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Introduction

AHBR EOZ7TBRIZNT S 3K5EB Y —iid Hochschild [5], MacLane (8], Cartan-
Eilenberg [2] 52 & > THRILEI N, KL, K LOBFBRRTEITEDOKY R b a
A %E 1 Y — (Hochschild cohomology) Iz D2\ Tlk, RFdwE DD T4 LHREITR
HhTwa. LrLadts, BHRSTRICEL TRy R IFRED Y -2 RET
5T liF—MizriroRETHS.

RZT#E, A% R EARERTHEN L R EOS LR, M E2WA-miEe LizL &,
BRITn>0IZWTEH Ry RYIhagreEny —#

H™(A, M) := Ext}.(A, M)
NEHINDE, IOIIM=AThbLE,
HH*(4) == @ H"(4, 4)(= @D Ext} (4, 1))

n>0 n>0
Ay TR (F T RERE) I Ko TRES EB Y LTORESEATEZEITE, Zh
E-BIZAOFRYy RV PIRERY-RELR Ky RPbakEn Y -RHIH*(A)
I graded-commutative, 2% Y, a € HHP(A),8 € HHI(A) IZX L, of = (—1)PBa B’
[ AVACRE
GaRERBLTS. AHER EORE RGOy RV I FER Y —RIZERENY
RKRO—DTHD. GHT —~VEDEFE, Holm [6] KU Cibils-Solotar [3] 1 & - TERFH

HH*(RG) ~ RG ®p H*(G, R)

BREINE. UL, GRT—RNABTRWL 2R IDL S LBk R %285 2 & I38
LweBbha, 72, BAE HH*(RG) ~ H'(G, 4RG)(= @,-, Extha(R, 4 RQ)) H1E
Bz s (BIXE[10,83), 0] R %25H), ZhEBLTABREOIREDY—IZ
WETDHIENTESD. ZIT, yRGRERARIZE>TRG & G-I L AR LEHDTH
3. —HT, G % GOEBEORKTOHLMBEL T2 %, WAL LTORR

HH*(RG) ~ @) H*(G;, R)



IZBART A 5815 0T 7223 ([1, Theorem 2.11.2]), Siegel-Witherspoon (& Z DHIERE & U
TORMIPBRRIZLS X512, HLCRIZESANSGNS Z L 2m U7 ([10]). R
S IZZ OB ERANT, F3Ss,Fydy,FoDon OF v RV b IFREDR Y —ROME
EEPRELTND.

BAFTIX, Siegel-Witherspoon IZ & » TRE NBARIZOWT, H#IZITENT 5.
a(=1), 92,93, 13 GORBEORETL L, &G, % g, OFHLIBEL $TE. RD 2
DD RG; ¥R 6, : R — RG; A —> Agi, Tg, : RG — Ry 3 oo daa — Ay, (T HE
0 Y—0ER 6 : H*(G;, R) — H"(Gi,yRG) & =}, : H"(G,,4RG) — H™(G;,R) 2%
e

v; - H*(G;, R) — H™(G, 4RQG); o — corgi();(a)

LEDDE, ROMERE L U TORE (Additive Decomposition) 21§ %:
® : H*(G, 4RG) — @H*(G,’,R);C — (w;iresgt(())i (1.1)

HERIZ P (o) =v(a) (€ HY(G,R))IZ&>THEZX SN 5. Siegel-Witherspoon 12
ko, ZomERe U TORMPRREIC RS X 51, ARICEHIZEIANLOND Z L
MRE R (BEL < 1 [10, §5] BH):

Theorem 1 (Product Formula). H*(G,,RG)(~ HH*(RG)) iIZHE T, RMPHILT 5:

Yi(a) — (B nyk (corw (resW’b*a - resW (ba)* ﬁ))
a€D
77U, o€ H*(G;,R), B € H(G;,R) £ U, DIZWREREG\G/G; DRETOES
YEB. £72, k=k(a) & b=ba)E g = (bg:b 1) ((ba)g;(ba)") &= T L DicE D,
=G, NG LT 5.

12, 7 : H*(G,R) — H*(G,4RQG); a— 0}(a) (11361 : R — RG;r— 1 1225
FHIND) IRFREFRBTH 5.

Siegel-Witherspoon OFEERMNRT Z L, BROKyF VIV FAaFERI—IZETS
TR, ERBOIREOY—IIBIFe Ay TREVA NI I a AL ALY S
YavEMWTHRTELL WS ZLTHS.

INETIR, —BUCEEYE T AARLOBBEORy RV baREQY IOV
TR LT E 7. 5EE, 5 split metacyclic BEORBBBOBO 2 FE 0 J—-ROBE
FREL, IOTBREBBMBICOR YRV VN aRE0 Y -BROBERREL DT,
THE L2V (14).

§1. GOEFRBOIFEOD —
G ZRD &5 A 8¢ (¢ > 2) O split metacyclic A

G=(z,y|z¥=y"=1yay ! =%
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95, ZITE, FTCGOEEEOIFREDN Y -BRIZDVWTERTS.

— & D split metacyclic FIZH LT, Z OBEHESED Wall [11]I2&>TEHEASATY
5. Wall DEHZBEFAWS L, KEHBEOHEP VAN 72 a v EORBE.2T 5K
2, MHMEHLHERKREIIRS., TIT, ZNSOFHEEZDLTELPTLL TS0,
Wall DEHHEZEL D HFECCTVWHHMEEBR T2 EX 7. HRLLT, 46
% 5 split metacyclic # G DFEIZ, FH-LEHSMEBRTHLZ LB TE/ZDT, Th
IZDOWTZTENT 5.

¢>0&L, ZGO g+ 1EDIC—DOENEY, LBE, cl,&,...,d"(eY,) %,

LEDD. FHE, k<0F2FE>qg+102EE, =02 LTHBL. &7,

k—1 k—1
Yt (k1) Yt (kx1),
=0 k= =0
0 (k =0), 0 (k = 0).

N =

YBE, BT, N=Ny kT3, EZGHRAR S, Y, =Y,y (n>0) 2RO LS ICE
%59 5:
(i) n DMEFD L X,

r(wt Dk + (N, =)+ €+ 1)cF2 forn— k=0 (mod 4),

5a(ck) = Nck_, + (M +y)ck? forn — k=1 (mod 4),
" (x—1)ck_, - (y— 1)} for n — k =2 (mod 4),
NcE_ |+ (y+1)cFd for n — k=3 (mod 4).

\

(il) n BEFED & &,

(2~ 1)k, — (M, +y)ki+ (0 + 1) for n—k =0 (mod 4),

() = | Nck_| — (N, —y)cE? for n — k=1 (mod 4),
" (zt = 1)k | — (y+ 1)} for n — k = 2 (mod 4),
Nt + (y— 1)k} for n — k = 3 (mod 4).

\
ZDLE, KRBT 5:
Proposition 2. EDEED T T,

GIZNTHZOEHDMEEEZ S, 7272L, € I% augmentation & 3 5.



H, B 54U MO split metacyclic B LT, ZOX 5 REHSMPEKRTE S
ME I DL, SHEMEL TIHFELTWL FET, fArERVHNIE, HOBRIZTE IR
HTENXLES.

RIZ, GOBEKIFED Y —PHOBOBRHIRED Y - OOV AN 73
YRAVAR) 72 arREIZoVTRR, GOBEHIFED Y —HOBEIZDOWTE
8295, UTTIR, (2MEROHALABOHEIIAIITRRBEZ LIZT 3.

§1.1 (B DEE

B F Homgzg(—,Z) % B (V,6) 2L, F—# Homge(Y,,Z) ~ 29" 28T &I
D, RBRBLNS:

f

Z for n =0,
0 forn=1, 3,
fn Gz — A PARO @) Trn=dk (50,
(Z./2Z)* forn =4k +1 (k #0),
Z)2Z & (Z)2Z)*  for n =4k +2,
\(Z/2z) for n =4k +3 (k #0).

FUT, H(G,Z) DMBEOERTERDE S I L B:

€:=(2,1,0), 8:=(0,0,1) € H* (G, Z),
=(1,0,0,0,0) € H*(G, Z),
Kk :=(0,2¢,—1,0,0,0) € H*(G, Z).

RIZ, G DROEIEE

(z) (~ ZJALT), (x?,y) (~ Z/20Z x 7.)2Z),
(zy) (=2/M2),  (2%) (=Z/20Z),  (y) (~Z/2Z)

DEEHaFEDY B

H*((z),Z) = Zo]/(4L0), (dego =2),
H*((z%,y),Z) = Z[\, 1, v]/ (2N, 2, 2v, %),  (deg ) = degp = 2, degv = 3),
H*((zy), Z) = Z[r]/(4¢7), (degT =2),
H*((2%),Z) = Zln]/ (2n), (degn = 2),
H*((y), Z) = Z[0]/(20), (degt = 2)

IZDOWTEZS., GEINSDOWABOIFRERY—BEOBOLAMN ZYavyeal
ANV aviBREOBRREERRTLILERODBY THS (I HiE, Sy iRV ba
FEQY—IIBIBMEFETARIZEANS):

11
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Lemma 3. KA T 5.
(i) res%i> 8 =0, resg)i = 20, res(,( =to?,resf K = 0.
(i) resfa B =X resf, & =2u, resf, (= Au+p resl, k= Av.

72 (£=0 (4),

iii resca'; B =2, resci & =27, rest (=
() xesce) @) @R e+ 1) (e=2 (1),

(iv) res;; %)0' = resgzz) \u=mn, res;, 2)”))\ 0, resgzggﬂr = £+ 1)n.

(v) res(y),B =9, res(y)§ =0, res(,y)( =0, res(,y)n =0.

Lemma 4. XRWBELT 5.
y*(o) =to, z*(\) = A, 2*(u) = A +p, y*(1) = tr.

IN6iE, BHDE (V,0) ROMAIBIINT S ZOBHDEL OB chain map 2 E
BRI rnlizioBgohs.

Lemma 5. RPN T D, 727U, k>1¢7 5.
(i) corfyo = (£+ 1)¢, corfyo® = 2¢k.
(ii) cor(w2 A=0, cor(tg WH=B+E, corg2 y>,u2 =20+ 42, corf;;2 wOm) = 32,
cor(x2 (W) =0, cor(m2 p(Hv) =&, cor(z2 y)(,u V)= cor(zz (Auv) = Bx.
(iii) corf, 7 = (£+1)¢, corfl 7% = 2¢*.
(iv) c E 2" = 20", cor; 2>y)17k = 2uk, corg’z’;nk =2(0+1)7*

Zhoik, VARY 27y a rOFtHE#ERIZ, Double coset formula, Frobenius OFH B £
PZOMOMEERWTEHETAZIZLIIESNS.

ZUT, H(G,Z) DMBEOERTOMOKEKEBLEY, LANY 23V 0dt
BREREZAVWAILIZED, aFEnY-0BEBEIEONS.

Proposition 6. { MEHD L &, G OBEHIFZED Y —BROBEITRDED:
H*(G,Z) = Z[B,£,¢, K]/ (2B, 206, 44C, 2, BE, €% — 4C, €K, K2).
727U, degB =degé =2, deg{ =4, degr =5.

Remark 7. /=27 (r > 1) D& ¥, H*(G,Z) DEMEEIXTTIZ, [7It&>TEASNT
w5,
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U L7adss, (232 RFDUNOBAI, BERIFED Y —BOBERRELTWS
SRR R 72 5 7200,
§1.2 ( KNEBD & &

UTFTI, (DEBOBG2EETS. GOEZBO aFEQ Y —-DOMBEOEEIZRD
.

4

Z for n =0,
0 forn=1,
G,z - A PO @I drn =tk (k£0)
(Z/2Z)* forn=4k+1 (k #0),
Z)27 & (Z/2Z)%+!  for n = 4k + 2,
(Z/2Z)*+ for n = 4k + 3.

ZLT, HG,Z) DMBEEDOERTE LT,

€:=(2,1,0), 8:=(0,0,1) € H*(G,Z),

p=(0,¢, —“71,0) € H3(G,Z), ¢ :=(1,0,0,0,0) € HG,Z)
LY, GORDOEIEE

(z) (=~ Z/4¢7), (z%,y) (= ZJ20Z x Z/27),
(2, 2'y) (2 Z/2UZ x Z)27), (2*) (~Z/26Z), (y) (~Z/2Z)

OBEHIFETY -8B

H*((z),Z) = Z[o]/(4Lo), (dego = 2),
H*((£2,v),Z) = Z[\, 11, v]/ (2), 26u, 2v, V%), (deg A\ = degp =2, degv = 3),
H*((z% a%y),Z) = ZIN, 1/, /1] (2N, 200,20, (V')?), (deg N = degy’ =2, deg' =3),
H*((z*),Z) = Zn]/(2¢n), (degn = 2),
H*((y), Z) = Z[0]/(29), (degt =2)

25, VAN)Z7YavRalb AN 2y a vk YOHEREL2ERTS L, ROB
DWThH5:

Lemma 8. XKDSKT 5.
(i) res(,B =0, resf ¢ =20, resg,p = 0, res,( = to”.

(ii) res{’;z’y)ﬁ =\, resfs & = 2p, resf, \p=v, resgs ,¢ = Ap + 2.
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(iii) res(GﬁYIey) B=NX, resgz,,zgy){ =24 + X, res?zz’mey) p=v
e, o JUP RN (=1 (mod ),
2 1006 =
(=tats) (W) + Ny (£ = 3 (mod 4)).
(iv) resgz%a = resgzz)’") u= resézz)’glZ Wt =, res<$2>y>/\ = resgz)m vy =0,

(v) res(y)ﬂ =40, res(y)f =0, res(y>p =0, res<y>§ =0.

Lemma 9. RAHILT 5.
yH(o) =ta, z*(N) =\, z*(p) = A+ p, oN) =N, @) =N+
Lemma 10. XD3KT B, 72720, k> 187 5.
(i) cordyo = (£+1)¢, corl o™ = 2¢%.
(ii) cor(zz A=0, cor(zz wh=B+¢& cor(zz 2V =0 cor(gc2 y)p =2( + B¢ + 42,
coram (i) = BE + P

(iii) c0r<z2 zt )XI /O Cor(ciz,,,ey)ﬂ/ =¢, Corgz,zewl// =0, Cor(Gzz’zzy) (Nl)z =2¢ + B¢,
cor<$2 oty NH) = BE.

. 2
(iv) cor( 2>7] = 20" corgzi”)nk =2uF, corg )’ y)nk 2(p)*.

ZUT, (HMEROGE AR, XKARPLVAN) 2V a2 ETLI2ICLY,
aFEDV-OREEVFLND.

Proposition 11. { BAEFHO L &, G OBEHIFEO YV —ROBEITROMED :

_e+1

H*(G7 Z) = Z[Bvﬁapa C]/(25v 2657 2p?4€<) 52 - :85 - 4§’ P2 - 5( /82£)

7272, degB=degé =2, degp=3, deg( =4 &9 5.

§2. BEREMBZGOFRy RV FIKEAY-—R

HWoETI, GOBBREMBOT Yy AY LV IFER Y —BHOBEIDVWTIHBNT
5. BOER, H1ECHEONEZVANI 2V aryPab AN 2y arviaEOFER
By, Siegel-Witherspoon (Z &> TESN/REE (FH 1) 2HVWTHELONS. UTTHE,
CHMEBDIGE L TFEDBE AT TiRRS.
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§2.1 (HDBROBE

G OHIMEBOBEHE I FED Y —OMBHEIEL, (1.1) OMERE L U TORA (Additive
Decomposition) # i\ 5 &, ZG Dy RV hIFED YRI5,

(7 (n=0),
(Z)2Z)** @ (Z)2¢Z)" & (Z/AT)* (n = 4k(# 0)),

0 (n=1),
(Z.)27)%* (n=4k+1 (k#0)),

(Z/2Z)%+3¢ & (Z)UL)H & (ZJALY?*  (n = 4k +2),

HH™(ZG) = |

| (Z/22)*+ (n = 4k + 3).
Kz, GORBEORKTERDELSIZL B:
gi=a"7 (1<i<20), gyyi =2 (1<i<),

Gaeri =%y (1<i<0), gupi=2"""y (1<i<0).
ZUT, ZhooRMeEEEZRD LS ITEKL:

Gi=G (1<i<2), Guu=(z) 1<i<y),

Gaeri = (2°,y) (1<i<0), Gaeyi = (zy) (1<i<0).
BOEEIZOWT, 0ORDERTOBDOREIZDONTIE, ZG DHLMIH I @EORKIZ—
B35, OERTORIIER 1(Product Formula) R, §1.1 OFE 34,5 X EH 6 %
fioTHETHI LIk VBONE. ¥/, HH*(ZG) ¥ H*(G,Z) 2 WHBE LTEA
TWAZELHHWS,

X5, ROLSITHL:

Ay =v(B), Ba=m(), As=m(C), 45 = n(k);

Dy = 72(1); Co = v2e41(1), Co = y2041(0);

Eo = v3041(1), Ey = y3041(1), E3 = v3e41(v), Es = v3e11(v);

Fo = v401(1), Fo = yae41(7).
ZOYE, HY(G,,ZG)(~ HH(ZG) &, h5DTOMC &> TERE NS &
ATXS, £/, BHEEL2IRTE7-DIIBERERTOMOBEBRLTRTHELZ LM
TEl. HBRLUTROEHEEEBS.

Theorem 12. {MEFD L &, Fv ksl harEnY—8 H*(G,,ZG)(~ HH*(ZG))
BABBRTHY, Z EROTOMTERING:

Dy, Cy, Ey, Fy € HY(G, yZG); A, By, Cs, By, F> € H*(G, yZG);
Es € H3(G, 1/,ZG’); A€ H4(G, 1/,ZG); A5, Es € H5(G, ¢ZG)
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BT, Ip=Di+1,Jo=Dt— 125, ERFTOMOBBALRDAD:

(i) degree-0 relations
IyJy = JoCo = JoEy = JoFy =0, C2 = F2 = 2Dyly, CoEy = 2Fy,
CoFy = 2DyEy, EoFy =2Cy, E? = 2Iy;
(ii) degree-2 relations
24y = 2By = 40Cy = 20Ey = AF5 = CoAy =0, CoBy = FyEy = 205,
EyBy = 2E,, FyAy = 2F,, FyBy = 2F;, CoCo = FoFy = (£ + 1)Doly By,
EoCy = CoEy = 2(£ +1)Fy, FyCy = CoFy = 2DyE,, D5Co = tCs,
DiFy = tFy, JoEy = EgAs, EoEa = Ig(Az + B), EoFy =2(£+1)Cy;
(iii) degree-3 relations
2F3 = JyE3 = CoFE3 = EyE3 = FyE3 = 0;
(iv) degree-4 relations
40Ay = 20AEy = A3By = AyCy =0, ByCy = 2CoAs, BaEs = 2EyAy,
AyFy = 2UFyAy, BoFy = 2FyAy, C% = F7 = 2DglyAy, C2E = 2(£ + 1)FyAy,
CyFy = 2DoFoAy, E2 = 2I0As + A3, EyFy = 2(€ + 1)CoAus;
(v) degree-5 relations
2As = 2E5 = CyAs = FoAs = CoEs = FoEs = BoEy = CoEs = FoF3 =0,
EyAs = AyEs, EyEs = EyE3 = Iy As;
(vi) degree-6 relation
E: =0,
(vii) degree-7 relations
ByAs = CoAs = FoAs = BoEs = G5 = Fo B = 0, AyEs = EpAs,
EyE5 = Az As;
(viii) degree-8 relations
E3As = E3E5 = 0;
(ix) degree-10 relations
A2 = E? = A;E; = 0.

§2.2 (HHYOBE

CHMERRD & & LRABKIZ, (1.1) OIEEEE U TORE (Additive Decomposition) % V%
¥, ZGOFXR Y FVINL NAREQDY —MBERT2S.
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z* (n=0),
(Z)27)% @ (Z)24Z)* ® (Z/MZ)*  (n = 4k(#0)),

0 (n=1),
Z./27)%k¢ (n=4k+1 (k #0)),

HH"(ZG) = | ,
(Z)27)%%+4 @ (Z)247)%* & (Z/AZ)  (n =4k +2),
L (

7./27)8ke+4 (n = 4k + 3).

RIZ, GOHEEDREITLERD LD IZL S:

g =12 (1<i<20), gooyi =25 (1<i<),
gaeri =27y (1<i<8), gupi=2"""y 1<i<Y),

LT, ZThoDHMEEEZRD L SIZEL:

Gi=G (1<i<20), Gopi= () 1<i<),
Gaeyi = (2%,y) (1<i<0), Gy = (z*,2%y) (1<i<0).

oIz, ROXHIZBL:

=7(8), B2 =m(§), A3 =m(p), As=m(¢); Do=2(1);
Co ’)’21+1(1) = Y2041(0); Eo = v3e41(1), E2 = vae41(1);
Fo = vae1(1), Fo = vaga (1t').

(DMBBOBE LRAKIZLUT, HY(G,ZG)(~ HH*(ZG)) &, IhoDmORzL>TE
BRENDZEHharb, TUT, BEEL2ERT 570 ERERTOB ORS¢
RTB/HEILNTE .

Theorem 13. {HEHDO L &, Ky HwI )L b akED Y-8 H*(G, ,ZG)(~ HH*(ZG))
BABBRTHY, Z LROTOMTER SN S:

D07607E0,F0 € HO(G7 ’z/)ZG)a A27 B?) CQ’E%FZ € HQ(Ga ,/,ZG);
Az € H3(G, ,pZG); Ay € H4(G,¢ZG)
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BAFTI, In=Df+1,Jo=D§ -1 8<. EHTORBOBERRNITRDED:

(i) degree-0 relations

IyJo = JoCo = JoEy = JoFy = 0, Ca = F¢ = 2Doly,
CoEqy = 2Fy, CoFy =2DyEy, EoFy =2Cy, Ej = 2Iy;

(ii) degree-2 relations
245 = 2By = 40Cy = 20Ey = 20Fy = CoAy =0, CoBy = EoFy = FyEy = 205,
EoBy = 2E>, FyBy =2F, + FyAs, CoCy = (£ +1)DolyBa,
EyCy = CoEy = 2F,, FyCy = CoFy = 2DyEy, D{Cy =tCs, JoEy = EgAs,
JoFy = FyAg, EoEy = Io(Az + Ba), FoFz = DoloBs;

(i) degree-3 relations
243 = CyA3 =0;

(iv) degree-4 relations
Ay = UE A, = 2UFyAy = AyCy = 0, BZ = AyBy + 44y,
ByCy = EoFy = 2Cy A4, BoEy = 2EyAs, BoFy = 2FAs+ AgFo,
C2 = 2DgIyAy, CoEy = 2Fy Ay, CoFy = 2DEyAy, EZ = 2IgAy + ABy + A3,
F2 = 2DyIyAs + DE Ay By;

(v) degree-5 relations
CoA3 =0, EyA3 = EgByAs, FrA3 = FyBeAs;

(vi) degree-6 relation

41

Ag = BgA4 + —Q_Ang

SEDMEERIBNVT, RROBRE 52 THVWEERZORBEPZLEICE, KRE
KB E LA BOFELT, DADBHLHBALETET.
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