BRI ST R S B
#2041% 20174F 65-71

Some results on James type constant
of a Banach space
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1. Introduction

NF o NEEOBMERMEICE T 2R ORIR % 72 i, Jordan-von Neu-
mann [12] 12 & 5 NREZEMORHEO 1, RO, Clarkson [5] iZ & & —kkiMME OB
FTHMD. L, Z=ZRO—FkMMED Clarkson AFERNE W CEEH I A L 51z, E/D
B FHMEBE DL IE/ VAREREZAWTER I NS, 5, N FyNZE# X 0%
fAIZHMEEDOE SV 25T 5B, von Neumann-Jordan S Cy (X ) X° James &
BI(X)RAVEHEERDSD. Oys(X) = 1 IZHEERZ2/EoT ([12), J(X) < 2
(& uniform non-squareness Z DT 5 ([9]). € D%, bk~ REMZHEEHIE
AZh, TN 5 DEHE AW BAZHEEOREOT, 5 WidEBEORFR R
CHREBINTER (f [1,2,3, 8, 13, 14, 15, 16, 18, 20, 21, 22, 26, 30]).

AIFFETIX, James EMD — AL TH 5 James BIEE J,(X) 2ELT 5. J,(X)
1& Takahashi [16] IZ & D BEA X, 2010 FEHA 5 C.Yang % H O REIHNIZHFE X
NTWS (cf. (19, 23, 24, 27, 28, 29]). EARHRZEM T J,(X) OELPKRD 51 TiE
WE, T TRIBD THRIMZRFHREFEEZBN TS, £z, J(X) & J(X) & DR
BREIZDWTHFHMIZEET S, Zhicky, 2hECEICEHRIN-—HDOE
IR RIS Z e A A[RE L 0 5. BERIDFER OBEMEARE 5 L ST,
B b — ALV TE S.

BIF, X & 2IRGTCBA EDRENF v NZEF & U, T DBk E By, BAIBKEZ
Sx T&Y. James E# J(X), von Neumann-Jordan E# Cy;(X), James BIEEK
Jy(X) (oo <t <oo0) BRIRD LS IZERIND.

J(X) = sup {min(le+yll, = -yl : @y € Sx}, W
(et el

Cns(X) = su { e+ 9l '“”"GSX’yEBX}’ ®
x t z — ullt 1/t

Jt(X)zsup{(” +yll ;’” y“) : m,yESX}. (3)

72120, Jo(X) = sup{\/llz + ylllz — ]l : =,y € Sx}, Joo(X) = J(X).
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2. Fundamental properties of the constant J,(X)

NFyNGER X D James BIEH J,(X) CET 2ERK LR EZHNT S (cf
[16, 29]).

(1) V2 < J(X) <2ift <2 and 2"/t < Jy(X) < 2if t > 2.

(ii) Ji(X) is non-decreasing in ¢ € (—00, 00).

(iii) There exists a Banach space X such that J;(X) is strictly increasing in
t € (—o0,00).

J(X) <2®& &, X iZ uniformly non-square & 5§ 5.

(iv) X: uniformly non-square <= J;(X) < 2 for all (some) ¢t € (—o0, 00).

(v) X: uniformly non-square <= J(X) < J;(X) for some t € (—o0, 00).

(vi) For each t € (—o0,00), there exists a uniformly non-square Banach space
X such that J;(X) = J(X).

(vii) X: Hilbert space = J,(X) = 2'"1/" where r = max(2, ).

(viii) X: Hilbert space <= Jo(X)=+2.

IRDFERIL, —BRNZER X D J,(X) 25HRE T 2BAV 515 (Examples 2).
(ix) If J,(X) = 271/% for some s > 2, then J,(X) = 2~/ for all ¢ > s.

3. The constant J;(X) and modulus of convexity

2N F w22 X @D modulus of convexity dx (€), characteristic of convexity eo(X)

EIRDESIZEEIND :For0<e <2
r+y

”: z,y € Sx, ||z — vyl =€},

Sx () = inf {1 -

go(X) =sup{e €10,2]: dx(e) =0}.

go(X) = 0 D& &, X % uniformly convex &F 5. 7z, g(X) < 2 D& &,

X & uniformly non-square & & 5.
Ji(X) OFFEIZIE modulus of convexity dx (e) &A% HiELRH 5 (cf.[23, 29)):

Ji(X) = sup{ (Et”t(l; 5X(5))t)1/t . ce [0,2]}. @)

772U, Jo(X) = sup{ 26e(1—-46x(e)): ee€ [0,2]} > \/2e0(X) (cf.[lj).

J(X) = J_oo(X) =sup {min(e, 2(1 — dx(e))) : € € [0,2]} > o(X).



67

James B J = J(X) &, ARERX 2(1 —dx(e)) = D2 LTRkDEND. DD,
21— Sx(J)) = J (c.[4]).
—RIZ, Ox(c) ZRDBZDIXEZD TRV, go(X) IXHBWEHIZ 0 5.
(4) Rize=¢9(X) ZRALT

€0 t t\ 1/t i 1/t
J(X) > (%) = 214 [1 4 (50(X)/2)1] "

Theorem 1. Let —00 < s < co. Then for any Banach space X
Jo(X) 2 270 [L+ (e0(X)/2)° )
Moreover, if equality holds in the above inequality, then
T(X) =27 [1+ (o(X) 2] (6)
for all t > s.

COEHMOEELRE ZAIIHBYEHDITHS. X 2 uniformly non-square T2
WEE FTADL, X)) = 2D XREETHS. Tz, X Bk, T4b
B eo(X) =00 & X (ix) KD D2 & KT 3. A, ZDEHIE s — —o0
DEEBHLHITE. ZOHE, FER(B) Ik J(X) = J_oo(X) > e(X) THDY,
g0(X) =20,  ZIZRVESHEILT 5.

BAMRER X 2L, TN ETIZH SR %2 AW T J(X) OEPEEIZ
REBIEDVDHB. ZTDEDITE, THETITHEAINZBALHERL J,(X) &
DOEAREHERLU TEL BENDH S.

Jooo(X) = J(X)
IXLRTH DD,

Jo(X) = T(X) = \/205(X) (L, 16]), A (X) = As(X) (3)),

1(X) = VEX)]2 = 1/2C},(X) < v/20xs(X) (2, 8, 16))
BREDHD. AT, BRHOFEREE 1 2HAWT J(X) AfEBITRd 5h b 6%
WMALES.

X =1L, D& &, Cyy(X) W& Clarkson FEXZFHWTEHEINDS (5, 6]). 1 <
p<oo,1l/p+1/p =1, u=min(p,p/) £T2LE Cyns(X)=2¥v"1 TH 5. [Hkk



DHET J(X) =2 (t <) BREND. Jp(X) =217V PR YLD &
5, t>u DEER (ix) EBHVWT J(X) =21 BESNS.

X = (Ly(Ly)) D¥%ED, v =min(p,p',q,¢) &3 % & & Takahashi-Kato [17] ®
BREAVT, J(X) =2V (t < W) PREINB. LEMRoTt>u DEEF
J(X)=21"1t 223, ZhS5BROESIcEeHoND.

Example 1. Let r = max(p,p,t). Then

Je(Ly) = 21717,
Example 2. Let r = max(p,p’,q,¢’,t). Then
Jo(Ly(Lg)) = 21717

Z ORI D= ZEEZ BT LI1ZL D, Sobolev, Besov, Triebel-Sobolev 72 & ®
EE B EEICEATE 5 (cf.[17]).

FRRDFET, ROFIBLREIND.
Example 3. Let X = L, (Ly, ,(...(Lp,)). Then

Jt(X) - 21_1/T,

where r = maX(pl,Pﬁapzap'z, ---apnap;m t)-

Iho OB —RRMERTH D Z 25, (ix) Z AWV, RIZ, —BRT TRV
ZARNTS.

Example 4. For 2 < p < oo and 1 < X < 2'/7 let X, be the space £, with
the norm

12]1xp = max{|lll,, All#loo}-

Then, J,(X»,) = A2"17 if ¢ < p, and J,(Xy,) = 210t [14 (0 — 1)¢/#] " if
t>p.

HIEER, $74bB, ¢t < p DL Fik Kato-Maligranda-Takahashi [13] & 4 <
FARRDFET J(Xyp) = N2IVPARENG, FIEIXBERDTH 5. CYang-
Y.Wang [29] 1%, 9", modulus of convexity Z3Rk&, Zh 2T J(X,,) 258
U7z, BRIZIR AR 72 K 512, modulus of convexity 23K 5 Z & HIEDES TR,
ZIZTEHABIIANS eo(Xnp) ERAVEMD THELTEZBENT 5.

eo(Xap) > 2007 — V)V BEGIZH B DT, BRI DFERD S

Jp(Xap) = 21717 < 21712 [1 4 (( X ,) /2)P] 7
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ehd, BH 1 OFPERS LS, FRBEDILDI EHFNE. KT, o(X),) =
200 — )P, XoTt>pD& EIXEHE 1 OFHEHN % HNT

T(Xnp) = 2710 [1+ (0(Xnp)/2)1] " = 21718 [1 4 (30 — 1))
Example 5. Let X = R? with the norm defined by
|z]| = max{|z1] + (V2 — 1)|za|, |2z2| + (V2 = D|z1|} for z = (z1,22).
Then, Jy(X) = V2 if t <1, and J,(X) = 224 [14+ (V2 - 1)1/ if £ > 1.

T D 2IRITEERM X O BAIERE Sy IREAAKT, J(X)=vV2 THB I &id &<
HonTws, t<10&E, J(X)=v2H X<H5NTWS (cf. [16]). 7z, H
SHMITe(X) =22 -1 ERS, (X)) =v2=1+(X)/2. £oTt>10&
E, EHE1IZkY
Jt(X) — 21—1/t [1 + (EO(X)/z)t]l/t _ 21*1/t l:]- + (\/5 _ 1)t] 1/t .

INSDPFNZRSND &5, BRRIORMPZHER OB EH/ 1 ZHWSZ &
XD, RO J,(X) DEFMEHRIZRDSND Z LB nhrorz. ThBSMzd el
1 28HLUT J(X) DEPBHITRD SN B & D733 v nzEf X ofile LT,
Day-James Z2[H] ly-0, boo-l R EDDH 5.

4. Relations between J;(X) and J(X)

—o<t<oo ¥FB. J(X) < J(X) THEBDS, J(X) & J(X) TLEHSE
fliTsZ L AREL 55, Ji(X) & J(X) OBFELT

J(X) <1421 -1/J(X)) (7)

BHISHT WS ([18, 21]). ZDARERIE Cni(X) < J(X) OFEH TEERKLE % R
7:3'. FRRIZL T,

Jo(X) < 2¢/2(1 - 1/J(X)) ®
PREND., ZOBRO ML LTO<t <o ITHL
TX) <2 L4 21 = 1/70) T ©)

ARENT (19, 23)). (9) Tt =1 DBEH () THB. 22T J,(X) % Jo(X) T
TS B Z LIk D, RER (9) DI E 52 B LT, GEMIRMEERT 5.
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Theorem 2. Let 0 <t < 0co. Then for any Banach space X
Jt(X) < 91-1/t [l + (JO(X)/2)2t] 1/t’
where equality holds only when Jo(X) = /2e0(X).

ZOFEHE (8) 16, AEX(9) HEPNL. (9) TESVHIILT 7DD MBE+Z
ML, Jo(X) = 1/2e0(X), 222, (8) THEEMILT B Z & TH 5. X A uniformly
non-square TRW& Z X, S 2T (9) TEESHKRILT 2D TH 5, uniformly
non-square CHESDKILT 5 L 3% X BEET IDENEID > TVR. 28,
Jo(X) = \/260(X) AR D LD & 57 X Ol & LTI, Day-James Z2f lo-b; 735
3 (cf. [16]).
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