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THE KOHNEN PLUS SPACE AND JACOBI FORMS

REN-HE SU

The Kohnen plus space, simply called plus space, is a subspace of
the space of modular forms with half-integral weight in which the mod-
ular forms satisfy some restriction on whose Fourier coefficients. The
concept was initially brought up by Kohnen [4] in 1980. The original
definition was only for the classical modular forms, that is, which is in
one variable. It was shown by Eichler and Zagier [1] that the plus space
of weight k + 1/2 is isomorphic to the space of Jacobi forms of weight
k +1 and index 1 if k is odd. Later, the plus space was generalized to
the case of Siegel modular forms by Ibukiyama [2] in 1992. Ibukiyama
also showed that in the case we can still construct an isomorphism be-
tween the plus space and the space of Siegel-Jacobi forms. On the other
hand, in 2013, the concept of plus space and its relation with the space
of Jacobi forms was brought into the case of Hilbert modular forms
by Hiraga and Ikeda [3]. They used Weil representation to character-
ize the plus space and showed that it is actually the fixed subspace of
some Hecke operator EX on the whole space of Hilbert modular forms
of weight k+1/2. And here, we want to state the similar results for the
Hilbert-Siegel case. The definition of plus space in this case is based
on the ones from Ibukiyama, Hiraga and Ikeda.

Let F be a totally real field of degree n over Q with ring of integers
o and the different 9. Denote the n embeddings of F' in R by ¢;. An
element & € F' will be considered as a real n-tuple.

Let us fix a positive integer m. The Siegel upper half-plane of genus
m is defined by

bm = {X +V-1Y € M,,(C)| X, Y € Sym,,(R),Y > 0}

where Y > 0 means that Y is positive definite. The set b, consists of
n-tuples whose components are in b,,. Also, the set (C™)™ consists of
n-tuples of complex column vectors with size m. Note that any vector
with size m here is considered as a column vector.

The symplectic group of degree 2m is defined by

Spm(F) = {g € GLom(F) | (I('r)n _({m) 9= (I(,)n _({m)}



where I,, is the identity matrix of size m. It acts on b}, as
9z = ((u(@)z + u(0))(4()z + u(d) ™).,
for
g= (‘cz 3) € Spn(F), a,b,c,d € My, (F)

and z = (%) € (hm)™
To define the factor of automorphy with half-integral weight, we have
to give the theta function.

Definition 0.1. The theta function © is a function on h, defined by

B(z) = Z exp (2mv/—1Tr (‘pzp))

pEo™
where Tr is the sum of the component of a complex n-tuple.

Let us define the two congruence subgroups of Sp,,(F):
(0.1)

To(1) = {(Z 3) € Spm(F) | a,c € Mp(0),b € M,,(07)c € Mm(o)}

and

To(4) = {(‘Z Z) € Spm(F) |a,c € Mp(0),b € My(d Ve € Mm(4a).}

The factor of automorphy of weight 1/2 is a function 7 on I'o(4) x b?,
given by
_ 9(r?)

3(77‘2) - e(z) .

It satisfies

3(7,2) = N(cz+d)? if y = (Z Z) € I'o(4)

where N is the product of the component of a complex n-tuple.

For simplicity, here we only consider the Hilbert-Siegel modular
forms of parallel weight. We fix a positive integer k. Let My 1/2(To(4))
be the space of Hilbert-Siegel modular forms with respect to the factor
of automorphy j%+! and Sk41/2(T'0(4)) be the subspace of My, 1/2(T'0(4))
consisting of cusp forms. Then for any Hilbert-Siegel modular form
h € Mg41/2(To(4)), it has Fourier expansion in the form

h(z) =Y o(T)e(Tr(tx(T2)))
TeL*

where L* is the set of all half-integral matrices in M,, (F'), the coefficient
c(T) = 0 if T is not positive semi-definite and tr is the usual trace for
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matrices. Moreover, as usual, e(7) = exp(27y/—17) for 7 € C. For
simplicity, we put g7 = e(Tx(tr(T'2))).
Now we are ready to define the Kohnen plus spaces.

Definition 0.2. The Kohnen plus spaces with respect to the case above
are defined by

My, /5(To(4)) = {h € Miy1/2(To(4)) | c(T') = 0 unless there exists
X € o™ such that (—1)*T =X -*A mod 4L*}

and
Sti12To(4)) = My, 5(To(4)) N Sir1/2(To(4))-

Let h =Y rc(T)g" € My, /5(To(4)). For any A € (0/20)™, we set

ha(z) = > o(T)q™ 4.

(—1)kT=At\ mod 4L*

It is easy to see the definition of h) does not depend on the choice
of A mod 20™. The functions h) are actually Hilbert-Siegel modular
forms of weight k + 1/2 with respect to some congruence subgroups of
Spm(F) and some characters. From the definition of the plus space,

we have
h(z)= Y. ha(42).
A€(o0/20)™

Next, we want to give the definition of Jacobi forms. It is well-known
that Sp,(F) acts on b x (C™)" by
9(z,w) = ((1i(@)z + u(0))(u()z + u(d) ™", (u(c)z + u(d)) wi ),
for

a b
g= (c d> € Spm(F), a,b,c,d € Mp(F),

z = (%) € (hm)" and w = (w;) € (C™)™.

Definition 0.3. A holomorphic function G on b2, x (C™)" is called a
Jacobi form of weight k and index 1 if the following three statements
hold.

(%) G)(z, w+ 2z +y) = e(~Tr(rzz + 22w))G(z, w) for any z € 0™,y €
a—l m
(2) G(7(2,w)) = N(det(cz + d))*e(Tr(w(cz + d)~'cw))G(z, w)

v=(2 5) ero),
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(3) G satisfies the cusp condition, for which we omit the detail here.

The space of all such forms is denoted by Ji 1 and the subspace of cusp
Jorms in Ji 1 is denoted by JZTSF.

For any A € (0/20)™ we can refer a theta series on b7, x (C™)" as

A A : A
Ox(z,w) = p%;e (Tr (t(p+ 2)z(p+ 2) +24(p+ 2)w)>) )
The right hand side above does not depend on the choice of A mod
20™. Now if G € J1 is a Jacobi form of weight k£ and index 1, then
for any A € (0/20)™, there exists a unique holomorphic function G on
by, such that
G(z,w)= > Gr(2)0x(z,w).
A€(0/20)™

This formula is called the theta expansion of G. In fact, G, are Hilbert-
Siegel modular forms of weight k + 1/2.

Now let k be odd. The main theorem tells us that the plus space
and the space of Jacobi forms are actually isomorphic.

Theorem 0.1. Assume h € M, +1 /2(F0(4)) and G € Jiy11. With the
notations given above, we have

Z h,\(z)ﬁ)\(z, ’W) € Jk+1,1
AE(p/20)™

and
Z Gi(42) € +1/2(F0(4))
AE(p/20)™
The two canonical mappings are the inverse of each other. Thus these
give an isomorphism between M;f | 2(To(4)) (St 2(To(4))) and Je41,1

).

As mentioned in the beginning, the classical, Siegel and Hilbert case
for this theorem were proved by Eichler & Zagier, Ibukiyama and Hi-
raga & Ikeda, respectively.

Finally, we want to state the key concept of this result. Let A be the
adele ring of F' and ¢ = [[, 9, : A/F — C* be the unique additive
character on A which is trivial on F' and has 1. (z) = e(z) as whose
local components for an;;_iil—ﬁ/nite place oo of F. We denote the global

Weil representation of Sp,,(As), the finite part of the double metaplec-
tic covering of Spn,(A), on the Schwartz space S(AT) of AT by wy.
For any finite place v, the group K, = I'p(1), is defined similarly as
(0.1) and we put K = [], .., Kv- It is known that if we restrict wy,
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on the inverse image K of K in Sp,,(Ay), then S((27%6/6)™) forms an
invariant irreducible subspace for the restricted representation. Here
0 = [T <o 0v and S((2716/6)™) consists of Schwartz functions ® sup-
ported on 27'6™ which satisfies ®(X +Y) = &(X) for Y € 6™. The
deduced representation of K on S((27'6/6)™) is denoted by €. For
X € (0/20)™, we set ®) € S((2718/6)™) to be the characteristic func-
tion of A\/2 + 6™. These 2" functions form a basis for S((2716/6)™).

Note that any Hilbert-Siegel modular form ﬂeight k+1/2 can

be uniquely lifted to an automorphic form on Sp,,(A), the metaplectic
double covering of Spp,(A). If we denote the space of all the automor-

phic forms obtained by this way by Ak41/2(Spm(F )\Sm)), it forms
a representation of Spn,(Af) by the right translation p. The corre-

sponding action of Sp,,(Ay) on the union of all Hilbert-Siegel modular
forms of weight k + 1/2 is also denoted by p.

Theorem 0.2. Let k be odd. The three follbwing statements are equiv-
alent.

(1) B(2) = Freoyzopm Ma(42) € MY, 5(To(4)) where hy is defined as
above.

(2) Given a family {hx}re(o/20ym of 2" Hilbert-Siegel modular forms of
weight k + 1/2. The space Z)‘e(o J20ym C - B forms a representation of

K by p which is equivalent to Q_; via the intertwining map hy — ®,.
(3) oxha(2)0r(2,w) € Jry1,1-

The equivalence of (2) and (3) simply comes from the representative
definition of Jacobi forms. So the efforts of the author on this research
mainly focuses on the equivalence of (1) and (2), especially the (1)=>(2)
part.
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