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Abstract. We show that any finitely generated gyrovector subspace in the Mobius
gyrovector space coincides with the intersection of the linear subspace generated by
the same generators and the Mobius ball. As an application, we present a notion
of orthogonal gyrodecomposition and clarify the relationship with the orthogonal
decomposition. In addition, an announce of the abstract of the results which were
recently obtained by the author will be made. One of the main results is the
orthogonal gyroexpansion of an arbitrary element with respect to any orthogonal
basis in the Mobius gyrovector space and its concrete procedure to calculate the
gyrocoefficients.
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A week before this RIMS conference, another RIMS conference “Researches on
isometries from various viewpoints” was held, in which I had an opportunity to
make a talk. These two talks and the contents of RIMS-kokyuroku are almost
identical.
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XU OICHIRZ (gyrocommutative) gyrogroup, gyrovector space D EFE %
R5. FHPEANEEIX[U1] 28BLTWAEERW,

EH. BETRVWEAGLERD : GxG - GOM (G,®) Z magma 2\ 5.
a,be GIZRUTB(a,b) 2 adbiZ&>TRT. ¢: G — G magma (G,0) DH
CRABTHZLIX, G5 GADLEF T d(adbd) = ¢(a) ® 4(b) (a,b € G) TH
5205, (G,0) DECRELABDOEEZ Aut(G,0) LRT.
E® (Gyrocommutative Gyrogroups). [Ul] magma (G, ®) #* gyrocommuta-
tive gyrogroup TH 5 & i,

(G1l) 30eG st. 0da=a (VaelG)

(G2) YacG3reGst. 2®a=0

(G3) Ilgyr[a,blc € G s.t. a® (b®c) = (a D b) ® gyr[a, bc

(G4) gyr[a,b] € Aut(G, @)

(G5) gyr[a,b] = gyr[a @ b, b]

(G6) a®b=gyr[a,b|(b® a)

%a,bceGIZTRUTHAETILTHS.

£ (Gyrovector Spaces). [Ul] (G, ®, ®) »* real inner product gyrovector space
(BLIZ gyrovector space £\ D) TH 5 ki, (G, ®) #* gyrocommutative gyrogroup
T, ENRZEMVAFEEL TG CVY,

(VO) gyrlu,v]a-gyr[u,v]b =a-b
¥ EBEQ:RXxG - GARERINT

(V1) 1®a=a
(V2) (ri+r)®a=rQadrQa
(V3) (rir)®a =rm1Q®(r:®a)

Ir|®a a
7 R
V) {r@all = Tal

(V5) gyr[u,v] (r®a) = rgyr[u,v]a

(V6) gyr[ri®v,r@v] =1

(VV) E5IZHRA |G| = {Z|lel; a€ G} CR EIZ (BID) BEE @, @ A
ERINT (|G, @, Q) K 1IRTDRT MNVEFERL,

(V7) llreal = [r[®]lall

(V8) lla® bl <|lall & ||b]|
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u,v,a,beG, r,r,r ERIZHFUTIHTILTHB.

fl (Einstein Gyrovector Spaces).[Ul| c 2 EZEHhOXDOE X, N #HK IZHE
SNBZEROEEDOLEE R = {a € R ||a|| < c} £ T 3. Einstein DFEEM &
AK T —FEi

1 1
adb= e {a+b+c—21+%(ax(axb))}

_ ~llally e _
r®Ea—ctanh(rtanh A )Hall (if @ #0), r@0=0

foralla,be R} reRIZE>TEZINS. ZZT %=___%TF
a

1_7

KB (VV)D, BE ||RE|| = (—c,c) B HEE O, ®F X

r® a = ctanh (r tanh™! 2)
E c

for all a,b € (—c,c),r e RIZX>TRBEING. ZDLE, (R D, ®k) X gy-
rovector space £7%%. Ungar ZEBDENBEMVIIH LT, AROES 2 NHE
TRTZEIZEY, RV AELRDOEBEBHBEINEZ L EZRLTVWS.

I (M&bius Gyrovector Spaces).[Ul] V Z RO EAMZEM, BE I NZED
BsizHLTV,={a€V,;|la|| <s} &F 3. Mobius DFB & U Mbius DA H
7 —f&ix
(1+Za-b+ 5[b]*) a+ (1 - |al?) b

1+ ga-b+ llalPllb]P?

ad b=
' _1lle a .
r®,a = s tanh (rtanh II—ISJ) Tall (if @ #0), r®,0=0

forall a,b € V,,r e RIZXoTREEINS. Mobius DAN T —fF L&A ||V|
L OEBIX Einstein gyrovector space LFA—TH 5. (chsizEHB.) ZDL ¥,
(Vs, &M, ®M) & gyrovector space £ 72 5. By R, ETNThizg  &L.

B 3 EEOEENA—ORRITRNES S, (1) BEORAN T —(% (2) WE
® (3) Wi o CEAEE5R 3, TiRbb,

r1Qwia; ® raQweas = {r ®(w1a1)} ® {r:®(wqaz)}.
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ZUTIDLI WIBADFEMIZIERINDZSS.
—RICE, REXTHRTH, HANTH, FEMUTERVWI EICERT 3!

adb£bda

ad(boc)#(adb)dc

rR®(a®b) #r®a®reb
t(a @ b) # ta & tb.

UA L, E (BEUH) Vv 1 oAl (G3), Vv 1 B LR (G6), AA T —
ﬁﬁﬂfz’iﬁﬂ (V2), 277 —#E5E&ER (V3) R &% 5 & i, gyrovector space X fFRA
TREGEPLERNTMEEZRAL TS,

s> 002T3LV,ILEMVIIHLALTHTE, HE 0,0 IXBEORI MV
M, AA7—FiTEI<. Zhik, ERBEZERIZ BT 23R L Mobius gyrovector
spaces IZBII2HEBRPOBETLINSI B L VI I LERBLTWS.

&, [U1]

a®b—a+b (s— o0)

r®a —ra (s— 00).

Bl R2 # BETEC LA—HT5L, RECBYBEER adb= “:bbz:f‘a
_E =2 2 _1
=9 =755 ‘T

LTBL, ZDLE

a®(b®dc) =
4+ 16i
(aéBb)GBc—53_82,
1+ab
($b)@1+_b =0
1+ ba 4+ 16i
(b@ ba) 53— 8’

PR EG 13 8 [A] TIROME R IREL 7.
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fE (Abe). (G, ®,®) % gyrovector space £ 7=IZZD— ML= DL L, aq,a, €
GLT5. RIIKYILDWP:

{r1®a1 Dro®aq; r,me € R} = {)\2@&2 D ARa; ; A, Ay € R}?
r®(ri®a; ®ro®a;) € {A®a; ® Ao®asz; A, 2 € R}?

ZDREFHEDD LT DEETIE, B2 X LOMEL T0BAZ (L% Mobius
gyrovector space IZFEE LU TER LU, T TREFOHRLZMBIL, X512, BFE
BoNEHROBER2T I VRT3,

2 ARERIvyMORI MIVBAEBEER S v/ 0
pay: "
DD s=1DBEEERRS.
Moébius gyrovector space TIXIRAIEL D LD :
{rn®a; ®ro®az; r1,r2 € R} = {Mar + Aeag; A, 2 € R} NV,

for a;,a; € V;.

CEHE O, DEBENS M R@a; ®r Qay i ar,a, DRERKEATHY, V, A3
gyrovector space THBLWI ZLIZP, Q@ IDVWTHLTWA I EMNEETH T
60)—57”1 ®a Bra@a, € V;.
(D) RDOEEIZELB.
EH 1. [AVV] Let (SVI, @, ®) be the Mobius gyrovector space and 0 # a;,a; € V;.
Put a = Suppose that 0 # ¢;,t2 € R satisfy the condition

Ilalll [lazl]

<1

ity
“aall 1Il [ 2I|

(I) If 2aty + t; # 0, then we put

o = t12 + 2atqty + t22 +1- \/(t12 + 2atyty + t22 + 1)2 — Batytg — 4t12
e 2(2aty + t;)

. 6% + 2atits + ta2 — 1+ /(612 + 2at1ty + to% + 1)2 — 8at by — 4t
2 = .
2t



(II) If 20ty + ¢, = 0, then we put

t
241

i =
Cy = tl.
Then, we have 0 < |¢1], [c2| < 1 and

a a
b by = n®a; ®ry®as,
llaal] = ~lla|

where

tanh™! ¢,
tanh ™" ||az||

_ tanh™! ¢;
tanh™! ||ay||

ZHIIROER 2 S HWhND. EE 20HHT 2,y DALEZEL DIZHLL 2
WA KENEE 1 LT AL HPEETHD, TNV OBREET S.

and 7 =

™

B2 2.[AW] Consider the following system of equations for real numbers:

oy + (y2® + 20 — )y +1=0 (1)
2y’ + (20 + B)z* — By +z =0 (2)

Suppose that -1 < a <1, 8# 0 and 1 + B(2a + B) < 2

(I) If 2ac 4+ B # 0, then

. 14+ B82a+B) +72 — /(1 +B(2a+ B) +72)% — 4(2a + B) B2
N 2(2a + B)y

Y= 1+ B2a+8) =+ /(1 + B0 + B) + %)% — 4(2a + B)B7?
2y

is a unique pair as the solution to the system of equations (1), (2), which satisfies
0 < |z|, |y| < 1. Moreover,

. 14 B8(2a+8)+72 + /(1 + B2a+ B) +2)2 — 4(2a + B) B2
- 2(2a + B)y

Y= 1+ B8(2a+B) — 2 — /(1 +BRa+ B) +12)2 - 42a + B)B?
- =

is a unique pair as the solution to the system of equations (1), (2), which satisfies
|z, |yl > 1.
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(II) If 2a + 8 = 0, then

s P
1+72
1

y:
v

is a unique pair as the solution to the system of equations (1), (2), which satisfies
0< |z, |yl <1

EE. V, OBTRWESES M » gyrovector subspace TH 3 ki, M BEE
B, RIZD2VWTHLUTWVWAZ WD, TRbb,

abeM, reR = ad®beM, r®ac M.

AZBUL X572, V, DFTRTOD gyrovector subspace DILBEE T % A 12 & > THERK
E N7z gyrovector subspace W\, \TA L RT, Thabb,

VgA = ﬂ {M; A C M, M is a gyrovector subspace of V;}.

Wﬂil;fn = 4, (il,ig,i3,i4) = (1,4,2,3) LT3, ﬁ(iﬁcl Pes PPy ‘:, :‘/“‘\"’f
DHIDIEF 2 HET 57O ME2BEMR 226, LTDO X 5125 DDOAGEMEA
H5:

c1 @ {cs ® (c2 @ c3)}
(c1®cy) @ (c2 @ c3)

c1 @ {(ca®c2) ®cs}
{a1®(ci®c)}@es
{lec1®ecy) D} Des

EIE 3.[AW] Let (V1, ®, ®) be the Mdbius gyrovector space, 0 # a;,--- ,a, € V;

and let (i1, ,%,) be a permutation of (1,--- ,n). For an arbitrary given order
of gyroaddition for r;, ®a;, @ --- & 1, ®a,;,, we have the following:
vg{ah e >an}

={r,®a;, ® - ®r;,®a;,; i, - ,Ti, € R}

a a
={t1_1+...+tn_"; tr, ,tneR}ﬂvl.
|l@f] ll@nl]
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& X. Einstein gyrovector space DHEPREKZ gyrovector subspace IZ2WTH[H
BTh5.

Wiz, BRI v A0 MBI DOWTRRS. BEOEXRIED S BENIHOEF I
RDBILHBTES. /-, s=1DFAPL— WD s> 0 TORELELZ LD
KRB TH5.

EE 4.[AW] Let V be a real Hilbert space and let (V;,®,®) be the Mébius
gyrovector space, and let M be a gyrovector subspace of V; that is topologically
relatively closed. Suppose that

T =x1+ X2, @ €clinM, x, € M+

is the (ordinary) orthogonal decomposition of an arbitrary element & € V; with
respect to clinM, which is the closed linear subspace generated by M. Then, a
unique pair (y, z) exists that satisfies

r=y®z, yeM zeM NV,
Moreover, if 1, 22 # 0, then these elements ¥y, z are determined by

Y= \NT1, 2= AT,

where
A = [J&1]* + [Je2]* + 1 = /(l1]]? + [|22]]? + 1) — 4|24
2| ||
Ny = [[21]1* + [l = 1+ /([la1]]? + [Jeeo]]* + 1)% - Al

2||zo|[?
In addition, the inequalities 0 < A; < 1 and A2 > 1 hold.

EE. £SO M A Ungar (2 & > TEA I N7 Poincaré DFERE A IZBIL THR S
i, 7VAIZBEUTHNBATHE Z L9 h20T, B/ EATERTHS.

3 %E. Einstein gyrovector space THXRT AERMBOLNS.

3 EXHEEICETIEXVvMOERALRY
ITHBEBONT-HEROMELRRS.

>
—



E&E. ABREA {a1, - ,a,} CV, BIv I 0@BMITHD LI, {1,--- ,n} D
WHIR BB (i1, ,in) EVHPRBT YA OHIDEFIZHLTD

r,-1®a,;1€B---€Dr,~n®a,,-n=0 = ’l"]_:"':’f'nZO

BRDMDOZ L LEHET . 1HOPMTRRAERBOM {a,b,c} XY ¥ 1 T
M.

Tl (W). {a1,-+,a,} CV, Z2MILTE. 2200 v 1 uffEHEn @
a1$"'®rn®an7 A1®a1®"'$An®an i)gﬁby*’{n*uwnlﬁ’?’%%%’

a4 @ - Brp,®a, =M B B A\, Ra,

BB (W). V, OFBREARAINUT, SPMLE Y vy Mm@ OBSIE—
Y 5.

Ungar iZX > TEAINLZFEMLDOEREZRARS.
£ (Ungar).[U1] Mobius gyrovector space (V,,®,®) L Td & hHS
d(a,b) = ||boal|
h(a,b) = tanh™* @

foralla,b e V, IZ &> TREEI N, (V,,h) IXIEMERE L 25, TS5V, ]) #*
e 51, (V,, h) bEMTH 5.

EHE (W). M % h-closed gyrovector subspace of Vs T, z € V, £ 5.

WMe=ydz,yeM,ze M*NV, 2 M IZBATIERY v 1 ufiged5.
ZDLE yIMODOTLLUThIZHEATZ2c DBERTHS. T2bb yIlIR
DEREWT :

h(z,y) = inf h(z,m). (3)

(2) iz, y B M DTELThIZET 2 2 OBERTHZ LTS, Tiabbye M
THR(3) kTS ZOLE,

r=yd(Cydx)

BMZETIERY YT UM THS. Thbboydze M NV,
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EE (W). {e,}2, #E Hilbert ZM VOEREREEL TS, {w,}2, %20 <
Wy, < sEBEEFNETEH. DL E ABDz eV, IRODISICERY YT ug
pIh 3 :

r=r1Qu e DraQuses®--- B rp,Q@Wpe, D -

INGR I ERROERM AT 550 TH Y, AREATITERM D 5 REOMEF I X
5, FEEBEL LRV, $HERY v 0RBIURE {r.)o, REKNL T2
THETE 3.

8. {u,v,w} CV,PERRLZSIE e BIEANTHS, Thbb

ud (vdw)=(udv)dw.
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