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Abstract. In this paper, we establish necessary optimality conditions for
(weakly) efficient solutions of a nonsmooth fractional multiobjective optimiza~
tion problem with inequality and equality constraints by employing some ad-
vanced tools of variational analysis and generalized differentiation. Sufficient
optimality conditions for such solutions to the considered problem are also pro-
vided by means of introducing (strictly) convex-affine functions. Along with op-
timality conditions, we formulate a dual problem to the primal one and explore
weak, strong and converse duality relations between them under assumptions of
(strictly) convex-affine functions.

1 Introduction and Preliminaries

Optimality conditions and duality for (weakly) Pareto/efficient solutions in frac-
tional multiobjective optimization problems have been investigated intensively by
many researchers; see e.g., [2, 3, 5-11, 14, 15, 17] and the references therein.
One of the main tools used to examine a fractional multiobjective optimization
problem is that one employs the separation theorem of conver sets (see e.g., [16])
to provide necessary conditions for (weakly) efficient solutions of the considered
problem and exploits various kinds of (generalized) convex/or invex functions

to formulate sufficient conditions for the existence of such solutions.
It should be noted further that since the kinds of (generalized) invex func-

tions mentioned above have been constructed via the Clarke subdifferential of
locally Lipschitz functions, we therefore have to remain using tacitly the sepa-

ration theorem of convex sets in the schemes of proof. In fact, a characteristic
of a fractional multiobjective optimization problem is that its objective func-
tion is generally not a convex function. Even under more restrictive concav-
ity/convexity assumptions fractional multiobjective optimization problems are
generally nonconver ones.

Besides, the (approximate) eztremal principle [13], which plays a key role in
variational analysis and generalized differentiation, has been well-recognized as
a variational counterpart of the separation theorem for nonconvez sets. Hence
using the extremal principle and other advanced techniques of variational analy-
sis and generalized differentiation to establish optimality conditions seems to be



suitable for nonconvez/nonsmooth fractional multiobjective optimization prob-

lems.
In this work, we employ some advanced tools of variational analysis and gen-

cralized differentiation (¢.g., the nonsmooth version of Fermat’s rule, the sumn
rule and the quotient rule for the limiting/Mordukhovich subdifferential, and
the intersection rule for the normal/Mordukhovich cone) to establish necessary
conditions for (weakly) efficient solutions of a nonsmooth fractional multiobjec-
tive optimization problem with inequality and equality constraints.

Since the limiting/Mordukhovich subdifferential of a real-valued function at
a given point is contained in the Clarke subdiffercutial of such a function at the
corresponding point (cf. [13]), the necessary conditions formulated in terms of
the limiting/Mordukhovich subdifferential are sharper than the corresponding
ones expressed in terms of the Clarke subdifferential. Sufficient conditions for
the existence of such solutions to the considered problem are also provided by
means of introducing (strictly) convex-affine functions defined in terms of the
limiting subdifferential for locally Lipschitz functions.

Along with optimality conditions, we state a dual problem to the primal one
and explore weak, strong and converse duality relations under assumptions of
(strictly) convexity-affineness. Furthennore, examples are given for analyzing
and illustrating the obtained results.

Throughout the paper we use the standard notation of variational analysis;
see e.g., [13]. Unless otherwise specified, all spaces under consideration are
assumed to be Asplund (i.e., Banach spaces whose separable subspaces have
separable duals). The canonical pairing between space X and its topological
dual X* is denoted by (-, ), while the symbol || - || stands for the norm in the
considered space. As usual, the polar cone of a set Q C X is defined by

N°:={z* e X*|{(z*,z) <0 Vz e} (1.1)

Also, for each m € N := {1,2,...}, we denote by R the nonnegative orthant

of R™.
Given a multifunction F: X =3 X*, we denote by

Limsup F(z) := {m* € X*| 3 sequences z, + % and z, 2y g
r—T

with z% € F(z,) forall ne N}

the sequential Painlevé- Kuratowski upper/outer limit of F as x — %, where the

notation - indicates the convergence in the weak* topology of X*.
Given 2 C X and € > 0, define the collection of e-normals to §2 at T € 2 by

lim sup (:D—’x-::—t—)- < z-:}, (1.2)
xi)‘

N.(%0) = {z" e X* _
@& = { Te—3]
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where z < Z means that = — Z with = € Q. When ¢ = 0, the set }V(i;ﬂ) =
No(%;9) in (1.2) is a cone called the Fréchet normal cone to Q at Z. If £ ¢ 0,
we put N, (Z;Q) := 0 for all £ > 0.

The limiting/Mordukhovich normal cone N(Z;§2) at Z € (2 is obtained from
ﬁe(z; ) by taking the sequential Painlevé-Kuratowski upper limits as

N(&; Q) := Lim sup N.(z; ), (1.3)
t“l}f
€l0

where € | 0 signifies ¢ — 0 and € > 0. If T ¢ 2, we put N(Z;2) := 0. Note that
one can put € := 0 in (1.3) when 2 is (locally) closed around Z, i.e., there is a
neighborhood U of # such that 2 NclU is closed.

For an extended real-valued function ¢ : X = R := [~00, 0], we set
gphy = {(z,n) € X xR | p=p(z)}, epip:={(z,p) € X xR|pu2>¢p(z)}.

The limiting/Mordukhovich subdifferential of ¢ at T € X with |p(Z)| < oo is
defined by

8p(Z) := {z* € X* | (z*,-1) € N((Z,¢(Z));epi¢)}. (14)

If |p(Z)| = oo, then one puts dp(Z) := . It is known (cf. [13]) that when ¢ is a
convex function, the above-defined subdifferential coincides with the subdiffer-
ential in the sense of convex analysis [16].

Considering the indicator function 4(-; 2) defined by d(z; Q) :=0 for z € Q
and by d(z; ) := oo otherwise, we have a relation between the Mordukhovich
normal cone and the limiting subdifferential of the indicator function as follows
(see [13, Proposition 1.79}):

N(0) = 98(z: ) Yz € Q. (1.5)
The nonsmooth version of Fermat’s rule (see e.g., [13, Proposition 1.114]),

which is an important fact for many applications, can be formulated as follows:
If £ € X is a local minimizer for ¢ : X — R, then

0 € 9p(Z). (1.6)
The following limiting subdifferential sum rule is needed for our study.

Lemma 1.1 (See [13, Theorem 3.36]) Let ; : X -+ R,i =1,2,...,n,n > 2, be
lower semicontinuous around T € X, and let all these functions except, possibly,
one be Lipschitz continuous around %. Then one has

O(p1+ @2+ - - + Pa)(T) C Bp1(Z) + Bp2(Z) + - - - + Opn(T). (1.7)
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Combining this limiting subdifferential sum rule with the quotient rule (cf. [13,
Corollary 1.111(ii)]), we get an estimate for the limiting subdifferential of quo-
tients.

Lemma 1.2 Let ¢; : X = R,i = 1,2, be Lipschitz continuous around Z. As-
sume that p2(Z) # 0. Then one has
01\ - _ 0(p2(Z)p1) (&) + 0( — 01 (Z)p2) (Z)
ol — ) (@) c — . 1.8
(&)@ PP (1)

Recall [13] that a set 2 C X is sequentially normally compact (SNC) at
z € Q if for any sequences

ex 10, 7 3 3, and =% % 0 with 71 € N, (zx; Q),

one has ||z}]| = 0 as k — oo. Here, & can be omitted when 2 is closed around
Z. Obviously, this SNC property is automatically satisfied in finitc dimcensional
spaces. A function ¢ : X — R is called sequentially normally compact (SNC)
at € X if gph is SNC at (Z,¢(Z)). According to [13, Corollary 1.69(i)], ¢ is
SNC at T € X if it is Lipschitz continuous around Z.

In what follows, we also need the intersection rule for the normal cones under
the fulfillment of the SNC condition.

Lemma 1.3 (See [13, Corollary 3.5]) Assume that Q;,22 C X are closed
around T € Q; N Q2 and that at least one of {21,002} is SNC at this point.
If

N(z;21) N (- N(z; %)) = {0},

then
N(Z; Q1 NQ) C N(Z;) + N(Z; Q).

2 Optimality Conditions in Fractional Multiob-
jective Optimization

This section is devoted to studying optimality conditions for fractional multiob-
jective optimization problems. More precisely, by using the nonsmooth version
of Fermat’s rule, the sum rule and the quoticnt rule for the limiting subdiffer-
entials, and the intersection rule for the Mordukhovich cones, we first establish
necessary conditions for (weakly) efficient solutions of a fractional multiobjective
optimization problem. Then by imposing assumptions of (strictly) convexity-
affincness, we give sufficient conditions for the existence of such solutious.

Let Q be a nonempty locally closed subset of X, and let K = {1,...,m},
I={1,.,n} U@ and J = {1,..,1} U® be index sets. In what follows, 2 is
always assumed to be SNC at the point under consideration. This assumption
is automatically fulfilled when X is a finite dimensional space.
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We consider the following fractional multiobjective optimization problem (P):

s e (35 E) o),

where the constraint set C is defined by
C:={ze|g@) <0,iel,
hj(z) =0,j € J}, (2.10)

and the functions pg, gx, k € K, gi,% € I, and hj,j € J are locally Lipschitz on
X. For the sake of convenience, we further assume that gx(z) > 0,k € K for all
z € N, and that px(Z) < 0,k € K for the reference point Z € 2. Also, we use
hereafter the notation g := (g1,...,9n), b := (R1,...,h1) and f := (f1,..., fm),
where fi := %f, ke K.

Definition 2.1 (i) We say that Z € C is an efficient solution of problem (2.9),
and write Z € S(P), iff

vzeC, f(z)-f(Z) ¢ -RT\{0}.

(ii) A point Z € C is called a weakly efficient solution of problem (2.9), and
write & € SY(P), iff

VzeC, f(z)- f(Z)¢ —intRT.

For & € {2, let us put
I(z):={iel|giZ)=0}, J(Z):={jeJ|hiZ)=0}

Definition 2.2 We say that condition (CQ) is satisfied at Z € §2 if there do not
exist f; > 0,i € I(Z) and y; > 0, j € J(Z), such that 3=, ;5 Bit+Tjcsm Vi # 0
and
0e Y Bidgi(Z)+ Z i (Bh;(Z) U 8(—h;)(Z)) + N(5; Q).
i€I(%) jeJ(x)

It is worth to mention here that when considering Z € C defined in (2.10)
with Q = X in the smooth setting, the above-defined (CQ) is guaranteed by the
Mangasarian-Fromovitz coustraint qualification; see e.g., [13] for more details.

The following theorem gives a Karush-Kuhn-Tucker type necessary condition
for (weakly) efficient solutions of problem (2.9).
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Theorem 2.1 Let the (CQ) be satisfied at T € Q. If T € S (P), then there exist
A= (A1, Am) € RP\{0}, 8 := (B1,....8n) € RY, and v = (m1,..,M) € R,
such that

0e S x (0@ - 2ou@) + 3 aouc@)

= qx(Z) ey
+ " 7i(0h; (@) UB(—hy) (&) + N(:Q), Bigi(®) =0, iel. (211)
j€J

A simple example below shows that the conclusion of Theorem 2.1 may fail if
the (CQ) is not satisfied at the point in question.

Example 2.1 Let f : R — R? be defined by
f(z) == (px(x) pz(z)),

a(@)’ e(@)

where py () = p2(z) := z,q1(z) = ¢2(z) =22+ 1,z € R,and let g,h : R R
be given by g(z) := 22, h(z) := 0, z € R. We consider problem (2.9) with m := 2
and Q := (—00,0) C R. Then C = {0} and thus, ¥ := 0 € S¥(P)(= S(P)).
In this setting, we have N(Z; Q) = [0,400). Now, we can check that condition
(CQ) is not satisfied at . Meantime,  does not satisfy (2.11) either.

We refer the reader to a result [1, Theorem 4.2] about necessary condi-
tions for a more general multiobjective fractional program with eguilibrium
constraints by way of a different approach.

The next example illustrates that Theorem 2.1 works better in compari-
son with some of the existing results about optimality conditions for fractional
multiobjective optimization problems, for instance, in [5).

Example 2.2 Let f: R — R2 be defined by

- (=) p2(z)
fla) = (m(w)’ qz(m)) !

where p1(z) = po(z) := ||, q1(z) = ¢2(z) := —|z| + 1,z € R, and let g,h : R =
R be given by g(z) := -z — 1, h(z) = 0, z € R. Let us consider problem (2.9)
with K = {1,2},1 := {1},J := 0, and Q := (-1,1) C R. It is easy to
check that Z := 0 € §*(P) and the (CQ) is satisfied at this point. So, in this
setting we can apply Theorem 2.1 to conclude that Z satisfies condition (2.11).
Meanwhile, since the functions g;, g, are not differentiable at Z, [5, Theorem 2.2
is not applicable to this problem.

It should be noted further that, in general, a feasible point of problem (2.9)
satisfying condition (2.11) is not necessarily to be a weakly efficient solution
even in the smooth case. This will be illustrated by the following example.

14



Example 2.3 Let f: R — R? be defined by
_ (p(z) p2(z)
o= (B )

where p1(z) = pa(z) := 23— 1,1 () = g2(z) :=2?+1,7 €R,and let g,h : R =
R be given by g(z) := —z2, h(z) := 0, z € R. Let us consider problem (2.9)
with m := 2 aud Q := (—oc,1] CR. Then C = Q and thus, Z:=0€ C. In
this setting, we have N(Z;2) = {0}. Observe that Z satisfies condition (2.11).
However, Z ¢ SY(P).

By virtue of Example 2.3, obtaining sufficient conditions for (weakly) effi-
cient solutions of problem (2.9) requires concepts of convexity-affineness-type
for locally Lipschitz functions on §2, here €2 is a convex set. Note that if 2 is
nonconvex set, then some results can be referred to [4].

Definition 2.3 (i) We say that (f,g;h) is convez-affine on 2 at T €  if for
any z € Q, up € Opi(Z), vy € Oqk(Z), k € K, zi € 0gi(Z),t € I, and
y; € Ohi(T) U O(-h;)(Z),5 € J,
p(z) — pe(Z) 2(ug,z — 2),k € K,
a(z) — qi(Z) 2(vi,z - Z),k € K,
gi(z) - gl(i) Z(z:’z - 5)"‘ €1,
hi(z) - hj(Z) =w;{y;, = —),j € J,
where w; = 1 (respectively, w; = —1) whenever y; € 0h;(Z) (respectively,
y; € 0(—h;)(3)).
(ii) We say that (f,g;h) is strictly convez-affine on 2 at T € Q if for any
z € O\{Z}, u; € Opr(Z), vy € Oqr(Z), k € K, z} € Bgi(Z),t € I, and
y; € 0hi(Z) U B(-h;)(Z),5 € J,
Pk(z) — pr(Z) >(uj,z ~ 3),k € K,
qk(z) - qk(i) Z(”I:’z - :-i), k€K,
gi(z) - gt(i) Z(-”«':az’ - f)a" € Iy
hj(x) — h;(Z) =w;{yj,z - Z),j € J,
where w; = 1 (respectively, w; = -1) whenever y; € 0h;(Z) (respectively,
Y5 € 9(—h;)(%)).

We arc now in a position to provide sufficient conditions for a fcasible point
of problem (2.9) to be a weakly efficient (or efficient) solution.

Theorem 2.2 Assume that T € C satisfies condition (2.11).
(i) If (f,g:h) is convez-affine on 2 at %, then T € S*(P).
(i) If (f, g; h) is strictly convez-affine on Q at %, then T € S(P).
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3 Duality in Fractional Multiobjective Optimiza-
tion

In this section we propose a dual problem to the primal one in the sense of Mond-
Weir [12] and examine weak, strong, and converse duality relations between
them. Note further that another dual problem formulated in the sense of Wolfe
[18] can be similarly treated.

Let z € X, := (A,...,Am) € RP\{0}, pp:= (p1,...,4n) €RY, and v :=
(7,....m) € Rﬂ_. In connection with the fractional multiobjective optimization
problem (P) given in (2.9), we consider a fractional multiobjective dual problem
of the form (D):

maxmr {f(z, A,u,"/) = (Z)IE:;, .- ’Iq’:E:;) I(z, A,[l,’;/) € CD} . (3.12)

Here the constraint set Cp is defined by

Co 1= {(5 3 ) €2 x RFVOD) X B xRy | 0€ 3= 0 (0m1(2) - 2 o)

A ax(2)
+ Zmag.'(z) + z:'y,' (6hj(z) UB(~h;)(2)) + N(zQ),
i€l jeJ
(1,9(2)) + (0. h(z)) 20 Vo € S(0, |},
where S(0, ||7]]) := {o € R | ||all = |Il[}-

We need to address here that an efficient solution (resp., a weakly efficient
solution) of the dual problem in (3.12) is similarly defined as in Definition 2.1
by replacing ~R7 (resp., int RT') by RT (resp., —int RT). Also, we denote the
set of efficient solutions (resp., weakly efficient solutions) of problem (3.12) by

S(D) (resp., S¥(D)).
In what follows, we use the following notation for convenience.

u<veu—v€—intRY, u £ v is the negation of u < v,
u X v u—v € -RP\{0}, u £ v is the negation of u < v.

The first theorem in this section describes weak duality relations between
the primal problem (P) in (2.9) and the dual problem (D) in (3.12).

Theorem 3.1 (Weak Duality) Let z € C and let (2, ), i1,v) € Cp.
(i) If (f,g;h) is convez-affine on Q at z, then

f(z) £ f(z. ) B,7).

(ii) If (f,g;h) is strictly convez-affine on Q at z, then
f(w) ﬁ f(z! A!“’ ’Y)'
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Strong duality relations between the primal problem (P) in (2.9) and the
dual problem (D) in (3.12) read as follows.

Theorem 3.2 (Strong Duality) Let € S¥(P) be such that the (CQ) is satis-
fied at this point. Then there ezists (X. i, 7) € (RT\{0}) x R} x R, such that
(%, 5,7) € Cp and f(z) = f(z,\, /5, 7). )

(i) If in addition (f, g; h) is convez-affine on Q at any z € Q, then (%, A, fi,7) €
S*(D).

((ii)) If in addition (f,g;h) is strictly convez-affine on Q2 at any z € ), then
(X B,7) € (D).

We close this section by presenting converse-like duality relations between
the primal problem (P) in (2.9) and the dual problem (D) in (3.12).

Theorem 3.3 (Converse Duality) Let (Z, ), /i, ) € Cp.
(i) Ifz € C and (f,g;h) is convez-affine on Q) at I, then T € SY(P).
(ii) IfZ € C and (f,g;h) is strictly convez-affine on N2 at Z, then T € S(P).
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