Now we have shown that the mapping (I> deﬁnes a contraction on By _under the condi-

tions (3.152) and (3.153) when 0 < |«| < 1, and under (3.157) and (3. 158) when || > 1.
Then there is a unique fixed point of ® in the closed convex set By . Hence we finally
obtain a unique solution to the nonlinear problem (1<I\Sa) in By .

The estimates in Theorem 3.1.1 are obtained as follows. We consider only the case
0 < |a] < 1, in particular the estimates (3.7)—(3.10), since the case || > 1 can be
handled similarly. Let v denote the unique fixed point of ® in By . Applying the linear

estimates (3.123) and (3.124) to (N\Sa) along with (3.138)—(3.140) we see that

3K
IQovlz) < 73 yl(HQoG( M2y + 1190 f 1l z2())
3K
< ’a’1 (HPOUHLOO o)lIVQovl 2y + [VPovl| Lo ()| Qovll 20

+ (X IPavlloe@)1Qov ]2y + 1 Qo 2oy )

In[>1

3K
< 3K1€([|VQovllr2(a) + 211Qov]l 12(0)) + B |1

In the last inequality we have applied the bounds derived from the assumption v € By
with §; = 1 for all j. Since 0 < 6K1¢e < % under the choice of € in (3.152), we obtain

190220

15 K
4 o]
On the other hand, if we apply (3.125) and (3.126) to (NSa), then we have by the same way
3K,
IVQovll2(0) < ’ - (106G (v) L2 () + 1 Q0 fll 22 ()

al2

15
1Q0vlz2(0) = - K1V Qovll 20 190 L2(0) - (3.159)

1 1 3K
< 6K1elalz||Qovl[r2q) + 3Ki€al2[[VQovl| 2(q) 1190 f1l 220y

!a\

Inserting (3.159) in the above inequality, and by the smallness of K¢ again, we see that

C
HVQOUHLQ(Q) < | ‘% ||Q0fHL2(Q)
a

which implies the estimate (3.10). We can obtain (3.8) by (3.159) combined with (3.10)
with the condition 0 < || < 1. For the estimate (3.9), by (3.127), (3.138) and (3.140), and
the condition v € By _with ¢; = 1 for all j we have

Y IPuvllie

In|>1

(HQOG( V)|l L2(0) + HQOJCHB(Q))

ek

1
< Kiela] T ([VQoull L2 () + 2/ Qovllr2(0)) + —3 HQofHL2

o
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which combined with (3.8) and (3.10) leads to (3.9). The estimate (3.7) follows from (3.41)
and the nonlinear estimate (3.139) with & replaced by v. This completes the proof of Theo-
rem 3.1.1. O

3.4.3 Proof for large |o|

In this subsection we prove Theorem 3.1.2. We adopt the same notation as in the proof of
Theorem 3.1.1 of the previous subsection. Let K3 denote the largest constant of C' (larger
than 1 without loss of generality) appearing in (3.41) and (3.131)—(3.136) for convenience.

We show that the mapping ® is a contraction on the set B; _. By the Lipschitz continuity
of ® on B .» the estimate (3.149) is improved in terms of the decay in |o into
6K 3
\a|

< TKze (|75 + o)’ + [a]% + [o)75) R0 — 2@ x, .

2[R M] = @[] x, < K5l (PoH (1))ol| 10y + —7 | Qo H ()] 120

Hence, if we choose the pair (3, €) to satisfy

1 1
= — 3.160
-3 - - 3’ 28K3’ ( )
then the mapping @ is Lipschitz continuous on By .
Next we check that ® is a mapping from By _into By . We have (3.151) with K;
replaced by K3, and we see that (3.154)—(3.156) are improved in terms of decay in |«|
respectively to

2K
u%¢wmmn<’3wgﬂ<nm@+w%ﬁmm»
8]

< 2K (62(|a|51+52—§ + |a|61+53—§ + |a|63+54—%) + |04|_%HQOJCHL2(Q)) ,
2K3
\a\

< 2K3( (|a’61+52 3+ |a|51+53 3+ |a|53+54 3) + |a’ 3HQOfHL2 ) ,

IVQo®@[h][| 20

= (120G (M)l 20y + 11Q0f |22 ()

and

N[

2K5(1
S [ Pu{] 1~ < ﬁﬁ””mge(wp@+n%ﬂmm»

In|>1 o

< 23 (e (1og|a])? (o275 4 o 1975 4 o Por3)
1 _1
+ (log la)# || Qo | 2oy ) -

Then, under the condition (3.160), if we choose the pair (8, ¢) and f € Y to satisfy

1 1
= = — g = - — . .1 1
01 04 37 02 03 0, 0<6<28K3, (3.161)
and . )
1(Pof)ellr ) < 2K |0<| 1Qofllz2(0) < @W?v (3.162)
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then @ defines a mapping @ : By — B~ Now we have shown that ® is a contraction
on B 5 . 1If we assume the condltlons @a3. 161) and (3.162). Hence there exists a unique fixed
pomt v of ®in B = . The estimates (3.20)—(3.23) can be obtained in the same way as in the
proof of Theorem 3 1.1. This completes the proof of Theorem 3.1.2. O

3.4.4 Proof of Theorem 3.1.3

This subsection is devoted to the proof of Theorem 3.1.3. For a given f € Y, let us take
a € R large enough to satisfy both the condition (3.19) in Theorem 3.1.2 and the assump-
tion in Proposition 3.3.2. Then, from Theorem 3.1.2 we see that there exists a solution
(v(a) ql@ )) in X x VV&)C1 () to (N NS «) satisfying the estimates (3.20)—(3.23). Hence, the
proof will be completed as soon as we show all the estimates in Theorem 3.1.3 and the de-
composition (3.25) of v(®) Note that v(®) also solves the system (NS,,), which is introduced
in the beginning of this section, with a suitable new pressure G e Wﬁ)cl Q).

We deduce the estimate (3.24) from the triangle inequality

[0 = 0™ Lo () < 1Qov | v ) + Pov ) — vé‘nearllm(ﬂ)
< Z [P0 | Lo ) + [1Pov(® — 0| o). (3.163)
In|>1

Since v := Pyu(®) — yfinear ¢ WO1 >°(2)? is a solution to the next system

—Av — ozt - Vv —vt) + Vg4 aUrrotv = —730<(Q0v)Lrot Q()U) , x e,

divev = 0, T €€,
v =0, x € 0N,

with some pressure q € wh! (Q) we have from (3.41) and (3.139) with h replaced by v(@),

loc
[Pov(®) — 06| Lo () < Cll Qov ™ [ L2 IV Qov ™ [ 12 - (3.164)

Then, by (3.163)—(3.164) along with (3.21)—(3.23) we obtain the estimate (3.24).

The decomposition (3.25) and the related estimates fol/lgw from the results in Proposi-
tion 3.3.2. Indeed, we know that (v(a), (j(a)) solves (NS,), and we have the next esti-
mate of HPnG(v(O‘))HLz(Q), which is uniform both in |n| > 1 and ||, combined with
estimates (3.20)-(3.23):

HPnG(U(a))HH(Q) < HQOG(U(Q))HH(Q

< 11Qo((Pov(®)) rot Qov @) || o ) + 1| Qo ((Qov'™) Frot Pov @) || g,
+ Q0 ((Qov ™) rot Qo)) HLZ(Q)

< [[Pov ™ | oo IV Qov [ 120y + [V P0v ™ || oo 0 | Q00 || 120
+ (32 1P @y 19 Qo |20y

In|>1

where the nonlinear estimates (3.138) and (3.140) with & replaced by v(@) are applied. The
proof of Theorem 3.1.3 is complete. O
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3.5 Appendix

3.5.1 Solving the boundary layer equation: proof of Lemma 3.3.7

In this section we prove Lemma 3.3.7. All the results concerning the Airy function can be
found for instance in [1], Chapter 10. Let us first recall that a solution to the Airy equation

d*f(p)
dp?
is given by the Airy function Ai, which can be extended as an entire analytic function on C
satisfying

—pf(p)=0 inR

d2
dj;gz) —2f(z)=0 inC. (3.165)
It is the inverse Fourier transform of
-3
1
£ exp (%)
and satisfies ] 1
35T (3) 35T (3)

where I is the Gamma function. Moreover
2
Ai(2) ~p2 500 274 exp (- §Z%) , Jargz| <m—e€, €>0. (3.166)

The results (3.115) and (3.117) are easy consequences of (3.166). Indeed we can write

nl,
‘Cﬂ,n,a|_1 = ‘/ T / e |B| A1 (c— 5+)\2) dsdt|,
0

where \ = |T|ﬁc‘+ with 3] = (2|an|)3 and cy = @ (hence % = \2), and therefore

|Co.n.al 7! is bounded uniformly in the set {(n,a) € Z xR | |a| > 1,1 < |n| < \a\%}
thanks to (3.166). The result (3.117) is obtained in the same way. As to (3.116), it is known
(see for instance [1] page 449) that

> 1
Ai(s)ds =
/o 5)ds =3

o
so the result follows by continuity of the map p / e M5 Ai(s+ p?) ds. This concludes
0
the proof of Lemma 3.3.7. O

3.5.2 Proof of the interpolation inequality (3.65)

We may assume that g € W12((1, 00); 7 dr) is nontrivial. Let § € (0, 1] be a fixed number
which will be determined later. Then we have

o0
9220 = 27 /1 g% dr

1+6
<C/ rdngHLw((loo 5/ |g|2rdr+C’/ |g|2rdr
0 Y
< C8gllF oo (1,00 + 5 L — 9ll2() + C”79H%Q(Q) : (3.167)
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Let us take

_ s
91l oo ((1,00)) + 175
Then
ViZ-1 ViZ-1
91720 < O dlz@lolle ooy + Cl———0lliz@)-  (3.168)

The estimate (3.168) combined with the standard interpolation inequality

1 1 1 1
||g||L°°((1,oo)) < CHargH;p((Loo))HQHEQ((LOO)) < C||arg||[2,2(9)||g”[2,2(9)

yields

V1 T

920 < CI 91326y 109152y + €1 91220

The proof of (3.65) is complete.
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Chapter 4

Note on the stability of planar
stationary flows in an exterior
domain without symmetry

Abstract In the last two chapters, we have discussed the existence of the stationary solu-
tions to the Navier-Stokes equations in a two-dimensional exterior domain. The stability of
these stationary solutions in time evolution is a difficult problem even if we assume their
smallness, and indeed there are still many problems left open. In this chapter we consider
the asymptotic stability of two-dimensional exterior stationary flows, particularly without
assuming the symmetry of the exterior domain. Under the smallness condition on initial per-
turbations, we show the stability of the small stationary flow whose leading profile at spatial
infinity is given by the rotating flow a%, xt = (—xg,21)", with |a| < 1. Especially, we
prove the LP-L9 estimates to the semigroup associated with the linearized equations. At the
end of this chapter, we will provide some future works related to the main result.

4.1 Introduction

In this chapter we consider the perturbed Stokes equations for viscous incompressible flows
in a two-dimensional exterior domain {2 with a smooth boundary.

ov—Av+V -Vo+v-VV+Vqg=0, t>0, x€Q,
dive =0, t>0, x€Q,
vlgo = 0, t>0,

V=0 = vo, x €.

(PS)

Here the unknown functions v = v(t, ) = (vi(t,z),v2(t,2)) " and ¢ = q(¢t, x) are respec-
tively the velocity field and the pressure field of the fluid, and vo = vo(x) = (vo 1 (), vo2(z)) "
is a given initial velocity field. The given vector field V = V(z) = (Vi(z), Va(z)) T is as-
sumed to be time-independent and decay in the scale-critical order V(z) = O(|x|™!) at
spatial infinity. We use the same notations as in Chapters 2 and 3 for spatial differential
operators with respect to x = (x1,22) ', and 9; denotes the partial derivative in the time .
The domain (2 is assumed to be contained by the exterior radius-3 disk {z € R? | |z| > 3}.

We have been focusing on the existence of the stationary solutions to the two-dimensional
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exterior Navier-Stokes equations in Chapters 2 and 3. The stability of the stationary solu-
tions decaying in the order O(|x|~!) at spatial infinity is a challenging issue even if the
smallness of the solutions is assumed, and the difficulty is brought from the absence of the
Hardy inequality, which will be explained below. The aim of this chapter is, under suitable
conditions on the vector field V' = V(x) and the domain €2, to investigate the time-decay
estimates to the equations (PS) which is related to the stability analysis of V. The equa-
tions (PS) have been studied as the linearization of the Navier-Stokes equations around a
stationary solution V. In the three-dimensional case, Borchers and Miyakawa [5] estab-
lishes the LP-L? estimates to (PS) for the small stationary Navier-Stokes flow V' satisfying
V(z) = O(Jx|71) as |z| — oo. This result is extended to the case when V belongs to the
Lorenz space L3°°(2) by Kozono and Yamazaki [41]. We also refer to the whole-space
result by Hishida and Schonbek [37] considering the time-dependent V' = V/(¢, z) in the
scale-critical space L°°(0, c0; L3°°(IR?)), where the LP-L4 estimates are obtained for the
evolution operator associated with the linearized equations around V' (¢, ).

For the two-dimensional problem as in (PS), the analysis becomes quite complicated
and there is no general result especially for the time-decay estimate so far. The difficulty
arises from the unavailability of the Hardy inequality in the form

ey < CIV Sy €W (@) = TR 1o,

“4.1)
where C3°(€2) is the set of smooth and compactly supported functions in €2. The validity of
this bound is well known for three-dimensional exterior domains, and the results mentioned
in the above essentially rely on the inequality (4.1). One can recover the Hardy inequality in
the two-dimensional case if the factor |z|~! in the left-hand side of (4.1) is replaced with a
logarithmic correction |z|~! log(e+|x|) ~!, but this inequality has only a narrow application
in our scale-critical framework. Another way to recover the inequality (4.1) is to impose
the symmetry on both €2 and f, and such an inequality is applied in the analysis of (PS) for
the case when V' is symmetric. Yamazaki [59] proves the LP-L? estimates to (PS) with the
symmetric Navier-Stokes flow V (z) = O(|z|™!), under the symmetry conditions on both
the domain and given data. We note that these estimates imply the asymptotic stability of
V under symmetric initial L?-perturbations; see also Galdi and Yamazaki [21].

An important remark is given by Russo [54] concerning the Hardy-type inequality in
two-dimensional exterior domains without symmetry. Let us introduce the next scale-
critical radial flow W = W (z), which is called the flux carrier.

W(z) = % z € R2\ {0}. 4.2)
x
Then, from the existence of a potential to W (z) = V log |z|, one can show that the follow-
ing Hardy-type inequality holds in the L?-inner product (-, -) 12(Q):

. —||Vu
(- Vu, W) 20| < OVl we Wid(Q) = G @) 1@ @3)

where CF%, (€2) denotes the function space { f € C§°(2)? | div f = 0}. Based on the energy
method with the application of (4.3), Guillod [27] proves the global L? stability of the flux
carrier 6 W when the flux ¢ is small enough. On the other hand, the validity of the inequality
(4.3) essentially depends on the potential property of 1. Indeed, as is pointed out in [27],
the bound (4.3) breaks down if W is replaced by the rotating flow U = U (z):

U(z) ° et = (—x9,21)", z€R*\{0}. 4.4)

= TP
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Hence, if we consider the problem (PS) with V' = aU, a € R\ {0}, the linearized term
a(U - Vv + v - VU) can no more be regarded as a perturbation from the Laplacian, and
we cannot avoid the difficulty coming from the lack of the Hardy inequality. Maekawa
[44] studies the stability of the flow aU in the exterior unit disk. The symmetry of the
domain allows us to express the solution to the problem (PS) explicitly through the Dunford
integral of the resolvent operator. Based on this representation formula, [44] obtains the
LP-L1 estimates to (PS) with V' = aU for small o, and shows the asymptotic L? stability
of aU if « and initial perturbations are sufficiently small. This result is extended by the
same author in [45] for the more general class of V' in (PS) including the flow of the form
V = aU + §W with small « and §; see [45] for details.

Our first motivation is to generalize the result in [44] to the case when the domain loses
symmetry (and the second one is explained in Remark 4.1.2 (3) below). Let us prepare the
assumptions on the domain 2 and the stationary vector field V" in (PS). We denote by B,(0)
the two-dimensional disk of radius p > 0 centered at the origin.

Assumption 4.1.1 (1) There is a positive constant d € (0, %) such that the complement of
the domain $) satisfies

B172d(0) cQ°C Blfd<0) . 4.5)

(2) Let the constants « € (0,1) and d € (0, i) in (4.5) be sufficiently small. Then the vector
field V' in (PS) satisfies div V' = 0 in Q) and the asymptotic behavior

V(z) = pU(z) + R(z), x€Q, (4.6)

where U (x) is the rotating flow in (4.4). The constant 3 and the remainder R(x) are as-
sumed to satisfy the following conditions with some vy € (%, 1)and Kk € (0,1):

B — 04+O~4d7 ‘dd‘SCda 66(071)7 (47)
sup [z|"|R(z)| < CB"d, (4.8)
xEQN)

where the constant C' depends only on .

Remark 4.1.2 (1) Formally taking d = 0 in (4.5)—(4.8) we obtain the flow V' = aU in the
exterior disk 2 = R? \ Bj(0), which solves the two-dimensional stationary Navier-Stokes
equations (SNS): —Au+u-Vu+Vp = f,divu =0inQ, v = bon 9, and u — 0
as |x| — oo with f = 0 and b = ax’. The vector field V in (4.6)—(4.8) describes the
flow around aU created from a small perturbation to the exterior disk, and hence, one can
naturally expect the existence of such solutions to the nonlinear problem (SNS) if f and
b — axt are sufficiently small with respect to 0 < d < 1. Indeed, imposing the symmetry
on the domain perturbation in (4.5), we can construct the Navier-Stokes flow V' satisfying
at least (4.6) and (4.7) for small symmetric given data, based on the energy method and the
recovered Hardy-inequality (4.1) thanks to the symmetry of the domain {2 and the remainder
R. We refer to Galdi [18], Russo [53], Yamazaki [58], and Pileckas and Russo [52] for the
solvability of (SNS) under the symmetry condition. The reader is also referred to Hillairet
and Wittwer [32] proving the existence of solutions to (SNS) in the exterior disk with f = 0
and b = azt + b when o is large enough and bis sufficiently small.

(2) The novelty of our assumption is that we do not impose the symmetry either on the
domain €2 and the flow V/, and it is a crucial assumption for the stability analysis in [21, 59]
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to resolve the difficulty related to the lack of the Hardy inequality. While one can realize
the exterior disk case in [44] by putting d = 0 to (4.5)—(4.8) formally. In this sense, the
assumption gives a generalization of the setting in [44] to non-symmetric domain cases.

(3) Another motivation for the assumption on V is explained as follows. In Chapter 2 we
introduced a time-periodic planar Navier-Stokes flow (u,p) moving with an obstacle Q¢
rotating around the origin at a constant speed & € R\ {0}, and it is observed that (u, p)
solves the following nonlinear problem (RNS): dyu — Au — a(zt - Vu — ut) +u - Vu +
Vp = f,dive = 0in Q, v = az’ on 99, and u — 0 as || — oo. We studied
the stationary problem of (RNS) in Chapter 2 and proved the existence and uniqueness of
stationary solutions decaying in the order O(|x|~!) when « is sufficiently small and f is of
a divergence form f = div F’ for some F' which is small in a scale-critical norm. Moreover,

the leading profile at spatial infinity is shown to be C' % + O(|x|~177) for some constant

C as long as F satisfies a decay condition F' = O(|x|~277) with v € (0, 1).

The motivation comes from the stability analysis of the stationary solutions to (RNS).
Indeed, one can construct the solutions V' to (RNS) satisfying the estimates (4.6), (4.7),
and (4.8) with kK = I_TV under the condition on the domain (4.5) (this result can be shown
by extending the proof in Chapter 2 but we omit the details). Obviously, letting us denote
the linearization to (RNS) around V' by (PRS), then the two equations (PS) and (PRS) are
different from each other due to the additional term —a /(2 - Vo — v1) in (PRS). However,
if we consider the resolvent problems of each equation, there are some common features
thanks to the property of the term a(z- Vo —vt) = 3, ianP,v, which is derived from
the Fourier expansion of v|{‘ z|>1)5 see (4.20) and (4.21) in Subsection 4.2.1. In particular,
we can reproduce a similar calculation performed in this chapter to the resolvent problem
of (PRS), by observing that the appearance of ) _,ianP,v in the resolvent equation
(restricted on |z| > 1) leads to the shifting of the resolvent parameter from A € C to A+ina
in the n-Fourier mode. Although the stability of the stationary solutions V' to (RNS) still
remains open, our analysis will contribute to the resolvent estimate of the problem (PRS).

Before stating the main result, let us introduce some notations and basic facts related
to the problem (PS). We denote by L2() the L?-closure of 65 (§2). The orthogonal
projection P : L2(Q)%2 — L2(Q) is called the Helmholtz projection. Then the Stokes
operator A with the domain D2 (A) = L2(92) N VVOM(Q)2 N W?22(Q)? is defined as A =
—PA, and it is well known that the Stokes operator is nonnegative and self-adjoint in L2 (£2).
Finally we define the perturbed Stokes operator Ay, as

Dp2(Av) = Drz2(A),

(4.9)
Ayv = Av+P(V-Vuo+v-VV).

The perturbation theory for sectorial operators implies that —Ay generates a Cp-analytic
semigroup in L2(£2). We denote this semigroup by e~**v. Then our main result is stated
as follows. Let d, 3, and ~ be the constants in Assumption 4.1.1.

Theorem 4.1.3 There are positive constants [3 and . such that if 5 € (0,5,) and d €
(0, p+32) then the following statement holds. Let q € (1,2]. Then we have

_ C _1,1
e “*VfHLzm)é@t 2 fllpagy, t>0, (4.10)

_ C _1
Ve ™V f|l2(q) < 7t | flpay, t>0, (4.11)
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for f € L2(2) N L4(2)2. Here the constant C' is independent of 3 and depends on q.

The proof of the following result is omitted in this paper, since it is just a reproduction of
the argument in [44, Section 4] using the Banach fixed point theorem.

t
v(t) = e Vo — / eIy . Vo) (s)ds, t>0. (INS)
0

The proof of the following result is omitted in this chapter, since the argument is quite
straightforward using the Banach fixed point theorem.

Theorem 4.1.4 Let 5, and i, be the constants in Theorem 4.1.3. Then there is a positive
constant vy such that if § € (0, B.), d € (0, pf3?), and ||vol| 12(q) € (0, v43%) then there
exists a unique solution v € C(]0,00); L2(Q)) N C((0, 0); W01’2(Q)2) to (INS) satisfying

tlggot%|yvkv(t)||wm =0, k=01. (4.12)

The proof of Theorem 4.1.3 relies on the resolvent estimate to the perturbed Stokes operator
Ay. Since the difference Ay — A is relatively compact to A in L2(f2), one can show
that the spectrum of —Ay has the structure o(—Ay) = (—00,0] U ogisc(—Ay) in L2(9),
where o4isc(—Ay ) denotes the set of discrete spectrum of —Ay; see [44, Lemma 2.11 and
Proposition 2.12]. By using the identity v-Vv = %V!v|2+erot v withrot v = Oyvo—0v1
and rot U = 0 in « € (), we can write the resolvent problem associated with (PS) as

Mo —Av+ BUrrotv +div(RQuv+v®R)+Vq = f, z€Q,
dive =0, x€Q, (RS)
vlga = 0.

Here A\ € C is the resolvent parameter and we have used the conditions divev = div R = 0
to derive R - Vv +v - VR = div (R ® v + v ® R). Hence, the proof of Theorem 4.1.3 is
complete as soon as we show that there is a sector ¥ included in the resolvent set p(—Ay),
and that the following estimates to (RS) hold for ¢ € (1,2] and f € L2(Q2) N LI(2)2:

1 C . -341
A+ Av) ™ fll2) < @W 24| fllpay, A€,
y A (4.13)
IVA+Av) ™ fllzz@) < @W | fllpay, Ae€X.

Let us prepare the ingredients for the proof of the resolvent estimates (4.13). Our approach
is based on the energy method to (RS), and thus one of the most important steps is to
obtain the estimate for the term |[{8U~+rot v, v) r2(q)| which enables us to close the energy

computation. Again we note that the bound |(3U~*rot v, V)2l < Cﬁ||Vv||%2(Q) is no
longer available contrary to the three-dimensional cases.

Firstly let us examine the next inequality containing the parameter 7' >> 1:
g
[(BUr0t v, 0) gy < TVl ayllel iy + COOT) [Volagy, (414

where the function ©(T") satisfies ©(T") ~ logT if T' > 1. This inequality leads to the
closed energy computation for (RS), as long as the coefficient C30(T') is small enough so
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that the second term in the right-hand side of (4.14) can be controlled by the dissipation from
the Laplacian in (RS). However, this observation does not give the information about the
spectrum of —Ay near the origin. More precisely, we cannot close the energy computation
when the resolvent parameter A is exponentially small with respect to [, that is, when
0< A< O(e_% ). We emphasize that this difficulty is essentially due to the unavailability
of the Hardy inequality (4.1) in two-dimensional exterior domains.

1
To overcome the difficulty for the case 0 < |A| < O(e™ #), we rely on the representation
formula to the resolvent problem in the exterior unit disk established in [44]. Since the
restriction (v|{|z|>1}, ql{|z/>1}) gives a unique solution to the next problem for (w, 7):

M — Aw + BUrrotw + Vr = —div(RQu+v® R) + f, |lx] > 1,
divw =0, |z[>1, (RS°d)

wl{je=1y = 0l{jz1=13 ,

we can study the a priori estimates of w = v|{|$‘>1} based on the solution formula to (RS®?).
Then a detailed calculation shows that |{3Urot v, v) L2({|z|>1})| satisfies

[{(BU+r0t v,v) r2((Juf=1})]
c 2
< Gi(IR@v+v® Rlixg + 6 > IPuvllioe(qai=1p)

[n|=1

(4.15)
C, . _oy42
+ i e + CBIVO L)

where P,,v denotes the Fourier n-mode of v|{|x‘21}; see (4.21) in Subsection 4.2.1 for the
definition. Once we obtain (4.15) then the estimate of |(SU*rot v, v) r2(0) is derived by
using the Poincaré inequality on the bounded domain 2 \ {|z| > 1}. However, in closing
the energy computation, we need to be careful about the S-singularity in the coefficients
in (4.15). In fact, the first term in the right-hand side of (4.15) has to be controlled by the
dissipation as

| Q

2 . 1
(IR®v+v@ Rl + 8 > IPavllreai=1y)” < 77(87d + Bd2)?[VolFzq

In|=1

@

and then the smallness of C'(5"d + Bd%)2674 < 1 is required in order to close the en-
ergy computation. This condition is achieved by imposing the smallness on the distance d
between the domain € and the exterior unit disk, which is introduced in Assumption 4.1.1.

Next we pay close attention to the S-dependencies appearing in Theorem 4.1.3. If we
consider the limit case d = 0 and V' = aU in Assumption 4.1.1, then the term

BU*rotv +div(R®v+v®R) = aUtrotw

in (RS) has an oscillation effect on the solutions in the exterior disk Q = {|z| > 1} at
least when A = 0. Indeed, for the solutions to (RS) with A = 0, this effect leads to the
faster spatial decay compared with the case o = 0 (i.e. the Stokes equations case), and
this observation is indeed an important step in [32] to prove the existence of the Navier-
Stokes flows around aU in the exterior disk when the rotation « is large, as explained
in Remark 4.1.2 (1). However, contrary to the stationary problem, the situation becomes
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more complicated if we consider the nonstationary problem requiring the analysis of (RS)
for nonzero A € C \ {0}, since there is an interaction between the two oscillation effects
due to the terms Av and aU-'rotv in (RS). In fact, even in the exterior disk, a detailed
analysis to the representation of the resolvent operator suggests the existence of a time-
frequency domain, which we call the nearly-resonance regime, where the oscillation effect
from aU'rot v is drastically weakened by the one from \v and the a-singularity appears in
the operator norm of the resolvent. The existence of the nearly-resonance regime yields that
the stability of the aU-type flows is sensitive under the perturbation of the domain. This is
the reason why the distance d between the fluid domain €2 and the exterior disk is assumed
to be small depending on 5 = « + &4 in Theorem 4.1.3. Additionally, Lemnga 4.5.6 in

Appendix 4.5.3 implies that the nearly-resonance regime lies in the annulus e 5% < |\| <

e~ 7 in the complex plane. As far as the author knows, the existence of such time-frequency
domain and the qualitative analysis seem to be new and have not been achieved before.

Finally, let us briefly sketch an extension of the main theorems. Since there are no
structural assumptions on the fluid domain in Theorems 4.1.3 and 4.1.4, we can obtain the
solutions to (INS) even for the case when the boundary oscillates highly, namely for the
rough boundary case. Understanding the rough boundary effect on the dynamics of fluid
flows is one of the fundamental themes in fluid mechanics, and this problem arises in many
real applications such as the flows on surfaces with fine riblets; we refer to Mikeli¢ [46] for
an overview on this field. When the boundary is rough, because of the no-slip boundary
condition implemented in the semigroup e~**v the solution to (INS) naturally possesses
a highly oscillating part near the boundary. This structure is called the boundary layer
due to the boundary roughness, and the analysis is widely performed in both theoretical
and numerical manners. Concerning the mathematical study, the reader is referred to Jager
and Mikeli¢ [38] for the stationary flow, and to Mikeli¢, NecCasovd, and Neuss-Radu [47],
and Gérard-Varet, Lacave, Nguyen, and Roussetd [24] for the non-stationary flow under a
smooth external force with zero initial data. In particular, the inviscid limit of the rough
domain flow is considered in [24] when a suitable relation holds between the viscosity and
the boundary oscillation parameter. For the initial-boundary value problem as in (INS), the
study of the rough domain flow is more complicated and has a specific difficulty. Indeed, to
describe a profile of the solution possessing an oscillating structure near the boundary, we
need to rely on a higher order expansion of the solution in the small oscillation parameter.
The verification of this expansion especially requires a compatibility condition and regu-
larity of the initial data because of the appearance of an initial layer in the equations. The
only result available so far is the perturbed half-plane case [28] by the author where the flow
oscillating near the rough boundary is constructed by verifying the higher order expansion
for C' initial data with a natural compatibility condition.

On the other hand, from the view of the spatial asymptotic behavior, the rough domain
flow in [28] has no precise information in general since its profile in the far field is just
described by a nonstationary Navier-Stokes flow in the half-plane. In order to obtain a
precise asymptotics of a flow in an unbounded domain with a rough boundary, it is natural to
consider the perturbed equations around a given stationary solution and to construct actually
the perturbation with an oscillating structure near the boundary. However, the analysis on
the rough domain flow around a stationary solution seems to be restricted to the stationary
(channel flow) case, and there are no results for the nonstationary case as far as the author
knows. The results in Theorems 4.1.3 and 4.1.4 provide the first step to extend the result of
[28] in this direction to the nonstationary exterior problem (INS). Especially, by applying
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the ideas in [28], we will be able to construct a profile of the solution to (INS) which behaves
like the scale-critical rotating flow 3 % in the far field, and at the same time possesses
a boundary layer structure near the boundary. The analysis of flows with such complex
localized structure seems to be new and to have its own interest.

This chapter is organized as follows. In Section 4.2 we recall some basic facts from
vector calculus in polar coordinates, and derive the resolvent estimate to (RS) when || >

1
O(B%e” 83) by a standard energy method. In Section 4.3 the resolvent problem is discussed
1

for the case 0 < |A\| < e 85. In Subsections 4.3.1, 4.3.2, and 4.3.3 we derive the estimates
to the problem (RS°?) by using the representation formula. The results in Subsections 4.3.1—
4.3.3 are applied in Subsection 4.3.4, where the resolvent estimate to (RS) is established in

1
the exceptional region 0 < |A| < e 6. Section 4.4 is devoted to the proof of Theorem
4.1.3.

4.2 Preliminaries

This section is devoted to the preliminary analysis on the resolvent problem (RS) and (RS®%)
in the introduction. In Subsections 4.2.1 and 4.2.2 we recall some basic facts from vector
calculus in polar coordinates. In Subsection 4.2.3 we show that the resolvent estimates in

(4.13) are valid if the resolvent parameter \ satisfies |A| > O(BQe_é). Throughout this
section, let us denote by D the exterior unit disk R? \ By (0) = {z € R? | || > 1}.

4.2.1 Vector calculus in polar coordinates and Fourier series

The results here have some overlaps with the ones in Subsection 3.2.1 of Chapter 3. We
restate them nevertheless for reader’s convenience since the notations are slightly changed.

We introduce the usual polar coordinates on D. Set

xy = rcosf, x9 = rsinf, r=lz>1, 0€][0,2n),
L
x
e, = —, e = — = Oge,.
] ]

Let v = (vy,v2) ! be a vector field defined on D. Then we set
UV = V€, + vgey, Vp = V- €, Vg = V-€g.

The following formulas will be used:

divv = O1v1 + Oqvg = %ar(rvr) + %8@1}9, (4.16)
rotv = J1vg — O = %&(rvg) — %891@, 4.17)
(Vo2 = [0pv,? + |0pv9) + T%(\(%UT — vg|* + |y + Ogup|?) (4.18)
and
—Av = ( - 871(%67"(7"117«)) - T%var + %agvg)er

(4.19)
1 1 2
+ ( - &(;&{TU@)) — 772831/9 — ﬁag'l}r)eg .
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The formulas

Oy — 0
e Vv = (arvr)er + (8,,7)9)69, e Vv = evTr = ert 6v0T+ = ©0

imply the following equality:

et Vo —ot = |z|(eg - Vv) — (vreTL + vgeé)
= (Opv, — vg) €, + (Dpvp + vr) eg — (vre; + vgey )
= Opvr e, + Ogugey. (4.20)

For each n € Z, we denote by P,, the projection on the Fourier mode n with respect to the
angular variable 6:

Pv = vnn(r)emeer + ’Ug,n(T)einé)EQ , 4.21)
where

1 2 )

Upn(r) = o vy (r cos B, rsinf)e” "0 dg
T Jo
1 2w )

v (r) = o vg(r cos B, rsinf)e” " do .
T Jo

We also set for m € N U {0},

O = Z Pov. (4.22)

[n|=m+1

For notational simplicity we often write v,, instead of P,v. Each P,, defines an orthogonal
projection in L?(D)2. From (4.18) and (4.21), forn € NU {0} and v in W12(D)? we have

IVoll72p) = D IVPall72(p) »
(D) (D)
ne”L

1+ n? 1+ n?
’+ 2 |Vrnl? + |0rvgn]* + 3| ?

4
IVPv|? = |0rUr 1, — %Im(vgmm)_

In particular, we have

(In] = 1)

2 _12
T oal? 10w+ 2D

2+ ——lvenl?,  (423)
T

VPuv|? 2 10, 0r,0f* +
and thus, from the definition of Q,,, in (4.22), we have for m € NU {0},
HVQmUH%%D) > Hafr(QmU)rH%%D) + HaT(va)9H%2(D) + mzH%H;(D) . (429)
4.2.2 The Biot-Savart law in polar coordinates

The results here have some overlaps with the ones in Subsection 3.2.2 of Chapter 3. We
restate them nevertheless for reader’s convenience since the notations are slightly changed.
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For a given scalar field w in D, the streamfunction ¢ is formally defined as the solution to
the Poisson equation: —Av = win D and ¢y = 0 on dD. Forn € Z and w € L?(D) we
set Ppw = Ppw(r, 6) and w,, = wy(r) as

1 27 . . .
Ppw = (27r/ w(rcoss,rsins)e” " ds)eme, Wy, = (in)e_me. (4.25)
0

From the Poisson equation in polar coordinates, we see that each n-Fourier mode of
satisfies the following ODE:
dp,  1dy, n?

Cdr2 o dr +r7

Yp = wp, T>1, Pp(1) =0. (4.26)

For |n| > 1, the solution v, = 1, [wy] to (4.26) decaying at spatial infinity is given by

ulonr) = i (= 2 [t o) ds g ) [t (5) ),

= Sl\ "

dp|wn] = /OO sl_lnlwn(s) ds.

1

The formula V], [wy,] in the next is called the Biot-Savart law for Pp,w:

Valwn] = Vr,n[wn](r)emeer + VG,n[Wn](T)emeeG )
; d 4.27)
VT‘W[WH] = %d’n[u}n]y ‘/G,n[wn] = _Ewn[wn]

The velocity V;,[w,] is well defined at least when 7'~ "lw,, € L'((1,00)), and it is straight-
forward to see that

divVy[wp] = 0, rotV,|w,] = Pow in D,

4.28
e - Vplwy] =0 on 0D. ( )

The condition ' ~1"lw,, € L'((1,00)) is automatically satisfied when w € L?(D) and |n| >
2. When |n| = 1, however, the integral in the definition of v, [w,]| does not converge
absolutely for general w € L?(D). We can justify this integral for |n| = 1 if w is given in

a rotation form w = rot u with some v € W12(D)?, since the integration by parts leads to
N

the convergence of lim wy, dr. Hence, for any v € L2(D) N W12(D)2, the n-mode
— 00 r

vy, = Py can be expressed in terms of its vorticity w,, by the formula (4.27) when |n| > 1.

4.2.3 A priori resolvent estimate by energy method
In this subsection we study the energy estimate to the resolvent problem (RS):

A — Av + BULrotv +div(R@v+v@R)+ Vg = f, zeQ,
dive =0, ze€Q, (RS)
vlga = 0.
Here A\ € Cis the resolvent parameter, U is the rotating flow of (4.4) in the introduction, and
[ and R are defined in Assumption 4.1.1. The first result of this subsection is the a priori

estimates to (RS) obtained by the energy method. We recall that D denotes the exterior disk
{z € R? | |z| > 1}, and that ~y and  are the constants in Assumption 4.1.1.
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Proposition 4.2.1 Let q € (1,2], f € LY(Q)?, and X € C. Suppose that v € D(Ay) is a
solution to (RS). Then there is a constant 51 € (0,1) depending only on S, ~, and k such
that the following estimates hold.

3
Re(M)[[v]|Z2 () + 5 1V0 1720
4(g—1)
< B 37 {wot o), T ool + CIFIEE Il 52 (4.29)
In|=1

’Im( )‘H ||L2(Q) HVUHL2 +B’ Z < rOtU n’ ‘ | >L2 D)’
In|=1
2q 4(g—1)

O IR ol 2 (4.30)

as long as 8 € (0, B1). The constant C'is independent of (.

Proof: Taking the inner product with v to the first equation of (RS), we find
Re(M)[[v[|72() + V0[I72(q)
= —ﬁRe(ULrot v, U>L2(Q) +Re(R®v+v®R, VU>L2(Q) + Re(f, U>L2(Q) , (4.31)
Im(A)[[0]72q)
= —BIm(U-trot v, v)r2) + IM(R® v +v @ R, Vu) 200y + Im(f,v) 12y . (4.32)

After decomposing the domain = (2 \ D) U D, from U+ = —< on D we have
Bl(Utrot v V) r2(0)] < Bl{U+rot v ,0) 2\ py| + B|(rot v, z ‘>L2(D)‘. (4.33)

Then the Poincare inequality on 2 \ D implies that
Bl({U*rot v, V) 20\ D)l < C’BHVUH%Q(Q) , (4.34)

and by applying the Fourier series expansion on D, we see from (4.21) and (4.25) that

vr Ur,
|<rotv‘ L2(D = Z-l— Z (I"Otv)mﬁhg([))‘

In|]=1 neZ\{x1}

< ‘ Z < I“Otv n, | | >L2 ’+ Z HI“th)nHL2 D)HvrnHLQ ‘ (4.35)

In|]=1 neZ\{+1}

Then the inequality (4.24) ensures that

3y \|romnHL2D)H”T"HL2(D<c S Vel
neZ\{x1} nEZ\{:tl}

Inserting (4.34)—(4.36) into (4.33) we obtain

Bl{U*rot v, v) 2 @ < Cl/BHVUHLZ(Q) + | |Z {(rot v)n, |TT>L2(D)‘. (4.37)
1
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Next by (4.8) in Assumption 4.1.1 we have
(R®v+v® R, Vo) 2| < C2fd V|72 (4.38)

where the inequality |||z|~1+")v|| ;2 < C||Vv|| 2 is applied. The constant Cy depends on
€ (0,1). By the Gagliardo-Nirenberg inequality we see that for ¢ € (1,2] and ¢’ = q%

17
(frv)2) < Clf L@ llull Lo o

2(1-1) 2.1
< CHfHLq Q)HUHL2 Q) ||V’LL||L2(Q)
4(q—1)

< Cl\f\l‘” ‘ Ml Ze) + 2 HVUH%Q(Q)v (4.39)

where the Young inequality is applied in the last line. Now we take (3; small enough so that
1
C161 + Cofffd < 2max{Cy, Co} 57 < 3 (4.40)

holds for x € (0, 1). Then the assertions (4.29) and (4.30) are proved by inserting (4.37)—
(4.39) into (4.31) and (4.32), and using (4.40). This completes the proof. O

As is seen from Proposition 4.2.1, the key object in closing the energy computation is to
derive the estimate for the next term appearing in the right-hand sides of (4.29) and (4.30):

‘ Z rotv n’ | ‘ >L2(D)‘
[n|=1
Note that the Hardy inequality (4.23) cannot be applied to this term. The next proposition
1
shows that this term can be handled if X in (RS) satisfies |\| > O(B%e 7).

Proposition 4.2.2 Let 31 be the constant in Proposition 4.2.1. Then the following state-
ments hold.

(1) Fix a positive number B2 € (0, min{5, B1}). Then the set

Ss = {A€C||Im(N)] > —Re() + 12¢+ g2 5 } (4.41)

is included in the resolvent p(—Ay) for any 3 € (0, B2).
(2) Let q € (1,2] and f € L2(Q) N LY(Q)% Then we have

[+ A0) " iz < O 0 f oy, A€ SaNB, o (0,
s 2 (4.42)
I9O+ A0) 7 iz < CN ol iy, A€ S5NB, _y (0),
26

as long as B € (0, B2). Here the constant C' is independent of 3 and B,(0) C C denotes
the disk centered at the origin with radius p > 0.

Proof: (1) Let us denote the function space L?(€2) by L? in this proof to simplify notation.
Let |n| =1, 8 € (0, 52), and v € D(Ay) solve (RS). Define a function © = ©(T') by

T
1
@(T):/O ;e—%df, T>e, (4.43)
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which satisfies the following lower and upper bounds:
e e logT <O(T)<logT, T>e, (4.44)

which can be easily checked. Then, as is shown in [44, Lemma 3.26], we have
Ur, B 2
Bl{(rotv)y, ﬁ>L2(D)‘ < T”’UHLQ |Vol[r2 + BO(T)||Vu||72, T >e. (445

The proof is done by extending v € D(Ay) by zero to the whole space R? and using the
nondegenerate condition {z € R? | [z| < 1} C Q°. Then the Young inequality yields

5 50 8
ol Vol < PSPVl + ol (4.46)
Inserting (4.45) and (4.46) into (4.29) and (4.30) in Proposition 4.2.1, we see that
5 3 35@ 4(g—1)
(Re) = gy ol + (5 = SNVl < CUAE 0l .

1 300 33 433 ;)
(T3] - gz vl < (G + ; ) 9z + I ol . @

Then (4.47) and (4.48) lead to

1
()] + Re() = gy ol + (5 — 380(T) ol
4(g—1)
< G ol (449)

Now let us take 1" = e@. Since T' > e by the condition 3 € (0, %2), from (4.44) we have

1 B e:f3
T) < 3B8logT = - <
360(T) < 3p1log 1 and 120(T) — T?logT

By inserting (4.50) into (4.49) we obtain the assertion Sg C p(—Ay ).

1.9 — L
= 12ecp%e 8 . (4.50)

Q) LetA e SpN B, & (0)°. If additionally A € {z € C| Re(z) < 0} then we have
ge
Im(\)| > —2 d |Im(\)] < |Al < V2[Im(A
!m()!_m and  [Im(A)] < [A] < V2[Im(A)].
Then we see from (4.48) and (4.49) that,
f 4( q 1)
Allollze < —==1IVoll7. +2\f0|!f|\3“ ol (4.51)
5 4(g— ;)
IVo]7 < 4Cllfll?’q loll 572, (4.52)

where the constant C' is independent of 3. On the other hand, if additionally A € {z €
C | Re(z) > 0} then we have from (4.50),

g

P __ Al
T20(T)

1.9 —L
> |\ — 12ecp%e o > 5

[Im(\)| + Re(\) —
since 12¢% 8% < 24e¢ B2|)| <5 A holds by 8 € (0, L). Then from (4.49) we see that,

4(g—1)

IAlllvl|72 + = va”m <2C\|f||” lof 52, (4.53)

where the constant C' is independent of 3. The estimates in (4.42) follow from (4.51) and
(4.52), and (4.53). This completes the proof of Proposition 4.2.2. O
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4.3 Resolvent analysis in region exponentially close to the origin

The resolvent analysis in Proposition 4.2.2 is applicable to the problem (RS) only when

the resolvent parameter A € C satisfies |A| > ¢~ for some a € (1,00), and we have
taken a = 6 in the proof for simplicity. This restriction is essentially due to the unavail-
ability of the Hardy inequality in two-dimensional exterior domains. In fact, in the proof of
Proposition 4.2.2, we rely on the following inequality singular in 7" > 1:

v 1
| 32 (w0t b, T sy < ol I zeg@) + 1o TIV o2
|n|=1
as a substitute for the Hardy inequality, and this leads to the lack of information about the
1

spectrum of —Ay in the region 0 < [A| < O(e” #). Here we set D = {x € R? | |z| > 1}.

To perform the resolvent analysis in the region exponentially close to the origin, we
firstly observe that a solution (v, ¢) to (RS) satisfies the next problem in the exterior disk D:

M — Aw + BUrrotw + Vr = (—=div(R@v+vQR) + f)|p, xe€D,
divw =0, x€D, (RS®)

wlap = v|ap -

Then thanks to the symmetry, we can use a solution formula to (RS®?) by using polar co-
ordinates, and study the a priori estimate for w = v|p. To make calculation simple, we
decompose the linear problem (RS®Y) into three parts (RS‘]‘}d), (RSE?V ), and (RS‘gd), which
are respectively introduced in Subsections 4.3.1, 4.3.2, and 4.3.3. Then we derive the es-
timates to each problem in the corresponding subsections, and finally we collect them in

1
Subsection 4.3.4 in order to establish the resolvent estimate to (RS) when 0 < |\| < e 65.

4.3.1 Problem I: External force f and Dirichlet condition

In this subsection we study the following resolvent problem for (w,r) = (w}d, r}d)'

M — Aw+ Urotw+Vr = f, ze€D,
divw =0, zeD, (RS

wlpp = 0

Especially, we are interested in the estimates for the +1-Fourier mode of ws’cd. Although the

LP-L9 estimates to (RS‘}d) are already proved in [44], we revisit this problem here in order
to study the S-dependence in these estimates, and it is one of the most important steps for
the energy computation when 0 < |\| < e o8,

Let us recall the representation formula established in [44] for the solution to (RSEid) in
each Fourier mode. Fix n € Z \ {0} and A\ € C\ R_, R_ = (—o0, 0]. Then, by applying
the Fourier mode projection P, to (RS?d) and using the invariant property P, (U-rot w) =
U-Ltrot P,w in [44, Lemma 2.9], we observe that the n-mode w,, = P,w solves

\wy, — Awy, + BU rot wy, + PuVr = Pof, z €D,
divw, =0, z€D, (RS;?H)

wn|3D = 0 .
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Since the formula in [44] is written in terms of some special functions, we introduce these
definitions here. The modified Bessel function of first kind /,,(z) of order y is defined as

A ! Zy2m R
Iu(2) = (3) Zomlr(wrmﬂ)(z) , zeC\R_, (4.54)

where z# = e#°8% and Log z denotes the principal branch to the logarithm of z € C\ R_,
and the function I'(2) in (4.54) denotes the Gamma function. Next we define the modified
Bessel function of second kind K,(z) of order 1 ¢ Z in the following manner:

7 1(2) — ()

K = —
w(2) 2 sin pm

, 2eC\R_. (4.55)

It is classical that K, () and I,,(2) are linearly independent solutions to the ODE

d®w 1 dw 2
_ i1+ yw =0 4.56
dz?2 2z dz +(1+ 22 )w ’ (4.56)
and that their the Wronskian is 2~!. Applying the rotation operator rot to the first equation
of (RS?dn), we find that w = (rot w),, = (rot w,)e~™? satisfies the ODE

d®w 1 dw n? +inf
—4z o T (A+ —a Jw = (rot f)n, T>1. (4.57)
Hence, if we set
fn = mn(B) = (n* +inB)z,  Re(un) >0, (4.58)

then K, (vVAr) and I, (v/Ar) give linearly independent solutions to the homogeneous
equation of (4.57) and their Wronskian is 1. Here and in the following we always take
the square root \/z so that Re(y/z) > 0 for z € C \ R_. Furthermore, we set

E,(V\8) = /OO st K, (V) ds, AeC\R_, (4.59)

1

and denote by Z(F,) the set of the zeros of F},(v/\; 8) lyingin C \ R_;
Z(Fy) = {z € C\R_| Fu(Vz ) = 0} (4.60)

Let A € C\ (R_ U Z(F,)). Then, from the argument in [44, Section 3], we have the
following representation formula for w‘;cdn solving (RS‘}dn):

wit, = Ml g e RO V@l @61)

E, (VA B)
Here V[ -] is the Biot-Savart law in (4.27) and the function ®,, y[f,] is defined as
Basl (1) = <K VA ([ B (V38) (o) ()5
VA [ s (VAS) fun(s) )
+ 1, (V) ( / Ko (VAS) (1 fon(s) — infrn(s)) ds

+V / h sK 1, —1(VA8) fo.n(s) ds) :

(4.62)
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while the constant ¢, \[f,] is defined as

cnnlfn] = /1 stM®, ([l (s)ds . (4.63)

Moreover, the vorticity rot w$ f is represented as

ed _ _ Cnalfal ind inf
rot w,, 7Fn(ﬁ;ﬂ)Kun(ﬁr>e + Dy 2 [fn](r)e™ . (4.64)

We shall estimate w$ f and rot w¢ f - Tepresented respectively as in (4.61) and (4.64), when
|n| = 1 in the following two subsections. Our main tools for the proof are the asymptotic
analysis of (1, = u,(3) for small 8 in Appendix 4.5.1, and the detailed estimates to the
modified Bessel functions in Appendix 4.5.2. Before going into details, let us state the
estimate of Fn(ﬁ, () in a region exponentially close to the origin with respect to 5. We
denote by X, the sector {z € C\ {0} | |arg z| < ¢}, ¢ € (0, ), in the complex plane C,
and by B,(0) C C the disk centered at the origin with radius p > 0.

Proposition 4.3.1 Let |n| = 1. Then for any € € (0, %) there is a positive constant [3
depending only on € such that as long as 5 € (0, 5p) and X € ¥_ N B _ 1 (0) we have
e

68

L oty (4.65)
|Fn(ﬁw8)’ B ’ '

where the constant C' depends only on e. In particular, we have Z(F,) N B

Proof: The assertion follows from Lemma 4.5.6 in Appendix 4.5.3, since we have e_é <
B4 forany 3 € (0,1). See Appendix 4.5.3 for the proof of Lemma 4.5.6. O

Estimates of the velocity solving (RS‘}%) with [n| =1

In this subsection we derive the estimates for the solution w$ f to (RSEd ) which is now
represented as (4.61). The novelty of the following result is the 1nvest1gat10n on the (-
singularity appearing in each estimate. Let 5y be the constant in Proposition 4.3.1.

Theorem 4.3.2 Let n| = 1and1 < g <p < occorl < q<p<oo Fixe e (0,3)

Then there is a positive constant C = C(q, p, €) independent of 8 such that the following

statement holds. Let f € C5°(D)? and 8 € (0, By). Then for A\ € Xp_. N B s (0) we
e

have

o
”w?dnHLpD < g 9 fll ey (4.66)

n C’ 1 1\ —14L
2 i < (@HlogRe(ﬁn%)w F ey 46D

Moreover, (4.66) and (4.67) hold all for f € Lq(D)Q.
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Remark 4.3.3 The logarithmic factor |log Re(v/))| in (4.67) cannot be removed in our
analysis. This singularity might prevent us from closing the energy computation in view of
the scaling, however, we observe that it is resolved by considering the following products:

(w§,) )
[ by o Wi —2) (b 2 )|
Wen s |.T| L2yl divF,n> ’$| L2(D) 1> bn’ L2(D)l"
Here the vorticities wjid( ) wZ?V(F)n, an will be introduced respectively in Subsections

4.3.1,4.3.2,and 4.3.3. Thisis a key observation in proving Proposition 4.3.23 in Subsection
1
4.3.4, where the estimate for ((rotv)n, %"">L2(D) is established when 0 < |\| < e 85,

We postpone the proof of Theorem 4.3.2 at the end of this subsection, and focus on the
term V,,[®,, A[f»]] in (4.61) for the time being. In order to estimate V,[®,, »[f5]], taking into
account the definition of V,,[ -] in (4.27), firstly we study the following two integrals

T [ el s, [T e ) ds
1 T

Let us recall the decompositions for them used in [44] which are useful in calculations. To
state the result we define the functions gg) (r) and g,(?) (r) by

97(11)(7“) = ,Unfe,n(r) + infr,n(r) ) 97(12) (r) = ,Unfe,n(r) - 2‘nfr,n(r) )
and fix a resolvent parameter A € C\ R_.

Lemma 4.3.4 ([44, Lemmas 3.6 and 3.9]) Letn € Z \ {0} and f € C§°(D)?. Then we
have

9
1+|n|
i [ sl a5 = S50

=1

IO = = [ VAR 00 [ s, (Vs ds

AV = L [t (VA0 Jan (o) [ R (VA asar,
IO = % | & ) [ s, (VAs)ds
IOy = el / AR fon(r) [ (VA ds

IO = m( [ Rt gas) ([, /s as)

AVl = / K1 (V39 fon(e)as) ([ P11, a(VR9yas)

T

IOUI0) = 81 (VA [ 8000 (VAS) i) ds

1

Jél)[fn](r) = T‘Iun_;_l(\/XT) /00 sKMn_l(\F)\s) fon(s)ds
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I [fal(r) = —M/oo $1,1,-1(V2s) fou(s) ds

R
and

|n|/ SG [Fal(s ds_lzlzoj fl(r
where
API0) = = ([ 1R eas) ([T (Vs ds).
J11 [fn] (7 nl/ )( )/TOO 31_|n|Kun(\f)‘3)d3dT7

TOUE) = —(im — )™ ( / 5Ly 1 (V3S) fon(s) ds) ( [ 5K (V3s) ds) ,
Jl(:la) [ful(r) = —(pn — ‘n|)r|n| /Oo Tfun+1(\F)\T) fon(T) /OO S_|"|Kun,1(\58) dsdr,

T

) = [T R A0 g [, (R asar,
TR = oo oD [ 2 (VA7) foalr) [ 57D (VAs) s

r

N0 = =B (V) [ L1 (VAS) fon(s) ds
TPl () = =1L 1 (V) / N sK i, —1(VA8) fon(s)ds

r

Remark 4.3.5 (1) The estimate to the term J9 [f ] 1s not needed in the following anal-

ysis thanks to the cancellation Jg [ fal(r) —r WJS [fn](1) = 0 in the Biot-Savart law
Vo ®r A frl]]- Th1s fact will be used in the proof of Proposition 4.3.10.

(2) Note that J3V[f,] = —J & [f.] a d TP [f] = —J(”[ #,] hold. Therefore we will skip
the derivation of the estimates for J [ fn) and J [ fn] in Lemma 4 3 7.
(3) We can express the constant ¢, A[fn] in (4. 63) in terms of J [fn] (r) as cpa[fn] =

21:11,13,14,15,17 l [fn]( )-

The estimates to J [ fals 1€ {1,...,8}, in Lemma 4.3.4 are given as follows.

Lemma 4.3.6 Let [n| = 1 and q € [1,00), and let X € ¥ _. N By(0) for some € € (0, 7).
Then there is a positive constant C = C(q, €) independent of (3 such that the following
statements hold.

(1) Let f € C§°(D)>?. Then forl € {1,...,8} we have

C
V) < = 5 o

‘1 1fllLapy - 1 <7 <Re(VA)T. (4.68)
On the other hand, forl € {1,...,6} we have

C _2
IV < SN e ey 2RV 469)
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while for | € {7,8} we have
DU )] < CATF 2580 5 flpapy, 7> Re(WA)™E (470)

(2) Let f € C§°(D)>?. Then forl € {7,8} we have

I IO ol o) < SN0 4.71)

Qm

Ir Tl amy < =AM o) - 4.72)

sy

Proof: (1) (i) Estimate of J [fn] For 1 < r < Re(v/A)7%, by (4.154) for k = 0 in
Lemma 4.5.2 and (4.157) for k = 0 in Lemma 4.5.3 in Appendix 4.5.2, we find

TPl )] < 77! / 11, (VAT) 91 (7)| / K, (VAS) ds| dr

< Cr/l | fr(T)|T dT,

which leads to the estimate (4.68). For r > Re(ﬁ)_l, by (4.154) and (4.156) for k = 0 in
Lemma 4.5.2 and (4.158) and (4.159) for k¥ = 0 in Lemma 4.5.3, we have

’J [ nl(r)] <T1</1Re(1m+/r1 /;SQKH,L(ﬁs)ds dr

Re (V)

)mn(ﬁﬂ g0 (7)

1
Re (VX "
<ot [T pmirar s [ ol
Re (V)

which implies the estimate (4.69).

(ii) Estimate of J2 [ fn]: The proof is parallel to that for J1 [ fn] using the results in Lem-
mas 4.5.2 and 4.5.3 for £ = 1. We omit the details here.

(i) Estimate of J$"[f,]: For 1 < r < Re(v/A)~!, by (4.150) and (4.152) in Lemma 4.5.2
and (4.162) for £k = 0 in Lemma 4.5.4, we see that

IOl \<r1/ K, (VA7) g |/ 21, (VXs)|ds dr
SCT/ | fr(T)|TdT.
1

Thus we have (4.68). For r > Re(ﬁ)_l, by (4.150), (4.152), and (4.155) for £ = 0 in
Lemma 4.5.2 and (4.162) and (4.163) for kK = 0 in Lemma 4.5.4 we have

IJé”[fn](r)\gr1</lR“lm+/Tl >|K (VA7) g© |/ |52, (Vs)|ds dr

Re (V)

1 - Re(xf —
<ot [T pmirar et [ g,
Re(f)
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which leads to (4.69).

(iv) Estimate of .J. il) [fn]: The proof is parallel to that for Jél) [fn] using the results in Lem-
mas 4.5.2 and 4.5.4 for k = 1, and we omit here.

(v) Estimates of Jél) [fn] and Jél) [fn]: We give a proof only for Jél) [fn] since the proof for
ISV [f,] is similar. For 1 < r < Re(v/A)~L, by (4.150), (4.152), and (4.155) for k = 0 in
Lemma 4.5.2 and (4.162) for k = 0 in Lemma 4.5.4 we observe that

V0 <t [ Asas( [T [T

Re (\/X)

)|K (VAs) g2 (s)] ds

1
< € pRelin) 2 / RO~ (Re(ua) 1) £, ()]s s

T

o0
+C A e 2 53RO £ (5)s ds
1
Re (V)

Then a direct calculation shows (4.68). For r > Re(v/A) ™!, by (4.155) for k = 0 in Lemma
4.5.2 and (4.163) for £ = 0 in Lemma 4.5.4 we have

Sl ()] <07 /1 |50, (VAs)| ds / K (VA5) g2 (5)| ds
< O\l eRe (VA / 572 RS £ (5)] s ds,

T

which implies (4.69).
(vi) Estimate of J{"[f,]: For 1 < r < Re(v/A)~L, by (4.151), (4.153), and (4.154) for
k = 1in Lemma 4.5.2 we find

IO < 1K (V)] / L1 (VAS) fon(s)s]ds
<Cp~ir /7" |fn(s)|sds. (4.73)
1

Thus we have (4.68). For r > Re(ﬁ)_l, by (4.154)—(4.156) for k = 1 in Lemma 4.5.2
we have

IO < a0l [ [

Re (\/X)

)uunﬂms) fom(s)s] ds

1
< C|A|—irée—Re(ﬁ>r/ReW | f(s)]5 ds
1

+ O |A[TErze RV 572 (s)]s ds, (4.74)
1
Re (VA)

which leads to (4.70).
(vii) Estimate of Jél)[fn]: For 1 < r < Re(v/A)~!, by the results in Lemmas 4.5.2 for
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k =1 we find

L0 < a0 ([ [T YR (VR8) fan(s)sl

Re(\/X)

< OB A / T |5 (s ds + OIS / s he RN £ ()]s s,

1

Re(\/x)
(4.75)
which implies (4.68). For r > Re(ﬁ)_l, by Lemma 4.5.2 for k = 1 again we have
IO < s (VA] [ 1K1 (VAS) fon(5)5]ds
< C])\]_éréeRe(ﬁ)r/ s_%e_Re(ﬁ)S\fn(s)\sds, (4.76)

which leads to (4.70). Hence we obtain the assertion (1) of Lemma 4.3.6.

(2) The estimate (4.71) follows from (4.73)—(4.76) in the above. For the proof of (4.72), one
can reproduce the calculation performed in [44, Lemma 3.7] using the results in Lemma
4.5.2, and hence we omit the details here. This completes the proof of Lemma 4.3.6. O

The next lemma summarizes the estimates to J [ fal(r), 1 € {10,...,17}, in Lemma
4.3.4. We skip the proofs for J16 [fn] and J [ fr] as is mentioned in Remark 4.3.5 (2).

Lemma 4.3.7 Let [n| = 1 and q € [1,00), and let X € ¥ N By(0) for some € € (0, 7).
Then there is a positive constant C = C(q, €) independent of (3 such that the following
statements hold.

(1) Let f € C§°(D)?. Then forl € {10,...,17} we have

C .1 _
I fa)()] < T ), 1S < Re(VA)T (4.77)
On the other hand, for | € {10, ... 15} we have
_2 _
IO < CINT 4 fllapy s 7> Re(VA) T, (4.78)
while for | € {16,17} we have
O < O S ey, T2 RN @T9)
(2) Let f € C§°(D)?. Then forl € {16,17} we have
e I [fl | oe () Ew Y ooy (4.80)
_ C . _
P IOl oy < SN ) (4.81)

Proof: (1) (i) Estimate of ‘]10 [fu]: For 1 < r < Re(v/A)~L, by (4.154) for k = 0 in
Lemma 4.5.2 and (4.160) for k¥ = 0 in Lemma 4.5.3 in Appendix 4.5.2, we find

IO ]<r/ K, fsds/u (VAs) g0 (s)| ds

<ot [ Ifaolsds.
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which implies (4.77). For r > Re(v/A)~!, by (4.154) and (4.156) for k¥ = 0 in Lemma
4.5.2 and (4.161) for £ = 0 in Lemma 4.5.3, we have

Iﬁ&hWNSTKmWMW@M®<[M&M+/Z 110, (V39 0 ) s

Re(VX)

< C|\[“irzeRe(VAr /REW | fn(s)]s ds
1
+C |)\|71r%67Re(ﬁ)T sfgeRe(ﬁ)s|fn(s)|s ds,
1
Re (V)
which leads to (4. 78)

(ii) Estimate of J11 [fu]: For 1 < 7 < Re(v/A)™!, by (4.154) and (4.156) for k = 0 in
Lemma 4.5.2 and (4.160) and (4.161) for kK = 0 in Lemma 4.5.3, we see that

L o0
iy n](r)ygr</1‘°(m+/ 1 )u (VA7) g / Ky, (VAs) ds| dr
r Re(V/X)
<cw%/m“anvw+cMr%/l 72| ()
r Re(VA)

which implies (4.77). For 7 > Re(v/A) ™!, by (4.156) for k = 0 in Lemma 4.5.2 and (4.161)
for k = 0 in Lemma 4.5.3, we have

IO <7 [ 1A} /' K, (VAs)| ds dr

r

scu|%/ 72| fu(P)lr dr,

which leads to (4. 78)

(iii) Estimates of J [ fn] and J13 [fn]: The proof for J12 [f] is parallel to that for J10 [fn]
using the bound | un — 1| < Cf and the results in Lemmas 4.5.2 and 4.5.3 for k = 1. The

proof for J1:13 [fn] is similar to that for Jl(i) [fn]. Thus we omit the details here.

(iv) Estimate of J14 [fn]: For 1 < r < Re(v/A)™1, by (4.150), (4.152), and (4.155) for
k = 0in Lemma 4.5.2 and (4.164) and (4.165) for £ = 0 in Lemma 4.5.4, we observe that

T ()] gr(/T“(lm+/oi>\K (VA7) g;2>(7)|/:|1“n(ﬁs)|dsdr
Re (V)

1 >
<or [" P piraron e [T S An e,

which implies (4.77). For » > Re(v/A)~!, by (4.155) in Lemma 4.5.2 and (4.166) in
Lemma 4.5.4 for £k = 0 we have

I <7 [T 18, A0 §2@] [ 18,/ asdr

ch*r/ 72| fu(P)lr dr
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which leads to (4.78).
(v) Estimate of J{é) [fn]: The proof is parallel to that for Jl(}l) [fn] using Lemmas 4.5.2 and
4.5.4 for k = 1, and thus we omit here. This completes the proof of Lemma 4.3.7. a

Lemmas 4.3.6 and 4.3.7 lead to the next important estimates that we shall need in the proof
of Proposition 4.3.10 below. Let ¢, x[f»] be the constant in (4.63).

Corollary4.3.8 Let |n| = land1 < g < p < oorl < q < p < oo, and let A €
Yr—e N B1(0) for some ¢ € (0,5). Then there is a positive constant C = C(q,p,e)
independent of 3 such that the following statement holds. Let f € C§°(D)2. Then for
le{l,..., 17} \ {9} we have

C 4.1
eanlfull < Z A 9 £l ooy (4.82)
_ C, . _qp1_1
P~ I falll o) < W T ey » (4.83)
_ C . 141 1
P2l ll 2y < M M log Re(VN)|2 | f | Loy - (4.84)

Proof: (i) Estimate of ¢, \[fy]: Remark 4.3.5 (3) ensures that

eanlfall < S V)]

1=11,13,14,15,17

Then the estimate (4.82) follows from putting » = 1 to (4.77) in Lemma 4.3.7.
(ii) Estimate of r‘lJl(l) [fu]: ML e {1,...,17}\{7,8,9,16, 17}, then it is easy to see from
the pointwise estimates in Lemmas 4.3.6 and 4.3.7 that

2 140 — _
supralr L)) < AN I oy, 1< <00
r>
Thus by the Marcinkiewicz interpolation theorem we have (4.83) forthecase 1 < p = ¢ <
00. Moreover, again from Lemmas 4.3.6 and 4.3.7 one can see that

sup 1=tV ()] < BTl o) (4.85)

which leads to (4.83) for the case 1 < p < oo and ¢ = 1. Hence finally we have (4.83) for
1<g<p<ooandl < g < p < oo by the Marcinkiewicz interpolation theorem again.
If | € {7,8,16,17}, from (4.71), (4.72), (4.80), and (4.81) we have (4.83) for the case
1 < p = ¢ < oo by the interpolation argument. Moreover, (4.68), (4.70), (4.77), and (4.79)
lead to the estimate in the form (4.85) for [ € {7,8,16,17}. Thus we obtain (4.83) for the
case 1 < p < ocoand g = 1, and hence (4.83) for 1 < g < p < oo by the Marcinkiewicz
interpolation theorem.

(ii1) Estimate of r‘2Jl(1) [fn]: The assertion (4.84) can be checked easily by a direct calcu-
lation using Lemmas 4.3.6 and 4.3.7. We note that the logarithmic factor in (4.84) is due to
the estimate (4.77). The proof of Corollary 4.3.8 is complete. a

Now we are in position to prove the main theorem of this subsection. Let us start with
the simple proposition about the estimate for the term V,,[K,, (VA )] in (4.61).
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Proposition 4.3.9 Let |n| = 1, p € (1,00], and let A € ¥ N B1(0) for some € € (0, ).
Then there is a positive constant C = C(p, €) independent of 3 such that we have

Re(pn) _ 1

V[ 1, (VA )] o ><f!AI*7 v, (4.86)
VK, (VA-)]

]

Re(#n)

I

lisi < 2N @8

Proof: It is easy to see from the definition of V;,[- | in (4.27) that

Vil (V3] < (17, fﬁ|+‘/ Ko, (VAs)d

)+C‘/ K,,(Vs)ds

By the results in Lemma 4.5.3 for £ = 0 in Appendix 4.5.2 we have

[Vl Ky, (VA1) < CBTHAIT R —Re(un) +1 1<r<Re(VA)™', (4.88)
VK (VA < CB YA 2772, 7> Re(VA) L. (4.89)

Then for p € [1, 0] we find

Re(pn)
sup 7 |V K, (VA1) < CBTYN T 2570

r>1

Hence by an interpolation argument (4.86) follows. Moreover, a direct calculation com-
bined with (4.88), (4.89), and (Re(un(5)) — 1)% ~ O(p3) yield (4.87). This completes the
proof. a

The next proposition gives the estimate for the term V,,[®,, y[f»]] in (4.61).

Proposition 4.3.10 Let [n| = 1and1 < ¢ < p < c0orl < q < p < oo, and let
A € Yr_e N B1(0) for some € € (0, %). Then there is a positive constant C' = C(q, p, €)
independent of 3 such that for f € C§°(D)? we have

C 1

IVal®ualfallllzeo) < Z 1A | fllay (4.90)
n n C _ 1 1

H ’:UTf HL2 <E|)‘| 1+q‘logRe(\5)‘2||f”Lq(D)' (4.91)

Proof: The definition of the Biot-Savart law V},| - ] in (4.27) leads to the next representations
for the radial part V. ,[®,, \[f»]] and the angular part Vp ,,[®,, A[fr]] of Vi, [®p A[f0]]:

e - X IACTIEY R IAENT

o r r

Vialalfill = - (22 e i@ assr [T elnioa).

2r T T
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where ¢;, [ fn] is defined in (4.63). From Lemma 4.3.4 and Remark 4.3.5 (1) and (3) we
see that

Caplfnl 1 / " 28,5 f)(s) ds

r T J1
8
=ty )= V) (4.92)
1=11,13,14,15 =1

Then, by (4.92) and the decomposition of the integral froo @, A[fn](s) ds in Lemma 4.3.4,
we find the following pointwise estimate of V;,[®,, z[f»]](r):

[Va[@nalf2])(r)]
<c(r > Pl > rPme)). @9

1=11,13,14,15 1e{1,...,1T}\{9}

Thus the assertions (4.90) and (4.91) follow from Corollary 4.3.8. This completes the proof.
O

Finally we give a proof of Theorem 4.3.2, which is a direct consequence of Corollary 4.3.8
and Propositions 4.3.9 and 4.3.10.

Proof of Theorem 4.3.2: In view of Proposition 4.3.10, it suffices to show that the first term
in the right-hand side of (4.61) satisfies the estimates (4.66) and (4.67). By using Proposition
4.3.1 and (4.82) in Corollary 4.3.8, one can see that (4.66) and (4.67) respectively follow
from (4.86) and (4.87) in Proposition 4.3.9. This completes the proof of Theorem 4.3.2. O

Estimates of the vorticity for (RSjifln) with [n| = 1

This subsection is devoted to the estimate of the vorticity wf, d (r) = (rot w;d )~ with

|n| = 1, where w$ f n, Solves (RSed ) in Subsection 4.3.1. We recall that w¢ f ,, 18 represented
as

wed _ cn [ fn] - ”
f, (T) Fn(\/x; ﬁ) Kun<ﬁ )+ (Dn,)\[fn}( )

by (4.64). The main result is stated as follows. Let 5y be the constant in Proposition 4.3.1.

Theorem 4.3.11 Let |n| = 1, ¢ € (1,00), and ¢ € (max{1,2},q]. Fixe € (0,%).
Then there is a positive constant C = C(q, q, €) independent of (3 such that the following

statement holds. Let f € C$°(D)? and 8 € (0, Bo). Set

ed(L), \ nALfn] ., D ,
wf,n (T’) - Fn(ﬁ,ﬁ) ,un(f ) fin ( ) — (I)n,)\[fn]( ) (494)
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(0) we have

Then for A € X_. N Be_&
152 ey < I o) (4.95)
HZT)HU; gw‘?*illfl!m(m, (4.96)
‘<w§i?n(1), g ’Z)n>L2(D)‘ < 5{,‘)"_2+§Hf”%q(D)' 4.97)

Moreover; (4.95), (4.96), and (4.97) hold all for f € Li(D)>2.

Proof: (i) Estimate of w, fn ed(1), : The estimate (4.95) is a direct consequence of Proposition

4.3.1, (4.82) in Corollary 4.3.8, and (4.167) with p = 2 in Lemma 4.5.5 in Appendlx 4.5.2.

| 1 ed() ed (2) . ed(2)

(ii) Estimate of |z : We decompose w ™ intowy , =, o, )\[ fn] by setting

BN = K (VA [ 1 (V) g0 (5) s
0\[fu] = —VAK,, (VAr) / "Ly 1 (VAS) fon(s) ds
o) [f.] = fr/ K., (VAs) ¢@(s) ds
BN = VALL VA [ 5K (VAS) fons)ds

Then the assertion (4.96) follows from the estimates of each term |z|~ 1<I> ALl
{1.2.3.4}.

(I) Estimates of |z|~ 1<I> \Lfn] and |z|” ICIDnA[fn] We give a proof only for ||~ 1<I> 2) AlLfn]

since the proof for |x|~ 1@51 \Lfn] is similar. The Minkowski inequality leads to

]

|‘(I)£3)A[fn]||Lq(D) = ’W(/loo‘/lrr—lf(ﬂn(ﬁr)s[#nﬂ(ﬁs) fon(s)ds érdr)é

1

<[ st V38) fun o) ([ K (VR ) .

s

By (4.154) and (4.156) for kK = 1 in Lemma 4.5.2 and (4.168) and (4.169) in Lemma 4.5.5,
we have

el

E

Re(f _ = e — %
sy < O[S siflsas+ O [ )l ds,
Re(\/X)

which implies (4.96) since 5 (—2 + ) +2 < O holds if ¢ € (max{1, 1}, q].

(IT) Estimates of |z|~ 1<I>n A[fn] and |x|~ 1@242\[]’”}: We give a proof only for \w|_1<1>7(14l [fn]-
After using the Minkowski inequality in the same way as above, from (4.151), (4.153), and
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(4.155) with £ = 1 in Lemma 4.5.2 and (4.170) and (4.171) in Lemma 4.5.5, we have

]
H = HLq (D) = < CA2 / "SK —1(V2s) ) fon(s </ P ( \fr)|qrdr> ds

2]
<cp | T (sl + O [ s nG)sds,
1 Re(V)

which leads to (4.96). Hence we obtain the assertion (4.96).
(iii) Estimate of ’<wf n ) N 1(w§idr) L2(D) ‘: From (4.61) and (4.94) we see that

e (wedr) Cn n Ven Ko, A
0 B ) < 06 (V5 TGy
Cn n ‘/Tn(pn n
L

(4.98)
Then, by Proposition 4.3.1 and (4.82) in Corollary 4.3.8 combined with the results in
Lemma 4.5.2 for k = 0 and (4.88) and (4.89) in the proof Proposition 4.3.9, we have

caplfnl |2 o Vel K, (V)]
A LA

1
gy 242 Re(V™) _Re ()1
< cp 2+q!fH%q(D)< [T ) et

)r(p)|

e~ Re(VA)r dr) .

1
Re(v/A)

By (4.93) in the proof of Proposition 4.3.10 combined with Lemmas 4.3.6 and 4.3.7, we
have

1)

e (VA oSl

1

942 VR Re(jin) °°
< CBN M ||f”2Lq(D) </R O pReln) qp 4 A2 —i r2 e Re(V)r dr) )
1 Re(V/\)

Hence, by inserting the above two estimates into (4.98), one can check that the assertion
(4.97) holds. This completes the proof of Theorem 4.3.11. O
4.3.2 Problem II: External force div F' and Dirichlet condition

In this subsection we consider the following resolvent problem for (w,r) = (WS 1, 75% ):

M — Aw + Urrotw +Vr = divEF, z €D,
divw =0, z€D, (RSE, )
wlgp = 0.
In particular, the estimates for the +1-Fourier mode of wd v are our interest. Here F' =

(Fij(z))1<ij<2 is a 2 x 2 matrix. We recall that the operator div on matrices G =
(Gij(x))1<i,j<2 is defined as div G = (01G11+02G12, 01G21 +05G92) . The assumption
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on F is as follows: let us take the constant v € (%, 1) of Assumption 4.1.1 in the introduc-
tion. Fix 7’ € (3,7). Then we assume that F belongs to the function space X./(D):

X, (D) = {F e L*(D)*? | |z|"'F € L*(D)*?} . (4.99)

This definition is motivated from the property of the matrix R ® v + R ® v appearing in
(RS®Y), where R is the function in Assumption 4.1.1 and v € D(Ay ) is a solution to (RS).
In view of the regularity of F', we define the class of solutions to (RSﬁ?v ) in each Fourier
mode by the weak form. Let n € Z \ {0} and LZ (D), ¢ € (1, 00), denote the L9-closure of
C6o (D), and let p € (%, o). Then a velocity w,, € P,,(L5(D) N Wol’p(D)Q) is said to be
) replacing div F' by (div F),, = P,div F'if

; ed
a weak solution to (RSg;,

Mwn, ) 12(py + (Vwn, Vo) 12(py + B(Urot wy,, ©) 12(D)

(RSGrn)
= —<_F17 VPnQO>L2(D) divE,

holds for all ¢ € C§%(D)?. Then the pressure 7 € W,-P(D) is recovered by a standard
functional analytic argument; see [56, page 73, Lemma 2.21] for instance. The unique-
ness of weak solutions is trivial thanks to the representation formula (4.100) below. In the
following we consider the solutions to (RSE{}V Fp) for given ' € X (D).
Let n € Z \ {0}. By the solution formula (4.61) in Subsection 4.3.1, at least when
F € C§°(D)?*?, we can represent the n-Fourier mode of the solution wg‘iiv pto (ng?v F)as
ed _Cn) [(div F)n]

W, g = an (K, (V)] + Vi [ @, [(divE),]] (4.100)

if A € C\ R_ satisfies Fj,(vV/\; B) # 0. Here ¢, \[+], Fu(VA; B), Vi -], and ®,, 5[] are
respectively defined in (4.63), (4.59), (4.27), and (4.62). The vorticity is given by

rot Wiy = —WKM(&T)J”@ + 2 [(div F),)(r)e™ . (4.101)

We prove the estimates of (4.100) and (4.101) in the next two subsections. Before conclud-
ing this subsection, we prepare a useful lemma for the calculation concerning ®,, »[(div F),,].

Lemma 4.3.12 Letn € Z \ {0} and F € C§°(D)?*2. Then there are functions ER =

E(f) (r), k € {1,...,7}, each of which is a linear combination containing the n-Fourier
mode of the components of F' = (Fjj)1<i j<2, such that ®,, \[(div F'),] is represented as

O, 2 [(div F),)(7)
—KM(\F/\T) < /T sillm(ﬁs) ﬁ,gl)(s) ds

1

+ \F)\/T L, 1(Vs) EP(s)ds — A /r sL,, (VAs) E®)(s) ds>
1

1

+ Iun(\f)w) < /00 S_IKMH(\/XS) ﬁ,,(f)(s) ds

+ \5/00 K, -1(VAs) E®)(s)ds + A /Oo sK ., (V\s) F9)(s) d3>

— VA (K (VAN L1y i1 (V) 4 Kyt (VAP L, (VAT)) ED ()
(4.102)
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Proof: Let n € Z\ {0}. By the definition of div F, there are functions e C5e((1,00)),
I € {1,...,4}, such that the n-Fourier mode (div F'),, has a representation

(div F), = (div F),ne™e, + (div F)gne™eq
= (0.6 () + 2GR ), + (9,6 () + GO e. (10

Then there are functions H\™ € C3((1,00)), m € {1,...,4}, each of which is a linear
combination containing the n-mode of the components of F' = (Fij)lgi’jgg, such that

1

fin (div F)g () + in(div F)yn(r) = 9, HY (r) + ;H,(f) (r), (4.104)
i (div Fg () — in(div F)yn(r) = 8, HO (r) + %Hff) (r). (4.105)

By inserting (4.103)—(4.105) into the representation of ®[f,] in (4.62) replacing f, by
(div F'),,, and using the next relations of Bessel functions /,,(z) and K,(z) (see [1] page
376):

dl,
dz

) = PR — K (7).

() = CLG) H Ln(z), ;

we can obtain the assertion (4.102). We omit the details since the calculations are straight-
forward using integration by parts. The proof is complete. O

Estimates of the velocity solving (RSS, Fp) With [n] =1

The main result of this subsection is the estimates of wf{fv ., Tepresented as in (4.100). Let
us recall that 3y is the constant in Proposition 4.3.1.

Theorem 4.3.13 Let |n| = 1,7 € (3,7), andp € (%, o0). Fix e € (0,%5). Then there is a
positive constant C = C(v/, p, €) independent of 3 such that the following statement holds.
Let F € C3°(D)**? and 3 € (0, Bo). Thenfor \ € ¥r_cNB & (0) we have

e

e C _1 /
luvrallzem) < g5 WP lllal” Fllzam (4.106)
wg(iivF,n C /
H |z HLQ(D) < @HMZP Fllr2py - (4.107)

Moreover, (4.106) and (4.107) hold all for F' € X.,(D) defined in (4.99).

By following a similar procedure as in Subsection 4.3.1, we give the proof of Theorem
4.3.13 at the end of this subsection. We firstly focus on the term V,[®,, »[(div F'),]] in
(4.100). By using Lemma 4.3.12, one can see that the next decomposition holds. Let
EP (r), k € {1,...,7}, be the functions in Lemma 4.3.12.

Lemma 4.3.14 Letn € Z\ {0} and F € C§°(D)**2. Then we have

10

ﬁ /1 "t [(div F),)(s) ds = 3 I (div F)al(r) (4.108)
=1
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where

J1(2)[(diVF)n](T) = 7“”/ T, (VAT ED(7) /T st K, (VIs)dsdr,
J2(2)[(diVF)n](T) = ;{ Mn+1(\fT)F (r )/T sH'”lKun(\&s) dsdr,

J:g?)[(div F)ul(r) = —T); /; TIMH(\F)\T) ﬁT(Lfi) (1) /T 81+|n|KMn(ﬁs) dsdr,
JO|(div F))(r) = ﬁ / K, (Vo) E9 (r) / TS (Vas)dsdr

TO((div F)a](r) = 1( / UK, (V) E@ (r ;d7> < /1 S (VAs)d >

7“|”|

JéQ)[(divF)n](r) = r|”|/ K, _1(VA7) F(5)( )/17 81+|n|Iﬂn(\[\s) dsdr,
J7(2)[(divF)n](r) = 7"|"| (/ K, —1( (VAT) EO) (7 )d7> </17’ 81+|n|IHn(\f)\s) ds),

JO(div F),)(r) = r|n| / ) EO) () /1 s, (Vas)dsdr,
Il ) = / K (V) Oy ar ) ([ 514008, (V) s
\/X

' S(KMN(\/XS)IM”J,J(\/XS) + K n_l(ﬁs)lun(ﬁs)) F(D(s)ds.

1

TP [(div F),](r) = —

r‘"‘

Here B\ (r), k € {1,...,7}, are the functions in Lemma 4.3.12.

Proof: The assertion follows by inserting (4.102) in Lemma 4.3.12 into the left-hand
side of (4.108), and changing order of integration as [} [ drds = [] [" dsdr and
f{ [Zdrds =[] [[ dsdr+ [ dr [] ds. This completes the proof. 0

The next lemma gives the estimates to JZ(Q) [(div F')p], 1 € {1,...,10}, in Lemma 4.3.14.

Lemma 4.3.15 Let [n| = Land ' € (3,7), andlet A € SN B1(0) for some € € (0, F).
Then there is a positive constant C = C(~/, €) independent of 3 such that the following
statement holds. Let F € C§°(D)?*2. Then forl € {1,--- ,10} we have

. C e A~ !
2 (v F)al(r)] < AR 472780 4 ) laf P 2
1<7r<Re(VN)™, (4.109)
C
2 (i F)al(r)] < SOA2 4 ) el Fllzgy 7> Re(V2)™ . @110)

Proof: (i) Estimate of J\”[(div F),]: For 1 < r < Re(vA)~!, by (4.154) for k = 0 in
Lemma 4.5.2 and (4.157) for k = 0 in Lemma 4.5.3 in Appendix 4.5.2, we find

|J1(2 [(div F)y,](r)] < Cr~ / 77, (VM) E FEW ()| / s2K,, (VAs)ds| dr
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§C7’2Re(“")/ TRe(‘u")72|Fn(T)|TdT,
1

which implies |J®[(div F),](r)| < Cr2=Rem)||z[Y F| 2. For r > Re(vA)™, by
(4.154) and (4.156) for £ = 0 in Lemma 4.5.2 and (4.158) and (4.159) for £ = 0 in Lemma
4.5.3, we have

173 (div F)) ()]

1 " N
< C’r_l( /1 R / 1 )IT—HM(WAT) EW (7))

Re(V/\)

/ s2K,, (Vs)ds| dr

1
<cppt [T T—1|Fn(7)|7df+o|x|—é/r P Fy ()l dr,
! R/

which leads to [J2[(div F),|(r)| < CIA|"2 | |z[Y F|| 2.

(ii) Estimate of JQ(Q) [(div F)y, ] In the similar manner as the proof of J1(2) [(div F'),], for1 <
r < Re(v/A\)~! we have |J; JP[(div F),](r)] < CIA|2r2||F|| 2, and for r > Re(v/X)~! we
have |J2(2) [(div F),](r)| < C\)\\_% || F'|| 2. We omit since the proof is straightforward.

(iii) Estimate of JéQ)[(div F),): For 1 < r < Re(v/A)™L, we have ]J§2 [(div F),](r)| <
C‘/\‘%TQHFHLZ by same way as the proof of Jl(z) [fn]. For r > Re(v/A) ™!, we observe that

I [(div F)a](r)]

1 _ T - s
< C|A|r—1</RM) +/ 1 >\ﬂ L (VAT) F,§3>(T)|‘/ $’K,,, (VAs)ds|dr
1 Re(V/N) T

Re(V/A)

1 .
gcm—ér-l/RM) yFn(T)deT+or—1/ | (7| dr
1
1 Re(v/N)

Thus we have [J§ [(div F),](r)] < COA2[|F)l 2 + = |27 F|2).
(iv) Estimate of J\2[(div F),): For 1 < r < Re(v/X)~, by (4.150) and (4.152) in Lemma
4.5.2 and (4.162) for kK = 0 in Lemma 4.5.4, we find

O (div F)] ()] < ™ /|T—1K \/ 151, (Vs)|dsdr
§C/ T|Fp(7)|TdT,
1

which implies [J\?[(div F),](r)] < Cri=" |||z|" F||z2. For r > Re(VA)~L, (4.150),
(4.152), and (4.155) for k = 0 in Lemma 4.5.2 and (4.162) and (4.163) for £ = 0 in Lemma
4.5.4 yield

17 [(div F)) ()]

1 r ~ T
gCr—1< [+ )\T—IK%MT)FWTM [ 150 (VAs) dsar
1 —Li_ 1

Re(\/X)

<o h! /R“”\F<>|rdf+cw—%r—1 B[ dr,
1 Re(\/X)
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which leads to |J\?[(div F),] ()] < CIA|"2 || F|| 2.
(v) Estimate of Jéz) [(div F),]: For 1 <7 < Re(v/A)~!, by the same estimates in Lemmas
4.5.2 and 4.5.4 which have been used in (iv) we find

17 [(div F)) ()]

1
’ 1
< rl/ \SQIMn(ﬁs)ds</Re(ﬁ) +
1
1 r Re(V/\)

1
< O pRelim)+2 / ReVR) —Re(1un)=2| . (1)

T

) (K, (V) OO (1) dr

Re(pun)

oo
+C ‘)\’ 2 *irRe(#n)JFQ ngefRe(\r)‘)an(T)’T dr,
1
Re(vV/))

and thus we see that |2 [(div F),] ()] < C(r'=|||z|"" F||z2 +|A|2r2| F| 12) holds. For
r> Re(ﬁ)_l, we have

T2 (div F)a] ()] < v /1 |20, (Vs)] ds / T K, (Var) B (7)) dr

<C |)\|_1réeRe(ﬁ)r/ T_ge_Re(ﬁ)T|Fn(T)|T dr,
which implies [J{2[(div F),|(r)| < C|A| "2 || F|l 2

(vi) Estimates of Jl(z) [(div F),], I € {6,7,8,9}: In the similar manner as the proofs for
Jf) [fn] and Jéz) [(div F'),], we see that

[P [(div )] (r)] < CAYAZ?|Fllpe, 1<7r <Re(vA)™!,
72 [(div F)) ()] < CETHATEFllge + 7 2l Fllg2), 7> Re(VA) ™,
forl € {6,7,8,9}. We omit the details since the calculations are straightforward.

(vii) Estimate of J\2)[(div F),]: For 1 < r < Re(vA)~L, from (4.150)~(4.153), and
(4.154) for k = 0,1 in Lemma 4.5.2 we have

T2 ((div F),](r)] < B~ / |Fu(s)]sds,

which implies |70 [(div F),](r)| < CB~YA|2r2|| F| 2. Forr > Re(v/A)~?, from (4.150)—
(4.153), and (4.154)—(4.156) for k = 0,1 in Lemma 4.5.2 we have

L T

JD((div F W) < CB7HA Y eV s|F,(s)|sds+ Cr~t sTYE,(s)|sds,
10 =
1 Re(lﬁ)

which leads to |J\2[(div F),](r)] < C(B~YAI"2||F||z2 + r1=|||z[Y F||2). This com-
pletes the proof of Lemma 4.3.15. O

We continue the analysis on V,,[®,, y[(div F'),]] in (4.100). The next decomposition is also
useful in calculation as is Lemma 4.3.14.
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Lemma 4.3.16 Letn € Z\ {0} and F € C§°(D)**2. Then we have

|n|/ 1- \n\q) Al(div F),](s)ds = ZJ [(div F),](r), 4.111)
=11

where
T2 (div F),)(r) = —rP /1 ", (VA EO () / T, (Vas)dsdr,
JO((div F)a(r) = —rl" / o, (VA ED(r) / T ehlE, (Vas)dsdr,
JD[(div F),)(r) = —vVArl /1 "L (VAT FO(r) / T, (Vas)dsdr,
T ((div F))(r) = —VArl" / L (VAR B (r) / T K, (Vas)dsdr,

T

TO[(div F)a)(r) = Arlm /1 L (Var) FO) (1) / T, (Vas) dsdr,
Jl((QS)[(diVF)n](T) = Arl /OO Tlun(\f)n') ﬁ7(L3)(7') /OO 51_‘"‘Kun(\f)\s) dsdr,

T

Jl(g)[(diVF)n](T) = |n|/ K, VAT) ED (1) /T Sl_‘”‘lun(\&s) dsdr,
TO((div F)](r) = VArh / K1 (VA7) E® (1) / ", (Vas)dsdr,

r

JD[(div F)n](r) = Arl / - sK,,, (VAT) EO) (1) / T&*‘”'I,M(ﬁs) dsdr,
JO((div F)a)(r) = — m«"/ o (VA8 L i1 (VAS) + K1 (VAS) L, (VAs)) B

Here F(k)( ), k€{1,...,7}, are the functions in Lemma 4.3.12.

Proof: The assertion is a consequence of inserting (4.102) in Lemma 4.3.12 into the left-
hand side of (4.111), and changing order of integration as [ [’ drds = [ d7 [*° ds+
[ [ dsdrand [ [7° drds = [7° [T dsdr. This completes the proof. O

The next lemma summarizes the estimates to J [ fn]s L€ {11,...,20}, in Lemma 4.3.16.

Lemma 4.3.17 Let |n| = land ' € (%,7), and let X € Sr_NB1(0) for some € € (0, ).
Then there is a positive constant C = C(v',€) independent of 3 such that the following
statement holds. Let F € C§°(D)?*2. Then forl € {11,--- ,20} we have

| ¢ ) 4 1=
v )] £ G (A2 4+ 20 1) ] .

1<r<Re(WVA)', 4.112)
21 F)al(r)] < C(NT2 + ) llal  Fllzgy, 72 Re(VA)™h @113)
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Proof: (i) Estimate of J\2[(div F),: For 1 < r < Re(v/A)~!, by (4.154) for k = 0 in
Lemma 4.5.2 and (4.160) for k¥ = 0 in Lemma 4.5.3 in Appendix 4.5.2, we find

T ((div F),] |<7~/ K. (VAs) ds/ 7, (Vr) EO(7)) dr

s@f%ﬁmwﬁ/fmwfﬂ&umdn
1

which implies \Jl(f)[(div F),](r)] < CB= 2= Reltn)||| 2|7 F|| 2. For r > Re(v/X)~!, by
(4.154) and (4.156) for k = 0 in Lemma 4.5.2 and (4.161) for £ = 0 in Lemma 4.5.3, we
see that

a2 P <7 [ 1l as( [T [ ) () B

T Re(VX)
D S
< O g R / HO Rl =2 B (1) dr
1

+ C\/\\_lr%e_Re(ﬁ)r ) T_%eRe(ﬁ)T‘Fn(T)‘T dr.
Re(vV))
Thus we have |J\2[(div F),|(r)| < C|A|"2 |||=[Y F|| z2.
(ii) Estimate of Jg)[(div F),]: For 1 <r < Re(v/A)~!, by (4.154) and (4.156) for k = 0
in Lemma 4.5.2 and (4.160) and (4.161) for £ = 0 in Lemma 4.5.3, we observe that

gt PRI < o [ [ Y B [ R asar

Re(\/X)

1 fe’e)
< Cﬁ_lr/Re(ﬁ) 7'_1|Fn(7)|7' dr + C|)\|_1r/ 7'_3|Fn(7')|7' dr,
1
r Re(VA)

which implies \Jl(g)[(divF)n](r)] < CB~ Y'Y |||z|Y F||p2. For r > Re(v/A)~!, by
(4.156) for k = 0 in Lemma 4.5.2 and (4.161) for £ = 0 in Lemma 4.5.3 we find

I2(div F)a)(r)] < Or / C e, (Var) O ()| / (VAs)| dsdr

r

< C])\]_lr/ 3B ()| dr

which leads to [J\2[(div F),)(r)| < C|A|"2 || F| 2
(iii) Estimates of Jl@)[(div F),), 1 € {13,14,15,16}: In the similar manner as the proofs
of Jl(f) [fn] and J(Q)[(div F),], we have
I div F)a] ()] < COTH NP F g2 + 07 2l Fllgz) . 1< 7 < Re(VA)7,
2 . _1 A / _
1P (div F)a) ()] < CONTZFl 2 + 77 2l Fllg2) . 7> Re(VA)™,
for [ € {13,14,15,16}. We omit the details since the calculations are straightforward.

(iv) Estimates of JZ(Q) [(div F),], 1 € {17,18,19}: We give a proof only for Jl(s) [(div F),,]
since the proofs for Jg) [(div F'),] and Jl(? [(div F),,] are similar. For 1 < r < Re(vA)~%,
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from (4.150), (4.152), and (4.155) for kK = 0 in Lemma 4.5.2 and (4.164) and (4.165) for
k = 0in Lemma 4.5.4, we observe that

\J£§>[<divF>n1<r><rA|r( [+ )\TKnMﬂﬁsG)m [ 1) dsar

Re(VX)

1 e
< cwr/“em TyFn(T)\TdT+cr/ Y F(r)|r dr
1
r Re(VA)

which implies |J\2[(div F),](r)] < Cr1=|||z[Y F|| 2. For r > Re(vA)~1, by (4.155)
for k = 0 in Lemma 4.5.2 and (4.166) in Lemma 4.5.4 for k£ = 0, we have

T2 [(div F)a)(r)] < A7 / K, (VAT) BO) (1) / "\ (V3s)|ds dr

T

SC’T/ T_lan(T)\TdT,

which leads to [J\2[(div F),)(r)| < Cri=7 |||z F|| 2.
(v) Estimate of J{2)[(div F),]: For 1 < r < Re(vA)~!, from (4.150)~(4.153), and
(4.154)—(4.156) for k = 0,1 in Lemma 4.5.2, we have

L 00

5 [(div F),) ()] < 05—1|A|T/RM> s|Fn(s)|sds+Cr/ s E(s)]sds.
" RV

Thus we have |J52) [(div F),](r)] < CB~Lr'="|[|z[Y F|| 2. For r > Re(v/A)~!, from
(4.155) and (4.156) for kK = 0, 1 in Lemma 4.5.2, we have

I8 v P < o [ SR,

which implies \Jég)[(div F)](r)] < Cr*=Y|||z| F||z2. This completes the proof of
Lemma 4.3.17. O

From Lemmas 4.3.15 and 4.3.17 we see that the following estimates hold.

Corollary 4.3.18 Let |n| =1, € (3,7), and p € (%, 00), and let A € Xr_ N B1(0) for
some € € (0, 5). Then there is a positive constant C = C(v', p, €) independent of (3 such
that the following statement holds. Let ' € C§°(D)**2. Then forl € {1,...,20} we have

: C /
en (@i F)all < kel Flliao) (4.114)
_ . C _1 ’
I 2 Falllaoy < GNP ] Fllzaco) (.115)
_ . C /
2721 F)alllzeo) < el Fllzam) - (4.116)

Here c,, »[(div F'),] is the constant in (4.63) replacing fy, by (div F),,.

136



Proof: (i) Estimate of ¢,, y[(div F'),,]: By the definitions of J [fn] for [ e {11 -,20}in

Lemma 4.3.16, we see that [c, A[(div F)n]| < 32_151416,17,18,19,20 |J a0 )| Hence
we obtain the estimate (4.114) by putting r = 1 to (4. 112) in Lemma 4.3.17.

(ii) Estimate of rilJ(z) [(div F'),,]: By Lemmas 4.3.15 and 4.3.17, for p € [%, o0) we have
1 /
supr |~ (div FJal(n)] < O8N e Flzeqoy
T
Thus by the Marcinkiewicz interpolation theorem we obtain (4.115) for p € (%, 00).

(iii) Estimate of T*ZJZ(Q) [(div F),,]: The assertion (4.116) can be checked easily by using
Lemmas 4.3.15 and 4.3.17 and (Re(uy,) — 1)% ~ O(B). This completes the proof. O

The next proposition gives the estimate for the term V,,[®,, [(div F'),]] in (4.100).

Proposition 4.3.19 Let [n| = 1,7 € (3,7), and p € (%, 00), and let A € ¥,_ N B1(0)
for some € € (0,F). Then there is a positive constant C = C(v',p, €) independent of 3
such that for F € C§°(D)?*? we have

. C _1 ’
HVn[%A[(dlv F)n]]HLp (D) < B’A' vl F| 2 , (4.117)
[(div F),, C ,
e ) < Sl Pl @.118)

Proof: In the similar manner as the proof of Proposition 4.3.10 we find

V[P [(divF) ()l

<c( —2Z|J< (div F),, |+Z\r )[(div F)] (r )y).

Thus the assertions (4.1 17) and (4.118) follow from Corollary 4.3.18. The proof is com-
plete. O

From Corollary 4.3.18 and Proposition 4.3.19, Theorem 4.3.13 follows.

Proof of Theorem 4.3.13: (i) Estimate for the case F' € C§°(D)**2: It suffices to prove
that the first term in the right-hand side of (4.100) has the estimates (4.106) and (4.107) in
view of Proposition 4.3.19. By using Proposition 4.3.1 and (4.114) in Corollary 4.3.18, we
see that (4.106) and (4.107) respectively follow from (4.86) and (4.87) in Proposition 4.3.9.
(ii) Estimate for the case F' € X./(D): Let us take sequences {G(™}2°_, C C5°(D)?*?
and {w{" )52, C Pu(LE(D) N WyP(D)?) such that Tim |||z (F — G™)]| 2(p) = 0

and w(™ is a (unique) solution to (delan) replacing F' by G(™). Then, since wi™

satisfies (4.106), (4.107), and the estimates in Theorem 4.3.20 below replacing F' by GG (m)
by using | VA 2(py < C|rot bl 2py for h € Lg(D) N W, P(D)?, we observe that
the limit w, = lim_ w{™ € P,(L2(D) N W, P (D)?) exists and satisfies (4.106), (4.107),
and the estlmates in Theorem 4.3.20. Moreover, by taking the limit 7n — oo in (RS divFn)

replacing F' by G(™), we see that w,, gives a weak solution to (RS&! divFn)- This completes
the proof. a
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Estimates of the vorticity for (RSS! Fp) With [n| =1

In this subsection we estimate the vorticity Wit ., (r) = (rot w§f, .., )e ™™ with [n| = 1,
where rot wd VEn is represented as (4.101). We take the constant 3y in Proposition 4.3.1.

Theorem 4.3.20 Let [n| = 1, 7/ € (3,7), p € [2,00), and q € (1,00). Fixe € (0,%).

Then there is a positive constant C = C(v/, p, q, €) independent of 3 such that the following
statement holds. Let F € C§°(D)?*?, f € LY(D)?, and 3 € (0, By). Set

2D gy = MVl (R w2 () = Banl(div Pl

(4.119)
Then for A € Xr_NB & (0) we have
C o
i mnllr(py < el Fllagy,  4.120)
B(pRe(pn) —2)»
ed(2) c
ed ivF,n
|| dlv(lanLp +BH ’ HLl mep F‘HL2 3 (4121)
o n

JI T § ’
[ (g dlan’ Ix\ )i SEP" Tl llle Fllzaw)y - 4122)

Moreover, (4.120), (4.121), and (4.122) hold all for F € X.,(D) defined in (4.99) by a
density argument as in the proof of Theorem 4.3.13 above.

Proof: (i) Estimate of WS?V(F)n The estimate (4.120) is a direct consequence of Proposition

4.3.1, (4.114) in Corollary 4.3.18, and (4.167) in Lemma 4.5.5 in Appendix 4.5.2.

(ii) Estimates of wzciiv(;?n and ]w|_1w§idvg?n: Firstly we decompose wZ?V(Fz,?n into Z?V(F)n =
217:1 CIJS)/\[(diV F),] as in Lemma 4.3.12. Then the assertion (4.121) follows from the
estimates of each term @g)/\[(div ), le{l,...,7}.

(I) Estimates of @g))\ [(div F),], 1 € {1,2,3}: We give a proof only for @23))\ [(div F),,] since
the proofs for @', [(div F),] and ®}[(div F),] are similar. The Minkowski inequality
and the Fubini theorem lead to

P [(div F),,]
3 . A n
192 (div P)u]l| ooy + ﬁHTHLl(D)

< [T RFRN ([ 1 VA dr)’l” 0 [T IRl ds

By (4.154) and (4.156) for kK = 0 in Lemma 4.5.2 and (4.172) and (4.173) in Lemma 4.5.5,
we have

o) [(div F),]

3 . n,
oA Pl + 8 22
1 1 Re(l\/X) 1 o0 1 ’ /
<Cp~ |)\|2/ \Fn(s)\sds+0|>\|4/ 1 s72 7 |sT F(s)|sds,
1 Re(\/X)
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which implies (4.121) since the condition 7 € (3, 1) is assumed.
(1) Estimates of q)g)A[(div F),), 1 € {4,5,6}: We give a proof only for <I>£L6z\[(div F),]
since the proofs for <I>7(14))\ [(div F'),,] and <I>£L5))\ [(div F'),,] are similar. After using the Minkowski

inequality and the Fubini theorem, by (4.150), (4.152), and (4.155) for k¥ = 0 in Lemma
4.5.2 and (4.174) and (4.175) in Lemma 4.5.5, we observe that

3 Z(div F),]
193\ [(div F)o] | o) *”T”W

([ )« )

1
< CAz / O | Fu(s)lsds + CIA3 / s Fy(s)lsds,
1 Re(V/\)

which leads to (4.121) by the condition 7' € (%, 1).

(1IT) Estimate of @gl[(div F),]: The proof is straightforward using the results in Lemma
4.5.2 and thus we omlt the details.

(iii) Estimate of }<wdw Foo 2] 1(w‘}dr) ) 12(D) |: We omit since the proof is parallel to that
for (4.97) in Theorem 4.3.11 using (4.114) in Corollary 4.3.18. The proof is complete. O

4.3.3 Problem III: No external force and boundary data b

In this subsection we give the estimates for (w, ) = (w4, r#d) solving the next problem:

2w — Aw + BUrrotw +Vr =0, z€D,
divw =0, ze€D, (RS§Y)
wlop = b.

Firstly we prove the representation formula to the problem (RS§d).

Lemma 4.3.21 Let |n| = 1 and b € L*°(0D)? and let A\ € C\ (R_ U Z(F},)). Suppose

that wgd is a solution to (RSl‘id). Then the n-Fourier modes wl‘jd and wed = (rot wed n)e —inf
satisfy the following representations:
T (b) Vn[b](0)
ed n n
wid = — VK, (V)] + , 4.123
b, Fn(\/x’ B) [ ! ( )] r2 ( )
T (b)
ed n
wis(r) = —=F—K,,(Vr), (4.124)
" Fo(VA;8) "
where the operator T,,(b) and the vector field V,,[b](0) are defines as
br i brn ;
Ta(b) = = Valb](6) = bynemle, + —2eitfey . (4.125)
in in
Here Z(F,) is the set in (4.60) and V,,[ -] is the Biot-Savart law in (4.27).
. T (b
Proof: It is easy to see that u = 7 (\g 5 VoK, (v/X-)] solves
M — Au+ U rotu+Vp =0, zeD,
divu =0, x€D, (4.126)
UT|8D = Oa u9|8D = _Tn(b)a

139



with some pressure p € I/Vlécl (). The vector field Vn [b]( ) corrects the boundary condition
in (4.126) so that u + W solves (ngd) replacing b by b,,. The proof is complete. O

The estimates for wb and w ., in Lemma 4.3.21 are the main results of this subsection.
We recall that f is the constant in Proposition 4.3.1.

Theorem 4.3.22 Let [n| =1, p € (1,00, and q € (1,00). Fix € € (0, 5). Then there is a
positive constant C = C(p, q, €) independent of 3 such that the following statement holds.

Letb € L>=(0D)? f € LY(D)? and B € (0, Bo). Thenfor A\ € Xr_ N B & (0) we have
o c, _1
IIwb%HLp(D) < G #lbllz<op) (4.127)
H 2] HL2 (D) = BQHb”L"O(aD)a (4.128)
o C
sl r2(py < *HbHLoo(aD), (4.129)
ed )
(. >L2 oyl < 54|A|‘ a1 £l zacoy 1Bl = o) - (4.130)

Proof: The estimates (4.127) and (4.128) follow by Propositions 4.3.1 and 4.3.9, while
(4.129) follows by Proposition 4.3.1 and (4.167) with p = 2 in Lemma 4.5.5 in Appendix
4.5.2. The proof for (4.130) is parallel to that for (4.97) in Theorem 4.3.11. The proof is
complete. O

4.3.4 Resolvent estimate in region exponentially close to the origin

In this subsection we treat the problem (RS) when the resolvent parameter A is exponentially
close to the origin. We start with the a priori estimate of the term <(rot v)

VUr,n

™ af )12 L*(D)’
|n| = 1, when 0 < || < eié, which is needed in closing the energy computation. We
recall that D denotes the exterior disk {x € R? | |z| > 1}, and that R, 7, and  are defined
in Assumption 4.1.1. Let 3y be the constant in Proposition 4.3.1.

Proposition 4.3.23 Let |n| =1, ¢ € (1,2], and f € LI(Q)?, and let \ € ¥ cNB _
e
for some € € (0, 3). Suppose that v € D(Avy) is a solution to (RS). Then we have

(0)

-

[((rot ), - e 55’” P ey + o (85 + BaE)2 Vo2 s (A13D)

55
as long as € (0,0y). The constant C' is independent of [3 and depends on v, q, and e,
while K is greater than 1 and independent of 3 and q, and depends on ~y and e.

Proof: In this proof we denote the function space L4(D) by L1 to simplify notation. Firstly
we fix a positive number v/ € (3,7), and set F = —(R®v + v ® R)|p and b = P,v|gp.
It is easy to see that F" belongs to the function space X./(D) defined in (4.99), and that
b € L>=(0D)?. Moreover, a direct calculation and Assumption 4.1.1 imply that

’ 1
[x|" Fll2 < KoB"d||Vv| 120, 16l Lo opy < Kod? ||Vv| 2(q) - (4.132)
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Here K denotes the constant which depends on + and is independent of 8 and ¢ € (1, 2].
In the following we use the notations in Subsections 4.3.1-4.3.3. Since v|p is a solution to
the problem (RS®?), by the solution formula we have the decompositions for v,,, |n| = 1:

v = WS, +wihp, + Wi, in D, (4.133)
(rotv), = wleffln + wf{-}vF,n + wgi in D. (4.134)

Then, in view of (4.134), the assertion (4.131) follows from estimating the next three terms:

(Y (Y
e 0. el

VUr,n

1) Estlmate of |<wfn, T ) r2]: We fix a number p € (3 o0). Note that p € (g, 00) holds

’ ‘<wd1an7 2|}M|1>L2

smce - > 2. Then setting p’ = 1 € (1, ¢) and using the Holder inequality, we see that

ed()
o ;?n»7TT>L2\_r< SO0 | el 139)

From (4.95) and (4.97) in Theorem 4.3.11, (4.107) in Theorem 4.3.13, and (4.128) in The-
orem 4.3.22 we observe that

e N e ( ed e ivEn e
g, 2y ] < [, [ ol (| i |+ |2
< Bsw”qnfnL (A5 e + (HW FHL2 + BIblzeon)) ) -

]
Then by (4.132) we find

d

d(1) v 1 1
[ T el < BSIM Sl (A8 F o + (87 + B3IVl )
(4.136)
On the other hand, since % + 1% = 1 holds, by using (4.96) replacing ¢ by p’ in Theorem

4.3.11, (4.66) in Theorem 4.3.2, (4.106) in Theorem 4.3.13, and (4.127) in Theorem 4.3.22,
we have

W)
[l

1o llonllze < 53|A|*1+q||f||L (a0 Az + (N2l Fllzz + Blbll o com))

Iml
< ST (AT s+ 87+ 58 Volagey).
(4.137)
Then inserting (4.136) and (4.137) into (4.135) we obtain

(Wi T;"}La\ < 5|M_1+[I\|fHL (A0l fllge + (87d + Bd5)|| Vo]l 2ay) -

(4.138)
(ii) Estimate of |(wS Fno U‘;r )r2|: By using the Holder inequality we find
wgd
v
(s ) ] < uwdwpnum(u 1 lee)
( o (2) (4.139)
+ e [+ 1= el
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By Theorem 4.3.20, (4.107) in Theorem 4.3.13, and (4.128) in Theorem 4.3.22 we see that

d
leF n

K / /
) < @H!x\” Flla (N2 Fllzz + Bl <(om)

e
”wdlanHLQ(H HLz + H |

ﬁ5 (B”d + Bdz)? IVoll72(q) » (4.140)

where we note that the constant K depends only on € and ~, and is independent of 5 and, in
particular, of ¢ € (1, 2]. Theorem 4.3.20 and (4.66) with p = oo in Theorem 4.3.2 lead to

o d (2
ed (1) ( f(,ir)" fhv(F)n ed
‘< d1an7 ’ ‘ >L2‘ || | ’ ||L1wa,nHLoo
-1 K -1
_ﬁ5|A| +q||f||Lq|||a:|”Flle_556 AN f el Vol ey - (@.14D)

Inserting (4.140) and (4.141) into (4.139) we have

(B“d + Bdz)? V01720 -
(4.142)

o Ur.n c . 141
(W& pms @ ’>L2\ < @5 AN £l ooy IVl L2y + 55

(iii) Estimate of |<w§‘;, v&‘" )r2]: Using the Schwartz inequality and Theorem 4.3.22 we find

ed) ed d?an ed
)ael+ glle (1= i+ 17 22)

< (0|A|‘1+q||f||m||b||m on) +K|rb||Loo ooy (el F||Lz + Bl o))

v
‘< bc71w ITT>L2 D)’ = |

C - .
BSderA\ 8 £l oy IVl gy + o (57 + Ad) 21Vl 2 - (4.143)

35
Finally we obtain the assertion (4.131) by collecting (4.138), (4.142), and (4.143), and using
the Young inequality in the form

C (8 + Ba)A T f e @IVl 20

35
—242 (5'€d+5d )
< glkl *a 7700y + A V20
The proof is complete. O

1
Now we shall establish the resolvent estimate to (RS) when 0 < |A\| < e 63, by closing
the energy computation starting from Proposition 4.2.1 in Subsection 4.2.3.

Proposition 4.3.24 Let € € (0, §), and let 31, Bo, and K be the constants respectively in
Propositions 4.2.1, 4.3.1, and 4. 3 23. Then the following statements hold.

(1) Fix positive numbers (3 € (0, min{B1, Bo}) and i« € (0, (64K)~1). Then the set

Yo, NB 1 (0) (4.144)

&

is included in the resolvent p(—Ay) for any B € (0, 53) and d € (0, 3?).
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(2) Let g € (1.2] and f € L2(Q) N LY(Q)% Then we have

_ C . _3.1
1A+ Av) ™ fllz2i) < @W 74| fllpa), A€ B NB _1(0),
(4.145)
_ C . _q41
IV +Av)  fll2q) < @W | £l zogey » AeXs, NB

as long as B € (0, B3) and d € (0, ju+3%). The constant C'is independent of j3.

Proof: (1) Let A € Es N B &( ) and suppose that v € D(Ay/) is a solution to (RS).

Since d € (0, j1+3%) ensures K(B””d + ﬂd2 234 g , by inserting (4.131) in Proposition
4.3.23 into (4.29) and (4.30) in Proposition 4.2.1, and by combining them we find

1
(Itm()] + Re(A)[vl|Z2 () + 4 1V2 720
a2 aa-1) (4.146)
< ﬁM! N F Voo +CHfH‘q vl ) -

Then, since \ € Es . implies that [Im(X)| + Re(X) > c|A| holds with some positive
constant ¢ = c(e), the assertion Es N B & (0) C p(—Ay ) follows.
(2) The estimate (4.145) can be easﬂy checked by using (4.146). The proof is complete. O

4.4 Proof of Theorem 4.1.3

In this section we prove Theorem 4.1.3. The proof is an easy consequence of Propositions
4.2.2 and 4.3.24 respectively in Subsections 4.2.3 and 4.3 .4.

Proof of Theorem 4.1.3: Let 33 be the constant in Proposition 4.2.2. We note that Sg, N
B __1 (0) # 0 holds since 12e¢ 8% < 1 follows from the condition 3 € (0, t5). Then
2

there is a constant ¢ € (7, 5) such that the sector X, is included in the set SgUB & (0)

for any 8 € (0, ).
Let /33 be the constant in Proposition 4.3.24. Fix a number S, € (0, min{f2, 83}). Then

by Propositions 4.2.2 and 4.3.24, there is a positive constant /i, such that the sector >, _,
is included in the resolvent p(—Ay/) as long as 3 € (0, 3«) and d € (0, j1+/3%). Moreover,
from the same propositions, for ¢ € (1,2] and f € L2(Q) N L4(0)? we have

C, _3.1
I+ 4v) " fllzzey < 71N 2 0| fllLa) s A E Zreeg s
(4.147)
_ C . 141
HV()\ + AV) 1f”L2(Q) < @’)" 1+q ”fHLq(Q) s AE Zﬁ_eo .

In particular, the first line in (4.147) implies the estimate (4.10) for ¢ = 2. Next we consider
the case ¢ € (1,2). Fixanumber ¢ € (5, 7—¢p) and take acurve y(b) = {z € C| |arg 2| =
¢,z >btU{z e C||argz| < ¢, |z| = b}, b € (0,1), oriented counterclockwise. Then
the semigroup e~ **v admits a Dunford integral representation

1
e*tAVf -

. AN+AY) LAY, >0,
270 Sy ey
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for f € L2(Q) N L9(Q)2. Then by taking the limit b — 0 we observe from (4.147) that

— C C>O—élcos s
eV fll 2 < 52HfHLqQ>jﬁ ETEleos s g

C _1,1
< 5t quQHfHIﬂ(Q)v t>07

which shows that (4.10) holds for ¢ € (1,2). The estimate (4.11) can be obtained in a
similar manner using the Dunford integral. This completes the proof of Theorem 4.1.3. O

4.5 Appendix

4.5.1 Asymptotics of the order ., (/3) for small 3

This appendix is devoted to the statement of the asymptotic behavior for p,,(8) = (n? +

inﬁ)%, Re(pr) > 0, with [n| = 1 when the constant 5 € (0, 1) in Assumption 4.1.1 reaches
to zero. The following result is essentially proved in [44].

Lemma 4.5.1 ( [44, Lemma B.1]) Let |n| = 1. Then p,(3) satisfies the expansion

2
Re(un(8)) = 1+ % +0(BY, 0<p<x1, (4.148)
() = 5+ 08, 0<B<1. (4.149)

4.5.2 Estimates of the Modified Bessel Function

In this appendix we collect the basic estimates for the modified Bessel functions K, (2)
and 1, (z) of the order i, = (n* + inﬂ)%, Re(pn) > 0, with [n| = 1 and 8 € (0,1). We
are especially interested in the S-dependence in each estimate, since our analysis in Section
4.3, where the results in this appendix are applied, requires the smallness of 5. We denote
by B,(0) the disk in the complex plane C centered at the origin with radius p > 0.
Lemmad4.5.2 Let [n| = 1, k = 0,1, and R € [1,00). Fix e € (0,5). Then there is a
positive constant C' = C'(R, €) independent of [3 such that the following statements hold.
(1) Let z € ¥ N Br(0). Then K, () and K, —1(z) satisfy the expansions

K, (2) = %(%)f“n + RW(2), (4.150)
Ky, —1(z) = QSin((M: “ 1)) (F(2 i ™ (g)—unﬂ _ F(Ln) (g)un—l) + RO ().

(4.151)

Here I'(z) denotes the Gamma function and the remainders RrY (z) and R (z) satisfy

IRV (2)] < Oz Ren)(1 4 |log|2]]), 2z € B N Br(0), (4.152)

n

IRP (2)| < C|zP~Retn) (1 4+ |log |2||), 2 € Ze N Bg(0). (4.153)

n
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(2) The following estimates hold.

L, 1(2)| < ClzRebm)th s e 52 N BR(0), (4.154)
K, _k(2)] < Clz[2¢ R | 2 e 5.1 Br(0)°, (4.155)
L, +k(2)] < Clz| 2eRG) | 2 € % N BR(0). (4.156)

Proof: (1) The expansions (4.150) and (4.151) follow from the definition of K ,(z) in
Subsection 4.3.1 combined with the well-known Euler reflection formula for the Gamma
function. The estimates of the remainder terms (4.152) and (4.153) are also consequences
of the same definition, and we omit the calculations which are easily checked.

(2) The estimate (4.154) directly follows from the definition of 1, (z) in Subsection 4.3.1. In
order to prove (4.155) and (4.156), let us recall the integral formulas for K,(z) and I,,(2):

1
T2 z >
K, (2) = ——(= ”/ e*ZCOSht(sinht)zu dt,
g F(M‘F%)(Z) 0
1 z i
L(2) = ——(= “/ e*9(sin §)2* d6,

which are valid if Re(u) > —% and z € Eg (see [1] page 376) . Then (4.155) and (4.156),
especially the absence of the S-singularity in the right-hand sides, can be proved by using
the identities cosh? t — sinh? ¢ = 1 and cos? 6 + sin® # = 1. The proof is complete. a

In the following we present three lemmas without proofs, since they are straightforward
adaptations of Lemma 4.5.2 and Lemma 4.5.1 in Appendix 4.5.1.

Lemma 4.5.3 Let |n| = 1 and k = 0,1, and let A € ¥ _c N B1(0) for some € € (0, 7).
Then there is a constant C' > 0 independent of [ such that the following statements hold.

() If1 <71 <r <Re(vA)7L, then

/ 2= kKMn_k(\/XS) ds

. ﬁc; A~ E  —Re(un) 3 (4.157)

Q) If1 <1 <Re(VA)~! <, then

’/ 27k, (Vs)ds| < 5 |)\|"+k (4.158)
3) IfRe(vVA) " < 7 <1, then
/ 152K K, _e(VAs)|ds < C|A| iz ke Re(VNT (4.159)
@IfF1<71< Re(ﬁ)—l, then
‘kK (VA Relpm) 4 £ —Re (un)+1
—k(VAs)ds 51+k A7 2 a7 . (4.160)
O Ifr > Re(\f/\)*l, then
/ sF K, _x(VAs)|ds < C|A|"ir—2 ke Re(VAT (4.161)
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Lemma 4.54 Let |n| = 1 and k = 0,1, and let A € Y _c N B1(0) for some € € (0, ).
Then there is a constant C' > 0 independent of [ such that the following statements hold.

() If1 <1 < Re(V\)7L, then

/ 2R, (Vs ds < CIA™

+ FRe(un)+3

Q) If 7 > Re(V/A) 7L, then

/ |527F L, ok (VAs)|ds < CJA| 372 FeReOAT
B)If1 <r <71 <Re(VA)7L, then

/T 5751, u(VAs)| ds < A" 5245 7 Re(un)+1

@If1<r< Re(\&)_l < T, then

(4.162)

(4.163)

(4.164)

(4.165)

(4.166)

Lemma 4.5.5 Let |n| = 1 and p € (1,00), and let A € X N B1(0) for some € € (0, F).
Then there is a constant C > 0 independent of 3 such that the following statements hold.

(1) If additionally p € [2,00), then

C _ Re(un)
2 .

HK n(\/X')HLP((l,oo);rdr) < 1 |>‘|
(pRe(pn) — 2)7

() If1 <r < Re(vVA)7L, then

(/ IsUK,, (\Fs)|psds> < CA| g Reln) 1

T

(3) Ifr > Re(v/ )71, then

r

@ If1 <7 < Re(V/A)7L, then

1
(/ |SlIMn(ﬁ3)’psds>p SC‘)\’R.c(Qun)TRe(un)flJr%.
1

(5) If r > Re(v/A\) 7Y, then

1
</ |s_lfun(ﬁs)]psds>p < C|IA™ P72 5y RV
1
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1
</ |s_1K n(\ﬁ)\s)|psds>p §C|)\|_i_ir_%+%e_Re(ﬁ)r.

(4.167)

(4.168)

(4.169)

(4.170)

4.171)



(6) If additionally p € [2,00) and if 1 < r < Re(v/A)71, then

(/TOO |Kun(ﬁs)|psds>; + 8 /:O K., (VAs)| ds

(4.172)
< gw-f‘“ﬁ ) —Re(m) 1

(7) If additionally p € [2,00) and if r > Re(vV/\) ™1, then
1 oo
</ |K#n(\f)\s)|psds> ' +/ 1K, (VAs)|ds < C|A["ze ROV 4173)

T

(8) If additionally p € [2,00) and if 1 < r < Re(v/A)™!, then

1 s
(/ |I”n(\f)\s)|psds>p +/ L, (VAs)|ds < C[A| 5™ pRelun)+1 (4,174
1 1

(9) If additionally p € [2,00) and if r > Re(vV/\) ™1, then
1 T
(/ |I#n(\5\s)|psds>p +/ L, (VAs)|ds < C|A|"2eRe(VAr (4.175)
1 1

4.5.3 Proof of Proposition 4.3.1

Proposition 4.3.1 is a direct consequence of the next lemma. Let us recall that B,(0) denotes
the disk in the complex plane C centered at the origin with radius p > 0.

Lemma 4.5.6 Let |n| = 1. Then for any € € (0, 5) there is a positive constant 3y = [o(€)
depending only on € such that as long as 8 € (0, fo) and A\ € Xr_c N Bga(0) we have

Re(un)

|Fn<ﬁ;ﬁ>|zgw— £ min{1, — 8 log ||} 4.176)

where Fy,(\/X; B) is the function in (4.59) and the constant C' depends only on e.

Proof: The proof is carried out with the similar spirit as in [44, Proposition 3.34], where the
nonexistence of zeros of Fj,(v/\;8) in A € B34(0) is proved. However, its proof is based
on a contradiction argument, and quantitative estimates are not explicitly stated. Hence here
we give the lower bound estimate of | F},(v/); 3)| for completeness.

Let A € ¥:_NB1(0) and set (, = (,(B) = pn(B) — 1. Then, by combining Lemmas
3.31-3.33 and Corollaiy A.8 in [44], we observe that the next expansion holds:

F(1+<n) \/X —Cn . (n)ﬂ Cn
— () <1 (e7¢ 5) +Rn()\)>, (4.177)

for sufficiently small 3 depending on € € (0, 7). Here the function y(,, ) have the expansion

(VX ) = >

V(G) =7+ 0(GD) as |Gl =0, (4.178)
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where v denotes the Euler constant v = 0.5772 - - -. The remainder R,, in (4.177) satisfies

Re(pn)

[RaN < CIATEY A€ XN B (0), (4.179)

with a constant C1 = C'(€) independent of small 3. To simplify notation we set

z=V\, = eWCTL)\?, () = argz. (4.180)

If § is sufficiently small, then we see from (4.178) and (4.180) that

1 z . T €
Now we set
h(%, Cn) = Re(Cn) log ‘2| - Im(Cn)e(%) ) (4.182)
Q(Z, Cn) = Re(Cn)e(Z) + Im(Cn) log |2|
_ Im(Cn)z ~ Im(<n> -
= (Re(¢n) + Re() )6(2) + Re(cn)h(z’ Cn) - (4.183)
Then it is easy to see that
1— 0 = 1 — eME6n) i) (4.184)

In the following we show the lower bound estimate of |1 — Z¢7|. Firstly let us take a
small positive constant k = k(e) < 1 so that

Im(,)2, 7 €
Re(G) )2 1)

2 4
holds. The existence of such  is verified by using Lemma 4.5.1 in Appendix 4.5.1 if 3 is
sufficiently small depending on e. Note that the smallness of x depends only on .
(i) Case |h(Z, ()| < k[Im((,)]|0(Z)]: In this case, (4.181), (4.183), and (4.185) ensure that

(Re(Gn) + (1 + ) < (4.185)

1Q(Z,G)| <, (4.186)

and thus that e®*(3<n) is close to 1 if and only if Q(Z,(,) is close to 0. From (4.182) we
have

—Re(Cn) log[2] < (1 + )[Tm(Cn)[16(2)]
which leads to, for sufficiently small 3,

1 Re(G)
4 [t (Gy)|

B
2

0(2)] > log 2] = —Z log |7],

where |E§Egzg\ = g + O(33) is applied in Lemma 4.5.1. Then from (4.183) we have
Im(¢n)”

12, ¢a)| > (Re(Cn) + (1= K) Re((n)

)I0(2)] = —Blog 2],
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if 3 is small enough. On the other hand, it is straightforward to see that

1 - 2] > max{|1 — "G cos Q2,G)|, "] sinQ(Z, G}

2I1‘\

Since e"(*¢n) € [1 3], |sinz| > on|z| € [0, 5], and 1 > i (’gf"” by (4.186), we have

LGN

|1 — 25| > min{1, log |2 . (4.187)

(if) Case [A(, Ga)| > K[Tm(C,)||0(2)]: When [0(2)] > —§ rete,

2
Ih(Z, )| = —ﬂlog\z\.

Re(¢n

On the other hand, when |6(2)| < %| m(on

1 2
1z, Go)| > g Re(Gu) log 2] > —%logm.

Thus in the case (ii), since |1 — 25| > |1 — |z5»|| = [1 — eh(Z:6n)|,

2
12 > minf1, 8z G} = min{,—"Clog|f}. @18y

Hence, by collecting (4.181), (4.187), and (4.188), we have the next lower estimate of
|1 — z%n]:

11— 5| > gmin{l,—ﬂhog\z\}. (4.189)
Finally by inserting (4.179) and (4.189) into (4.177) we obtain

Re(pn)

G Fn (VA B)] = CIAT 2 (kmin{1, —B%log |z|} — C1|A|

Re (Hn))

which implies the assertion (4.176) if A € ¥r_. N Bsa(0) and 3 is sufficiently small de-
pending on €. The proof is complete. O

4.6 Future work: Large-time estimates of the semigroup and its
application

This section is devoted to a brief presentation of future work related to the analysis in the
previous sections. In Theorem 4.1.3 we obtained the LP-L9 estimates for the semigroup
e tAv however, they are singular in the small parameter 3. Especially, these singularities
lead to the restriction on the size of the initial data in Theorem 4.1.4. Our aim in this section
is to derive the semigroup estimates without the 3-singularity by allowing slower decays in
time. To make the problem simple, let us consider the case formally d = 0 in Assumption

4.1.1. Then we obtain the rotating flow aU = a%, a € (0,1), on the exterior disk
D = {x € R? | |z| > 1}, and the perturbed Stokes equations (PS) are now written as
ov—Av+aU -Vo+v-VU)+Vqg=0, t>0, x€D,
divv =0, t>0, x€D,
(PSq)
vlgp = 0, t>0,

V=0 = vo, x€D.
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To state the main result let us recall some notations related to the problem (PS,). We denote
by L2(D) the L%-closure of (5o (D) and by PP the Helmholtz projection P : L*(D)? —
L2 (D). The Stokes operator A with the domain D;2(A) = L2(D) |’1W01’2(D)20VV272(D)2
is defined as A = —IPA. Then we define the perturbed Stokes operator A, as

Di2(Aa) = Di2(A),
Ayv = Av+aP(U -Vo+ov-VU).

Again, the perturbation theory for sectorial operators leads to the generation of an analytic
semigroup by —A,, in L2 (D), which we denote as e "**=. Our main result in this section is
the following exponentially large time estimates for the semigroup e A

Theorem 4.6.1 There is a positive constant o, such that if o € (0, cv) then the following
statement holds. Let q € (1,2]. Then we have
1

141 1
Ct a2 fllzapy,  te€(0,e5],

le™ ™ £l 2py < (4.190)

4,141 1
Ca(logt)’t a2 | fllpapy, € (esa,00),

1 N
Ct™ 4| fllpapy, te(0,eda],

Ve fllr2(py < (4.191)

9 1 1 L
Ca (logt)2t quHLq(D)a tE(eﬁa,oo),
for f € LE(D) N L4(D)2. Here the constant C'is independent of o and depends on q.

Remark 4.6.2 (1) Compared with the LP-L? estimate in Theorem 4.1.3, the new estimate
in (4.190) or (4.191) is uniformly bounded in sufficiently small o € (0, 1) for each fixed
t € (0, 00), while the bound in the right-hand side decays slower or even grows in time.
(2) The logarithmic factors logt in (4.190) and (4.191) are due to the factor |log |\|| in
the resolvent estimates in Theorem 4.6.9 (2) of Subsection 4.6.1. The appearance of the
logarithm |log |A|| is a consequence of the resolution of the singularity 1 in the resolvent
estimates; see the proof of Theorem 4.6.7 in Subsection 4.6.1 for details.

We can prove the nonlinear stability of aUU by applying Theorem 4.6.1. The integral form
of Navier-Stokes equations is given by

t
v(t) = e Hayy — / e =9haPp(y . Vo) (s)ds, t>0. (INS,)
0

The following theorem is proved by the same argument as Theorem 4.1.4, and hence we
omit the details. Its novelty is a relaxed smallness condition for fast decaying initial data.

Theorem 4.6.3 Let ¢ € (1,2) and let o, be the constant in Theorem 4.6.1. Then there
is a positive constant §. depending only on q such that if o € (0, ) and ||vol|La(py €
(0, &) then there exists a unique solution v € C([0,00); L2(D)) N C((0, 00); W01’2(D)2)
to (INS,) satisfying

1 1 k
B TR

lim (log t IV*0llz2py = 0, &k =0,1. (4.192)
t—o00
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The proof of Theorem 4.6.1 is carried out in a similar manner as in the main sections. We
consider the resolvent problem associated with (PS,), which is now written as

Mo—Av+aUrrotv+Vg = f, zeD,
dive =0, zeD, (RSy)
vlop = 0.
Although the problem (RS,) is already introduced as (RS?d) and analyzed in Subsection

4.3.1, we revisit this problem to derive the resolvent estimates which lead to Theorem 4.6.1.

This section is organized as follows. In Subsection 4.6.1 we prove the resolvent esti-
mates for (RS,) uniformly bounded in o € (0,1). The most important part is Theorem
4.6.7 where the correspondence between the singularities 2 and |log ||| is observed. In
Subsection 4.6.2 we prove Theorem 4.6.1 by using the Dunford integral formula.

4.6.1 Resolvent analysis to (RS,)

In this subsection we prove the resolvent estimates to (RS,). The procedure is simpler than
that adopted in Sections 4.2 and 4.3 thanks to the symmetry of the domain D. We firstly
derive an a priori estimate to (RS, ) which can be obtained by the energy method.

Proposition 4.6.4 Let g € (1,2], f € LY(D)? and \ € C. Suppose that v € D(A,) is a
solution to (RS,). Then the following statements hold.
(1) Let |n| = 1. Then we have

3
Re(M)[PuvlI12(p) + IV PavlI72(p)
2q 4(g—1)

< a|(Utrot Pav, Pav) r2py| + CII fII1 1% o) IPavll 25 » (4.193)

\Im()\)mpanLz(D) < EHV,PWU”LQ(D) + Ot’<U I‘OtPnU,Pn1}>L2(D)‘

32q2 4§q ;)
+ Cllf e oy IProll 2y » (4.194)

where the constant C'is independent of a.
(2) There is a constant a; € (0, 1) such that we have as long as « € (0, o),

4(g—1)

Re(\)[|Qovl32(p) + HVQovlle <0HfH22 ;)HQovH g (4.195)
4(q 1)
tm(N)[[|Qovl72(py < HVQOU”LQ(D +CHfH“" . Q0!I 55 5 (4.196)
where the constant C' is independent of .
Remark 4.6.5 We immediately obtain from (4.195) and (4.196),
2q 4(g—1)
(ITm(A)] + Re(N) [ Qovll72(py + ||VQov||Lz ) < 2CNfI Fa by 1 Qovll 55,
(4.197)
which, combined with (4.196), particularly implies that we have as long as o € (0, «y),
l
190X+ Aa) M Fllz2py < CIIT2 4l fllzagpy . A € p(~Aa) N s,
* (4.198)

IVQo(A + Aa) ™ fll 2o <0|A|‘1+q||f||Lq<D A€ p(—Aa) N Da,
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for f € L2(D) N L(D)?. Here the constant C' is independent of a.

Proof: Note that the Fourier series expansion can be used on D thanks to the symmetry.
Then the assertions of (1) and (2) follow from taking inner product respectively with P, v,
|n| = 1, and Qqu to the first equation of (RS,), and making similar computations as ones
performed in the proof of Proposition 4.2.1 in Section 4.2. This completes the proof. a

Resolvent estimates away from the origin

We shall prove the resolvent estimates to (RS,) for the case when the resolvent parameter
A € Cis outside of an exponentially small disk centered at the origin.

Proposition 4.6.6 Ler a; be the constant in Proposition 4.6.4. Then the following state-
ments hold.
(1) Fix a positive number a € (0, min{5, o1 }). Then the set

— {AeC|Im())| > —Re()) + 12¢¢ 0% o } (4.199)

is included in the resolvent p(—A,,) for any a € (0, o).
(2) Let q € (1,2] and f € L2(D) N L4(D)>2. Then we have

3,1
IO+ Aa) " flrzy < T2 4l1f lpapy s A€ SaNB, 1 (0)°,
s 2 (4.200)
IV +Aa) iy SCAT Tl f oy, A€SanB, 1 (0)°,

1(@

as long as o« € (0, a2). The constant C'is independent of c.

Proof: (1) Let |n| = 1. Then by applying the same argument as in the proof of Proposition
4.2.2 in Section 4.2, we see from (4.193) and (4.194) in Proposition 4.6.4 that

1 1 1
(ITm(A)] + Re(A) — 12620’ )| Pov| 2y + Z||v7>nvuiz([,)
2q 4(q—1)

< ClfIIEa oy IPrvll 2 ) (4.201)

holds as long as « € (0, 12) The assertion follows by (4.197) in Remark 4.6.5 and (4.201).
(2) The argument in the proof of Proposition 4.2.2 implies that we have

IPaX+ Aa) " fllza) < CINT2 ol fllzapy . A€ SanB, 4 (0)F,
L 2 (4.202)
IVPa3+ 8a) " lliz) < ATl lna) s A€ San By o (0)%,

from (4.193) and (4.194) in Proposition 4.6.4. Then the estimates in (4.200) result from
(4.198) in Remark 4.6.5 and (4.202) since S, C X3 __holds. The proof is complete. O
4
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Resolvent estimates near the origin

Next we consider the estimates to (RS,) for the case when the resolvent parameter A € C
is in a neighbourhood of the origin. Concerning the part Qgv of v, we have proved a priori
estimates in Remark 4.6.5 leading to the resolvent estimates of Qyov forall A € 33 - Hence
our task is to derive the estimates for the part P,v of v with |[n| = 1. We note thaé, contrary
to the procedure in the main sections, there is no need to employ the energy method because
the Fourier series expansion is available on the fluid domain D thanks to the symmetry.

Theorem 4.6.7 Let |n| = 1 and € € (0, 5). Then there is a positive constant o3 = a3(e)
such that if o € (0,«3) then the following statement holds. Let 1 < ¢ < p < o0 or
1<qg<p<oo andlet f € C§°(D). Then we have for A € ¥_. N B —%(0)’

e

[

1Pl Loy < Callog BN T4 £l Loy » (4.203)
[rot Pnollr2(p <Coz|10g|A|| IAI™ 2||f||L2(D (4.204)

where the constant C = C(q,p,€) is independent of a. Moreover, (4.203) holds all for
f € LY(D)? and (4.204) holds all for f € L?(D)>.

Proof: (i) Estimate (4.203): In Subsection 4.3.1, where P, v is denoted by w$ f and « is
replaced with 3, we have already obtained the LP-LY resolvent estimates for P,v without
the logarithmic factor | log |A||* but with é singularity in the right-hand side of (4.203);
see the estimate (4.66) in Theorem 4.3.2. The proof is based on the representation formula
(4.61) for w » in Subsection 4.3.1. By following the computations in Subsection 4.3.1
again, we can check that the factor -2 72 in (4.60) arises from the estimates in Appendix 4.5.2,
more precisely, (4.151) in Lemma 4.5.2, and (4.157), (4.158), and (4.160) in Lemma 4.5.3.
On the other hand, the -singularity in these bounds can be replaced with the logarithmic
factor | log |A||. Indeed, by a direct calculation we have for A € ¥,_. N B 1 (0),

|K ., _1(VAr)| < C|log | Al Pl g Re(un)tl < < Re(VA)7!,

‘/ K., (VAs)ds <cuog|A|||A|**“"” Rl 1 <7< <Re(VA)!,

and the constant C' can be taken to be uniform in small 3. Then we see that the factor + in
Lemmas 4.5.2 and 4.5.3 can be replaced with | log |A||. This concludes the replacement of
=0 % by 3| log |A||? in the estimate (4.66), which implies that (4.203) holds.

(i1) Estimate (4.204): The proof is done by reproducing similar computations in [44, Sub-
section 3.3.2] based on the representation formula (4.64) in Subsection 4.3.1, and using the
%—removed estimates in the above proof of (4.203). The details are omitted. We note that

the factor | log || \% in (4.204) originates from the following estimate with p = 2:

(un)
, DE[2,00),

||K n(\/X )HLP((I,OO)7

which corresponds to the estimate (4.167) in Lemma 4.5.5 with % replaced with | log |\ in
Appendix 4.5.2. This completes the proof of Theorem 4.6.7. O

The following proposition follows from the estimates in Remark 4.6.5 and Theorem 4.6.7.
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Proposition 4.6.8 Let oy and as be the constants respectively in Proposition 4.6.4 and
Theorem 4.6.7. Then the following statements hold.
(1) Fix a positive number oy € (0, min{a, as}). Then the set

Ta = E%W ﬂBe—i(O) (4.205)

is included in the resolvent p(—A,,) for any o € (0, ag).
(2) Let q € (1,2] and f € L2(D) N L4(D)>2. Then we have

a1
1A+ Aa) " fll2p) < Callog NPIN 2 4[| fll ey, A€ Tas

. (4.206)
_ 5 _1
IVOA+ A0) " Fll2 ) < Callog A2 A2 (1 fll2py, A€ Tas

as long as « € (0, ag). The constant C' is independent of c.

Proof: (1) Let € = 7 in Theorem 4.6.7. Then the assertion is an immediate consequence
from the estimates (4.197) in Remark 4.6.5 and (4.203) in Theorem 4.6.7.

(2) Lete = % in Theorem 4.6.7 again. Then the first line in (4.206) results from (4.198) in
Remark 4.6.5 and (4.203) in Theorem 4.6.7 with p = 2, while the second line in (4.206)
follows from (4.198) and (4.204) in Theorem 4.6.7 combined with the following inequality

VRl L2(p) < Cllrot bl r2(p) ,
which is valid for h € VVO1 (D) N L2(D). This completes the proof. O

We obtain the following theorem by combining the results in Propositions 4.6.6 and 4.6.8.

Theorem 4.6.9 Let oy and oy be the constants respectively in Propositions 4.6.6 and 4.6.8.
Then the following statements hold.

(1) Fix a positive number o, € (0,min{cso, au}). Then there is a constant ey € (7, 7)
such that the sector ¥ = ¥._., is included in the resolvent p(—A,) for any o € (0, avy.).
(2) Let g € (1,2] and f € L2(D) N LY(D)?2. Then we have

1A+ Aa) ™ flirzp)

_341 c
CA 2 4| f lpapy, A €ZNB_1 (0)°,

it (4.207)
Callog AIPIN"2"4| fllapy,  A€ENB _4(0),

V(A + Aoz)_lfHLQ(D)

1
CN S laxp). AESNB,_ 4 (0), (4.208)

5\ -1
Callog [A[2|A| 72| fll2py, A€ENB _1(0),

1
e 6a

as long as a € (0, ). The constant C'is independent of c.

Proof: (1) Firstly we note that S, N 7o, = Sa, NB _ 1 (0) # 0 holds since 12(3%0(3 <1
e Oox

from the condition cv, € (0, &). Hence there is a constant ey € (5, Z) such that the sector
Y = ¥ _¢ is included in the set S, U Be, 4 (0) for any av € (0, o). Then by Propositions
4.6.6 and 4.6.8, the sector X is included in the resolvent p(—A,) as long as « € (0, av).

(2) The estimates in (4.207) and (4.208) follow from the ones in Propositions 4.6.6 and

4.6.8. The proof is complete. O
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4.6.2 Proof of Theorem 4.6.1

In this subsection we prove Theorem 4.6.1. The proof is a consequence of Theorem 4.6.9.

Proof of Theorem 4.6.1: We denote the function space LY(D) by L? in this proof for
simplicity. Let ¢ € (0,00), and let a € (0, ax) and €9 € (7, §) be the constants in Theorem
4.6.9. We fix anumber ¢ € (5,7 —¢) and take acurve y(t) = {z € C | |argz| = ¢, |2] >
1} U{z € C| |argz| < ¢, |z| = 1} oriented counterclockwise. We note that v(t) €
p(—Ay) for any ¢ € (0, 00) since Xy, C p(—Aq). Then, for f € L2(D) N LY(D)?, the
semigroup e~ ** admits a Dunford integral representation as

1

e thaf — / AN FAL)THfAN, t>0.
v(t)

21

We give the estimate of | V¥e "4« f|| ;> for k € {0, 1}. By a direct calculation we have

[VFe e flpe < O [T (6 4 )12 ds

t
c [? 1.
+/ [VE (e + Ay) 7L f| 2 db.
t ) g ¢

(i) Case t € (0, eé]: Since % € [efi, o0) holds, we have from Theorem 4.6.9 (2),

00 ¢
He_m‘*fIIHSCHfHLq< [Tttty [ t%—éda>
3 ¢

t

~1,1

<Ot a2 flza, (4.209)

& ¢
HveitAafHB < C| fllre (/ e(cosd)ts =3 (g _|_/ 3 d9>

1
T -9
t

<Ot f e 4.210)

Thus we have (4.190) for ¢ € (0, eé} from (4.209). The estimate (4.191) for ¢ € (0, ei]
follows from (4.209) and (4.210) using the semigroup property of e A=,
(ii) Case t € (ei ,00): We have % € (0, efi) in this case. Then Theorem 4.6.9 (2) yields

_ 1
1

6o

e 6a 3,1 o0 3
le™®e fl| 2 < C|If 2o (a / e Jog ][5> Ve ds + / | s T ds
I e

@
4 CaHfHLq/ llog {3457 d6
—¢

3 _l+l
< Ca(logt)’t™a " 2| f| a (4.211)
and in the same manner we also have
IVe~t f|| 2 < Callog )3t~ 2 || f] 1z . 4.212)

Hence we obtain (4.190) for the case t € (ei,oo) from (4.211), and (4.191) for t €
(e%, o0) from (4.211), (4.212), and the semigroup property. This completes the proof. O
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