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Abstract—Mobile robots for automatically transporting
products in factories and warehouses contribute to an increase in
efficiency. Omnidirectional mobile robots can move immediately
in an arbitrary direction and overcome the disadvantages of lack
of mobility in conventional mobile robots. However, the
omnidirectional mobile robots proposed in the past have not been
as reliable as the conventional mobile robots such as AGVs due to
their complicated wheel mechanisms. This research proposes a
novel omnidirectional mobile robot named SWOM
(slidable-wheeled omnidirectional mobile robot), which has three
wheels that connect to the robot body by three passive sliding
joints. The relative movements of the sliding joints allow SWOM
to use conventional wheels. Thus, SWOM realizes both
omnidirectional mobility and structural reliability. In this paper,
we discuss the kinematic conditions for omnidirectional mobile
robots and prove theoretically that SWOM can achieve
omnidirectional movement. We present a kinematic analysis, a
reachable region evaluation considering the limited movable
range of the sliding joints, and trajectory generation that enables
SWOM to move unlimitedly. We develop a prototype of SWOM
and conduct experiments that show SWOM actually moves
according to the theory. From the above, we verify the
effectiveness of SWOM as an omnidirectional mobile robot.

Index Terms—Mobile robot kinematics, mobile robots, motion
analysis.

I. INTRODUCTION

OBILE robots such as AGVs are used to carry products in

factories and warehouses for automation and efficiency.
The typical mobile robot is either a differential wheeled robot,
which has two parallel fixed wheels [Fig. 1(a)] that move
independently, or a steerable wheeled robot, which has one or
more orientable wheels [Fig. 1(b)] that can turn around the
steering axis and change direction. These wheeled mobile
robots have the advantage of a simple and reliable structure.
However, they are nonholonomic mobile robots. This means
that they cannot move immediately in certain directions.
Therefore, they need a switchback or a turnabout when moving
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in a particular direction, such as sideways. Such movements
require extra time and space.

In contrast, omnidirectional mobile robots can move
immediately in an arbitrary direction. This superb mobility
makes a switchback or a turnabout unnecessary and enables the
robot to move efficiently. A typical omnidirectional mobile
robot has omni wheels [Fig. 1(c)] or Mecanum wheels [Fig.
1(d)], whose circumferences consist of free rollers [1]-[7].
Their mobility allows applications such as a variable wheel
arrangement mechanism [4], a highly efficient control method
[5], and a competition robot with an omni-vision system [6].
The active omni wheel [8] enables both the main body of the
wheel and the rollers to rotate actively. However, the omni
wheel has disadvantages such as a low load capacity due to its
complicated structure, unavoidable vertical vibration due to
discontinuity of the ground contact point, and inability to
surmount high bumps due to the small radius of the free rollers
[9]. As an alternative, the orthogonal wheel, which has two
spherical-segment wheels, has been proposed [10]-[14], but the
complicated structure and the discontinuous contact point
remain. Spherical wheels can be used for omnidirectional
mobile robots [15]-[20], but then size becomes a problem.
Spherical wheels tend to be larger than other types of wheels,
but downsizing the wheels makes it difficult for the robot to
surmount high bumps.

To address the problems caused by the specialized structure
of various wheels, omnidirectional mobile robots using caster
wheels [Fig. 1(e)] have been proposed [21]-[29]. A caster
wheel corresponds to an orientable wheel with an offset
between the wheel axle and the steering axis, so that the wheel
itself is a conventional wheel (for example, a tire). Therefore,
the problems of a specialized structure do not occur in robots
with caster wheels. However, caster wheels may turn too
quickly and become unstable when reversing. In addition, if
both the wheel axle and the steering axis are motorized, two or
more caster wheels cause redundancy and so the motors have to
drive with high accuracy. Non-redundant mechanisms have
also been proposed [25], [26], but the design flexibility and the
transmission path design pose problems.

To solve the problems with these mobile robots, we propose
a novel mechanism for an omnidirectional mobile robot in this
study. The robot has three orientable wheels connected to the
main body by passive sliding joints. The orientable wheel, as
well as the caster wheel, eliminates the problems of specialized
wheels such as the omni wheel. Furthermore, unlike the caster
wheel, the orientable wheel with a non-offset steering axis is
never in the overconstraint-like situation, even when redundant

Copyright (c) 2018 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.



This is the author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.

The final version of record is available at

7 7

Steering

Axle axis
(b) p

=z
Steering
; axis

(d (e)

Fig. 1. Varieties of wheel mechanisms. (a) Fixed wheel, where only the wheel
itself can rotate. (b) Orientable wheel, where the wheel can both rotate and turn
around the steering axis passing through the ground contact point. (¢) Omni
wheel, which can move in a direction perpendicular to the wheel plane by
using free rollers along the circumference. (d) Mecanum wheel, which has free
rollers with axes tilted from the wheel plane. (¢) Caster wheel, which has an
offset between the axle of the wheel and the steering axis.

motors are installed. Thus, the proposed wheel mechanism
establishes both the superb mobility of the omnidirectional
mobile robot and the reliability of the conventional mobile
robot at the same time.

In this paper, we first introduce the novel principle for
omnidirectional movement with a passive sliding joint through
the discussion of the kinematic conditions. Then we propose a
novel omnidirectional mobile robot by using the principle. Next,
a kinematic analysis, a reachable region evaluation, simulation
of unlimited translation, and demonstrative experiments are
presented, and the effectiveness of the proposed
omnidirectional mobile robot is verified.

II. NOVEL OMNIDIRECTIONAL MOBILE ROBOT

In this section, we propose the novel wheel mechanism for
omnidirectional movement and the novel omnidirectional
mobile robot using the mechanism.

A. Synthesis of Novel Wheel Mechanism: Slidable Wheel

This section shows the embodiment process of a novel
principle for omnidirectional movement into a wheel
mechanism based on the analysis of the kinematic conditions.
In order to discuss the kinematics common to all types of
wheels, including the fixed wheel, orientable wheel, omni
wheel, Mecanum wheel, and caster wheel, we consider the
motion of a mobile robot with each wheel type. As shown in
Fig. 2(a), the global reference frame O—X;Y; is fixed on the floor.
The pose of the local reference frame P—XzYz in the global
frame is represented by a vector &, as follows.

X
§= M (1
6

In the local reference frame, as shown in Fig. 2(b), the wheel of
the mobile robot is located at a distance [ from the origin P and
at an angle a from Xz. The axis of the wheel is tilted at an angle
[ from a line passing through P and the center of the wheel.
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Fig. 2. Reference frames for kinematic analysis of a mobile robot. (a) Position
and orientation of the mobile robot in the global reference frame. (b) Position
and orientation of the wheel in the local reference frame.

Parameters g and f denote the velocity of the wheel in the
primary direction and the direction perpendicular to it,
respectively. Here, the primary direction means the movement
direction by rotation of the wheel around the axle, namely, the
left and right directions in Fig. 1. Then, the kinematic equations
for the primary and perpendicular directions are represented as
follows:

-1 cﬁ]R(@){ +4=0 )
IsBIR(O) —f =0 3)

[s(a +B)
[c(a + B)

—cla+p)
s(a + B)

where the rotation matrix R(6) transforms the vector in the
global reference frame to the vector in the local frame, c is the
cosine, and s is the sine.

cd s 0
R(O) = [—56 co Ol 4)
0 0 1

When the wheel is a fixed wheel [Fig. 1(a)] with radius r and
rotation angle ¢, its velocity is § = r¢ in (2). Because the
rotational velocity ¢ is arbitrary, (2) is satisfied at any velocity
&. On the other hand, the constraint that the wheel does not skid
leads to f = 0 in (3). Then, (3) becomes a nonholonomic
constraint, i.e., the components of E are subordinate to each
other, and the mobile robot is no longer able to move at an
arbitrary velocity with three-degree-of-freedom (three-DOF)
planar motion. Therefore, robots with fixed wheels are
nonholonomic, and not omnidirectional.

In contrast, if both § and f can take arbitrary values, neither
(2) nor (3) yields nonholonomic constraints. The equations are
established at any ¢ by substituting appropriate values in g and
f. A mobile robot whose wheels satisfy these conditions and
provide three or more active DOFs can be an omnidirectional
mobile robot. For example, the kinematic equations of the omni
wheel [Fig. 1(c)] are given by substituting g = r¢ and f =
—1¢, [30], [31]. Here, ;. and ¢, are the radius and rotation
angle of the free rollers, respectively. The value of ¢,., as well
as ¢, is arbitrary because the free rollers of the omni wheel can
rotate freely. Therefore, a robot with three or more omni wheels
can be an omnidirectional mobile robot. The Mecanum wheel
[Fig. 1(d)] is almost the same as the omni wheel. The caster
wheel [Fig. 1(e)] has an offset distance d between the ground
contact point and the steering axis, so that § = r¢ and f =
d(ﬂ - 9) are given [30], [31]. Because @ in f is a component
of &, £ is arbitrary if the steering angular velocity f8 is arbitrary.
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Fig. 3. Proposed wheel mechanism using a sliding joint, slidable wheel, and its
parameters.

Therefore, a mobile robot with using caster wheels can also be
an omnidirectional mobile robot.

As shown above, g generally includes ¢ and then g
becomes arbitrary whenever the wheel can rotate around its
axle at an arbitrary velocity. Therefore, we consider the
mechanism to allow f to take an arbitrary value and synthesize
a novel wheel mechanism for omnidirectional movement by
adopting other parameters as f rather than ¢, or § in the
existing mechanisms. When we assume the use of the fixed or
orientable wheel in order to keep the structure simple and
reliable, either a or [ can be used in Fig. 2(b); if @ is chosen as
a variable, however, the effect of & in f is close to that of ,B in
the caster wheel. For that reason, we focus on the wheel
mechanism in which [ is a variable and [ is used for f.

Here, we propose a slidable wheel, whose sliding joint
enables [ to vary. Fig. 3 shows the schematic structure and
parameters for the slidable wheel. The rail of the sliding joint is
located at a distance h from P and tilted at an angle a from Xx.
The conventional wheel can move passively along the sliding
joint relative to the rail. The wheel is at distance [ on the sliding
joint from the foot of the perpendicular from P. The angle
between the wheel axle and the sliding joint rail is 8, whose
value is either fixed or changed actively. Then, the kinematic
equations equivalent to (2) and (3) are as follows:

[s(e+B) —cla+p) hsp—LcBIROYE +rp+isp
=0
. . (5)
[cla+B) s(a+pB) hcB+IsBIROE+1cB=0. (6)

In (5) and (6), g =7 + (I + hd)sp and f = —(I+ hd)cp
are given. By considering [ as arbitrary, (5) and (6) generate
zero nonholonomic constraints for ¢ under the condition cf #
0. Thus, the kinematic conditions are applicable to any &, and
so omnidirectional mobile robots can be realized by using three
or more slidable wheels.

B. Structure and Motion of Slidable-Wheeled Omnidirectional
Mobile Robot

We propose a novel omnidirectional mobile robot with three
slidable wheels. This robot, named SWOM (slidable-wheeled
omnidirectional mobile robot), is shown in Fig. 4. The main
body of SWOM consists of a base block and three rails of
sliding joints. The three rails are fixed to the base block at
120-degree intervals. Each driving unit of SWOM is like an
orientable wheel with a slider of the sliding joint. The wheel
rotates actively around both the axle and the ground contact
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Fig. 4. Proposed omnidirectional mobile robot, SWOM.

point by the driving motor and the steering motor, respectively.
Through the passive sliding joints, the driving units can move
relative to the rail or the main body.

We next consider the omnidirectional movement of SWOM.
Fig. 5 schematically shows the motion of SWOM: (a) moving
forward, (b) moving to the right, (c) moving diagonally forward
right, and (d) turning. Note that the upward direction in the
figure is the forward direction. Each driving unit can move in
the primary direction and steer the wheel, but cannot move in
the perpendicular direction. However, the relative movements
of the sliding joints enable the main body of SWOM to move in
the direction perpendicular to each wheel plane. As a result, the
main body is capable of three-DOF planar motion. In addition,
the steering angle of each wheel is constant. This means that the
motion in Fig. 5 can be switched from one to another
immediately, without steering the wheels. Thus, SWOM
achieves omnidirectional movement.

In Fig. 5, the movement direction of each wheel is
perpendicular to the sliding joint. In other cases, SWOM can
make omnidirectional movement. For example, Fig. 6 shows
the motion of SWOM when all wheels are in the forward and
backward direction.

As shown in Figs. 5 and 6, the omnidirectional movement of
SWOM depends on the relative movements of the sliding joints.
Therefore, the reachable region is limited to the region where
the relative movements are feasible, i.e., where the sliders of
the sliding joints are away from the ends of the rails. Here, we
consider another movement method, shown in Fig. 7, in which
the steering angles of the wheels are changed according to the
movement direction of the main body. The movement direction
of each wheel is the same as that of the main body during the
translation, such as in (a) moving forward, (b) moving to the
right, and (c) moving diagonally forward right, or the
circumference direction of the rotation in (d) turning. In this
way, SWOM can move in each direction without relative
movements of the sliding joints. Therefore, the movable range
of the sliding joints does not restrict the reachable region of
SWOM, and so SWOM can continue with movement
unlimitedly. On the other hand, when changing the movement
direction, e.g., when switching the motion from Fig. 7(a) to (b),
SWOM has to steer the wheels. This means that SWOM
performs as a nonholonomic mobile robot with three orientable
wheels, and is unable to make omnidirectional movement. The
state in Fig. 7 is different from that in Figs. 5 or 6.

As suggested above, the method shown in Figs. 5 and 6
enables omnidirectional movement inside the limited reachable
region. In contrast, the method shown in Fig. 7 allows SWOM
to move unlimitedly in each direction with nonholonomic
constraints. To realize unlimited and omnidirectional
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(a)

(c) (d)
Fig. 5. Omnidirectional movement of SWOM when the movement direction
of each wheel is perpendicular to the sliding joint. (a) Moving forward. (b)
Moving to the right. (c) Moving diagonally forward right. (d) Turning. The
upward direction in the figure is the forward direction.

(a) (b) (c) (d)
Fig. 6. Omnidirectional movement of SWOM when the movement direction
of each wheel is parallel to the forward and backward direction. (a) Moving
forward. (b) Moving to the right. (c) Moving diagonally forward right. (d)
Turning. The upward direction in the figure is the forward direction.

(a) (b) (c) (d)
Fig. 7. Movement of SWOM when the movement direction of each wheel is
changed depending on the movement direction of the main body. (a) Moving
forward. (b) Moving to the right. (c) Moving diagonally forward right. (d)
Turning. The upward direction in the figure is the forward direction.

movement, it is reasonable to combine these two movement
methods. Specifically, SWOM starts moving by using the
former method and shifts to the latter method by steering the
wheels while moving before the driving units reach the ends of
the rails. Thus, SWOM can immediately move an arbitrary
distance in an arbitrary direction from an arbitrary initial
condition.

C. Differences between SWOM and Other Omnidirectional
Mobile Robots

First, we compare SWOM with an omni-wheeled
omnidirectional mobile robot. (i) The omni wheel has the
problem of a low load capacity due to its complicated structure,
unavoidable vertical vibration due to the discontinuous ground
contact point, and low surmountable bumps due to the small
radius of the free rollers. In contrast, SWOM uses conventional
wheels that are free from these problems. (ii) Omni wheels have
difficulties also in applying dead reckoning or feedback control
to mobile robots because it is difficult to measure the passive
rotation of the free rollers. However, it is easy to install sensors
in SWOM to measure the rotation and steering of the wheels or
the relative movements of the sliding joints.

Next, we contrast SWOM and a mobile robot with caster
wheels. (iii) Both use conventional wheels, but the steering axis
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of the caster wheel is off-center from the ground contact point,
whereas the steering axis of the slidable wheel passes through
the ground contact point. Thus, the caster wheel becomes
unstable when the movement direction is reversed; the wheel
may be rotated around the steering axis so quickly that it makes
motion errors. On the other hand, the driving unit of SWOM
can avoid this problem because it has a plane-symmetrical
shape in the primary direction. (iv) When both the wheel axles
and steering axes are motorized, an omnidirectional mobile
robot with two or more caster wheels causes redundancy, and
so the motors must be driven with high accuracy. However,
SWOM can steer the wheels independently from the motion of
the main body, and even the three slidable wheels never cause
such an overconstraint-like situation.

The above comparisons show that the main difference
between SWOM and other omnidirectional mobile robots is the
wheel mechanism. SWOM utilizes slidable wheels, whereas
others utilize omni wheels or caster wheels. This difference
makes the structure of SWOM simple and provides benefits in
increasing the reliability of movement as explained in (1)—(iv).
Then, SWOM can solve the problems of the omnidirectional
mobile robots that have been proposed in the past.

III. KINEMATIC ANALYSIS OF SWOM

A. Kinematics

Fig. 8 shows the coordinate systems for the kinematic
analysis of SWOM. The reference frames are basically the
same as those in Fig. 2, except the origin of the local reference
frame P is on the center of the base block, and Xz is parallel to
one of the sliding joints. We assign the driving unit in the
sliding joint parallel to Xz as driving unit 1, and the others as
driving units 2 and 3 counterclockwise.

First, we explain the kinematics by pairing a sliding joint and
a driving unit. By substituting h = 0 in (5) and (6), we obtain
the following six conditional expressions, where subscript i
represents the parameter belonging to driving unit i.

[s(a; +B) —cla;+B) —LicBIR(OIE +1i¢p, + [;spi =0
(7
[c(a; +B) s(a;+B) LsBIR(OIE + [cfi =0 (8)

Here, @, = 0, a, = 2m/3, and a3 = 41/3 are constants. If the
rotational velocity of the wheel ¢; and the relative velocity of
the driving unit on the sliding joint [; are arbitrary, (7) and (8)
give zero nonholonomic constraints for § under the condition
B; # tm/2. This proves theoretically that SWOM can move at
an arbitrary velocity with regard to three-DOF planar motion
and can perform as an omnidirectional mobile robot.

By eliminating [; from (7) and (8), the following equation is
obtained.

—S(Zl Ca’1 ll Cﬁl O 0 quél
[_Sa’z ca; lzl R(B)é - [ 0 ¢, 0 ||rg:|=0
—saz caz I3 0 0 cfsllrg;

(€))
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Fig. 8. SWOM and reference frames.

The forward and inverse kinematics are represented by (10) and
(11), respectively, when the input is the velocities of the driving
units and the output is the velocity of the main body. Here, 5; =
+m/2 is excluded in (11).

—sa; cay; L1 'peBy 0 0 1Mmo:
E=R(O) |—soc2 ca, lzl [ 0 cB, 0 ||rng,
—saz caz I3 0 0 cfsllrzg;
(10)
101 cf; O 01 'r—say cay L
¢z = [ 0 cp Ol [_Saz ca, L|R(®E (1)
3¢5 0 0 cfs —saz caz I3

B. Reachable Region under Fixed Steering Angles

The reachable region of SWOM is limited by the movable
range of the sliding joints when SWOM makes omnidirectional
movement with fixed steering angles. In this section, we
evaluate the reachable region quantitatively. The analysis target
excludes the singular configuration, §; = + /2.

First, we examine the translation without rotation of SWOM.
If@ = § = 0 is given in (8) and the global and local reference
frames are in agreement at the initial condition, the relative
position of the driving unit on the sliding joint [; is given as
follows:

I =— C(“i+ﬁi)x _ s(ai+By)

cBi cBi Y+ o

(12)

where [;; denotes the relative position of driving unit i on the
sliding joint at the initial condition. When the movable range of
the sliding joints is represented by lpin <l < lhax, the
reachable region of the main body of SWOM is obtained.

~lio = lin) S — LBy _HOPDy <= Lo (13)

cBi Bi

Under the conditions 8; = f, = 3 = 0 and L5 = 1,5 = I3,
the reachable region of the main body in translation,
represented by the center of the base block, is shown in Fig.
9(a). The six inequalities of (13) shape the reachable region into
a hexagon. The movable range of the sliding joint connected
with driving unit i defines two boundaries of the region. The
boundaries are parallel to the wheel plane of driving unit i and
apart from the center of the base block by 1.« — l;o and l;o —
Lmin- When B; and [;, are varied, as shown in Fig. 9(b), a
reachable region remains in all directions, while the reachable
distance depends on the direction. In the case that the
movement directions of the three wheels match each other, as
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(a) (b) (c)
Fig. 9. Reachable region in translation of SWOM with fixed steering angles of

the wheels. (a) By =B, =f3=0,l10 =1l =lzo. (b) B =7/12,0;, =
T/6,B3 =m/4,lig> o >lz0. () a1+ 1=y +fr=az+ 3 =1/4,
lip = ly0 = l30-

shown in Fig. 9(c), the gradients of the six boundaries of (13)
are equivalent. As a result, the reachable region becomes open,
and SWOM can move unlimitedly in the movement direction of
the wheel. In the other directions, the reachable distance is
limited. Thus, in any direction of the wheels, except for the
singular configuration, a reachable region exists in all
directions and SWOM can be translated in any direction
immediately.

Next, we consider the reachable region when SWOM rotates

around the center of the base block without translation. When
x =x =y =y =0is given in (8) and the initial condition is
the same as in the translation discussed above, [; is obtained:
li = ljp exp[—tp;0] (14)
where t is the tangent. Therefore, the reachable region of the
main body of SWOM is represented by the following
inequalities.

( 1 Imin 1 Imax A
——In22 <0< ——In=H=E, ——< ;<0
tBi Lo B lio 2 B
—o0 < <o, Bi=0 (15)
Ll phmax o g < _ 1 |} tmin 0<p <X
t B Lo T tBi Lo’ )

Equation (15) shows SWOM can rotate in either direction with
any steering angle of the wheels except for the singular
configuration.

C. Singular Configuration

SWOM falls into the singular configuration when the
movement direction of the wheel is parallel to the rail of the
sliding joint. This is because the motion of the driving unit is
never transmitted to the main body through the sliding joint.
When driving unit i causes the singular configuration, f; =
+m/2, and the velocity of the main body is replaced by
ROE =[x v 6], (8) gives a nonholonomic constraint.
sa; X —ca;Y — 1,6 =0 (16)
Every driving unit with 8; = +7/2 generates this constraint,
and reduces the DOFs of the main body by one DOF, so that

omnidirectional movement is no longer feasible. For example,
when driving unit 1 is in the singular configuration, the DOFs
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of SWOM is two: translation in the X direction and rotation
around driving unit 1. When two driving units fall into the
singular configuration at the same time, SWOM motion is only
one-DOF rotation around a certain point. Thus, the movable
direction is restricted in the singular configuration, but SWOM
can move in the accepted directions. When all the driving units
are in the singular configuration, SWOM cannot move at all.
However, SWOM can avoid the singular configuration just by
steering the driving units slightly from 8; = +m/2.

IV. SIMULATION OF UNLIMITED TRANSLATION

In this section, the unlimited omnidirectional movement
process explained in Section II-B is discussed. In order to
practically demonstrate the process, unlimited translation of
SWOM is simulated.

A. Fundamental Method of Unlimited Omnidirectional
Movement

First, we explain the basic idea for the unlimited
omnidirectional movement of SWOM by considering the
transition from a certain initial condition to a target condition
where SWOM moves at a certain desired velocity. In the initial
condition, the steering angles, the rotational velocities, and the
steering velocities of the wheels are arbitrary. First, we
accelerate the main body to the target velocity by adjusting the
rotational velocities and the steering velocities of the wheels
according to (11). As shown in Section III-B, the reachable
region where SWOM can move immediately without steering
the wheels exists in all directions, regardless of the directions of
the wheels (except in the singular configuration). Thus, SWOM
can accelerate to the target velocity immediately inside the
reachable region. At the same time that SWOM moves, we
change the steering angles of the wheels. The reachable region
changes depending on the steering angles, as shown in Fig. 9,
but SWOM can continue moving by keeping at least the target
direction in the reachable region at each instant. At the end of
the transition, the steering angles of the wheels are fixed at the
angles that enable SWOM to move unlimitedly, as in Fig. 7.
Then, the target condition is achieved. In this way, SWOM can
start moving immediately with arbitrary steering angles,
rotational velocities, and steering velocities of the wheels, and
continue moving unlimitedly in an arbitrary direction.

In the subsequent sections, we deal with unlimited
translation. We define the state of unlimited translation as the
state where the directions of all wheels are parallel and SWOM
can move in a direction unlimitedly, as in Fig. 7(a)—(c). We
assume that the initial condition is the state of unlimited
translation in a certain initial direction and the target condition
is the state of unlimited translation in another target direction.
We explain the method for generating the trajectory of the
driving units to keep SWOM in the reachable region during the
transition of the movement direction in unlimited translation.
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B. Trajectories Satisfying Constraints

To perform unlimited translation, we examine the SWOM
trajectory that satisfies the constraints. By solving (8), S; is
obtained.

- caiX+sa;Y+l
ﬁi = tan ' (sai;(—cai;’—lilé) (17)
According to (17), B; becomes continuous when X, ¥, 6, and [,
are continuous, because the argument of the arctangent on the
right side becomes continuous, except for sa; X — ca;Y —
16 = 0. By using (9), the discontinuous condition can be
rewritten as follows:
rig.cpi = 0. (18)
Thus, SWOM can move continuously when f; is in the
trajectory where X,Y,0, and il are continuous and neither
¢, =0 nor B; = +m/2 is passed through. Additionally, the
steering angle is arbitrary when the wheel is stopping, so that
¢, = 0 can be passed through when ; is continuous before and
after ¢, = 0. We deal with the singular configuration f5; =
+7/2 in Section IV-D, and assume f8; # +7/2 in this section.

If we consider (8) as a differential equation with respect to [;,
the integration form is as follows.

I = [f {— C(“C";ﬁ"))'( - S(‘)‘C’;’Bi) Y} exp([ tB;6 dt) dt + C]
~exp(— [ t4;0 dt)
(19)

where C denotes the integral constant. It is impossible to
calculate the integration of (19) analytically, because the
slidable wheels of SWOM are nonholonomic. As shown in (12)
and (14), however, we can obtain the general solution in the
case that SWOM trajectories are either translation or rotation
only.

By using the equations derived above, the trajectories of the
driving units are obtained through the following process. First,
we calculate the target value of f8; in the target condition by
using (17). Next, we find the trajectory of f5; that satisfies the
boundary conditions such that 8;, ,, and I; are continuous by
using (19). Finally, ¢, is given by substituting the calculated S;
and [; in (11). Thus, the trajectories of rotation and steering of
the wheels between the initial and target conditions of SWOM
are provided. The trajectories should be chosen to satisfy the
condition that SWOM is inside the reachable region, i.e.,
lnin < l; < lpaxand B; # £ 1/2.

C. Change of Movement Direction in Unlimited Translation

We now show an example of the trajectory generation of
unlimited translation by using the expressions obtained in the
previous section. We divide the process of transition from the
initial condition to the target condition into two steps.
Additionally to & = 8 = 0, we give a part of the boundary
conditions and the trajectories as follows.
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. _ (Vo sxo, t=t,

y(©) = {VZ SX2, t;<t<t,
_ Bio, ty<t<sty

po={g" 5

li(to) =l li(tz) =l

Bl(tl) = Bl(tz) = l.z(to) = il(tz) =0

SWOM takes the initial condition, i.e., the state of unlimited
translation in the initial direction for t < t;, and then switches
from moving in the initial direction to changing the direction to
the target direction att = t,. First, for t, <t < t;, the main
body of SWOM accelerates to the target velocity inside the
reachable region with the directions of the wheels fixed. Next,
for t; <t < t,, the driving units change B; and control [, while
keeping the velocity of the main body. Finally, SWOM
achieves the target condition at t = t, and then continues
unlimited translation in the target direction. Here, V,, and V, are
the velocities of the main body at t=¢, and t=t¢,,
respectively; y, and y, denote the angles between X; and the
initial or target direction, respectively.

The steering angles of the wheels in the state of unlimited
translation, f5;, and S;,, are obtained from (17).

Y Y

ﬁi0=)(0_aii; ﬁi2=)(2_a’ii; (20)
The plus/minus signs in (20) correspond to the reverse and
forward rotation of the wheels, but are not distinguished
structurally in SWOM. Then, we choose f;, or f3;, that satisfies
—1/2 < B;(t) < m/2. Next, [;(t) is calculated from (19) by
considering the boundary conditions.

li =
( — Hety) (x —x0) — Hait o) =vo)+tlo to<t<ty
cBio cBio
t
4 —Vycla; = x2) (¢ —t1) + Vo s(a; — x2) ftl thi(T)dt + Ly,
t, <t<t,

ey

where x(ty) = xg, ¥(to) = ¥y, and [;(t;) = l;; are constants.
As shown in (21), the analytic solutions for this trajectory are
given when t B;(t) can be integrated, i.e., when f;(t) satisfies
—n/2 < Bi(t) <m/2 fort; <t <t,. By considering the
continuities of B;(t) and [;(t) at t = t;,t,, the boundary
conditions B;(t) should satisfy the following five expressions.

Bi(t) = Bio Bi(tz)( = Biz) Bl((tl) Z)( Bl(t)z) =0
t2 _ =L+ claj—x2)(t2 -t
ftl thi(O)dt = Va2 s(ai=x2)

(22)

In the following simulation, we suppose tf;(t) is a quartic
function satisfying (22). Thus, B;(t) and [;(t) are determined,
and then the rotational velocity of the wheels ¢, (t) is obtained
from (11).

We next show the results of the numerical simulation. We set
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the values of the parameters as follows: t, = 0.0s,t; = 2.0s,

t, =70s; Vo=0mm/s, V,=20mm/s; [z=1,=
300 mm, lnip =100 mm, [, =500mm; x5 =y, =
0 mm; and y, = — /6, y, = m/2. The movement velocities

x(t) and y(t) for t, <t < t; are linear functions that are
continuous at t = t,, t;. These conditions give the trajectories
shown in Fig. 10. Fig. 10(a) shows the trajectories of the main
body and three driving units. Fig. 10(b) shows the change of [;
and f; over time.

For t =0.0-2.0s, by accelerating the wheels while
maintaining the initial steering angles, the main body of
SWOM starts to move in the target direction with the relative
motion of the sliding joints inside the reachable region. For t =
2.0-7.0 s, the directions of the wheels are changing. The main
body moves at a constant velocity in the target direction with
the relative positions of the driving units controlled. After t =
7.0 s, the directions of the wheels and the relative positions of
the driving units are all constant; this is the state of unlimited
translation in the target direction. As a result, although the
trajectories of the driving units are smooth curves, the main
body moves straight from the beginning of the change of the
movement direction. That is, the main body moves in the target
direction immediately in the initial condition. In this simulation,
we also set the boundary conditions so that the relative
positions of the driving units at the initial and target conditions
are in agreement. By keeping the driving units as far from the
ends of the sliding joints as possible, the driving units are likely
to stay within the movable range of the sliding joints in the
following movement.

The above results verify that the appropriate trajectory
continuously connects the state of unlimited translation in a
certain direction with that in another direction.

D. Singular Configuration in Unlimited Translation

Finally, we discuss handling of the singular configuration.
When the initial and target conditions are not singular in
unlimited translation, SWOM can definitely choose trajectories
between them that do not pass through B; = +m/2, and so can
avoid the singular configuration. In the following, we consider
the case that the initial or target condition is in the singular
configuration.

If the target condition is singular, the same strategy as the
nonsingular case is available immediately before the target
condition, when the movement direction of the main body
becomes parallel to the sliding joint connected with the driving
unit that is singular in the target condition. At this point, the
relative movement of the sliding joint allows the driving unit to
stop temporarily without interruption of movement of the main
body. Meanwhile, the driving unit can steer the wheel to 5; =
+m/2. After that, when the driving unit resumes moving, the
target condition is achieved. Thus, the singular target condition
does not matter because the main body of SWOM can move
without any problem.

In the case that the initial condition is in the singular
configuration, SWOM cannot move immediately in some
directions. To move in those directions, it is necessary to
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Fig. 10. Results of simulation of movement direction change in unlimited
translation of SWOM. (a) Trajectories of SWOM with the colored solid lines
and markers at 0.5-s intervals during the change of the movement direction
and with the colored dashed lines during unlimited translation in the initial and
target conditions. (b) Graphs of the relative position of the sliding joints and
the steering angles of the driving units. Note that [; = [, occurs for the entire
time.

change the direction of the wheel of the driving unit in the
singular configuration from B; = +m/2. After the driving unit
avoids the singular configuration, the situation is just
nonsingular trajectory generation. The arrangements cost extra
time to slightly steer the wheel, but it takes only a short time
(e.g., 0.05 s) and is not a serious problem.

Consequently, the singular configuration does not affect the
movement of SWOM except in the case of the singular initial
configuration. Additionally, the singular configuration, f§; =
+m/2, is seldom required; it is required only when SWOM
moves in the direction parallel to the sliding joints, i.e., 0, /3,
2m/3,m, 4m/3, and 57/3 from Xz. Furthermore, even if the
initial condition is singular, SWOM can move by taking some
preparatory time to slightly change the direction of the wheel,
as mentioned above.

V. EXPERIMENTS

To show that SWOM can really move as described in the
above sections, we conducted experiments to demonstrate
SWOM movements by using the prototype.

A. Experimental Method

Fig. 11 shows the prototype of SWOM. Each sliding joint
consists of two parallel linear guides. The driving unit, which
has an upper part and a lower part, changes the direction of the
wheel by turning the lower part relative to the upper part around
a vertical axis. The upper part of the driving unit is attached to
the sliders of the linear guides. Two types of motors are
installed in the lower part of the driving unit: one motor turns
the lower part relative to the upper part, and the other two
motors rotate the wheel. Note that two driving motors are
installed to increase the power, and these motors always rotate
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Linear guide

Fig. 11. (a) Prototype of SWOM. (b) Structure of the driving unit.

at the same speed, just like using one motor.

The controllers of the motors are independent of each other.
The speed commands for each motor are calculated and sent in
advance, and then the motors start moving at the same time
when they receive a start command. This means that the
prototype basically has a feedforward-control system except for
each individual motor (see Fig. 15 in the Appendix). We
designed this control system to make the hardware and software
simple, because the purpose of the prototype is to verify the
mechanism of SWOM.

We deal with three kinds of motions in the experiment. One
is translation on a triangular path. The prototype moves in the
right direction for 4.0 s at 30 mm/s, in the forward left direction
for 4.0 s at about 42.3 mm/s, and in the backward direction for
4.0 s at 30 mm/s, in order. During this motion, all driving units
keep the steering angles fixed at 5; = 0. Second, the prototype
moves in the right direction at 10 mm/s while rotating
clockwise at about 0.157 rad/s. The steering angles of the
driving units are fixed at 8; = 0, too. These two motions show
the omnidirectional mobility of SWOM under the fixed
steering angles, as verified theoretically in Section III-B. Third,
the unlimited translation discussed in Section IV-C is
conducted. The conditions are basically the same as those in the
simulation, but the prototype continues moving in the steady
state until t = 10.0 s after finishing the change in the
movement direction at t = 7.0 s.

We measure the motion of the prototype by using the 3D
motion tracking system VICON MX (Vicon Motion Systems
Ltd) with two Bonita 10 cameras and four Bonita 3 cameras.

B. Experimental Results and Discussion

Fig. 12(a), (b), and (c) shows the experimental results of
translation on a triangular path, translation with rotation, and
unlimited translation, respectively. The figure shows that the
measured motions generally agree with the desired motions.
Thus, it is verified that the prototype of SWOM performed
omnidirectional movement according to the theory derived in
the previous sections and that the proposed mechanism and
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movement method are effective fundamentally.

However, by taking a closer look at the result of Fig. 12(b),
the main body certainly moves in the right direction and rotates
clockwise, but some motion errors occur. We analyze the errors
in the results numerically. Fig. 13 shows the errors in the
measured paths. The upper graphs indicate the errors of the
main body in the X7, Y7, and 0 [only in Fig. 13(b)] directions
over time. The lower graphs indicate the errors of the driving
units in the sideways directions, i.e., the directions
perpendicular to each wheel plane.

In Fig. 13(a) and (c), the errors of the main body are so small
that the values keep smaller than 5% for the entire time. The
assumed reason is that the errors of the driving units do not
always affect the errors of the main body. Actually, in Fig.
13(a), the errors of the driving units occasionally change widely
and become larger than 5%, especially when the movement
direction of the main body is nearly parallel to the rail of the
driving unit (driving unit 1 for t = 0.0- 4.0 s and driving unit 2
for t = 4.0-8.0 s). The sideways errors of the driving units
cause the relative position errors on the rails. According to (11),
however, the desired velocities of the driving units are
independent of I; under the condition 8 = 0. Therefore, the
errors of the driving units in the rail directions do not disturb the
translation of the main body. By observing Fig. 13(a) and (c) in
more detail, the errors of the main body become relatively large
during acceleration: before and after t = 0.0,4.0,8.0,12.0 s in

Fig. 13(a) and for t = 0.0- 2.0 s in Fig. 13(c). The errors might

he sideways directtons to each esired movement
ion. (c¢) Result of the unlimited t iQn.

be caused partly by\the problem the con
compensating for the rotation angle errors ef the whee

In Fig. 13(b), the errors of the main body become largenot
only in acceleration but also a acceleration. In‘this case, 8
0, the motion of the main body receives the effect of'the change
of l;, and unfortunately, the errors_of the driving units
monotonically increase for the entire t . This is because, the

However, it is thought that if sensors are installed to measure
the positions of the driving units on the rails and feedback of
their changes is supplied, those errors can be compensated.
Especially in indoor tasks, where the friction condition does not
fluctuate widely, such a feedback strategy would be effective.
Fig. 14 shows the speeds of the main body and driving units
in the unlimited translation shown in Fig. 12(c). The speeds are
given from the increments of the position vectors at 0.01-s
intervals. The median filter with the size of 0.10 s is applied to
the calculated speeds. The measured speeds of the driving units
basically match the desired values, but the speeds do not fully
follow the desired values in large acceleration. To address this
problem, we need to reconsider the performance of the motors
or the control method. With respect to the speed of the main
body, the errors are not so large compared to those of driving
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Fig. 14. Measured and desired speeds of the main body and driving units over
time in the experimental result of unlimited translation.

unit 3 fort = 0.0- 1.0 s. This means that the sliding joints of
SWOM do not add together the errors of the driving units in the
velocities, as well as in the displacement mentioned above.

VI. CONCLUSION

Mobile robots are used for automatically transporting
products in factories and warehouses. Especially,
omnidirectional mobile robots that can move immediately in an
arbitrary direction have the potential for further efficiency.
However, existing omnidirectional mobile robots need
specialized wheel mechanisms, which can be unreliable. To
solve this problem, this research proposes a novel
omnidirectional mobile robot, SWOM, which has three wheels
connected through sliding joints. Due to its conventional
wheels without offsets between the steering axes and the
ground contact points, SWOM is more reliable in structure and
in motion. In this paper, we conducted analyses and
experiments on SWOM and obtained the following results.

1) Through the analysis of the kinematic conditions for
omnidirectional mobile robots, we proposed a novel
omnidirectional mobile robot, SWOM, which uses
sliding joints.

2) We derived the kinematic equations for SWOM. We
proved theoretically that SWOM was able to make
omnidirectional movement with respect to three-DOF
planar motion, ie., SWOM was able to move
immediately in an arbitrary direction without changing
the directions of the wheels.

3) We showed the reachable region of SWOM in
omnidirectional movement by discussing the movable
range of the sliding joints. We demonstrated that the
reachable region existed in any direction of the wheels
except in the singular configuration.

4) We proposed a trajectory generation method that enabled
SWOM to change its movement direction while keeping
the reachable region and then to continue
omnidirectional movement unlimitedly in any direction.
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Simulation showed that the calculated trajectories
enabled SWOM to make unlimited translation in an
arbitrary direction, as determined theoretically.

5) We developed a prototype of SWOM and conducted
demonstrative experiments. The results verified that
SWOM was able to make omnidirectional movement
without steering the wheels and to achieve unlimited
translation by using the proposed method.

In SWOM, unexpected movement of the passive sliding
joints caused by friction and a load applied to the driving units
affect the entire robot motion. To compensate such effects, we
need to construct the feedback control system in future work.

APPENDIX

In Table I and Fig. 15, some details of the SWOM prototype
used in the experiments are shown.

TABLEI
PROPERTIES OF SWOM PROTOTYPE
SWOM Radius 542 mm
Weight 16.4 kg
Driving unit Radius 100 mm
Height 265 mm
Weight 3.5kg
Wheel Radius 78 mm
Driving motor/ Model Futaba RS405CB
steering motor Output torque 48.0 kgf-cm
Rotational speed 0.21 s/ 60 deg.
Rotary encoder Resolution 360 ppr
Path of Path of Speed commands
the main body the driving units for the motors
. Client PC
Transmitting

Compliance controller |->| Steering motor |
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M| (AT91SAMTS)
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Fig. 15. Schematic diagram of the system of the SWOM prototype.
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