SRR S A 2 Sk 21
#2035% 20174 21-34

B LI T 28R b Co(X), Co(Y) IO Bz DT

REATLESGSEMAKR 28 (k) B
Rumi Shindo Togashi

National Institute of Technology, Nagaoka College

Acknowledgement. A#fFiid, FRRZDOZWRAEED S TEN VL OLHARER E > Lo
TwEY, i, AHOBRFBAZOVREREDOZHELSBONLDLDTT, Joftlicd, BTA
CRIARABIZOWTRLA R TWHER WL EE L, BTARDLDIDEHRL EIFET,

1. BRI

22 ® Banach BROMICER I NI ERICEHT 2R, £ 3EHRZEL T 250 Banach BROBR%E
BAMEBEL 2 oTbTE )., Z2OHFD—2 & L T preserver problem & FHZ 23 BEDRIEDNDH 3,

preserver problem & i%, Jarosz DFHX [5] 1Lk 2 BT DX ) REEDZ L TH 3,

Preserver Problem. Let T' be a map between two Banach algebras and assume that T’ preserves a
given class of elements of the algebras. Does it follow that T' is a Jordan morphism or that it preserves

some other properties?

AWFFEIE. Z D preserver problem IZBEL 72 b DTH B, ZDHTHRICLUT D Molnar 2 & 3 #E5H28
ZOMENB2BICRBICLE>DITD—2 R0 T3,

Theorem 1.1 (Molnéar [9]). Let C(X) be the algebra of all continuous complez-valued functions on
the compact Hausdorff space X and o(f) be the spectrum of f € C(X). If X is first countable and
T :C(X) - C(X) is a surjection with the property that

o(T(f)T(g)) = o(fg) (f,9 € C(X)),

then there ezist a homeomorphism ¢ : X — X and a continuous function o : X — {1, —1} such that

T(f)(z) = a(z)f(¢(x)) (f € C(X),z € X).



Z ZC, Theorem 1.1 TIRHKEICHFENEEN TRV I LREHL T b0, Ihk hBEH
P T 7z preserver problem D% IR RIREMS L L (BRI N Tz, L L, ZOFBRTE
WP REEZIREE T, THRORARY ML (ZOGAREROMRE KT 2) 204753285 v
IREDHD S ZDEBROBELZREL T b, BIL, BoNEROBEN» SEBDART FILVERET
ZEBRIFENTH OB LHESREHETH 2 b %, ZORBRIEE  OWEREIC L >T—#]
e, SEFIFLHBEBRRINTVE, ZOVL 202 HEEL THNT 3,

BB, AETREUTORS EEEZHVE L LT S,

Definition 1.

(1) C(X): the space of all complex-valued continuous functions on a compact Hausdorff space X

(2) A complex function f on a locally compact Hausdorff space X vanishes at infinity
&L t6 every & > 0 there exists a compact set K C X such that |f (z)| < e for all z not in K

Co(X): the space of all complex-valued continuous functions on a locally compact Hausdorff

space X that vanish at infinity

(3) f € CO(X) )

def

IF1I'= supzex | f (@)l

ax(f) & {f(zo) : 20 € X such that |f(zo)| = ||f]I}
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BRI
FIGURE 1. o.(f), ||f|]| DA *—%
(4) A: a uniform algebra on X PN
(a) A is a closed subalgebra of C(X)
(b) A contains the constant functions

(c) for every x1,22 € X, x1 # T2, there exists an f € A such that f(z1) # f(z2)
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(5) A: a function algebra on X &
(a) A is a closed subalgebra of Cp(X)

(b) for every z1,72 € X, 71 # T2, there exists an f € A such that f(z;) # f(z2)

Theorem 1.2 (Rao and Roy [11]). Let A be a function algebra and o(f) ¥ F(X) U {0} for f € A.

Assume that X is the mazimal ideal space of A. If T : A — A is a surjection with the property that
o(T(f)T(g)) = o(fg) for every pair of functions f,g € A, then there exist a homeomorphism ¢ : X — X

and a signum function a : X — {1, —1} such that T(f)(z) = a(z) f(¢(z)) forall f€e A and z € X.

Theorem 1.3 (Luttman and Tonev [7]). Let A, B be uniform algebras and Ch(A) be the Choguet bound-
ary of A. If a surjective and unital operator T : A — B satisfies the condition or (T(f)T(g)) = ox (f9)
for all f,g € A, then there exists a homeomorphism ¢ : Ch(B) — Ch(A) such that the equality

T(f)(y) = f(#(y)) holds for all f € A and y € Ch(B).

Theorem 1.4 (Hatori, Miura and Takagi [2]). Let A, B be uniform algebras, Ch(A) be the Choguet
boundary of A, and T be a map from A onto B. If ||T(f)T(9)|| = ||fgll for all f,g € A, then there exists

a homeomorphism ¢ : Ch(B) — Ch(A) such that |T(f)(y)| = |f(¢(y))| for all f € A and y € Ch(B).

Theorem 1.5 (Lambert, Luttman and Tonev [6]). Let A and B be uniform algebras. If a mapping
T:A— B satisﬁeé the conditions

(1) {h€ Bion(h) = {1}} = T(1) - T({u € A: o (u) = {1}}) and

(2) ox (T(£)T(9)) Nox (fg) #0 for all f,g € A,

then there exists an isometric algebra isomorphism S : A — B, such that T(f) = T(1)S(f) for all f € A.

Theorem 1.6 (Hatori, Miura and Takagi [2], Luttman and Lambert [8]). Let A, B be uniform algebras
and Ch(A) be the Choguet boundary of A. If X € C\ {0} and T : A — B is a surjection satisfying
IT(FT(g) — All = lfg — All for all f,g € A, then there exist a homeomorphism ¢ : Ch(B) — Ch(4), a
continuous function o : Ch(B) — {1, -1}, and a clopen set K C Ch(B) such that

T(7)5) = o) % {f ) ek

AT@E) veChB\K
holds for all f € A and y € Ch(B).
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I THRALRERIE, Z0Z N Theorem 1.1 Z2—BULT 5 Z L CRHONBZHRTH 205, KREL T
T200— LD HEDH 2 Z EHBRAITL B, —DIIREET B AT FAREBOFCHIEMEL LT
FEWTHRCIENZZERE LT LT REZToTED, ) —DRAXY FARERICEENINLED
M EDHMOBRKMEERACTHREERETE LT RIELEToTWVRE, HEFETHVRONTHIERR
BEEEOEATH D, BT LD 1 HEALIERL BV, 2N L TEETHOL S NLT L B 5A4RIT4E 2
DOBEHRIZDVTRE N DOEEMEIEE S, L L. ZNZho—RILTHR NI BEHROREGEIETRT
MEABMARICBIEL 2 bDE%oT w3, ZITHEERID 2O0DMICH BEMEVHFET 20BKL .
NS D—bo TERICH BN EFHR TSI L ERBEL LTIIRET> T 328, 2 OfEEREE
ENTVEV, AETIEI OBRICEVE S NIHBRZENT 5,

2. S CHEAIN TR S EPES L ZOBIRIEICOWT

BIE, uniform algebras A, B ORIICERINILERT : A » BILOWTddkh % ofRsHE
EhTws, TORIZZDHD 5 Molnar [9], Hatori, Miura and Takagi [1, 2], Luttman and Tonev [7],
Lambert, Luttman and Tonev [6], Hatori, Lambert, Luttman, Miura, Tonev and Yates [4] i &> T& 56
NI HEREHBL, 2o 0FHEROBREEZRICRLEDDTH S, 2T = BHEF T o5t
ERTRINTH S, iz, WRORANI KRBT TH 5,

T:A - B — a surjection between uniform algebras,

Ch(B) — Choquet boundary of B, f — the conjugate function of f
T(f) = a-(f o $),a’ = 1 on Ch(B)] === [K < Ch(B): clopen set,

a? = 1 on Ch(B)
() = ax foponK
e %Lf TOT@) =oGa)] | P~ “*|Fehonch®\k \

TOT@))®) = (Fo)X) A=cX) K < Ch(B): clopen set,
( 9) v N B =Jim |a|? = 1 on Ch(B)
B fegponkK
5 OO =D i) ~1n=ngg -1 - “X{W on Ch(B) \ K
+some A= 0,IT(NT(g) — Al = lIfg —All

conditions
=0K i

“s2 ax(T(OT@)) N 0x(fg) # 0 =P ITNT@II = lIfgll &= [TEOI=1fp[onCh(B)]

FIGURE 2. ZNZNDOEAERDBR (A, B 4% uniform algebras D)
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def

TA#0,f € CX) BT f—A¢ Co(X) THBH, Co(X) LD/ Vi ||fl| Y sup,ex |f(z)] TH
fEEAWwL LTS,

2SR L CEBEIS R & A TV &\ function algebras A, B IZOWCRAKEASLHEEHZELTCASL, Z2

BIEbS, THLRE||f - M Y supex [f(z) — A EL, S LADRB LT
ET, RREINTOIHKELZFANTHRS &, RIRINTWLBESIZOVTid compact Hausdorff space b
@ uniform algebras DI E R I N7 GHUICBI T 2 i & KB B DRSPS Rao and Roy [11], Hatori,
Miura, Oka and Takagi [3], Tonev [12] KX > THRLNT W3, LU ||f - M| (CBIT 254452 A TER

2 EWSDWTRIBIR BT DS  Ho7e (TRZH),

T:A - B — asurjection between function algebras,
Ch(B) — Choquet boundary of B, f — the conjugate function of f

T(f) = a-(f > $),a®> =1 on Ch(B)| % K < Ch(B):clopen set,
a®? = 1 on Ch(B)

lll _ f°¢OTLK
0= ax,monch(B)\K \

A
:,: (T(f)T(g))(Y) = (fo)X) Ilf = Al o) K < Ch(B): clopen set,
n ¥ = supyex|f(x) — 4| |L— |a|? = 1on Ch(B)
v P {f oponkK
T(f) = aX{—
feog¢onCh(B)\ K

S HTDT@) = ) iy - 11 =g -1
i ?nA

\’

" ’? -
. A= 0,ITOT (@) — Al = lIfg —All

+some
conditions - -
;

=0K
sz ox(T(NT(@) N ox(fg) # 0 =P ITOTWI = Ifgll €& [TEI=1f¢lonCh(B)]

FIGURE 3. ZNZNDEMFERDBIR (4, B 28 function algebras DH)

Z I CHEERIARLBIARLEREMVRE, REXORELZ LV RELDOFERB Y ZODL I L
ZHIEE LT, £7 Co(X),Co(Y) DENICEBINLERICOLTHEL T3,

3. HER
TIh6, T Cy(X) 26 Co(Y) ~D2H LT %, Figure 3. DRMRIBT IS 2 EHBOME L F

EHRLNTOLRVLY, ZIUCBERT 2 LBLNIFEREZE S Z Lk, BB, ZOHD—2IF triple
products Z AV IAERTH 203, TOBERIE 01 IC X B3 [10] BE->»F L Bol, TOMIZD triple
products ICBHE# L 72 fE BRI { R IN TV B LI Th b, SHESNLZBRIEUTD 22 (551201

KFER) TH 5,
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Theorem 3.1 (T, 2016). If X s first countable and a surjection T : Co(X) — Co(Y') satisfies
o (T())T(9)) Nox (fg) # 0

for all f, g‘ € Co(X), then there exist a homeomorphism ¢ : Y — X and a continuous function o : Y —

{1,—1} such that
T(f)=a-(fod)

for all f € A.

Theorem 3.2 (T., 2017, K5EK). If X is first countable and a surjection T : Co(X) — Co(Y) satisfies
17(NT (9T (h) — 1] = || fgh — 1]

for all f,g,h € Cy(X), then there exist a homeomorphism ¢ : Y — X and a map a: Y — {l,eg"i, e"?fm'}

such that for every point y €Y the equality
T(f)(y) = a(y) x (f o d)(y) or a(y) x (f o $)(y)

holds for all f € Co(X).

4. HEROFLH

RETREONTEROBIEZENT S, 28, UTOIEHTIXBEEDRER L FARIC peak function &
peak set DEEZ I CHAL T3, UTIKERETT,

Definition 2.
u € Co(X): peak function &L o (u) = {1}
P(z) ¥ {ue Co(X) : on(u) = {1},u(z) =1}
z € X: peak point €% there is a u € P(z) such that |u(¢)] <1 for any £ € X \ {z}

u € P(x) |u()|

’ S\l = (1)
\/ = {u(x)}

u (X) \\~r_, o

:peak point X

FIGURE 4. u € P(z) DA X —¥ FIGURE 5. peak point D { X —
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%72, X D first countable D & ¥, {EEDH x € X 13 peak point TH 3 Z LRI SGNT 3B,

Theorem 3.1 & Theorem 3.2 Tid, UTOMES L OEHREZH VT3, ERIZIE, Lemma 4.1 &
Theorem 4.3 i3 & D —fRINEB THELINTVED, TITRZNS OFEREZSEEA T 2HICREL T
BTz it s,

Lemma 4.1 (Hatori, Miura, Oka and Takagi [3], Tonev [12] ). If f € Co(X) and z € X is a peak point
with f(z) # 0, then there exists a peak function v € P(x) with |u(€)| <1 for any ¢ € X \ {z} such that
ox (fu) = {f(@)} and [fu(§)| < |f(z)| for any € € X \ {z}. If f € Co(X) and x € X s a peak point
with f(z) = 0, then for any € > 0 there exists a peak function v € P(z) such that |fu(€)| < & for any

e X\ {z}.

the absolute value

FIGURE 6. Lemma 4.1 DA X —

& 512, Theorem 3.2 NDFFHATIZ & D K¢Hl 7% peak function % V>3,

Lemma 4.2. Let 0 < A < % be an angle. If f € Co(X) and z € X is a peak point with f(z) # 0, then
there exists a peak function u € P(x) with |u(€)| < 1 for any £ € X \ {z} such that o (fu) = {f(2)},

[fu()| < |f(z)] for any & € X \ {z}, and u(X) is in the triangle depicted in Figure 7.

FIGURE 7



Proof. ue P(z) ¥ %, 0< A< g%ﬁaﬁél,’c\ EERVEC L0SHit, %

_&z 0Sargz<m—24
mn(arng-i— A) =
2
ta(z) & s B, m—-2AZargz < m+ 24 (z€©)
: cos(argzz
sin

- 24 2
sin(argz—A)z T+ Sargz <2w

LEET B, THEID b4 KBIL T tyou € P(z) THEIC t4 0u OEMRIE Figure 710 H 3 ZAICA TR

%, 2Dty & Lemma 4.1 25 ERBPEI NG, O

Theorem 4.3 (Tonev [12]). If [T(f)T(g)|| = l|fgll for all f,g € Co(X), then T is a ¢-composition

operator in modulus on'Y for a homeomorphism ¢:Y — X, i.e.

T(H @I = 1f(ew)I

forall f € Co(X) andy€eY.

B LT B or (T(F)T(9)) Nox (fg) # 0 for all f,g € Co(X) k&HFT L &, |TfTgll = |fgl| for al

F,9 € Co(X) TH 325, Theorem 4.3 & RIS Y LD,

Lemma 4.4. If o, (T(f)T(g9))Nox (fg) # 0 for-all f,g € Co(X), then T is a ¢p-composition operator in

modulus on'Y for a homeomorphism ¢ : Y — X.

%72, [T(F)T(Q)T(h) — 1| = [|fgh —1|| for all £, g,k € Co(X) #HFF T LDV TH, UFHRE

hs,

Lemma 4.5. If |T(f)T(g)T(h) — 1|| = ||fgh —1|| for all f,g,h € Co(X), then T is a ¢-composition

operator in modulus on'Y for a homeomorphism ¢ : Y — X.

Proof. f,g,h € Co(X). n % positive integer &3 %, REL D,

IT(h)|® = || Th)}|| < |T(rh)® = 1]| + 1 = ||(nh)® = 1| +1 < 2 |IA)°P + 1+ 1
THBDS || T(nh)| < Ind |Al° +2 BRD LD, kD
) 1 1
Jsah= 3] = & ot 11 = S T@TOM -1

< LITOTENT @RI+ < {17 + 5 17T + -
“n n = n3 n

%%, n— 00 & LT |fgh| < IT(F)T(9) |kl 2785, Lemma 4.1 & D ||fghll = || fgll T2 ||n]| =1

L%% he Co(X) BEIET B, LIdioT ||fgll < IT(F)T(g)| for all f,g € Co(X) BRE NIz, FRRICL

28



T NTAHT N L N fgll B3oH» 5, B EXD ||TFTg|l = |Ifgl for all £,g,h € Co(X) TH %, Theorem 4.3

&9, T X ¢-composition opérator in modulus on Y for a homeomorphism ¢ : Y — X TH 3, O

Proof of Theorem 3.1. Lemma 4.4 & Y
(1) [T(H @ = 16w

for all f € Co(X) and y € Y % #7z 7 homeomorphism ¢ : Y — X BHFET 5, £7.
T(f)y) =0 f(d(y) =0

TH%, RIZT) W) f(d(y) #0 £F 3, Lemmadl kD

[uo(2)| < 1 for any z € X\ {¢(y)},

or (Fuo) = {f((v))} and | fuo(2)| < |f(4(v))| for any z € X\ {$(y)}

THB LI % g € Poy)) BEET 3.
o (T(f)T(uo)) Nox (fuo) = ox (T(£)T(u0)) N{f($(y))} # 0

THIP 5. T()W)T(u) ) = F(6y) 2HET Y €Y DHET S, 41)ED
[F ()] = IT(H )T (wo) (@) = £ (¢(¥))uo(d(¥))] = [(fuo) (S(y))]

Bho, y=y i
(4.2) : T(£) ()T (uo)(y) = F(6(v))

i RYAON

ZZT, EED ue P(o(y) & |ui(z)| < 1for any z € X \ {¢p(y)} Z#7=F uy € P(p(y)) KL T,
Ox (T(W)T (u1)) N o (uuy) = o (T(W)T(u1)) N {1} # 0

TH206. TW) (W) T(w)Y)=1%2#7Ty e Y BELET S, X (41)&D
' 1 = |T(w) ()T (u)(@)] = [u(dy"))ur(¢(y))l

Eho, ¢y =y &%) Tw()T(u)(y) =1 BRHILD, u=u; €F3E. T(u)(y)? =1 3EH LD,

L7hs>T
T(u)(y) =TT (u)(y)* = T(u1)(y)

k%, 2FED, Fy e Y IKBLT, TRTCD u € P(p(y)) T 2l T(u)(y) & unique IZEE D,

T(u)(y)? =1 for all u € P(¢(y)) TH 3,
a(y) ¥ T(u)(y) (u € P(6(y)))

&5 %L ald well-defined T (4.2) &
T(£)() = T(HW)T (u0)(¥)* = T(uo)(¥) f(¢()) = (v) f(6(¥))

forall feAandyecY 2853, Ch&D o PERTHZZ LOTFEND, a

Theorem 3.2 DFEHI% T B HITICRD Lemma %21,
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Lemma 4.6. If

(43) - NTAOT(QTR) - 1| = (| fgh - 1)
for all f,g,h € Co(X) and there exists a homeomorphism ¢ : Y — X such that
(44) [T = £ (o)
for all f € Co(X) and y €Y, then for every point y € Y the equalities
(4.5) T(—u)(y) = -T(uv)(y)
and
T(u)(y)® =1

hold and T(u)(y) is unique for all u € P(¢(y)).

B, WS)DTHRFEREOPEELEICLZHDTY, REHINLEITSVELE,
Proof. y €Y ZE%E T %, the one point compactification of X % X, £ 9 3,
9(00) ¥ 00, f(00) & lim f(2),T(f)(c0) ¥ lim T(f)(w)
EEBT DL FeC(Xoo), T(f) € C(Yoo) THIT ¢ : Voo = Xoo & homeémorphism ThHH (L4)PERD
FE€CHX) & y€Ye TRDILD, u,v € P(p(y)) ZERITESR, 7. Jui(z)] <1forall z € X\ {o(¥)}

and uy(c0) =0 7% uy € P(Pp(y)) ZEET 2, (EBE. ZD LI R u € P(p(y)) PHFET 2, ) 43)&D
|IT(=w)T(v)T(u1) — 1] = ||—uvus — 1|| = 2 and ||T(—u1)3 - 1” = ”—u13 - 1” =2

THB2 6 T(—u)(y1)T () ()T (w1)(¥1) = T(—ur)(y2)® = =1 £% 5 y1,y2 € Yoo BFET 2, (44) & D
| = u(b(1))v(b(y1))u1 (d(yr))| = IT(—w)(y1)T (v) (y1)T (wa)(1)| = 1
| = ur(6(32))’] = IT(~u2) (v2)°| = 1

THDIDO, yr=yo=y HD
T(—u) (y)T () ()T (u1)(y) = T(-u1)(¥)* = -1

Voo o, u=v=u £F5E T(-u))T(u)¥)?® = T(-u)®)® &Y T(w))* = T(~w)@)* TH

2. bL. T(—uw)(y) =T(u)y) EF3E, @30
o8 - 1)/ = l7)® - 1 =2

THEIHE u(d(y)) = -1 %3y € Yoo PFETHH. Thid vy DREBELFET S, Lidio>T,

T(~u1)(y) = —T(u1) (@), T(w1)(®)3 = 1 022, v=u; Flldu=u ETBL,
T(~u)®)T(u1)¥)* = T(v)(y)T(~u) )T (u1)(y) = -1

THED5, ,
T(-u)(y) = =T (v)(y) = =T(uva)(y)

LY, T(u)(y) BTXTD u e P(p(y)) Tunique KEF D, T(u)(y)®=17ThH3, O
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Proof of Theorem 8.2. Lemma 4.5 X D, (4.4) Z %73 homeomorphism ¢ : Y — X 25F#§ %, Lemma 4.6

DB yeY IZBWT, T(u)(y) BTRTD u e P(¢p(y)) T unique iCEE Y. T(u)(y)?=1TdH3,
: o(y) € T(u)(y) (u € P((y)))

EF3 L o lf well-defined T a(y) € {1,e3™, 637} L2 3%,

ZITyYeY 2 1REET 3, Ty : Co(X) = Co(Y) %
Ty (f) € T(f)/almo) ( € Co(X))

LEHET B L Ty, I& surjection T (4.3) (44)2 &1 F, B T,y OEHL 45)&D
Tyo(u)(yo) =1=- yo(_u)(yo)

for all u € P(¢(yo)) ZH7T,

BRI
Ty (F) (o) = (f 2 9)(%0) or (f o #)(vo)

for all f € Co(X) TH 3T L E2FRT, Tpo(f)(vo)f(d(v0)) =0 DL F (44X Y
Ty (F) (o) = 0 <= f(d(v0)) =0

THB95 T(f)yo (o) = £(B(o)) = F($(wo)) PRV LD &> T Ty (£)(v0) f (6(wo)) # 0 DHEETE
BEt+aTtHs,

(1) Lemma 4.1 & 9

or (Fu) = {f(6(v0))} and | fu(z)| < |f(¢(y0))| for all z € Xoo \ {¢(30)}

i et s £ FOW) TG ey g
EHIT € PPlo)) PHET Be 3 0=~ o] ~ T o 1= 1R

. ZOuE akDWT Ty ()0 Tyolow)(vo) = —IF (60))| TH 3.

() (43)&D
I Tyo (F)Tyo (W) Ty (o) — 1| = llafu? — 1| = | £f($(30))] +1

THBBS (T ()T (W Ty (@) W) = ~|f (o)| E%B ¢ € Yoo DHFEET B, (44) %
F@ WD = (Tyo (F)Tyo (W) T () (@)] = laf (W) uld(w))?] = |Fulp(@)]

S lRY Y=y THBEILDDPB, LT
Tyo () (0) Tyo (1) (90) = (Tyo (f)Tyo () o (021)) (o) = —|f (6(w0))

L3,
(2) o, € Cwith |a| = |8] =1, u € P(p(yo)) £F 3 &, Ty (au)(yo) BT XTD u € P(d(yo)) T

unique IZEF %, HIT .
(4.6) Ty (@u)(y0) = Tyo () (30),
(4.7) Ty (—au)(yo) = ~Lyo (o) (yo), and Ty, (aBu)(yo) = Ty, (cu)(yo) Ty, (Bu) (Yo)

bi& D boa e
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() u,v € P(¢(w0)), ur € P(¢(y)) such that [u ()] < 1 for all x € X \ {#(y)} and u;(c0) = 0,

a,ByeCwithlo|=|fl=h=1,F3, apy=-1DEE, (43)kD

©)

1Tyo (au) Tyo (B) Tyo (yua) — 1| = lloBryuvuy —1f| =2

T Ty () () Tyo (B0) () Tyo (yur) (') = —1 L83 o/ € Yoo BETET 3. (44) KD ¢ = 3o T
Tyo (0) (30) Ty (BY) (30) Tyo (yu1) (30) = —1

Bbvb, f=a,y=-1,F25¢L
Tyo (@) (yo) = Tyo (aw)(yo)
THY, Blcu=vDE ¥ (46) 283, meof Tyo (@u) (y0) = Tyo () (yo) for all u,v € P(z)
2025 Ty (au)(yo) 13T RTD u € P(¢(yo)) T unique IKEE B, DE D,
Tyo (@) (%0) Tyo (B2) (y0) Ty (722) (30) = —1 and Ty, (@u)(30) = Ty, (o) (30)

forallu € P(z) Th3%, Bita=1,f=—ay=afkidf=af,y=-B ET5L (47) D
URTASRRY 2t oY 2P |
FERD a € C with |a| =1 22T Ty (au)(yo) € {a, @} for all u € P(d(yo)) #37% D 722,

(a,B € C with o] = |8] = 1, u € P(d(w)) £T 3. 4NKBVWTa=8=i,F3
&L Ty (iu)(y) € {£i} 3o 3, ((2) &V Ty (iu)(yo) & unique THB Z L ICHEET 3, )

7o, (4.3)(44)(46) & D

|Tyo () (y0) — Tyo (Br) (wo)| = 1Ty () (30) Tyo (B (v0) — 1]
- < || Ty (ew) Ty (Bu)T (w) — 1| = [|eBu® — 1| = [|au® — B}

TH5, o=+, LiDLF,
[Ty (@) (0) = 1] < llow® — 1|, |Tyo () (30) + 1] < flows® + 1],

Ty () (¥0) — Tyo (i) (y0)| < llow® —ill, and |Ty, (o) (o) + Ty (120) (30) | < flos® +i|

TH3, Bic, UTHRHIDOZ Losbh 3,

Case 1 Ty, (iw)(yo) = i = Tyo(au)(¥o) = o

Case 2 Ty, (tu)(yo) = ~i = Tyo (cu)(yo) =@

(JZT I Tt Case lDARTIELT B,

(a) 0<arga<—z-0)<’:§’

B=-1,-i 2V, Lemma4.2 kD
1Ty0 (0) (30) — Tyo (Bu)(%0)| < llawh — BIl < | — B

L7 % ug € P(¢(yo)) BHEET 5, (Figure 8 B, )



FIGURE 8

B=1,i1C2WT, Lemma 4.2 K D{EED y€ Cwith |[y|=1and |[y— 1| > |ai — 1] 8L

§ € Cwith |6] =1 and |6 —i| > [a—i| KL T
|Tyo (o) (o) — 1] = flows = 1]l £ |y = 1, [Ty () (o) — il < [lowu — | < |6 — 1]

E72D uy,us € P(d(yo)) BHEFET %, (Figure 9 21, )

"FIGURE 9

BUE& D Ty (au)(30) € {0, T} TH B,

(b) arga = % DEE, (ATVEY Ty (ou)(yo)? =i TH 205 Ty (ou)(yo) € {a, —a} BbH 5.
T
4
(A7) (a) & D Ty (0Pu)(yo) = Ty (o) (30)? € {02, a2} for — < arga < ~ L% B 5.,

Y Y 8 4

<arga < g DEE, (o) DHE LRI LT Ty (0u)(y) € {o, —a} 250D 2,

T P
Tyo (au)(yo) = a (Z <argo < 5)

33
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285, AROBBwICKD
Tyo(au)(y) = a (0 <arga < g)

E3, ¥l T, DERLRELD arga =0, —-@k?é Tyo(au)(yo) = a TH 5,
(c) a€Cwith |o| =1 ¢T3,
a = aof, laol = |Bo] = 1,0 < argag < 7, fo € {1, %4}

E%% a,fo € CHEFET B, (A7) kD
Tyo (@u)(y0) = Tyo (o) (¥0) Tyo (Bots) (y0) = 20fo =

%835,
(1)@ X b |
f(dyo)) i Tyo (i) (o) =i
T =T
w(F)a0) {f(cb(yo)) i Ty, i) y0) = —i
LD 6. Ty(f) (o) = F(#(yo)) or f((wo)) TH %, O
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