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ADDENDUM TO “AN ABELIAN QUOTIENT OF THE SYMPLECTIC DERIVATION
LIE ALGEBRA OF THE FREE LIE ALGEBRA”

SHIGEYUKI MORITA, TAKUYA SAKASAI, AND MASAAKI SUZUKI

ABSTRACT. In our previous paper, we gave an explicit description of an abelian quotient of
the symplectic derivation Lie algebra by, ; of the free Lie algebra generated by the fundamental
representation of Sp(2g, Q). This abelian quotient is 1-dimensional and lives in weight 12 part.
Here we show that the corresponding quotient map C : h,1(12) — Q factors through the
Enomoto-Satoh map ES;; of degree 12.

1. INTRODUCTION

This article is an addendum to our previous paper [9].

Let H be the fundamental representation over Q of the symplectic group Sp(2g,Q). We
consider the symplectic derivation Lie algebra b ; of the free Lie algebra L(H) generated by
H. It was shown by Kontsevich [3, 4] that the Lie algebra homology of the Lie algebra b1 :=
gll.rg) b,,1 obtained by the stabilization is isomorphic to the free graded commutative algebra

generated by the stable homology of the Lie algebra sp(2h, Q) of Sp(2h, Q) for sufficiently
large h and the totality of the cohomology of the outer automorphism groups Out F;, of free
groups of rank n > 2.

Recently, Bartholdi determined the rational homology of Out F7 with the aid of computers.
The result is
Q (i=0,8,11)
0 (otherwise)

By applying Kontsevich’s theorem to the result Hy; (Out F7; Q) = Q, we have H; (hoo,1)12 = Q,
where H; (b 1)12 is the weight 12 part of the abelianization of the graded Lie algebra b ;.
In [9], we gave an explicit description of this isomorphism puirely in terms of the Lie algebra
Yoo,1- More precisely, we derived a formula of a cocycle C : hg1(12) — Q inducing the
isomorphism H;(hy1)12 = Q for g > 8. In the paper [6] by Gwénaél Massuyeau and the
second named author, the cocycle C is used to construct an invariant of a certain class of
sutured 3-manifolds.

One problem regarding the cocycle C is that the present formula for C is huge. In fact,
it consists of the linear combination of 647 terms (multiple contractions). Another problem
is to understand the meaning of our cocycle C. To cope with these problems, in the same
paper, we mentioned the following theorem without a proof.

Theorem 1.1 ([9, Theorem 5.1]). For g > 6, the cocycle C : §,,(12) — Q factors through Im ES,.
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In the statement, £.S1, denotes the degree 12 part of the map defined by Enomoto and Satoh
in [2]. This map, which we call the Enomoto-Satoh map here, is used to understand the struc-
ture of the Lie subalgebra of h,, generated by the degree 1 part. The purpose of this article
it to give a proof of Theorem 1.1. Our proof is aided by computers.

Acknowledgement The authors were partially supported by KAKENHI (No. 15H03618,
No. 15H03619, No. 16H03931, and No. 16K05159), Japan Society for the Promotion of Sci-
ence, Japan.

2. THE SYMPLECTIC DERIVATION LIE ALGEBRA OF THE FREE LIE ALGEBRA

Following our previous paper [9], we recall the notations used in this article.
The fundamental representation H of Sp(2g, Q) is 2g-dimensional and has a natural non-
degenerate anti-symmetric bilinear form

p:HH — Q.
We fix a symplectic basis {a;, by, ..., ay, by} of H with respect to . That is, they satisfy
wai, a;) = p(bi, b)) =0,  plai,b;) = bi;

forany 1 <1i,j < g. Let

byt = ED bo (k)
: k=0

be the Lie algebra consisting of symplectic derivations of the free Lie algebra
oo
L(H) = PL(H)
i=1
generated by H. b, is a graded Lie algebra and the degree & part (k) is given by

o (k) = Ker (H ® Lo (H) &b £ia())

The symplectic group Sp(2g, Q) acts naturally on each hy;(k). This action is the restriction
of the diagonal actions on H ® Ly1(H) C H ® H®*+1), and therefore it is compatible with
the stabilization by 1 — bhgi1,1.

Now we concern with the abelianization Hy(hy1) = bg,1/[hg,1,bg,1] of the Lie algebra b, ;. -
_ The grading of b, gives a direct sum decomposition

Hl(bg,l) = @Hl(hgyl)w
w=0

with
Hi(Baa)w = B9 (w) / D [061(3), by (w0 = 1)

=0
called the weight w part. By a technical reason, we consider the Lie ideal

;,1 = @ bg,l(k)
k=1
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of the positive degree part. The spaces Hi(h,,1), and H;(h; ;). are both Sp(2g, Q)-modules
and have a relationship (see [7, Section 2], for example) that

Sp
Hi(b5.1)u = Hi(h51)3 = boa(w)*? / (Z[bgl b (w - z)])

for any w > 1. Here, for an Sp(2g, Q)-module V, we denote by V5P the invariant subspace
for the Sp(2g,Q)-action and by Vs, the coinvariant quotient of V. The general theory of
Sp(2g, )-representatnons says that for a finite-dimensional representation V, V5P and Vsp
are isomorphic. Hence bg 1 = (hg,1)sp-

In our paper [9], we proved in a direct way that H; ( ;l)fg = Q for g > 8. More precisely,
we gave an explicit description of an Sp(2g, Q)-invariant map (cocycle) C : by;(12) — Q
satisfying that

o C is non-trivial for any g > 2,
11

o the restriction of C to z[by,l(z’), by (12 — 7)) is trivial.
i=1
It follows that the cocycle C induces a surjection C : Hy( M = (Hl(b;I)lz)Sp - Q for
every g > 2. Moreover it turns out that Cisan isomorphism for g > 8.
On the other hand, in the study of the structure of the Lie algebra b ;, the determination
of the Lie subalgebra

J=@Jk),  J(k)Cbga(k)

of h;, generated by the degree 1 part h,,(1) has been considered to be important. To this
problem, Enomoto and Satoh [2] provided the following powerful tool. They showed that
the Sp(2g, Q)-equivariant map obtained as the composition

id®k
ESy : hgi(k) = H @ Ly (H) — HZEHD LD, gk (H®k)Z/kZ

is not trivial in general, but its restriction to J(k) is trivial for any k > 2. Here (H ®’°)Z iz

denotes the coinvariant quotient of H®* with respect to the action of Z/kZ as cyclic purmu-
tations of the entries.

3. PROOF OF THEOREM 1.1

In this section, we explain how we prove Theorem 1.1 describing a relationship between
the Enomoto-Satoh map ES); and the cocycle C. Our proof proceeds in the following way
with the aid of computers:

(1) Find a generating and coordinate system of by,1(12)5P = Q0.
(2) Find a coordinate system of (H ®12) ~ Q7

(3) Compute the kernel of the map ESIZ bg 1(12)5° — (H®12) 2122
(4) Checking that the cocycle C is trivial on Ker ES,.

Note that the maps C and ES;; are invariant under the stabilization hg; — hgi1,:. We
may suppose that g is sufficiently large in the proof.
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The details of these steps are mentioned in Subsections 3.1-3.4 below. Note that we only
mention the method for the computation and omit the explicit computational results. Sub-
section 3.5 gives an application of our Theorem.

3.1. Generating and coordinate system of b,;(12)P. First we find out a generating and
coordinate system of h,;(12)5P = §,,(12)s,, which is known to be isomorphic to Q% for
g > 5 (see [8, Table 3)).

We use Lie spiders to describe elements of b, ;. A Lie spider with (k + 2) legs is defined by

S(ur, ug, ug, -+, Upyz)
= @ [ua, [us, [+ [Ukrr, o] - - ] + w2 ® [[us, [ug, [+ [uks1, uksa] -+ )], ]
+ug ® [[ug, [us, [ [ursr, ukra] 1], fun, wol] + -+ o @ ([ fun, sl - - ], wel, il

where u; € H. It is known (see [5], for instance) that Lie spiders with (k + 2) legs belong
to hy1(k) and generate it. Even if we use Lie spiders, however, it is not easy to describe
an element in the invariant part b, ; (k). Instead of writing it directly, we use coordinates
for b1 (k)P as in the following way: Every Sp(2g, Q)-invariant linear map §,,(12) — Q
factors through §,;(12)s, and the natural projection b, (12) — b,1(12)s, is regarded as the
projection onto h,,1(12)5. Therefore we get a coordinate system of b, ;(12)P by finding 650
linearly independent Sp(2g, Q)-invariant linear maps b,,;(12) — Q.

Since h,,1(12) is an Sp(2g, Q)-submodule of H ® Li3(H) C H®%, we have h,(12)* C
(H®%)*. A coordinate for (H 814)% is classically known and it is given as follows. Divide
the set {a,b,c, ..., m,n} of 14 letters into 7 pairs, say (i171)(i2j2) - - - (i77). Then we consider
the map

Riaiu)iaia)Gingr) * HE — Q
defined by
Ta® Ty ® -+ ® T > pu(Tiy, Tjy )W(Tiz Tia) * + + (T, Tjir)-
Here we call this map a multiple contraction. It is Sp(2g, Q)-invariant since p is so. We use
multiple contractions restricted to h,(12) as coordinates of b, ;(12)%. Note that they are
invariant under the stabilization map by 1 — bhgi1,-
A coordinate system

(C1, Cay ..., Coso) - Bg1(12)? = Q5%

is given in [9, Appendix A]. We use it to obtain Lie spiders &;,&s, . . ., £es0 Which generate
bg,l(lz)Sp = QGSO. .

3.2. Coordinate system of (H ®12);‘/’122. It is classically known that (H®'2)* =~ Q0% for

g > 6, which gives our bound of genus in Theorem 1.1. Indeed, a coordinate for (H®'?) % is
given by a multiple contraction

P(ir1) (g2 (isde) - H®12 _, Q |
with {1, 71, ...,%,J6} = {a,b, ..., k,{} defined similarly to the above. The maps obtained in

this way (totally 10395 = (12—1)!! maps) give the basis of the space of the Sp(2g, Q)-invariant
maps H®? — Q.
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If we take the cyclic invariance of (H ®12)ZI/’122 into account, we may consider the letters
{a,b,...,k,I} up to cyclic permutations to get a coordinate of (H ®12)ZI/’122 = Q7. This re-

duces the amount of computations. With the aid of computers, we take a coordinate system

(Ay, Ay, ..., Ago7) : (H®12);;IZZ = Q.

3.3. Computation of the map ES;;. Since the map
ESi: hg,(12) — (H®12)
is Sp(2g, Q)-equivariant, it induces a linear map
ESip : by, (12)% — (H®2) .

Recall that each of multiple contractions p(; j,)(izjz)-(irjr) © Pg,1(12) — Q factors through
hg,1(12)sp = by,1(12)%P. Therefore as long as we use the coordinate system constructed above,
we may work in the whole b,,(12) without considering the projection onto the Sp(2g, Q)-
invariant part.
We compute the matrix (A;(ES1(¢;))) 1<icsor representing the map ESy, : by, (12)%° —
SIS

Z/12Z

(H®?) ;;;uz' By the standard method, we observe that the image is 284-dimensional and fix

a basis of Ker ESi,. _

3.4. The cocycle C is trivial on Ker ES;;. We observe that the map C is trivial on the
Ker ES;, by applying C to the basis. The data for the map C is in [9, Appendix C]. The
computation is straightforward and we finish the proof of Theorem 1.1.

3.5. Another description of the map C via ES;;. We use Theorem 1.1 to give another de-
scription of the Sp(2g, Q)-invariant map C : §,:(12) — Q in the form C = C’ o ES;, with
an Sp(2g, Q)-invariant map C' : ImES), C (H®'?), ,,, — Q. For that, we pick a coordinate
system
(Bl, Bz, ceny B287) :Im ESlz i Q287

of Im ESy2 from (A;, Ay, ..., Ager). Then we write the vector (C(£)), .5, @ @ linear combi-
nation of the vectors (B;(ES12(&))) for 1 < j < 287. This gives a formula for the map
C.

We put the resulting formula, which consists of the linear combination of 278 multiple
contractions, in Appendix A.

1<:i<650
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APPENDIX A. A FORMULA FOR C’ : ImE S5 C (H®12) 21 = Q

The following map C’ : ImES), C (H®'?), 12z, — Q gives the decomposition
C= C’ o Eslg.

The coefficients of the right hand side of the formula is adjusted so that the greatest common
divisor is 1.

375557,
9

= 1290664 1(a,b)(c.i)(d ) (ek) (£)(a:h) F 397276 (a,b)(c,i) (@) (e, ) (£.7)(9.h) ~ 49BL120(a,b)(ci)(d k) (e, (£5) (ah)
+ 161889241(a,8)(c.i)(d.s) (e, ) (£,k)(9.h) T 1290664120 b)(c.5) (@, 1) (e, )(£.) (9,8) — B268488BLa,b)(c,k) (1) (e:h) (£.5)(9,0)
= 18703766 42(a,b)(c.1)(d,h) (e, k) (£.3)(9,4) F+ 91250524(a,b)(c,h) (@, 1) (e.k) (£.9)(g.6) F 155261614(ab)(c,h)(d k) (e,0) (£.5)(9,0)
= 277149240 b)(c5) (@) (e,h)(f.k)(9.4) ~ T14068611(a,b)(c 1) (d,h)(ed)(£.k)(9.5) — 168652441(a,)(c ) (d,1)(e.s) (£:k)(9:0)
— 392451444(a,6)(c,5)(d,h) () (£.)(9,8) T 45640642 b) (c,h)(d,5) (1) (£, k) (g.5) T 1756034140 b)(c,h)(d k) (e,d) (£:D)(9:3)
+ 73989441(a,6)(c,h)(d,5)(e.k) (£.0)(9,8) T T2A9468L4(a,5) (c.1) (i) (e,k) (£,h) (9,4) T+ 0855854 1(a,b)(c,i)(d,t)(e,k)(£,h)(9.9)
+ 377559444(a,) (i) (d:k) (1) (£,8)(9.3) T 409618Li(a,b)(c,1)(d,h) (e.k) (£,4)(9,4) T 42209201 (0 b)(c,h)(d1) ek} (£,0)(9.9)
< 291697241(a,5) (c,h) (d, k) (e,0) (£:) (9:5) F 139033412 (a,b) (c,i)(dt) (esh)(£1k)(g.5) + 3233464 14(a,b)(c,1)(d,h) (e:6) (£,5) (9.5)
= 65349812(a,5)(c,h) (d,1) (e,4) (£:k)(g,5) T 1985T84L(a,b)(c,i)(d,h)(e)(£k)(9,5) T 143444 (a,b)(e,h) (d,i)(e,t) (£:K)(9.9)
— 208881244(a,5)(c,h)(d k) (e,i)(£.1)(g.5) T 163910442 b) (c,i) (d,h) (e, k) (£.1)(9.5) — 3123301 (a,b)(ch)(di)(e.k)(£.1)(0.5)
+ 49919012, b) (c,5) (du1) (e,i) (£, k) (g.k) T 56022641 b)(c,i)(d, 1) (e (£.h)(9,k) T+ 3557414140 ,b) (c,i)(dd) (e, )(£h) (9.k)
+ 7512944 a,b)(c,5)(d 1) (e,h) (£1i)(a,k) T+ 357329010 b)(c,h) (1) (e,5) (£, (0. k) T+ 148300811(a,b)(c,h)(d,s) (e.1)(£:i)(9,k)
+ 110252674 (a,5)(c.)(d,1)(e,h) (£,5) (9.8) — 1008862024 ,b)(c,h) (@) (e,)(£,3)(9.k) + 391074484 a,b) (c,0) (d,h) (e)(£.5) (9.k)
+ 1218444(a,b)(c.h)(di) (e.1) (£,3) (a:k) — 453370442 b)(c,h)(d, 1) (e:6) (£1) (g k) — 291913218(a,b)(c,h) (d,1)(e,5) (£1) (9.k)
+ 161457241(0,b)(c,h)(di) (e,k)(£,3)(9.1) T+ 115348211 (a b (c,0)(d 1) (e, k) (£.5)(hsi) F 1016300L(a,b)(c.g)(d, k) (e, (£,3) (h)
+ 173066524 a,5) (c,0)(d,i) (e ) £,k) (h,5) T 784388010 by (c,0)(d.i)(esk) (£) (ki) F 14128T8241(a b)(c,0)(d. £)(e,k)(9.5)(hsd)
— 59413604(a,b) e, £)(d,1) (e, k) (9,3) (ki) — 9179144 1(a,b)(c.f)(d k) (e1)(9,5) (o) T IBBA024L(a b)(c,e) (1) (£,k)(9.5) (hsi)
+ 1383482444(a,5) (c,e)(d k) (£.1)(9.) (ki) + 343L5204(a b)(c, £)(d,1) (e.5) (g, k) (ki) T 3392292L(a,b) (e, £)(d,s) (e.0) (9, k) (R1)
+ 1595251241(a,) (c ) (d,0)(£.5)(g.k) (h.i) — 1506499202(a 5) (c,e)(d.1) (£.)(g.k) (hi) + 117870401 a b) (c,£)(d k) (e.5) (9:0) (h1)
+ 822102810 b)(c.£)(d,5) ) (0.) i) + 634491204 p)(c,e) () £.5)(o.0) (i) — BTIBEOLA(a by (c.e) i) () )
— 832597244(a,5) (e 1)(d,9) (e:k) (£,4) (h.5) T 1666534L(a,8)(c,0)(d ) (e k) (£,i)(hos) — 12137261(a b) (c,0)(d k) (e,1) (£,0) (h5)
+ 34522101(a,5) (i) (d, ) (e.9) (£, ) (k) — 411362040 b)(c.0)(d,0) (e6) (£,4) (o) — 9114544L(a b)(c.0) (A1) (e4) (£.K)(R.5)
+ 212438244(a,5)(c,i) (d,g) (1) (k) (h5) T+ 293423410 b) (c.0)(d,i) (1) (£, k) (h.5) F 3030134K(a,b)(c.0) (d, ) (e,)(£.1)(hos)
+ 14343104(a,6)(c,i) (d,g) (e k) (£1) (h5) T 42748941 b) (c,0)(d,i) (e.K) (£) (o) — 169BL121(a,b)(c,0)(d, ) (e.R) (9:6) (o)
= 59413604 (a,5)(c, 1) (d.) (e,k)(9:)(hos) — 9179144 Ls(a,b) (c.£) (dk) (@) (9.4) (h,5) T 253349961 (a,5) (c,e)(d,1)(£,4)(9:) (h7)
+ 382685244(a,5) (c.e) (d,k) (£.1)(9.,4) (h,5) — 8479950 (a,b) (e, £)(d,1)(e,6) (9.k) (h.d) — T22468204(a,8)(c,i)(d. ) (e) (9. K) (h.5)
— 37404521 b) (e, £)(d,i) (e.1) (9.k) (h.5) F 85TA8BBL(a,b)(c.e) (@ 1)(£,i)(gk) (h.5) T 1026383201(4,¢)(b,d)(e,1) (£,)(9.k) (. 5)
+ 137033904(a,5) (c.d) (e,) (£.0)(g.k)(h,5) — 119074314(a,b) (c.i)(d,e) (£.1)(g.k) (o) — 48BOTO241(a,b)(c,e)(d,i)(£,0) (9.k) (h.5)
+ 1222584004 (0c) b,y (e.0) () (0.4 (k) + 4619662611(a,b) () e,0)(.0)9.K) (h.3) + BATOBBOM(a b e, 1) k) e, (0,10 ()
= 6237504(a,5)(c, 1) (d,i) (e.k)(g.1) (ko) — 92931801(a,b)(c,e)(d k)(£,6)(9.1) (h.g) — 12535801 (a,c)(b,e)(d,i)(f.k) (0.) (h.5)
— 4TT1684(a,b)(c,e) (d)(£.)(a.1)(h,5) T 85927201 (a,c)(b,d) (e,0)(£.K)(9.1) (.5) + 1252568BLi(a,b)(c.d) (e.6)(£,k)(9.1) (hod)
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+ 712939614 (a,b) (c.5) (d)(e,0) (i) (k) — 48256501 (a,6) (c,0)(d,1)(e.d) (1.6} (h,k) — 25941641 (a ) (c,0) (d,1) (1) (£,3)(h k)

— 363883241(a,b)(c,i) (d,1) (e:9)(£9) (o) ~ T3931261(a,b)(c.0)(d,1)(e:0) (£.3) (k) + 213T528L(a,8)(c.0)(d,6) (1) (£.5) (o)

+ 47208041 (a,b) (c.0)(d,) (e.0)(£.5) (hk) T 474981 (a,5)(c,0)(@,5)(e.4) (£1) (k) T 26414961 1) (c.0)(d,i) (e} (£:1) (. )

+ 1249727611 (a,b) (c.0)(d, £)(e.1)(,)(h k) — 903604011(a b)(c, £)(d.1) (e.3)(9.)(h,k) T 115431481(a,b)(c,5)(d. F) (e,t) (9.4)(hok)
+ 770184 (a,b)(c, £)(di)(ed)(g.0)(h,k) — 242310441(a,b) (c.e)(d,1)(£,1)(9.)h,k) T B2543T8Li(a,b)(c.e)(d1)(£.1)(g.5) (h. )

= 368772441 (a,c)(b,d)(e,1)(1:1)(9.4) (h.k) — 3187850410 b)(c.d)(e.0)(£.0) (9.4) (k) T 342431010 ,b)(c.0)(d, ) (e:8)(9.3) (h. )
= 593566614 (a,b) (e, £)(d 1) (e,1)(9.3)(h,k) F+ 115412644 (a,b)(c,)(d, ) (e) (9.5) (h.k) — 2243848 12(a,b)(c,£)(d,) (e (9,5) (oK)

+ 86210201 (05)(,6) () (£.)(0,3)(h k) — 13052782%4(a b)(c,0) () £)(9.7) (k) — 0321521 c)b,e) ) (1. (0,3) (0 )
= 1367713204 (a,b) (c,e)(di) (£:1)(9.5)(h,k) F+ 4LT19TOL(a,c)(b,d)(e,)(£.1)(g.9)(h k) — B05653641(a,b)(c,a) (e,i)(1,1)(9.5)(h.k)
= 19113604(a,8) (c.£)(d.1)(e.i) (a:0) (b, k) + 6826401 (a,b)(c. £)(d,)(e.5)(a.1) (k) T IBLE8BL(a,c)(b.e)(d,5)(£.4) (a.) (R k)

— 35580621(a,b) (c.e)(d,1)(f,4) (1) (h.k) — 1T8TBT6L(a,c)(b,e)(d,)(£.3)(a,)(h k) — 122516661(a,b)(c.e)(d,)(£.3)(9.1) (h.k)
— 16108644 (a,c)(5,d)(e,i)(£.3)(.)(h.k) T 65645614(a b)(c.a)(e.6)(£.1)(a.1) (hk) T 161457 20(a,b) (c,0)(d,i) (e, k) (£.5) (R 1)

+ 155829811 (a,b) (e, £)(d, k) (e.5) (0,8} (1) + 160087814(a,b)(c. £)(du) (e k) (g,i) (k1) T+ 229T627811(a,b)(c.e)(d,k) (£.5) (g:6) (o)
— 5884844(a,c) (b,)(d,3)(£.k)(9,) (k1) T+ 622206812 b)(c,)(d.s) (£.k) (9.0) (1) F B4TIATOL 0 b) (c,£)(d k) (e,)(9.3) (D)

+ 161457241(0,b) (c. ) (d,i) ek} (9.5) (1) + 12603078 Ls(a,b)(c,e)(d, k) (£,)(9.5)(h.1) — 308T616L4(a,c)(b,)(d,i)(£.) (9.0 (hd)
— 1290873444(a,b)(c.e)(d1)(£.£)(g.5)(h.t) T 16605201a,b)(c.£)(d,1) (e,i) (g, k) (1) + 42545201 (ab) (e, £)(d1i) (e.) (a,k) (o)
+ 12980804(a,c) (5,)(d,1)(£,i) (0. k) (k1) — 68316261(a,)(c.e)(d3)(£.4) (g, k) (hut) — 491456L(a,c)(b,)(d,i)(£.) (0,K) (h.1)

= 102777301 (a,b) (c,e) (e} (£,3) (0. k)(h.0) + TA040920(a,b) (e, h) (d, ) (e (9. k) (i.5) T 285189200 b)(c, £) (@) (e.d) (9.0 (515)
— 963258241(a,1) () (e.) (1:1) k) 65) — 236116520801y 1) )(£1) ) i) — 15TOL6BYL(a by () (0 1) (£0) 0. 5)
= 65645611(a,b) (c,d)(e,h)(£.1)(g.k)(5.5) — 197209164(a b)(c,h)(d.£) ek} (9.0)(5.5) — 691558210 ,b)(c.f)(d, ) (e,k) (9.0) (i)

— 2361165201(a,b) (c,h)(d,e) (£,k)(9,1) (i.5) ~ I43319614(a,b)(c.e) (d,h) (£, k) (g.1) (ir) — 5564564 (a,b)(c,d) (e,h) (£,k)(9,1)(0.5)

— 89970961(a,b) (c. £)(d,1) (e,0) (h,k) (1,5) — O44BI26611(a,b)(c.0)(d, ) (e.)(h,k)(5,5) — 418322444 b) (c.f)(d,g) (e,1) (h ) (4,5)
= 65645611(a,b) (c,0)(d,e)(£:0) (k. k) (irs) T 322822T6L1(a,b)(c,e)(d,0) (£.1) (o) (4,5) — D69B042611(a b) (c,d) (e,0) (£,0) (A, (i.5)
+ 2295519614 (a,b) (c, 1) (d,e) (@) (k. k) (i) T 19060956 14(a,6)(c.e)(d, £)(a.0)(h k) (5.5) — 16968008L(a,b)(c,f)(d,k)(e,0) (R 1) (1)
— 2740934241(0,b) (c,0)(d, 1) (ek) (h,1) (irs) — 156530720 (a,5)(c,£)(d,a) (e k) (h1)(i.5) — 3282281h(a,b)(c,0)(die) (£,R)(R1)(:5)
+ 79016081 (a,b) (c,e)(dg) (/:#) (1) (ir) — 96325821 (a,b)(c,d) (e,9) (£, k) (h,1)(i.5) T 2295519614 (a,b) (c.£)(dse) (9.k) (1) (i.7)
+ 1906095612 (a,b) (c,e)(d, £)(g:k) (ho1)(35) F 2T4267214(a,b)(c.5) (@) (e,h) (f,6)(irk) — 9B03668L(a,b)(c,h)(d,1) (€0 (£,9)(irk)
+ 120217644 (a,b) (e, ) (1) (e.1) (£,9) (i, k) — B0028124(a by (e, 1) (1) (e.0) (£:h)(irk) — B239598K(a,b)(c,0) (d 1) (e,3) (£:1) (i)

— 113812444 (a,b) (c,0)(d3) () (£.B) (k) — 10117118 (a0 b) (c,h)(dt)(e,0)(£.5) (i) — TITINN2(a b (c,0)(dit)(e,h)(£.5)(5rk) =
205263811(a,b) (c,h) (d.9)(e)(£,3)(i,k) T+ 2520874 14(a,b) (c,9)(d,h) (e) (£,5)(iok) T B23TE28L1(a,b)(e,h)(d,1) (e.0) (1) (i:k)

+ 73441 (a,b)(c.0)(d,1) (e, ) (£.1)(i.k) T 54968061 (a,b)(c,h) (d,0)(e,d) (£,1)(i.k) — LOT13181(a,6)(c,0)(d,h) (e.d) (£,1) k)

+ 1220942010 b) (c,e)(d.5)(£.1)(g,h) (i, k) + 58980426 14(a,b) (c,d) (e,3)(£.1)(0,1) (i) T 652145201 (a b) (. £)(d,1) (6.1} (9,9 (i:k)
+ 127184644 (a,b) (c, ) (d, ) (e1)(9.)(i.k) F 3422702140 ,b) (e, £)(d,h) (e.1) (9.3) (i k) + 1146900812 (a,b) (c,e)(d.1)(£.h)(9.3)(i.K)
— 468689211(a,b) (c.h)(de) (£:1)(9.3) (k) — 228T7461(a,c)(b,e)(d ) (£0)(9.5) (i.k) T 61353301(a,b)(c,e)(d, 1) (£,0)(9,4)(i k)

+ 736111644(a,0) (b,d)(e,h)(£,1)(9.5) (i) F 2563955614(a,b)(c,d)(e,h)(£.1)(9.5)(i.k) — S8TL14TOL(a,b)(c, £)(d,3)(e,h) (9.0)(i.k)
— 2204182(0,b) (c,£)(d,h)(e.5) (.1) (i) + 1297429614 a.c)(b.e)(@.5) (£, 1) (g.1) (5. k) + 31622134 1(q,6) (c.e)(d.i)(£.0)(0.0)(i:k)
— 4A32756442(a,c) (b,¢)(d, h)(£.5)(a.) (i, k) — 9635944 11(ab)(c,e)(d, ) (£.5)(9.0) (i.k) — SB26T52L(a,c)(b,d)(e.h)(£.0)(9.0)(irk)

+ 426623041 (a,b)(c,d)(e,h)(£.5)(9:1)(i.k) — 16440132410 ,b) e, £)(d,0) (e29) (o) (k) — 2471256814, b) (c,0)(d, ) (e.0) (hs) (i:k)
= 25035764(a,b) (c.£)(d,0)(e) (h5)(i.k) + 4917432110 b) (c.g) (d,e) (£,1)(hos) (irk) T 1053453612(a,b) (c.e)(d,0) (£,)(Ros) i,k
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+ 941476641(a,c) (b,d)(e,0)(£.1) () (i k) — 273802961 (0 b)(c.d) (e.0) (£,1) (ki) (i,k) T 1348T068L1(a,b)(c.£)(d.e)(9,1) (1) (5.)
+ 1516671644(a,b) (c,e)(d. £)(9.0)(h.3)(i.k) T 3666931811 b)(c,1)(d.1)(e.0) (hu1) (i k) + 1TO4T624 11 0 b) (c,£)(d,9) (e.s) (1) (i)
+ 2574204241 (0,b) (c,0)(d ) (£.5) (h1)(i,k) T ST90T214L(q,b) (c.e)(d,9)(£.5) (h.1)(isk) T+ BOTO36L(a,b) (c,d)(e.0)(£.) (MDY
+ 7922729814(a,b) (c.f)(d.e)(9.3) (h.1) (k) — 1103573612 (a,c)(5,e)(d. £)(9.3) (R (i) + 32193992110 b) (c,0)(d, £)(9.3) (1) (i.k)
+ 7954248611(a,5) (c.d)(e. £)(9.9) () (i:k) — 862775610 b) (c,e)(d.k) (£.5)(g.h) (5,1 — 2010616140 b) (c,e)(d.i)(£.k) (9,h)(ird)
+ 161628441(0,b) (c. £)(d,h)(e k) (9,5) 1) F 292854441 (a,b) (c,e)(d k) (£:1)(9.) (irt) — 172804 1k(0,6) (b,e)(d 1) (£.k)(9,5)(irl)

+ T19256211(a,b) (c,e) (d,h) (£,K)(9.3) (i) T 1152220014(a,c)(b.e)(d.5) (£} (. (i) —~ 11261520(a,5)(c.e)(@,5)(£,h)(9.) (2.0)
+ 4T623611(a,0)(5,6)(44) () (95k) .1) T 262894612 b) c.e) (1) (£,)(9:0)5) — 11630390k (a ). 1)(d,0) (e, (7))

+ 557152811(a,0)(b,)(d,9) £,k () (1) + 222620081208 (c,)(d,) (£,8) (ho) (i) + SITFO92L4(a,c)(b,d) (e,) (£,6) (ho3) (i)

— 5518799241(a ) (c,d) (e,0)(f,k) (1) (i-4) — 2323830110 ,b)(c.£)(d,e)(0,k) (i) (1) T 294272444 a ) (c.e)(d,£)(9.K) (R, 5)(irh)
— 299763211(a,b) (c.e)(d3)(f.9) (h.k) () T 44323161(a,c)(b,)(d,0)(£.3) (h.k) (1) T 18207838Ls(a,b)(c,e)(d,9)(£.5) () (1)

— 64909521(a,¢) (b.d) (e,0)(£.1)(h.K)(i.1) — 1485575612(a,b)(c,d)(e,0)(£.0)(h k) (i,1) + 1750600812(a,)(c,£)(d,e)(9.5) (hik) (i.1)
+ 41436401 (a b) (c,e)(d, £)(9.3) (h.k)(5.1) — 6234881 (0 ,b)(c,0)(d,1) (e.)(£,0) (5.k) T STTLL40k(a,b)(c,h)(d,i)(e,0) (£:1)(G.K)

+ 226742401(a,5) (c.0)(d,) (.0 (£.1)(5.k) + TTA0T30 0 b)(c.0) (d,h) (e,6) (£, (k) — 104135781 by (c,e)(d1)(£,)(9,h)(Gik)
+ 1074180644(a,b) (c,) (d,i)(£.1)(g. k) (5 k) + 4961644 10(a,b)(c.e)(d h)(£.1)(9.0) (k) T 563239701 b)(e,d)(eh)(£:1)(9,0)(Gik)
— 5573888L(a,5)(c.f)(@,i)(e,h)(g.1)(G:k) T 4222468144 5)(c,1)(d,h)(e)(g.1)(G:k) — 19238T644(a,5) (c,e)(d,i) (£,h) (9:0) 5 K)

— 80198942414 ) (c,d)(e,i)(£,h) (9. (k) T+ 1343224 14(a b (c,e)(d, ) (£.4) (0.0 (k) — BSOA56L(a b)(c,d) (e, k) (£,0)(0.1) (1)

— 39771243110 ) (c,d) (e,0)(£1) (ki) (k) — 1557236010 b) (e, £)(d,i)(e.9) (h.D) (k) — 19559660 (ab)(c.£)(d,9) (e,) (1) (k)
— 322595504 (a,b) (c.e)(d,i)(£.9) (h.1) (k) T B6631001(a,b) (c,e)(d,0) (£:) (1) (k) — 98325824 (a,b) (c.d)(e,0) (£.6) (h1) (k)

— 532359214(a,5) (c,)(d.£)(9:i) (1) (5:k) — T954248642(a,6)(c,d) (e, £)(9,))(h.D)(Gik) — TI2TI66LL (0 b) (c,)(d, k) (£,9)(5.1) (Gik)
— 40189404(a,b)(c,e)(d:9) (£,r) (i1 (ik) F 445001 (a,c) (b.e)(d,h) (£,)(9,0)(5.1) + 644998211(a,b)(c,e)(dh)(£.k)(9.9)5.1)

+ 144370124,c) (b,¢)(d,i) (£,h) (0, k) (5.1) T 59T4B00L(a,c)(b,e)(d.) (£.4)(9. k) 51) F 22594296L1(a b) (c.e)(d,0)(£.k) (D) G.1)
+4021090841(a,5)(c,e)(d,£)(9.k) (i) t) T 1247004 a,8)(c.e) (d.£)(9,i) (h.K) (3L
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