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WHERY - BTHE  /AEXE (Fumihito Oda)

AR, TEALRELIBLEAR £ 0FAME [0S] K 25< .

1 Notation

G, ARELTE. (9)id, geGRELGORBEL TS, L(G) 1B, GOERFELEDELSLTS.
We(H) (£71& WH) 1%, BI&# Ng(H)/H, 7%, H& G OHIBE, Ne(H)1d HD GIZBJHER
LB, L33, Zo0898 H K <GItnl, H\G/K 2 G® H & K ik 2WIEI&E [H\G/K] &,
ZNRERER LTS, (H) 12, GOEIB H #&80RQE, Thdbb, (H)={9H|gc G}, kL,
gEGITNL, 9H :=gHg™ !, £¥3. G-H& X ZNL, [X]id X 280 G-£A0REE, X ¥ERE
BOLE, |X|1B, X 0BEOBERLETS. Did, GOEWIFD collection 2K T; Thbb, DI, G-#
%2 L 2BRETHAL T2 G ORETHOEATH S, C(D) I3, DO G-ARBLEFEDVESL TS, Thb,
C(D)={(H) | He D}. DB G OFIHEENLE C(D) 2 CG) LB . LABEKCET R Ly + D
DAEY ABEEE up EBL. ARETIE, BIEEMTE2E > DLETE. O, ROOBTHLET S, T
BMIINL, QezM 2 QM tEHL.

2 Abstract

ARETI3, B S, D Young subgroup Y EXR# A, LOERS Y NA, LLTHEL>NS A, DEFS
BED collection A, ICBIT BEH = H 4 FB 2(A,,A,) DHETHOBES 3 OBIHOFENRINS,

3 Preliminaries
ZOEiTIR, BEHTHOONIHO N N— YA FROEANMEE»HERT 5,

3.1 Homomorphisms between Burnside Rings

BUBI, N—r¥ 4 FROMOERABERIZDOWT [Yo90a) 25 HEET 3, H WG OBIFTHL L E,
G H#£ADED > H EGDE~OHIRHETE Resf 2185, ZOEFE -V ¥ A FEQ(G) 25 N(H) ~OR

R 2FET 20T, HERY
Res§ : 2(G)* — Q(H) (3.1)

2HFET 5. 2G) 0BMILE 1 =[G/G) LEFL. K Gset X ITNL,
invg(X)={z€ X |hx=zforall he H}
L& <. [Di79, Proposition 1.2.2] i2 & b, D (K) € C(G) iz L
o : [G/K] = linvu(G/K)|, (H) € C(G)

THEAGNBER )
¢ = (en)mece) G~ 2(G) = [ z
(H)eC(G)

FHEHBERRICH B, ROz € 2(G) KNL, x5 = pu(z) DL E, o(z) = () mec@) € 2(G) &
#L, 0 R(G) & (K) e C(H) XL, Res§ oE#ix

Res$(0)x = Ok (3.2)
PO LETRT.
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3.2 Fundamental theorem

D% G DEWHED collection £ T 5, DIZHBEHEL2 L ABETHL COTG#EU I L2KRETS. 2
DL E, [G/D), 7L, DeD, CERIND 2G) OWME 2(G,D) 1¥, BHBUED. QG,D) %
GO DICET 3, B5—v¥4 FER (PBR) LML, 22T, DICBT % PBR 2(G,D) DEARER L
QN(G, D) DFEHREETAREMEMT 5. [Yo90b, Section 2] Ic & b, FHED (K) € C(D) icxfL,

on : [G/K) — |invy (G/K)|, (H) € C(D)
TER SN EM

¢P = (pm)mecm) : G, D) »QG,D) = ] 2
(H)eC(D)

13, HHERERNTS 3.

Lemma 3.1. [Yo90b, Ezample 3.15] D %%, #:@#r% & 2BMETHL TWT G 2&T G D collection T
5545, 2(G,D) I PBRTHS.

WA H € DIcL, QQ(G,D) DRI X%5T

ox(cB) = { by =K

7L (K) € C(D), % eh 2ELC. UTO L) ICFEBINEEIL D 0nR28 3,

Lemma 3.2. [Y090b, Theorem 4.2] Let D be a collection of subgroups of G. Assume that D is closed
under taking intersection and D contains G. Let €5 be a primitive idempotent of Q2(G,D) for H € D.

Then
1

D = e 1;3 Dl (D, H)[G/D). (33)
Obs(G, D)= [[ z/IWe(H)Z
(H)eC(D)

LRE, BOBH<GIINL

SeD(>H)
G D(> H) =0,

_ (| S D H)#0,
H =
7272L, D(>H)={DeD|H<D} t§5.
Theorem 3.3. [Y090b, Theorem 3.10] Let D be a collection of subgroups of G. Assume that D is closed
under taking intersection and G € D. Then there exists an ezact sequence of abelian groups:
‘PD ~ wD
0 — 2(G,D) — Q(G,D) — Obs(G, D) — 0.

where (H)-component of ¥P is defined by

w”(e)=( Y. G5 modIWc:(D)l)

gDeWg(D) (D)eC(D)

for any 8 = (9p)(pycc(p) € 2(G, D).
Lemma 3.1 XV, Section 4.1 TIHAHINBZRDEFEVBON S,

Proposition 3.4. Let D be a collection of subgroups of G. Assume that D is closed under taking
intersection and G € D. Let H be a subgroup of G. Write

HND={HNnD|DeD}.
Then 2(H,H ND) is a PBR relative to HND of H.



83

3.3 Sign unit

W=(S)Tarzes—% (W,S)2b20a7ey—BETS T[[,.gzeW % W D Coxeler element &
W9, W D Coxeter elements 213 W O—> D&% %2 3 (see [CaT72, Theorem 10.3.1] for instance)
DT, &M (cs) € cf(W) Tes 25 W D Coxeter element THH cl(W) DW QU EODOEBEELZID
Wl E—DFET S, FEDTLseSITHL, e(s) = -1 CEFEIHERYT W - RX 2 ¢ TET. AT,
% W O signature & FEE,

Lemma 3.5. Let (W, S) be a Cozeter system. Let P be a parabolic subgroup of W with (P) = (Wy) €
C(P), where J C S. Then P includes an element op with (op) = (c;5) € cf(W), where ¢; is a Cozeter
element of the standard parabolic subgroup Wy. In particular, e(op) = e(cs) = (—1)VI.

Proof. Since there exists an element w € W such that P = YW} by assumption, the fact (op) = (¢s) is
obtained by putting op = wecyw™!, where ¢y is a Coxeter element of W;. The definition of a Coxeter
element shows the last equation. O

P TW D¢ RTD parabolic subgroups ? collection £ 2. FEND H<WIZHL, HZ2E8LTRTD
parabolic subgroups D #L@#5r & L TE % % parabolic subgroup # Py £ 3. Lemma3.5ickbh, W
fEE D parabolic subgroup P T (P) = (W) 287 TdDIE P = P,y THY (op) = (cy) ZWlT LD
Ritop &L,

v="Y_ (-)VI[w/w,] € 2W,P).
Jcs
EBC. TEy i, £, QW) IKEEND.

Lemma 3.6. Let p” be the mark homomorphism of 2(W,P) and let € be the signature of W. If
¢P(7) = () (myecw), then vu = yp, for all (H) € C(W), and vp = e(op) for all (P) € C(P), where
op is a W-conjugate for some Cozeter element of P.

Proof. If H is a subgroup of W, then by the definition of Py,
invp, (W/Wj)={cW, | Pg <°W;}={cW, | H < W;} =invg(W/Wj)

for all J C S. Hence we have that vy = yp, for all (H) € C(W). Since P = P, for P € P, we have
invp(W/W;) = inv(,,,(W/W,) for all J C S. By [So66, Theorem 2], we obtain that for each P € P,

elop) = 3 (~D)Vms(op)

Jcs

=Y (=)l (W/W))
Jcs

= (-)Vlep(W/w,))
Jcs

=pp (Z(—l)lJI[W/WJ]>

Jcs
= ’yP.

3.4 The tom-Dieck homomorphism

Rgr(G) TG OERELEOR, 2(G) T NG) DHEILHEHLET S, ¢(z) = (l‘H)(H)eC(G) BRI
Bz e 2G) XL, z = o (zn)uec) £ B . [Di79, Proposition 5.5.9] iz & b, BRI
ug : Rr(G) = 2(G)* THED RG-module V IZxf L

— i H
Ve o (DY) meo) )
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7% L, VH I3V @ H-invariants, 23F#E7T 3.

H<GL32 ARERECCMBV BCOCHEEx25425LT5%. £HOH <G XL, VAR
CWe(H)MBEE AT e TEs, VI oXTdim V13, W8 (x|g, lu)w ICF LV,

Rr(G) T, GOEHEL DD CHELBOBRLETE. Z0LE, LAIOHRL [Yo90a, Theorem A] 525
UG R]R(G) — Q(G)x &,

x e e (Xt o )

L& W52 SN 2BHERE To : Rr(G) - 2(G)* ICIRRTE 3, ZO¥ERAENZ, tom Dieck homomorphism
LIBIEN TV 5, AT, Mackey functor OEHIE LAvas, Zh o DEREIE Ry 5 2% ~D G D
Mackey functor & L TOHEZEZ T3 Z LIcEET 5 (see [Yo90a, Lemma 3.5)).

i T, [G/H] ~ xco/m CEE BMULER 2(G) - Rr(G) ¥ 5. BRIEELRDT, xco/m i3 &
it C FtiTH 5.
Definition 3.7. [Yo90a, Lemma 3.6][Bal0, p. 356] An ezponential map expg; : £2(G) — 2(G)* is the

composition ~ _
Tgola: Q(G) — RR(G) — .Q(G)x

of the linearlization map and the tom-Dieck homomorphism.

T BRERIBITH D (see [Yo90a, p. 32] for instance) Ig BERBTH % DT exp, XHHEREITH 3.
FELD, expg(0) =1 & expg(l) = 1 BEH LD L2b B,

Ind§ T,
Indf(y) = <P_1( I I YHNIK )
(HgKeH\G/K )(K)EC(H)

TEHEINBZFENFR Q(H) - 2(G) £ T3 ([Yo90a, p.40], [Ya05, p.111]). BT D & 912, tom Dieck
homomorphisms & exponential maps 1, N— ¥4 FROBITHOMAEICERATHL L 2EET 5.

Theorem 3.8. [Yo90a, Lemma 3.5, 3.6] Let H be a subgroup of G. Then the diagrams

2G) % @) & 0206)
Rcsgl, B resgl lResﬁ
QH) 2 BpH) 2 Q(H)X,
@) o F(@) I 0G)*
md§ T ~ ind§ T 1T Ind§
QH) 5 ReH) 5 (H)*

are commutative.

3.5 The reduced Lefschetz invariant of a G-poset

IEFFEEER < 52 o W HBRE GERIZ, GOFATS BRETH S L&, G-poset LIS, P %
G-poset, Sd;(P) % PO oL 3EHi+10#H <z < - < z; ZEBEOERL TS, 2(G) 13, AR
% G £4 DB D Grothendieck group Th Y, AIRE G £46 X OFEE [X] TERENE 7 —AHTH-
7z. P @ Lefschetz invariant &,

[eo)

Ap = (-1)'[Sdi(P)] € 2(G),
=0

P O reduced Lefschetz invariant Ap 1 Ap = Ap — 1 (cf. [Di79] for instance) TEEENZHDET S,



4 Units of PBR

n ZIEREET S, WIEAAC [n]:={1,2,...,n} ZXL, S(A) (resp. A(4)) TA LDOXFHE (resp.
ZREE) LT3, G, :=85(n]), An:i=A(n]) EBL. A={i1,...,in} S [R] DEE, S(i1,...,im) (resp.
A, . im)) % S(A) (resp. A(A) LB, B = f{e} % S, DHBRBIREE T 5.

Z DT, A, DEBIEED collection A, ZHAL, A, DHEZIMBRB, KD Section 5T, A, BT 3
BTG 2(A,, A,)% 2.

4.1 Young subgroups and a collection 2,

[n] D8 7 L3, A {71, 7m0, ..., M} BEL, 1 BETHEOVEYESE L C | Tr=mU---Um &
TN =0 2EED1<i#j<kHLHELTODOTHS. 7 OB i(r) LiZ, [n] DHE (122292 . non), &
El,on=YF || 2%:Td0ThH3. S, DBIBEY (1) := S(m) x - x S(mg) 1, 7 2T 3 Young
WoBLRING, D, 13, S, DTTD Young FAED collection, 7z, A, DEIEED collection %

Ay = VuNAp = {Y N A | Y €D}

TED D, P, BLBEHI% L 2BRMAETHAL LTS, €Y, ZWMATIERET S, L7235 T Proposition
34125, Q(An, %) 12, A, O U, BT 3 PBRICK S,
Remark 1. Let  be a partition of [n].

1. Y(w) = E if and only if ¢(7) = (1).

2. Y(r)N A, = E if and only if t(7) = (1) or t(x) = (1"~221).

3. Forany g € Sy, set g(m) := {g(m1),...,9(mk)}. Then g(r) is a partition of [n], and Y (g(7)) = 9Y ()

holds.

4.2 Subgroups in 2,

XU BIT, [Su82, (4.19)] 226, HFH Hx K OFBIH U OBEICO>WTHEHET S, pry tprg 2 Hx K
DOIGT L5, 351, Hi, K1 %
Hy:=UNH<Qpry(U)< H,
Ky =UNKdprg(U)< K

LTS, ZDLE ERDueU KL, pry(u)Hy — prg(u)Ky CEBIN AR oy : pry(U)/H, —
prx(U)/K1 8%, &7z, UL, oy 28L%pry(U) & prg(U) O3 ERL

pry(U) x#V prc(U) := {(h, k) € pry (U) x prg(U) | pu (hH1) = kKq1}

tlLtEzsns,

ZDEEF K4 D Young subgroups DIFEIHEA TS, Y =Y(n1) €Yy, ©KL, n={m,...,m} &T
3. Y#S, LY #E Tibb, k>2Et(n) £ Q") 2IKET 3. BB Y N A, OBED, UTFOX
BT EBbRPS,

(1) Suppose that |m| > 2 and |m,| =1 for all 2 < ¢ < k. Then, clearly Y N A,, = A(my).

(2) Suppose that |r1| > 2 and |mx| > 2. Then by setting H := S(m) x -+ x S(mp—1) # E and

K := S(my) # E, we have that Y = H x K and

U:=YNA,=(HxK)NA, <HxK.
Note that pry(U) = H and prg(U) = K because of S(m) # E and S(m) # E. Put

Hy:=UNH=HNA,=(S(m) X% x S(mg_1)) N A([n] \ ™),
Ki:=UNK=KnNA, =58(m)NAp, = A(mg)-

85
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Then we have a group isomorphism ¢y : H/H; — K/K; = Cs, and the pullback U = {(h, k) €
H x K | oy(hH;) = kK1}. In particular, identifying two transpositions (a, 8) € S(m;) < H and
(v,6) € S(m) < K, we obtain that

Y NA, =U = (Hy, Ky, (a,8)(v,6))
- (( (S(m1) x -+ x S(mx_1)) NA([n] \ 7x) ) x A(Tfk)) x ((a, B)(v,9))-

roXyicHs ol U D#EIR collection A, = P, N A, 25, m<n AT IhASh
collection A, 2> SIEEEMICIREINSZ I LERL T 5,

4.3 Conjugacy classes of 2,

[n] D&7EO0FEr, © OEF ' <7, o2, T OWITHBLE, Thbb, FEO T ends, ©
k2D 7' DHELGTHBLEELLTERINSG. ERBE GO >OWMAYB H, KINL, HPK t G-
HETHBEE, Hre K EEBL

Lemma 4.1. Let n’ = {r},...,m,} and * = {my,...,m} be partitions of [n]. Suppose that t(x') #
(1722). Then Y(x')N A, < Y (%) N A, implies 7' < 7. The converse implication always holds without
any assumption.

Proof. Assume that ' € 7. Then there exist 7; € w and 7; € 7’ such that m; N« # @ and m; Z m;. Take
ac€ mﬂﬂ} and 3 €7r; \ 7i, so that, a # £ and |7}| > 2

Suppose that |7}| > 3. Then S(7}) contains a 3-cycle o := (o, 3,7), and 0 € Y(n') N A,. But since
B = o(a) € o(m,) and B & m;, we have that o(m;) # m, and 0 & Y (7)NA,. Thus Y (r')NA, £ Y (1) NA,.

Suppose next that |7}| = 2. By our assumption #(z’) # (1"~22'), there exists m; € 7 such that m; # 7
and |rrf| > 2. Take transpositions (e, 8) € S(n}) and (7v,4) € S(m}). Then o = (a, B)(7,6) € Y (n')N Ap).
But since o(m,) # m; by the same way as above, we obtain that Y (7') N A, € Y (7) N A,. The proof is
complete. (]

Lemma 4.2. Let 7' and 7 be partitions of [n] whose types are not (17~221). Then the followings are
equivalent.

1. Y(r') ~g, Y(m).
2. Y(n') ~a, Y(m).
8. Y(r')N A, ~a, Y(7)N Ap.

Proof. Let n’ = {nf,...,m;}. We may assume that t(n’) # (1*) and |r}| > 2. First we note that
Y(n') ~s, Y () implies Y (n') ~4, Y () since S, = A, % ((or, B)) where o, 8 € 7}. Thus it is enough to
show that (3) = (2).

Suppose that Y (7') N A, ~4, Y(7) N A,. Then, for some a € Ay, Y(7')N A, =*Y(7)NA,) =
Y(a(r)) N A,. By Lemma 4.1, 7’ = a(n) and Y (7') = Y (a(n)) = *Y (7). The proof is complete. O

%72 Young subgroups Y (n') & Y(r) # S,-#RTH B Z L & ¢(n') = ¢(r) DY LD T & MAMET
HbBTLEEET S, BTIE, Remark 1, 22 L T Lemma 4.2 DERHTH 5.

Proposition 4.3. |C(A,)| = |C(Dn)| — 1 where |C(Yn)| is given by the number of all partitions of n.

4.4 Some Lemmas on subgroups in 2,
BUFC, Section 5 THWS NS Z2DOFELHEMT 5.
Lemma 4.4. Let n be an integer with n > 5 (n — 2 > 3). Put

H:=(8(1,2,...,n=2)x S(n—1,n)) N Ap € Un,
K:=A(,2,...,n—2)<H, Ke,.

Then we have the following.
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1. H2 S, o and N4, (H)=H.
2. KgAn_z and NA"(K)/KgSZ.

Proof. Set A := {1,2,...,n —2}. Then H = (S(4) x S(n — 1,n)) N A, and K = A(A). According to
Section 4.2, a subgroup H can be expressed as

H = (A(A) x E) % {(1,2)(n — 1,n))
= A(A) x {(1,2)(n — 1,n)) = Sp_o.

From this structure of H, it is clear that Ng, (H) = S(A) x S(n—1,n). Thus N4, (H) = Ns,(H)NA, =
(S(A4) x S(n — 1,n)) N A, = H. On the other hand, since Ng, (K) = S(A) x S(n — 1,n), we have that

Na, (K)=Ns (K)NA,=H=K x{(1,2)(n—-1,n)).

Thus Na, (K)/K ={(1,2)(n — 1,n)) = S3. The proof is complete. a

Lemma 4.5. Let n be an integer withn >6 (n —3 > 3). Put
H:=(8(1,2...,n-3)xS(n—2,n—1))NA, € UAn,
K:=A(1,2,...,n—-3)<H, Ke,.

Then we have the following.

1. H2 S, 3 and Ns,(H)=H.
2. K%’An_gx and NAn(K)/K§53.

Proof. Set A :={1,2,...,n—3}. Then H = (S(4) x S(n—2,n—1))N A, and K = A(A). By using the
similar argument as in the proof of Lemma 4.4, we have that

H = (A(4) x E) x {(1,2)(n —2,n - 1))
= A(Q) » {(1,2)(n - 2,0 — 1)) = S,
Ns,(H) = S(4) x S(n — 2,n — 1),
Na,(H) = Ns,(H)N Ap = (S(A) x S(n —2,n— 1)) N Ay = H.

On the other hand, Ng, (K) = S(A) x S(n — 2,n — 1,n). According to Section 4.2, we have that

NAn(K) = NS“(K) N A,
= (A(Q) x A(n - 2,n—1,n)) ¥ ((1,2)(n — 2,n — 1))
=A(A) x{((n—-2,n—-1,n),(1,2)(n-2,n - 1))
= A(A) % S3=K % S3

Thus Na, (K)/K = S3. The proof is complete. O

5 Units of 2(A,,2,)
ZOfITE, A, O A, BT ZHILH 2(A,,U,)* OBIELAHAT S,

5.1 Subgroup of rank 2

COWIHTIE, BITH 2(An,A)* OEARTHEL L CORBEMR 2 THEHIH T 2BRT 5. <, %,
S, DHEFLT 5.

Lemma 5.1. [IO15, Corollary 5.2] Let £2(Sp,Dr) be a PBR relative to the Young subgroups 9, of S,
forn>2 and

(Y)eC(D) HeDn
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where £,(H) is the value e,(gn) and gy is a representative of conjugacy class (gu) € cf(Sn) which
corresponds to the conjugacy class (H) € C(Sy). Then

‘Q(Snaf‘yn)x = <_170‘)~

V= Res";’:1 (@)

EBL. ZDEXEqQ (3.1) & A, D collection 2, DEB/ICL D, v € 2(Ap, Up)* BED LD, T =(-1,v)
8L,

Proposition 5.3 ZZFHHT 572 %, BIT?D Lemma 5.2 BXRETH 5, H < S, I L, Young subgroup Yy
%, H 2&4 7T Young subgrous NIE LT & L CEETS. S, DEBODE 7= {m,..., 7} IC
XIS T % Young subgroupY i, a product oy of pairwise disjoint |m,|-cycles for i = 1,2,...,r satisfying
Y =Y,

Lemma 5.2. [OTY16, Lemma 3.1] If p(e) = () (m)ec(s.), then ag = ay, for all (H) € C(S,), and
ay =éeq(oy) for all (Y) € C(Dn)-

Proposition 5.3. Let T be the subgroup of 2(An,A,)* defined above. Then T is an elementary abelian
2-group of rank 2.

Proof. 1t is suffices to show that v # +1. Since Y4, = Sy for k=n—1, n,
pa o) =as = Ay, = Qs = ACEN

by Lemma 5.2. Trivially, £,-1(0s,_,) # €n(0s, ), we have

Pan-1 (Resi (@) = A,y (@) # 9a,(2) = 9a, (Resy (o))
by Eq.(3.2). This shows Resi’;(a) # *1 and completes the proof. 0O

5.2 Some expressions of v

T DT}, Section 5.1 THNZHIL v = Resy" (a) € R(Ay, Un)* DV DDDEBHEIC D0 THRE
T3,

5.2.1 Parabolic expression

HEED1<i<n-—11R/L, s:=(,i+1) €Sy S:={s1,....8n-1} €S, T B, W:=5, &
Coxeter system(W, S) 22 A,_; BOHR Coxeter group TH 3. EEOTAES J C SIKL, JTE
BE N 7858 Wy := (J) % standard parabolic subgroup of W S, X h —RINIC, W OB,
HBJCSICHL Wy & W £ TH 3 L ¥, parabolic subgroup &\>%, W;id, S, ® Young subgroup
THYH, D, £ TRTD parabolic subgroups of W 135 L\>Z & 2R T 5. Coxeter systems DEHEZ AL
3L, UTOERESD Lemmas 3.5 and 3.6 158515,

Proposition 5.4. Let G be a finite Cozeter group with Cozeter system (G,XL), and let v be an element

Y nMiG/ay]

JCs
of the PBR 2(G,P) relative to P of G where G is a standard parabolic subgroup corresponding to J,
and P is the set of all parabolic subgroups of G. Then v is a non-identity unit of £2(G,P).

W:=25, DL, EOER% Coxeter system (W,S) IKIGAT 5L, o = ZJQS(—I)”'[S,,/WJ] »,
S Dn) OFEFLBTETHD 2 EDSbD S, &2 5%, Lemma 5.1 & H 2(5,,9a)* = (~La) =
Cy x Cy 730')"6‘, ZoRHMBLTCa=d 285,

v = Res" (@) € R(An, Upn)* TH21DT, o & Y ;cg(~1DI[Sn/Wi] € 2(Sp,Dn)* D & I IEI
ns,

_ | {Wieds} J #0,
Wi\Sn/An = { waeAn, Wi(1,2)4) J =0
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HIERY 3L,
Mackey decomposition formula i LT, o &FEkIC, v D, S, @ parabolic subgroups % fiv> 7 #H
21833,

v=Resy () = > _(—1)"IResy" ([Sn/W.))
JCS

_ Z(_l)m( D [An/tWy nAn])

Jcs WitAnEW\Sn/An

= [An/E] + [An/E] + Z (_I)IJI[An/WJ n An]
0£JCS

= [An/B]+ Y (~)V[An/ Wy N Ap] € 2(An, Un)-
JCS

5.2.2 Exponential expression
Proposition 5.6 #FFH T 2 U T OMEZ BT Z LICT 5.

Lemma 5.5. [OTY16, Corollary 4.3] Let o be the unit of Lemma 5.1. Then a is an image of the
tom-Dieck homomorphism.

Proposition 5.6. Let v be the unit Resi'; (a). Then v is an image of the tom-Dieck homomorphism.

Proof. Theorem 3.8 and Lemma 5.5 show the proposition. O
a®52% Rp(d,) DTLEHRETE S,

Proposition 5.7. Let v be the unit Resi’; (). Then

v = (=1)"Jnd4" (—1) = expy, (n[An/An] + [An/An N Snoi)).

nNSn_1
In particular, v is an image of the exponential map exp, -

Proof. We have
a = (-1)"us, (Pn))

by [OTY16, p.374], where pj, is a permutation character obtained by the S,-set [n]. Since it is easy to
see that [n] is isomorphic to S,./S,-1 and Ind?:_l(l) = S, /Sn—1 as Sy-sets, we have

a = (=1)"Ts, (U(Sn/Sn-1)) = (~1)" expg, (Indg"_ (1)).
Theorem 3.8 and Mackey decomposition [Yo90a, Lemma 3.1] show

V= Resi'; ()
= Resiy" ((—1)")Resy (Ind3 (expy, (1))
= (—=1)"*(Res§" o Jnd$")(~1)
= (-1 H Jndﬁ:m,sn_l o Res:i'};,‘sn_l o cf"“(—l)
AngSn-1€A\Sn/Sn-1
= (-1)"Ind} g, ,(~1)
=expy, (1)"Ind}" s, (expa,ns,_, (1))
= expy, (n[An/An])exp 4, (Indf" g (1))
= expy, (n[An/An] + [An/An 0 Sn1]).

I I1E [Th87, Proposition 5.1) TAEHA I #ul:, UTORREBWHT I LIZT 5.
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Lemma 5.8. [OTY16, Proposition 4.1] Let X be a finite G-set. The reduced Lefschetz invariant A P(X)
where P(X) is the poset which consisted of nonempty and proper subsets of X, is the image of expg,
more precisely, 5

Ap(x) = expg([X]).

Corollary 5.9. Let v be the unit Res‘/s;’; (). Let X be an Ap-set n(An/An)U An/An N Sp_1. Then

v= ZP(X) = expg([X]).

Proof. This follows from Proposition 5.7 and Lemma 5.8. ]

5.3 Subgroup of rank 3

COITE, —BA— A FEOBRBIGALT, £2i—1) ¢ T = (-1,0) 2T 2(Ay, Uy)* DB
TEICHIET 2 BRI S ST MR T 5. Ch5 QBT (A, %)X DEIE U #THRT 5.

Lemma 5.10. Let n be a positive integer with n > 5. Then there is a unique subgroup H of A, up to
conjugation in A, such that

1. H is a self-normalizing subgroup of A,
2. H is isomorphic to a symmetric group Sk, where

k_{n—?, if n is odd,
T 1 n=-3, i niseven,

8. H contains a subgroup K € 2,, of index 2 with

~ [ S2, ifn is odd,
Wa, (K) = { S3, ifn is even.

Proof. If n is an odd, then we have a subgroup H € 2,, which satisfies all conditions of the lemma by

Lemma 4.4. If n is even, then we have also a subgroup H € 2, which satisfies all conditions of the lemma
by Lemma 4.5. O

Lemma 5.11. Let H and K be subgroups in A, for n > 5 satisfying conditions of Lemma 5.10. If
(D) € C(Ny,), then there exists gD € Wa,, (D) such that ({g)D) = (H) if and only if (D) = (K) or (H).

Proof. If (D) = (H), then ({g)D) = (H) by Lemma 5.10.1 clearly. If (D) = (K), then there exists
g € N4, (K) such that gK € W, (K) has order 2 by Lemma 5.10.3. Then (g)D = H. Since {g)D = {(g)D,
we have ({(g)D) = (H).

On the other hand, we suppose that gD € W, (D) satisfies ({g)D) = (H). If {g) D € 2, then we have
({g)D) = (H) because {(g)D = (g)D. The structure of H yields D = A, or Sk, so (D) = (K) or (H). If

(9)D & A, we have (g)D C H, because

@b= () T
(9)DCTeA,

However, H has a maximal subgroup K with K € %, by Lemma 5.10.3. This contradicts ((g)D) = (H).
We obtain the fact that (g)D & 2, did not happen. O

(A, AU,) DHILE 2i € (A, Uy) RHATTREEIL i € QR(A,,A,) LD, —N—0BFEBH
3. Idem(u) T, BT u € 2(An, Un)* ICHIET 3 QR2(An, U,) DREETL, Thbdb,

Idem(u) = %(u +1)
ET%, Eq. (3.3) EARRIC, BB H e A, KWL, QR(A,, A,) DEBHIRZEILTTRTD (K) € C(Ay)

xR L
a.y ) 1 (H)=(K),
exley) = { 0 gthlerwi(se,)
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RHETLOR & € QA U,) LB, TOLE, Bq (33) 1Kk D, FHBIHNEET & ORRMBES
nz.

Lemma 5.12. Let e?," be a primitive idempotent of Q2(A,,AUy) for H € A,. Then

I

De?Ap,

Theorem 5.13. Let H be a subgroup in U, for n > 5 satisfying all conditions of Lemma 5.10. Then
26%" is an element of 2(An,2A,). In particular, 28%" —1 is an element of 2(A,,A,)*.

Proof. Let &% be an element of (A, 2y,) defined by

. 1 (D)= (H),
(é% )y = { 0 c(>th)erw§se,) (5.1)
for all (D) € C(2y,). Then we have X (e ) € QR(A,,2y,). A (D)-component of an image of

,a" by 9)%» 0 %~ is presented as

@ o™ (N = >, E)gp mod WD
gDeWD

Take a subgroup K of H satisfying Lemma 5.10.3. Then by Lemma 5.11.
(g)D) = (H) ¢ (D) = (K) or (H)
for (D) € C(A,) and gD € WD, so we have that

D) = (H) or (K) with n even,
D) = (K) with n odd,

1 mod |WD
otherwise.

(%% 0 " (e5™)) (D) = { 3 mod (WD
0 mod |WD

Since we have that

2 mod |WD| (D)= (H)or (K) with n even,
(P 0 ™ (25 ))py =4 6 mod |WD| (D)= (K) withn odd,
0 mod |WD| otherwise,

and that [WH| =1,

2 (D)= (H) or (K) with n even,
IWK|={6 ED%:EK%gvit(hrzodfi, o

by Lemma 5.11, we obtain that ¢%» o %~ (2e?,") = 0. This completes the proof of the theorem. O

Lemma 5.13 D F X TORELH THIRE H € A, WL, € =20 —1€ (A, Up)* EBL. U T
BB (—1,v,8) of 2(An, U,)* 2&T. Theorem 5.13 6B oNIHERD—2E LT, U DBEENVI TH
I Edhd b

Corollary 5.14. Let U be the subgroup of 2(An, A,)* forn > 5 defined above. Then U is an elementary
abelian 2-group of rank 3.

Proof. Eq. (5.1) shows that

op(€) = (287 — 1)) = { 1_1 g@e:vge{)’

for all (D) € C(2y,). This shows that £ # £1 and £ # tv. 0O

Remark 2. Tt is checked that 2(Asz, %3)* = (—1) and 2(A4, A4)* = (—1,v). Furthermore, the computer
calculation shows that, for n = 5,6,7, 2(A,,%,)* = (=1,v,£) of rank 3. So is it true that 2(An,An)>
for n > 5 is always of rank 3 ?
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