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1 Introduction

This is a survey paper which was presented by the author in the RIMS at Kyoto University. This paper
contains several recent results which obtained by the author. Let us mention on the motivations of our

study related to the theory of manifolds and that of \mathrm{C}^{\infty}-\mathrm{r}\dot{\mathrm{m}}gs.
Let M, N be \mathrm{C}^{\infty}‐mamfolds and \mathrm{C}^{\infty}(M) (resp. \mathrm{C}^{\infty}(N) ) a set of \mathrm{C}^{\infty}‐functions on M(resp. N) .

\mathrm{C}=\mathrm{C}^{\infty}(\mathrm{M}) is a kind o \mathrm{f}^{u}\mathrm{C}^{\infty} ‐ring� with the following property: for any l\in \mathbb{N} and f\in \mathrm{C}^{\infty}(\mathbb{R}^{l}) , there
exists an operation $\Phi$_{f} : \mathrm{C}^{l} \rightarrow \mathrm{C} defined as ( $\Phi$_{[} (hl, \cdots ,  h_{n} )) (x) :=f(h_{1}(x), \ldots,h_{n}(x)) for x \in  M for

h_{1} , \cdots

,  h_{l} \in \mathbb{C} (Definition 2.1. [5]). For an analytic manifold (resp. a Nash manifold) M, we can define

an analytic‐ring \mathrm{C}^{ $\omega$}(\mathrm{M}) (resp. a Nash‐ring \mathcal{N}^{ $\omega$}(\mathrm{M}) ).
For a \mathrm{C}^{\infty} ‐map f : \mathrm{M}\rightarrow N of \mathrm{C}^{\infty} ‐manifolds, there exists a pullback f^{*} : \mathrm{C}^{\infty}(N) \rightarrow \mathrm{C}^{\infty}(M) defined

as f^{*}(c) :=cof\in \mathrm{C}^{\infty}(M) for c\in \mathrm{C}^{\infty}(N) .

We can regard a \mathrm{C}^{\infty} ‐tangent vector field V:\mathrm{M}\rightarrow f^{*}(TN) over f on M as an \mathbb{R}‐derivation

V:C^{\infty}(N)\rightarrow \mathrm{C}^{\infty}(M) along f^{*} , i.e. V is an \mathbb{R}‐linear map with the following property

V(h_{1}h_{2})=f^{*}(h_{1})V(h_{2})+f^{*}(h_{2})V(h_{1}) for all h_{1},h_{2}\in \mathrm{C}^{\infty}(N) .

Note that in this case, V turns to be a \mathrm{C}^{\infty} ‐derivation, i.e. V satisfies that:

V (g\displaystyle \circ(h\mathrm{l}, \cdots, h_{l}))=\sum_{i=1}^{l}(\frac{ $\delta$ g}{\partial x_{i}}\mathrm{o}(f^{*}(h_{1}), \ldots,f^{*}(h_{l})))\cdot V(h_{i}) ,
for any l\in \mathrm{M}, h_{1} , \cdots ,  h_{l}\in \mathrm{C}^{\infty}(N) , and g\in \mathrm{C}^{\infty}(\mathbb{R}^{l}) .

Therefore, any \mathbb{R}‐derivation V : \mathrm{C}^{\infty}(N)\rightarrow \mathrm{C}^{\infty}(\mathrm{M}) along f^{*} is a \mathrm{C}^{\infty} ‐derivation.

Let \mathrm{C} be a \mathrm{C}^{\infty}-\mathrm{r}\dot{\mathrm{m}}\mathrm{g} and \mathfrak{M} be a \not\subset‐module with a \mathbb{C}‐homomorphism  $\phi$:\mathrm{C}\rightarrow \mathfrak{M} . When (under which

condition of \mathrm{C},\mathfrak{M}, $\phi$) does an \mathbb{R}‐derivation V : \mathrm{C} \rightarrow \mathfrak{M} over  $\phi$ become a \mathrm{C}^{\infty}‐derivation? In [9] for a

\mathrm{C}^{\infty}-\mathrm{r}\dot{\mathrm{m}}\mathrm{g}\not\subset and a \mathrm{C}^{\infty}-\mathrm{r}\dot{\mathrm{m}}\mathrm{g}\mathfrak{M}=\mathfrak{D} regarded as a \mathrm{e}‐module, any \mathbb{R}‐derivation V is a \mathrm{C}^{\infty}‐derivation if \mathfrak{D} is

k‐jet determined. In [4] for a Nash‐function f : \mathbb{R}^{n}\rightarrow \mathbb{R}, V ( $\Phi$_{f} (cl, .. ., c_{n}) ) -\displaystyle \sum_{=1}^{n}$\Phi$_{\partial}\neq_{\mathrm{x}_{\overline{i}}} (cl, \cdots ,  c_{n} ) V(c_{i})

become a nilpotent element of \mathfrak{M} for any c_{1} , \cdots ,  c_{n}\in \mathbb{C}.
In Definition 4.16. [5], for a category \mathrm{C}^{\infty} Rings of \mathrm{C}^{\infty}\sim \mathrm{r}\dot{\mathrm{m}}gs and a category \mathrm{L}\mathrm{C}^{\infty}\mathrm{R}\mathrm{S} of local \mathrm{C}^{\infty}\leftarrow \mathrm{r}\dot{\mathrm{m}}ged

spaces, there exists a functor Spec : \mathrm{C}^{\infty}\mathrm{R}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{s}^{\mathrm{o}\mathrm{p}} \rightarrow \mathrm{L}\mathrm{C}^{\infty}\mathrm{R}\mathrm{S} . A \mathrm{C}^{\infty} ‐manifold M is regarded as a \prime\prime \mathrm{c}^{\infty}-
scheme� Spec (\mathrm{C}^{\infty}(\mathrm{M})) . Therefore, we can regard a \mathrm{C}^{\infty} ‐manifold \mathrm{M} as auspace associated with \mathrm{C}^{\infty}(M)''
and a tangent vector field over M as a �derivation \mathrm{C}^{\infty}(M)\rightarrow \mathrm{C}^{\infty}(M)'' . For analyt.c‐rings, Nash‐rings,
we try to regard analytic‐manifolds and Nash‐manifolds as �space associated with analyt \mathrm{c}‐rings and

Nash‐rings�. To define and study of singular point and vector fields on \mathcal{K}‐schemes for \mathcal{K}=\mathrm{C}^{\infty}, \mathrm{C}^{ $\omega$},\mathcal{N}^{ $\omega$},
we study properties of derivations V : ￠ \rightarrow ￠ of \mathcal{K}‐rings.

In §2, we recall the notions of \mathrm{C}^{\infty}‐functions, analytic‐fUnctions, and Nash‐functions. These functions

are closed under sums, products, and partial derivations .

In §3, we recall the notions of \mathrm{C}^{\infty}-\mathrm{r}\dot{\mathrm{m}}gs, \mathbb{R}‐derivations and C^{\infty} ‐derivations. Then we define analytic‐
rings, Nash‐rings and their derivations. We can define ideals of \mathrm{C}^{\infty}-\mathrm{r}\dot{\mathrm{m}}gs (resp. analytic‐rings, Nash‐

rings) and their quotient \mathrm{C}^{\infty}-\mathrm{r}\dot{\mathrm{m}}gs (resp. analyhc‐rings, Nash‐rings).
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In §4, we show the properties for \mathrm{C}^{\infty} ‐rings from the properties of \mathrm{C}^{\infty} ‐functions and its germs. First,
we have a localization of \mathrm{C}^{\infty}(M) at p as a set \mathrm{C}_{p}^{\infty}(M) of germs of \mathrm{C}^{\infty}‐functions at p . Second, we compare
the difference of \mathbb{R}‐derivations and \mathrm{C}^{\infty} ‐derivations of \mathrm{C}^{\infty}-\mathrm{r}\dot{\mathrm{m}}gs.

In §5, we show the properties for analytic‐rings from the properties of analytic‐functions and its

germs. we have that localizahons of \mathrm{C}^{ $\omega$}(M) at p is not isomorphic to \mathrm{C}_{p}^{ $\omega$}(M) .
In §6, we show the properties for Nash‐rings. From [4], we introduce the properties of Nash‐

derivations, i.e. \mathbb{R}‐derivations which satisfies Leibniz rule for Nash‐functions.

2 The kinds of functions

2.1 Definition of functions

For \mathrm{a}=($\alpha$_{1}, \ldots,$\alpha$_{n})($\alpha$_{i}\in\{0\}\mathrm{U}\mathrm{M}) , define | $\alpha$|=$\Sigma$_{\mathrm{i}=1}^{n}$\alpha$_{i} and  $\alpha$! :=$\Pi$_{i=1}^{n}$\alpha$_{i} !.

Definition 1 I. A''\mathrm{C}^{\infty}‐function(A smooth function)� f : \mathbb{R}^{n}\rightarrow \mathbb{R} is afunction which satisfies:
for any positive integer r) 0 and  $\alpha$\in(\{0\}\cup \mathbb{N})^{n} with | $\alpha$|\leq r, there exists the r‐th partial derivative

\neq^{\mathrm{a}_{X^{ $\alpha$}}^{ $\alpha$}} :=\displaystyle \frac{\partial^{$\alpha$_{1}+.\cdot\cdot.\cdot+$\alpha$_{n}}f}{\partial x_{1}^{$\alpha$_{1}}\cdot 8x_{n}^{$\alpha$_{n}}} : \mathbb{R}^{n}\rightarrow \mathbb{R} which is continuous on \mathbb{R}^{n}.

2. A''\mathrm{C}^{ $\omega$} ‐fUnction(An analyt.c function)� f : \mathbb{R}^{n}\rightarrow \mathbb{R} is a \mathrm{C}^{\infty} ‐funciion which satisfies:
for any p\in \mathbb{R}^{n} , there exists an open neighborhood U such that $\Sigma$_{$\alpha$_{ $\alpha$}^{\urcorner}}^{1}.\neq_{x^{ $\alpha$}}^{\partial^{ $\alpha$}}(p)(x-p)^{ $\alpha$} : U\rightarrow \mathbb{R} formally
converges to f on U.

3. For  $\gamma$=0, 1,2, \cdots

, \infty,\mathrm{w}, a''\mathcal{N}^{r}‐functionla \mathrm{C}^{r} Nash function)� f : \mathbb{R}^{n}\rightarrow \mathbb{R} is a \mathrm{C}^{r}‐function which

satisfies:
there exists a non‐zero real polynomial P(x,y) \in \mathbb{R}[x,y] such that P(x,f(x)) =0 on \mathbb{R}^{n}(\mathrm{f}8lJ . We call

C^{ $\omega$} ‐Nashfunctions as Nash‐functions.

There exists a C^{\infty}‐function (resp. a \mathrm{C}^{W}‐function) which is not the C^{ $\omega$} ‐function (resp. the \mathcal{N}^{$\omega$_{-}}

function) from following examples.

Example 1 1 Let  $\eta$ be a function defined as  $\eta$(x) = \left\{\begin{array}{l}
e^{-\frac{1}{X}} (x>0)\\
.  $\eta$ is the \mathrm{C}^{\infty}- function but not the\\
0 (x\leq 0)
\end{array}\right.
analytic function. The derivation of  $\eta$ is  $\eta$'(x) = \left\{\begin{array}{ll}
\frac{1}{x^{2}}e^{-\frac{1}{ $\chi$}} & (x>0) and continuous. Then, the r- th\\
0 & (x\leq 0)
\end{array}\right.
derivation $\eta$^{(r)} is

$\eta$^{(r)}(x) = \{ 0P_{r}(\displaystyle \frac{1}{x})e^{-\frac{1}{x}} (x>0)_{for} a real polynomial P_{r}(x) = \{
x^{2} (r=1)

(x\leq 0) -x^{2}P_{r-1}'(x)+x^{2}P_{r-1}(x) (r\geq 2)
$\eta$^{(r)} is continuousfor any r\geq 0 . Therefore,  $\eta$ is a \mathrm{C}^{\infty}‐function. For any r‐th derivation $\eta$^{(r)}, $\eta$^{(r)}(0)=0.
Therefore, \displaystyle \sum_{=0^{\urcorner_{n}}}^{\infty 1}.$\eta$^{(r)}(0)x^{n} is not equal to  $\eta$ on any neighborhood at  0.

2. A real‐polynomial p(x_{1},\ldots,x_{n}) : \mathbb{R}^{n}\rightarrow \mathbb{R} is a Nashfunction.
p(x) is analytic andfor a non‐zero real‐polynomial P(x,y) :=y-p(x) , P(x,f(x))=0.

3.

f(x)isanalytic andforanon-zeroreal-polynomial P(x,y):=y^{2}-(1+xAfunctionf (x):=\sqrt{1+x^{2}}:\mathbb{R}\rightarrow \mathbb{R}isnotareal-polynomid b

utaNash\ovalbox{\tt\small REJECT}),P(x,f(x))=0
unction.

.

4. Afunction f(x) :=e^{X} : \mathbb{R}\rightarrow \mathbb{R} is analytic but not a Nashfunction.
f(x) is analytic and there does not exists a non‐zero real polynomial P(x,y) such that P(x,f(x))=0.

2.2 Nash manifolds

From Introduction in [8], a subset of \mathbb{R}^{n} is called semialgebraic subset if it is a finite union of sets of the

form

\{x\in \mathbb{R}^{n}|f_{i}(x)=0,g_{i}(x)>0\forall i=1, \cdots,k,j=1,\ldots,l\}
where f_{1} , \cdots ,  f_{k},g_{1} , \cdots ,  g_{l} are real polynomial functions on \mathbb{R}^{n}.
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Definition 2 \langle[8]) Let M be a topological space.

1. A \mathrm{C}^{ $\omega$} ‐Nash manifold (A\mathcal{N}^{W}‐manifold) is a topological space M if there exists an open finite cover

\{U_{ $\alpha$}\}_{ $\alpha$} of M , a finite family \{V_{ $\alpha$}\}_{ $\alpha$} ofopen semialgebraic sets of \mathbb{R}^{n} and homeomorphisms $\phi$_{ $\alpha$} : U_{ $\alpha$}\rightarrow V_{ $\alpha$}
such that $\psi$_{$\beta$^{\circ}}q_{\mathrm{J}_{ $\alpha$}^{-1}}|_{$\psi$_{ $\alpha$}(U_{ $\alpha$}\cap U_{ $\beta$})} : $\varphi$_{ $\alpha$}(U_{ $\alpha$}\cap U_{ $\beta$}) \rightarrow$\psi$_{ $\beta$}(U_{ $\alpha$}\cap U_{ $\beta$}) is a \mathrm{C}^{ $\gamma$} Nash diffeomorphism for any  $\alpha,\ \beta$

(U_{ $\alpha$}\cap U_{ $\beta$}\neq\emptyset) .

2. A \mathrm{C}^{ $\omega$} Nash function is a \mathrm{C}^{W} ‐function f : M\rightarrow \mathbb{R} such that f\circ$\phi$_{\overline{ $\alpha$}}^{1} : V_{ $\alpha$}\rightarrow \mathbb{R} is a \mathrm{C}^{ $\omega$} ‐Nashfunction
for any  $\alpha$.

Definihon 3 I. For a \mathrm{C}^{\infty} ‐manifold (resp. a \mathrm{C}^{W} ‐manifold, a\mathcal{N}^{ $\omega$} ‐manifold) \mathrm{M}, define \mathrm{C}^{\infty}(M) (resp. \mathrm{C}^{ $\omega$}(M) ,
\mathcal{N}^{ $\omega$}(M)) is a set of \mathrm{C}^{\infty} ‐functions (resp. \mathrm{C}^{ $\omega$}‐functions, \mathrm{C}^{ $\omega$} ‐Nashfunctions) on M.

2. \mathrm{C}_{p}^{\infty}(M) (resp. \mathrm{C}_{p}^{ $\omega$}(M), \mathcal{N}_{p}^{ $\omega$}(\mathrm{M})) is a set ofgerms of \mathrm{C}^{\infty}‐functions (resp. C^{W}‐functions, \mathrm{C}^{ $\omega$} ‐Nashfunc‐
tions) at p on M.

From the definition of functions, we have a following property.

\mathrm{C}^{\infty}(M)\supset \mathrm{C}^{W}(M)\supset \mathcal{N}^{ $\omega$}(\mathrm{M}) , \mathrm{C}_{p}^{\infty}(\mathrm{M})\supset \mathrm{C}_{p}^{ $\omega$}(M)\supset \mathcal{N}_{p}^{ $\omega$}(\mathrm{M}) .

We write \mathcal{K} for C^{\infty}, C^{ $\omega$}, \mathcal{N}^{ $\omega$}, and \mathcal{K}^{ $\omega$} for \mathrm{C}^{ $\omega$}, \mathcal{N}^{ $\omega$}.

3 Definitions of rings and their derivations

From Proposition 1.6.2. and 1.6.3. in [1], analytic functions on \mathbb{R}^{n} are closed under sums, products, and

partial derivations. Moreover, analytic functions are closed under compositions from Proposition 1.6.7

in [1].
From Proposition 3.1. in [7], Nash functions on \mathbb{R}^{n} are closed under sums, products, and partial

derivations.

For \mathrm{C}^{\infty}‐functions (resp. \mathrm{C}^{ $\omega$} ‐functions, and Nash-\mathrm{f}\mathrm{u}\mathrm{n} $\alpha$ions), we can define operations of sum, prod‐
uct, and compositions of functions as a following proposition.

Proposition 1 \mathrm{C}^{\infty}(\mathbb{R}^{n}) (resp. \mathrm{C}^{ $\omega$}(\mathbb{R}^{n}), \mathcal{N}^{ $\omega$}(\mathbb{R}^{n})) is closed under sums, products, and compositions, i.e.

f+g,f\cdot g, ho (cl, \cdots ,  c_{m} ) \in \mathcal{K}(\mathbb{R}^{n})

for any f,g,c_{1} , \cdots ,  c_{m} \in \mathcal{K}(\mathbb{R}^{n}) and h \in \mathcal{K}(\mathbb{R}^{m}) . Therefore, C^{\infty}(\mathbb{R}^{n}) (resp. \mathrm{C}^{ $\omega$}(\mathbb{R}^{n}), \mathcal{N}^{w}(\mathbb{R}^{n})) is an \mathbb{R}-

algebra.

3.1 The definition of rings
From Proposition 1, \mathrm{C}^{\infty} ‐functions (resp. analytic‐functions, Nash‐functions) on 1\mathrm{R}^{n} are closed under

the composition (cl, \cdots ,  c_{m} ) \mapsto f\circ (cl, \cdots ,  c_{m} ) by a \mathrm{C}^{\infty}‐funchon (resp. an analytic‐function, a Nash‐

function) f on \mathbb{R}^{m} . A \mathrm{C}^{\infty}-\mathrm{r}\dot{\mathrm{m}}\mathrm{g} is defined in Definition 2.1. [5] by \mathrm{C}^{\infty} ‐functions. We define analytic‐rings
and Nash‐rings as same as \mathrm{C}^{\infty}-\mathrm{r}\dot{\mathrm{m}}gs with the following definition.

Definition 4 1. A \mathrm{C}^{\infty}-\mathrm{r}\dot{\mathrm{m}}\mathrm{g} (differentiable ring) (resp. \mathrm{C}^{ $\omega$} ‐ring(analytic‐ring), \mathcal{N}^{ $\omega$}‐ring (Nash‐ring)
) is a  set\not\subset which satisfies that: for any  l\in\{0\}\cup \mathbb{N} and any \mathrm{C}^{\infty}‐map (resp. \mathrm{C}^{ $\omega$} ‐map, \mathcal{N}^{ $\omega$}‐map) f : \mathbb{R}^{l}\rightarrow
\mathbb{R} (if l=0, f is a constant number of \mathbb{R}), there exists an operation $\Phi$_{f}^{\mathrm{C}} : \mathfrak{C}^{l}\rightarrow \mathbb{C} such fhat

(a) for any  k\in \{0\}\cup \mathrm{M} and any \mathrm{C}^{\infty} ‐maps (resp. \mathrm{C}^{ $\omega$} ‐maps, \mathcal{N}^{ $\omega$}‐maps) g : \mathbb{R}^{k}\rightarrow \mathbb{R} and f_{i} : \mathbb{R}^{l}\rightarrow \mathbb{R}
(i=1, \cdots,k) ,

$\Phi$_{g}^{\mathbb{C}}($\Phi$_{f_{1}}^{\not\subset} (cl, \cdots ,  c_{l} .., $\Phi$_{f_{k}}^{\mathrm{C}} (cl, \cdots ,  c_{l}) ) =$\Phi$_{g\circ(ff)}^{\mathrm{C}}(c_{1}, \cdots, c_{l}) for all c_{1}, \cdots, c_{l}\in \mathrm{C},

(b) for all mojections $\pi$_{i} (xl, \cdots ,  x_{l} ) =x_{i}(i=1, \cdots,l) ,

$\Phi$_{$\pi$_{i}}^{\not\subset} (cl, \cdots ,  c_{l} ) =c_{\mathrm{i}} for dl c1, \cdots

,  c_{l}\in \mathrm{C}.
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2. A morphism between \mathcal{K}‐rings \mathrm{C},\mathfrak{D} is a map  $\psi$:\not\subset\rightarrow \mathfrak{D} such that

$\Phi$_{f}^{\mathfrak{D}} (  $\phi$ (c1), \cdots ,  $\psi$(c_{n}) ) = $\psi$ 0$\Phi$_{f}^{\not\subset} (cl, \cdots ,  c_{n} ) for all f\in \mathcal{K}(\mathbb{R}^{n}),c_{1} , \cdots ,  c_{n}\in\not\subset.

We give examples of rings and homomorphisms.

Example 2 1. Let \mathbb{R} be a set of real numbers. \mathbb{R} has a structure of \mathcal{K}‐ring by the operation $\Phi$_{[}^{\mathbb{R}} : \mathbb{R}^{l}\rightarrow \mathbb{R} for

f\in \mathcal{K}(\mathbb{R}^{l}) as

$\Phi$_{f}^{\mathrm{R}}(r_{1},\ldots,r_{l}) :=f(rl, \cdots ,  r_{l} ) for all r_{1} , \cdots ,  r_{l}\in \mathbb{R}.

2. Let M be a \mathcal{K}‐manifold. \mathcal{K}(M) has a structure of \mathcal{K} ‐ring by the operation $\Phi$_{f}^{\mathcal{K}(\mathrm{M})} : \mathcal{K}(M)^{l}\rightarrow \mathcal{K}(\mathrm{M}) for

f\in \mathcal{K}(\mathbb{R}^{l}) as

$\Phi$_{f}^{\mathcal{K}(M)} (cl, \cdots ,  c_{l} ) :=f\circ (cl, \cdots ,  c_{l} ) for all c_{1} , \cdots ,  c_{l}\in \mathcal{K}(M) .

3. Let f:M\rightarrow N be a \mathcal{K}‐mapp ing of \mathcal{K}‐manifolds. Its pullback f^{*}:\mathcal{K}(N)\rightarrow \mathcal{K}(M) defined as

f^{*}(c) :=c\circ f(c\in \mathcal{K}(N)) is a morphism of \mathcal{K}‐rings.

Definition 5 Let ￠ be a \mathcal{K}‐ring. An \mathbb{R}‐point of \not\subset is defined as a surjective homomorphism p : \mathrm{C} \rightarrow \mathbb{R} of
\mathcal{K}-rings.

Example 3 Let M be a \mathcal{K}‐manifou and p a point ofM. \mathcal{K}(M) has an \mathbb{R}‐point e_{p} : \mathcal{K}(M)\rightarrow 1\mathrm{R} by the operation

e_{p}(f)=f(p) for any f\in \mathcal{K}(M) .

3.2 The \mathbb{R}‐algebra structure of \mathcal{K}‐nngs

From Proposition 1, for any \mathcal{K}‐manifold \mathrm{M}, the \mathcal{K}-\mathrm{r}\dot{\mathrm{m}}\mathrm{g}\mathcal{K}(M) is the \mathbb{R}‐algebra. As same as \mathcal{K}(\mathrm{M}) , any

\mathcal{K}-\mathrm{r}\dot{\mathrm{m}}\mathrm{g}\not\subset has the natural \mathbb{R}‐algebra structure. From the operations $\Phi$_{f} of \mathcal{K}‐rings in Definition 4, define

operations of the \mathbb{R}‐algebra as

\bullet the addition on \not\subset by  c+c' :=$\Phi$_{(x,y)\mapsto x+y}(c,c') ,
\bullet the multiplication on \mathbb{C} by c\cdot c' :=$\Phi$_{(x,y)\mapsto xy}(c,c') , and

. the scalar multiplication by  $\lambda$\in \mathbb{R} by  $\lambda$ c :=$\Phi$_{x\mapsto $\lambda$ x}(c) .

We see that elements 0 and 1 in ￠ are given by
\bullet  0_{\mathrm{C}} :=$\Phi$_{\emptyset\mapsto 0}(\emptyset) and

\bullet  1_{\mathrm{C}}:=$\Phi$_{\emptyset\mapsto 1}(\emptyset) .

An ideal of the \mathrm{C}^{\infty}-\mathrm{r}\dot{\mathrm{m}}\mathrm{g} is defined as an ideal of the commutative \mathbb{R}‐algebra ([5]). Then, an ideal of the

analytic‐ring (resp. Nash‐ring) is defined as an ideal oỈ the commutative \mathbb{R}‐algebra as same as \mathrm{C}^{\infty}-\mathrm{r}\dot{\mathrm{m}}gs.
We have Hadamard�s Lemma for \mathrm{C}^{\infty}‐functions, \mathrm{C}^{ $\omega$} ‐functions, and Nash‐functions as a following

corollary.

Corollary 1 For any \mathcal{K}‐functions f\in \mathcal{K}(\mathbb{R}^{n}) , there exists n-\mathcal{K}‐functions g_{1} , \cdots ,  g_{n}\in \mathcal{K}(\mathbb{R}^{2n}) such that

f(x+y)-f(x)=\displaystyle \sum_{i=1}^{n}y_{i}g_{i}(x,y) for all x=(x_{1},\ldots,x_{n}),y=(y_{1},\ldots,y_{n})\in \mathbb{R}^{n}.

Therefore, we define a quotent \mathcal{K}-\mathrm{r}\dot{\mathrm{m}}\mathrm{g} by an ideal of the \mathcal{K}‐rmg as same as Definition 2.7. in [5]. Let

\not\subset be a \mathcal{K}‐ring and I\subset \mathrm{e} be an ideal as an \mathbb{R}‐module. From Corollary 1, for any f\in \mathcal{K}(\mathbb{R}^{n}) , there exists

g_{1} , \cdots ,  g_{n}\in \mathcal{K}(\mathbb{R}^{2n}) such that

$\Phi$_{f}^{ $\epsilon$}(c_{1}+i_{1}, \ldots,c_{n}+i_{n})-$\Phi$_{f}^{\mathbb{C}} (cl, \cdots ,  c_{n} ) =\displaystyle \sum_{j=1}^{n}i_{j}$\Phi$_{g_{i}}^{\not\subset} (cl, \cdots ,  c_{n} , i\mathrm{l} , \cdots ,  i_{n} )

for any c_{1} , \cdots ,  c_{n}\in \mathrm{C} and i_{1} , \cdots ,  i_{n}\in 1 . We can define a quotient \mathcal{K}-\mathrm{r}\dot{\mathrm{m}}\mathrm{g}e/I as

$\Phi$_{f}^{\mathrm{C}/\mathrm{J}}(c_{1}+1, \ldots,c_{n}+I) :=$\Phi$_{f}^{\not\subset} (cl, \cdots ,  c_{n} ) +I for any f\in \mathcal{K}(\mathbb{R}^{n}),c_{1}+I, \cdots ,  c_{n}+I\in\not\subset/I.
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3.3 Localizations and local rings
Definition 6 (Joyce [5] for \mathrm{C}^{\infty}‐rings) Let\not\subset be a \mathcal{K}‐ring and p an \mathbb{R}‐point of ￠.

1. We call a \mathcal{K}‐ring \mathbb{C}_{p} with following properties a localization of\not\subset at p.

(a) There exists a unique morphism $\pi$_{ $\rho$} : \mathrm{C}\rightarrow \mathrm{C}_{p} such that

$\pi$_{\mathrm{p}}(s) is invertible in \mathrm{t}_{p} for all s\in p^{-1}(\mathbb{R}\backslash \{0\}) . (1)

(b) If there exists a morphism  $\phi$ :\not\subset\rightarrow \mathfrak{D} which satisfies (1), there exists a unique morphism ỷpp : \mathrm{C}_{p}\rightarrow \mathfrak{D}
such that $\psi$_{p}\circ$\pi$_{p}= $\phi$.

2. A \mathcal{K}‐ring \mathrm{C} is called a \mathcal{K}‐local ring if￠ has a unique maximal ideal m_{\mathbb{C}} which satisfies \mathrm{C}/m_{\mathbb{C}}\cong \mathbb{R}.

Any localization \mathrm{e}_{p} of \mathcal{K}-\mathrm{r}\dot{\mathrm{m}}\mathrm{g}\not\in: at any \mathbb{R}-pontp is a \mathcal{K}‐local ring with a maximal ideal m_{p}\subset \mathrm{e};_{p}.
For a \mathcal{K}‐manifold M and its point p with an \mathbb{R}‐point e_{p} defined as e_{p}(f) = f(p) , there exists a

localization \mathcal{K}(M)_{\mathrm{p}} :=\mathcal{K}(M)_{e_{p}} of \mathcal{K}(M) at e_{p} with a homomorphism $\pi$_{p} : \mathcal{K}(M)\rightarrow \mathcal{K}(\mathrm{M})_{ $\rho$} defined as

$\pi$_{p}(f) =f/1 . The set \mathcal{K}_{p}(M) of germs of \mathcal{K}‐functions on M at p has a homomorphism $\phi$_{\mathrm{P}} : \mathcal{K}(M) \rightarrow

\mathcal{K}_{p}(\mathrm{M}) defined as $\varphi$_{p}(f) :=\lceil f,M]_{p}.
For any f \in \mathcal{K}(M) with f(p) \neq  0, $\psi$_{\mathrm{P}}(f) := [f, M]_{\mathrm{p}} has an invertible element [_{7}^{1},f^{-1}(\mathbb{R}\backslash \{0\})]_{\mathrm{p}}.

Then, there exists a unique homomorphism $\iota$_{p} : \mathcal{K}(M)_{p}\rightarrow \mathcal{K}_{p}(M) such that $\iota$_{ $\rho$}\circ$\pi$_{\mathrm{p}}=$\varphi$_{p}.

3.4 \mathbb{R}‐derivations and \mathcal{K}‐denvations

For [3], \mathbb{R}‐derivations on a \mathrm{C}^{\infty}-\mathrm{r}\dot{\mathrm{m}}\mathrm{g} are defined as \mathbb{R}‐derivations of the \mathbb{R}‐algebra. \mathrm{C}^{\infty}‐derivations on a

\mathrm{C}^{\infty} ‐nng are defined in [5]. We define \mathrm{C}^{ $\omega$} ‐derivations (analytic‐derivations) and \mathcal{N}^{ $\omega$} ‐derivations (Nash‐
derivahons) as same as \mathrm{C}^{\infty} ‐derivations with the following definition.

Definition 7 Ưoyce [5] for \mathrm{C}^{\infty}‐rings) Suppose ￠ is a \mathcal{K}‐ring, and \mathfrak{M} a C‐module.

1. An \mathbb{R}‐derivation is an \mathbb{R}‐linear map d :\not\subset\rightarrow \mathfrak{M} with

d(c_{1}c_{2})=c_{2}d(c_{1})+c_{1}d(c_{2}) for any c_{1},c_{2}\in\not\subset.

2. A \mathcal{K}‐derivation is an \mathbb{R}‐linear map d : e\rightarrow M with

d ( $\Phi$_{f} (cl, \cdots ,  c_{n}) ) =\displaystyle \sum_{i=1}^{n}$\Phi$_{\partial}\#_{x_{i}} (cl, \cdots ,  c_{n} ) \cdot d(c_{i}) for any n\in \mathbb{N},f\in \mathcal{K}(\mathbb{R}^{n}),c_{1} , \cdots ,  c_{n}\in \mathrm{C}.

3. Let d : \mathrm{C}\rightarrow \mathfrak{M} be a K‐derivation (K=\mathbb{R},\mathcal{K}) . We call a pair (\mathfrak{M},d) a K‐cotangent module for \mathrm{C} if
for any K‐derivation d' : \mathrm{C}\rightarrow \mathfrak{M}' there exists a unique morphism  $\varphi$ : \mathfrak{M}\rightarrow \mathfrak{M}' of \mathrm{C}‐modules such that

ỷJ \circ d=d' . Then we write ($\Omega$_{\mathrm{C},K},d_{\mathrm{C}_{v}K}) for the K‐cotangent modulefor \mathbb{C}

We have that any \mathcal{K}‐derivation is an \mathbb{R}‐derivation since there exists a function f(x_{1},x_{2})=x_{1}x_{2} with

x_{2}\partial[=x_{1}, \neq_{x_{1}}^{\mathrm{a}}=x_{2} which is a product of \mathcal{K}‐rings.
For a Nash‐function f on an open set \mathbb{R}^{n} , a partial derivation of f is also the Nash‐function ([7]).

Therefore, we have a following example of derivations as partial derivations.

Example4 Let U be an open set of \mathbb{R}^{n}. \mathrm{C}^{\infty}(U) (resp. \mathrm{C}^{ $\omega$}(U), \mathcal{N}^{ $\omega$}(U)) is closed under partial denvations

r_{x_{1}}^{ $\delta$} , \cdots ,  $\sigma$\displaystyle \frac{\partial}{x_{n}} , i.e.

\displaystyle \frac{\partial f}{\partial x_{i}}\in \mathcal{K}(U) for any i=1, \cdots ,  n,f\in \mathcal{K}(U) .

TherefOre,for c_{1} , \cdots ,  c_{n}\in \mathcal{K}(U) , $\Sigma$^{n}c_{i}^{\partial_{-}} : \mathcal{K} (U) \rightarrow \mathcal{K} (Ư) is a \mathcal{K} ‐derivation.

We show examples of \mathrm{C}^{\infty}‐derivations for \mathrm{C}^{\infty} ‐mainfolds.
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Example 5 Let \mathrm{M} be a \mathrm{C}^{\infty}‐manifold and  $\Gamma$(T^{*}M) be the set of \mathrm{C}^{\infty} ‐sections to the cotangent bundle T^{*}\mathrm{M} on M.

1. For any f\in \mathrm{C}^{\infty}(M) , define a \mathrm{C}^{\infty} ‐section df : M\rightarrow T^{*}M by

df(v) :=v(f) for any x\in M and v\in T_{x}\mathrm{M}.

Define an \mathbb{R}‐derivation d : \mathrm{C}^{\infty}(M)\rightarrow $\Gamma$(T^{*}M) as d(f) :=df.

2. Let V:M\rightarrow TM bea \mathrm{C}^{\infty}‐vectorfield ofM as V_{x}\in T_{x}Mfor x\in M . Define V(f)\in \mathrm{C}^{\infty}(\mathrm{M}) by

(V(f))(x):=V_{X}(f) .

We regard V : \mathrm{C}^{\infty}(M)\rightarrow \mathrm{C}^{\infty}(\mathrm{M}) as an \mathbb{R}‐derivation.

4 Differentiable rings
4.1 Germs of C^{\infty}‐frnctions

Lemma 1 Let M be a \mathrm{C}^{\infty} ‐manifold, p a point ofM and Ư an open neighborhood at p ofM.

1. There exists  $\eta$\in \mathrm{C}^{\infty}(M) and an open neighborhood V at p of Ư such that

 $\eta$(x)=\left\{\begin{array}{l}
1 (x\in V)\\
0 (x\in M\backslash U) .
\end{array}\right.
2. For any f\in \mathrm{C}^{\infty}(U) , there exists g\in \mathrm{C}^{\infty}(M) such that f|_{V}\equiv g|v.

4.2 The localizations for C^{\infty}‐nngs

Let M be a \mathrm{C}^{\infty} ‐mam
\cdot

fold. Suppose that  p\in M is a point and U is an open neighborhood of M at p . We

can define a morphism $\pi$_{p}^{U} : \mathrm{C}^{\infty}(U)\rightarrow \mathrm{C}_{p}^{\infty}(M) of \mathrm{C}^{\infty}-\mathrm{r}\dot{\mathrm{m}}gs as $\pi$_{p}^{U}(f) :=[f, U]_{p}.
From Lemma 1, we have a following property about germs of \mathrm{C}^{\infty}‐functions on a C^{\infty}‐manifold.

Corollary 2 $\pi$_{p}^{U} : \mathrm{C}^{\infty}(U)\rightarrow \mathrm{C}_{ $\rho$}^{\infty}(M) is surjective.

We have defined the morphism i_{p} : \mathrm{C}^{\infty}(M)_{p}\rightarrow \mathrm{C}_{p}^{\infty}(M) . From the following corollary, $\iota$_{p} is isomor‐

phism and (\mathrm{C}_{p}^{\infty}(M), $\pi$_{\mathrm{p}}^{\mathrm{M}}) is regarded as a localization of \mathrm{C}^{\infty}(M) at p.

Corollary 3 (Joyce [5]) For a \mathrm{C}^{\infty}‐ring C^{\infty}(M) and its \mathbb{R}‐point e_{\mathrm{P}} : \mathrm{C}^{\infty}(M)\rightarrow \mathbb{R} by a point p\in M, we have
the isomorphism \mathrm{C}^{\infty}(M)_{e_{ $\rho$}}\cong \mathrm{C}_{p}^{\infty}(\mathrm{M}) .

4.3 Derivations of \mathrm{k}‐iet determined C^{\infty}‐nngs

\mathrm{C}^{\infty}(\mathrm{M}) is embedded to $\Pi$_{p\in \mathrm{M}}\mathbb{R} by f \mapsto \{f(p)\}_{ $\rho$\in M} . Then \mathrm{C}^{\infty}(\mathrm{M}) is point determined in Def nition

4.1. [6]. We define k‐jet determined as the generalization of point determined.

Definition 8 (Yamashita [9]) Let \mathrm{C} be a \mathrm{C}^{\infty} ‐ring and k \in \{0\}\mathrm{U}\mathrm{M}\mathrm{U}\{\infty\} . For an \mathbb{R}‐point p of ￠,define a

homomorphism j_{p}^{k} : \mathrm{C}\rightarrow \mathrm{C}_{p}/m_{\mathrm{p}^{k+1}} by i_{\mathrm{P}}^{k}(c) :=$\pi$_{p}(c)+m_{p}^{k+1} for c\in C (If  k=\infty, we mean  m_{p^{k+1}} by
m_{p^{\infty}}:=\displaystyle \bigcap_{k\in \mathbb{N}}m_{p^{k}}J . Define i^{k} :\not\subset\rightarrow$\Pi$_{\mathrm{p}:\mathrm{C}\rightarrow \mathbb{R}}\mathrm{C}_{p}/m_{p}^{k+1} as i^{k} :=(j_{p}^{k})_{p:\mathrm{C}\rightarrow \mathrm{R}}.

￠ is a k‐iet determined \mathrm{C}^{\infty} ‐ring if i^{} is injective.

Theorem 1 (Yamashita [9]) Let \mathrm{C},\mathfrak{D} be \mathrm{C}^{\infty} ‐rings,  $\psi$ : \mathrm{C}\rightarrow \mathfrak{D} a homomorphism of \mathrm{C}^{\infty}‐rings and  k\in \{0\}\cup
\mathbb{N}\cup\{\infty\} . Suppose that CD is k‐iet determined.

Then any \mathbb{R}‐derivation V:\mathbb{C}\rightarrow \mathfrak{D} over  $\varphi$ is a \mathrm{C}^{\infty} ‐den
\cdot

vation.

Example 6 Let  M be a \mathrm{C}^{\infty} ‐manifold. There exists an injection i^{0} : \mathrm{C}^{\infty}(M) \displaystyle \rightarrow\prod_{\mathrm{p}\in M}\mathbb{R} defined as 1^{ $\theta$}(f) :=

\{f(p)\}_{p\in M} . Then, \mathrm{C}^{\infty}(M) be a 0‐jet determined \mathrm{C}^{\infty} ‐ring.
Th\ell 7 $\phi$ ore,from Theorem 1,for a smooth mapping f : \mathrm{M}\rightarrow N of \mathrm{C}^{\infty} ‐manifolds, any \mathbb{R}‐derivation

V:\mathrm{C}^{\infty}(N)\rightarrow \mathrm{C}^{\infty}(M) along f^{*}:\mathrm{C}^{\infty}(N)\rightarrow \mathrm{C}^{\infty}(\mathrm{M}) is \mathrm{C}^{\infty}‐derivation.
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The condition of k‐jet determined is need to Theorem 1. From D. Joyce [5] Remark 5.5., we have an

example that all \mathbb{R}‐derivation are not \mathrm{C}^{\infty}‐derivations.

Example 7 Ưoyce [5]) Let ￠ be a \mathrm{C}^{\infty} ‐ring \mathrm{C}^{\infty}(\mathbb{R}) .
Por the \mathbb{R}‐cotangent module ($\Omega$_{\mathbb{C},\mathrm{R}},d_{\mathrm{C},\Re}) , d_{\mathrm{C},\mathrm{R}} :\not\subset\rightarrow$\Omega$_{\mathrm{C},\mathrm{R}} is an \mathbb{R}‐derivation but not a \mathrm{C}^{\infty} ‐derivation.

$\Omega$_{\mathrm{C},\mathrm{C}}\infty is afinitely generated \not\subset‐module generated by  d(x) . $\Omega$_{\mathrm{C},\mathrm{R}} is not afinitely generated generated C‐

module.

In fact, for the exponential e^{x}\in \mathrm{C}^{\infty}(\mathbb{R}) , e^{x}d_{\mathrm{C},\mathrm{R}}(x)-d_{\not\subset j\mathrm{R}}(e^{x})\neq 0 in  $\Omega$\not\subset,\mathrm{R}.

5 Analytic‐rings
5.1 Germs of analytic functions

From Lemma 1, for a \mathrm{C}^{\infty}‐manifold M and a point p, there exists a \mathrm{C}^{\infty} ‐function  $\eta$ \in \mathrm{C}^{\infty}(M) and open

neighborhoods V\subset U of M at p such that  $\eta$|_{V}\equiv 1 and  $\eta$|_{M\backslash \overline{U}}\equiv 0.
For a connected \mathrm{C}^{ $\omega$} ‐manifold (resp. \mathcal{N}^{ $\omega$} ‐manifold) M, a germ [f, U]_{p} of \mathrm{C}^{ $\omega$}‐imctions which is ex‐

tendable to M have a unique function g\in \mathrm{C}^{\infty}(\mathrm{M}) whose germ is [f, U]_{p} for following lemmas.

Lemma 2 Let \mathrm{M} be a connected \mathrm{C}^{ $\omega$}‐manifold and f be a real-\mathrm{C}^{ $\omega$} ‐function on M. f=0 on M ifand only if there

exists a non‐empty open subset U\subset M such that f|_{U}\equiv 0.

Lemma 3 Let f be a real-C^{ $\omega$} ‐function on \mathbb{R}^{n}. f=0 on \mathbb{R}^{n} ifand only if there exists a point p\in \mathbb{R}^{n} such that

\neq_{x^{ $\alpha$}}^{\partial^{ $\alpha$}}(p)=0 for any  $\alpha$.

5.2 Germs of analytic rings and Nash rings
Let \mathrm{M} be a \mathrm{C}^{ $\omega$}‐manifold(oesp. \mathcal{N}^{ $\omega$} ‐manifold). Suppose that x \in  M is a point and i : V \rightarrow  U is an

inclusion of open connected subsets in M . We can define morphisms of \mathcal{K}^{ $\omega$}-\mathrm{r}\dot{\mathrm{m}}gs as

$\rho$_{\mathrm{U}V}:\mathcal{K}^{ $\omega$}(U)\ni f\mapsto f|v\in \mathcal{K}^{ $\omega$}(V) ,

$\pi$_{p}^{U}:\mathcal{K}^{ $\omega$}(U)\ni f\mapsto[f, U]_{p}\in \mathcal{K}_{p}^{ $\omega$}(M) .

From Lemma 2 and Lemma 3, we have a following corollary.

Corollary 4 1.  $\rho$ uv and $\pi$_{p}^{U} are injective.

2. For a maximal ideal m_{p}=\{f\in \mathcal{K}^{ $\omega$}(M)|f(p)=0\} of \mathcal{K}^{ $\omega$}(\mathrm{M}) , m_{p}^{\infty}=\mathrm{n}_{i=1}^{\infty}m_{p}^{i}=0.
We have defined the morphism i_{p} : \mathrm{C}^{ $\omega$}(M)_{p}\rightarrow \mathrm{C}_{p}^{ $\omega$}(M) . $\iota$_{\mathrm{p}} is not isomorphism. For example, take an

analytic function f(x) := \displaystyle \frac{1}{1-x} on (-1,1) and a point 0\in \mathbb{R}. f(x) =$\Sigma$_{i=0}^{\infty}x^{n} on (-1,1) . We can�t take

g\in \mathrm{C}^{W}(\mathbb{R}) such that [g,\mathbb{R}]_{0}=[f, (-1.1)]_{0} . Therefore, $\iota$_{0} : \mathrm{C}^{ $\omega$}(\mathbb{R})_{0}\rightarrow \mathrm{C}_{0}^{ $\omega$}(\mathbb{R}) is not surjective, moreover

not isomorphism.

6 Nash‐rings
6.1 The condition of Nash functions by Kähler‐differential spaces

Suppose that U\subset \mathbb{R}^{n} be an open connected semialgebraic subset.

For Nash‐functions on \mathbb{R}^{n} , we have a following theorem for Nash‐derivations of Nash‐rings.

Theorem 2 (lshikawa‐Yamashita [4]\rangle A real analyticfunction  f\in \mathrm{C}^{ $\omega$}(U) is a Nash‐function if and only if
there exists a Nashfunction g\in \mathcal{N}^{ $\omega$}(U)(g\neq 0) such that

g(df-\displaystyle \sum_{i=1}^{n}\frac{\partial f}{ $\delta$ x_{i}}dx_{i})=0
in $\Omega$_{\mathrm{C}^{ $\omega$}(U),\mathbb{R}} and $\Omega$_{\mathrm{C}^{\infty}(U),\mathbb{R}}
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From Theorem 2 about Nash‐fumctions and Nash‐derivations, we have a following property.

Theorem 3 Suppose that \mathfrak{A} is a Nash‐ring and \mathfrak{M} be an \mathfrak{A}‐module with an \mathbb{R}‐derivation V : \mathfrak{A}\rightarrow \mathfrak{M}.

For any f\in \mathcal{N}^{W}(\mathbb{R}^{n}) and c_{1} , \cdots ,  c_{n}\in \mathfrak{A},

V ( $\Phi$_{f} (cl, \cdots ,  c_{n}) ) -\displaystyle \sum_{i=1}^{n}$\Phi$_{\partial}\#_{x_{i}} (cl, \cdots ,  c_{n} ) V(c_{\mathrm{i}})

is a nilpotent element in M.

6.2 Ideals of Nash rings
For \mathrm{C}^{\infty} ‐rings, all finitely generated \mathrm{C}^{\infty} ‐nngs are not finitely presented \mathrm{C}^{\infty}-\mathrm{r}\dot{\mathrm{m}}gs, i.e. \mathrm{C}^{\infty}-\mathrm{r}\dot{\mathrm{m}}gs of the
form \mathrm{C}^{\infty}(\mathbb{R}^{n})/\langle f_{1} , \cdots ,  f_{k}\}_{\mathrm{C}^{\infty}(\mathrm{R}^{n})} by f_{1} , \cdots ,  f_{k}\in \mathrm{C}^{\infty}(\mathbb{R}^{n}) .

From Corollary 1.5.5.\dot{\mathrm{m}} p41 [8] and Theorem 8.7.15 in [2], we have a following proposition.

Proposition 2 (Shiota I8]) Suppose that M be an afine \mathcal{N}^{ $\omega$} ‐manifold, such that there exists an \mathrm{C}^{ $\omega$} Nash em‐

bedding i:M\rightarrow \mathbb{R}^{m}. \mathcal{N}^{ $\omega$}(\mathrm{M}) is a Noether ring, i.e. for any ideal I\subset \mathcal{N}^{ $\omega$}(\mathrm{M}) , there exisfs finitefunctions
g_{1} , \cdots ,  g_{k}\in I such thfft l=\{g_{1} , \cdots ,  g_{k}\rangle_{\mathcal{N}^{ $\omega$}(M)}.

Therefore, any finite generated \mathcal{N}^{ $\omega$} ‐ring is finitely presented.

6.3 The localizations of Nash‐rings
For a sheaf O_{\mathrm{X}} on a topological space X, a sequence \cdots \mathcal{F}^{i-1}\rightarrow\overline{\prime\prime}i\rightarrow\overline{\prime r^{ $\iota$+1}}\rightarrow\cdots of \mathcal{O}_{X} is exact if and

only if a sequence \cdots \mathcal{F}_{p}^{i-1}\rightarrow \mathcal{F}_{p}^{i}\rightarrow\overline{f}_{p}^{i+1}\rightarrow\cdots of \mathrm{O}_{X,p} is exact for any p\in \mathrm{X} ([3]).

Proposition 3 (Shiota [8]) For a Nash‐ring \mathcal{N}^{ $\omega$}(\mathbb{R}^{n}) and its \mathbb{R}‐point e_{t^{J}} : \mathcal{N}^{ $\omega$}(\mathbb{R}^{n}) \rightarrow \mathbb{R}, \mathcal{N}_{r^{ $\omega$}}(\mathbb{R}^{n}) is faith‐
fullyflat on \mathcal{N}^{ $\omega$}(\mathbb{R}^{n})_{e_{P}} , i.e. any sequence of \mathcal{N}^{ $\omega$}(\mathbb{R}^{n})_{e_{p}}

.. . \rightarrow\Re_{ $\eta$-1}\rightarrow\Re_{ $\eta$}\cdot\rightarrow\Re_{i+1}\rightarrow\cdots,

is exact ifand only if the sequence of \mathcal{N}_{p}^{ $\omega$}(\mathbb{R}^{n})

\cdots\rightarrow \mathfrak{R}\otimes \mathcal{N}_{p}^{ $\omega$}(\mathbb{R}^{n})\rightarrow \mathfrak{R}_{ $\eta$}\cdot\otimes,\mathcal{N}^{ $\omega$}(\mathbb{R}^{n})\rightarrow \mathfrak{R}\otimes \mathcal{N}_{\mathrm{p}}^{ $\omega$}(\mathbb{R}^{n})\rightarrow\cdots

is exact.

For a \mathrm{C}^{\infty}-\mathrm{r}\dot{\mathrm{m}}\mathrm{g}\mathrm{C}^{\infty}(M) , above Proposition satisfies since \mathrm{C}_{p}^{\infty}(M)\equiv C^{\infty}(\mathrm{M})_{e_{ $\rho$}} for any point p\in M

A Analytic‐ringed spaces and Nash‐ringed spaces

A \mathrm{C}^{\infty}-\mathrm{r}\dot{\mathrm{m}}ged space is defined in [5]. We define \mathrm{C}^{ $\omega$}-\mathrm{r}\dot{\mathrm{m}}ged spaces (resp. Nash‐ringed spaces) and a

functor Spec as same as \mathrm{C}^{\infty}-\mathrm{r}\dot{\mathrm{m}}gs with the following definitions.

A.l The definition of analytic‐ringed spaces and Nash‐ringed spaces

Definition 9 I. A\mathcal{K}^{ $\omega$} ‐ringed space \underline{\mathrm{X}}= (\mathrm{X},\mathcal{O}_{X}) is a topological space X with a sheaf O_{X} of \mathcal{K}^{ $\omega$} ‐nngs on

\mathrm{x}.

2. A morphism f=(f,f^{*}):(\mathrm{X}, \mathrm{O}_{\mathrm{X}})\rightarrow(\mathrm{Y}, \mathcal{O}_{Y}) of \mathcal{K}^{ $\omega$}‐ringed spaces is a continuous map f : \mathrm{X}\rightarrow $\gamma$ and

a morphism  f^{\overline{\#}} : O_{\mathrm{Y}}\rightarrow f_{*}(O_{\mathrm{X}}) ofsheaves of \mathcal{K}^{ $\omega$}‐rings on Y.

3. A local \mathcal{K}^{ $\omega$} ‐ringed space X = (\mathrm{X}, O_{X}) is a \mathcal{K}^{ $\omega$} ‐ringed space for which O_{X,x} are \mathcal{K}^{ $\omega$} ‐local rings for all

x\in \mathrm{X}.
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A.2 The examples of analytic‐ringed spaces and Nash‐ringed spaces

Example 8 Let \mathrm{M} be a \mathcal{K}^{ $\omega$}‐manifold.

1. For an open set U\subset M, define O_{M}(U) as a set offunctions \mathrm{s} : U\rightarrow\coprod_{x\in U}\mathcal{K}^{ $\omega$}(M)_{e_{\mathrm{p}}} such thatfor any

point x \in Ư, there exists  a open neighborhood V\subset U at p and elements c,d\in \mathcal{K}^{W}(M)(d(p)\neq 0) which

satisfll \mathrm{s}(q)=$\pi$_{q}(c)$\pi$_{q}(d)^{-1} for any point q\in U.

2. Define \mathrm{O}_{M}' as \mathcal{O}_{M}'(U) :=\mathcal{K}^{ $\omega$}(U) for any open set U\subset M.

Then, (M, O_{ $\lambda$ 4}) and (M, O_{M}') are \mathcal{K}^{ $\omega$} ‐ringed spaces.

A.3 The definition of Spec
Definition 10 Ooyce [5]) 1. For a \mathrm{C}^{\infty}-nng\mathrm{C}, define a \mathrm{C}^{\infty} ‐ringed spaceX￠ as followings.

(a) Define a topological space X￠ as followings by C^{\infty} ‐ring C.

. Define a set X_{\mathrm{C}} :=\{x : \mathrm{e}\rightarrow \mathbb{R}|x is a \mathbb{R}‐point  of\not\subset
\bullet For each  c\in\not\subset, define  c_{*}:X_{\mathrm{C}}\ni x\mapsto x(c)\in \mathbb{R}.
\bullet Set a topology of X￠ as a smallest topology  T_{\mathrm{C}} such that c_{*}is continuousfor all c\in \mathbb{C}.

(b) For an open subset U\subset \mathrm{X}_{\mathrm{C}} , define O_{x_{\mathrm{c}}}(U) as a set offunctions \mathrm{s} : U\rightarrow\coprod_{x\in U}\mathbb{C}_{x} with following
properties

\bullet For each  x\in U, s(x)\in \mathfrak{c}_{x} is satisfied.
\bullet  U is covered by open set V with

for some c,d\in \mathrm{C}(\forall x\in V, $\pi$_{x}(d)\neq 0) , $\pi$_{X}(c)$\pi$_{x}(d)^{-1}=s(x)(\forall x\in V) is satisfied.

2. Therefore define the following \mathrm{C}^{\mathrm{o}\mathrm{o}} ‐ringed space

Spec \mathrm{C} :=(\mathrm{X}_{\mathrm{C}},\mathrm{O}_{X_{\mathrm{c}}}) .
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