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KOHSAKA'’S CONSIDERATION ON BOUNDEDNESS OF SETS
L A5DEREICDWVWT D Prof. BERDER

ERIERUARITIIZRAT /TP M (Yukio Takeuchi )
Takahashi Institute for Nonlinear Analysisl

1. ¥R

Prof. Ray 13 1985 fEIZIRDEH 2 FRL £ U7 Ray [4]. (1) 5 (2) BEHrNhB T
Y%, 1965 FEICHEH X TV E L. Ray 1 (2) 5 (1) AMAh 5 2 L & RLE L,

Theorem 1. Let D be a non-empty closed and convez subset of a Hilbert space H.
Then the followings are equivalent.

(1) D is bounded.
(2) Any nonezpansive self-mapping T on D has a fized point.

Ray DFEHRIZ L THRLSADCATVWET. FAlX Ray DIFFAZHWEMIZBES Z LI
TE XU, EAAE LTV ONHEBEICIIEBRTE ¥ ATUR. Prof. Sine [5] A%
Ray D E5RIZ simple L% 5 X 72 L, —BOMEHE IV WET. UL, RiZZ ok
IR T E R A, BUIKFEHHOEDIRS %, “A poorman’s Montel principle IZ & - T”
LELEITHRALTVRVASTT. Web TIOFBEEZFARET U, F4UTEHH0
ERDOIIBZLRITEEHATLUR. 2Dk, Fild, Ray DIEHAOABE 2K S H LS
HCHRREEEZ BV EEXTVE LR ZORBREOF T, 2015 4£12, Ray DE
ROIEAAZ B E 7= Kohsaka [3] WRERINE L. FICL-oTR, £IIEISHOR
SRERHES UWEAT L. ZOIEBADOAKREMER S 1L, simple THFHR BT DR
TTH5, FADAUREBEDNITHICTHEMRTEZ T RZEATYONSEXT
ABLWDEDETDZ & %, Ray X Sine DFEFHFERIZF ET SNT, AT LTV
oL TY. AMTIRERELEDZ Didea ZMHL X T.

2. BARREL K

AR T, C X Hilbert 22 H DZETRRZWEASL L, D 3BIZZTRRVEAMNES %R
ROUET. &7, B(z,r) 3Hdz e H¥Er > 0DBARLLET. S2CHSH
~NDEZLLET. ZOLE FS)IXSORBEREE {r € C: Sz =z} 2&bL
7. S, ||Sz - Sy|l < |lz — y|| for z,y € C %{#i/= 3 & ¥ nonexpansive & FEiFh,
1Sz — Sy||* < (Sz — Sy,z —y) for 2,y € C %W’ $ & ¥ firmly nonexpansive & i
nF 9. S A firmly nonexpansive % & i nonexpansive T3,

QEHYULET. Tyx=x+qforc € C TERBREINDECHS HADERT, I, qi2
&% C @ translation LMFIXNFET. T, Tz~ Ty =z —y for z,y € C VWS FEHIC
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BWEE2RS 7. 5T, T, X firmly nonexpansive TY. ZZT,q#0&L, T, %
CEDEBEHLLELES. ZDOLE,

z+gq, +2¢,-,z+ngq,---€C.

ERVET. DFD, T RERRECIIODVWTRBECERERIBIEA.
z€HIZXZ, ||z — 2| =min{|lzc—y||:ye D} %25 2, e DHHLIDEELET.
PRSI L IEND H S DD EADEMR Py % Ppx = 2z, forx € H TERLET.
Pp 13R%M 7% firmly nonexpansive R TT. H 55 D D EADOE{R T HEMEHNFE T
B L ROZXMIIAETT: (z-Tz,y—Tz)<0forze H,yeD.
BEDDIZ, S 1 EIT D D gz & 3 translation 2 LE T, #>T, S,z =z + ¢ for
alz € DTY. ZDY &, PpS, i¥ D E® firmly nonexpansive ZEHTH 5 Z L HE
BEMZECE 9 Pp A firmly nonexpansive TF 5 5, 8D z,y € DIZDOWT,

| PpSex — PDS«,ry”2 < (PpSyx — PpSgy, Sqz — Sgy)
= (PpSez — PpSey, (z+q) — (y + q)) = (PpSez — PpSey, = — y).
T2 ETIZRARREPEIILRYE » 2 < HAL £7. Theorem 1 i —HREFIEEH
CEBEIEETIOT, TOREZAROBR TR VR TWEIZLTRRLET.

Theorem 2. Assume that, for ¢ € H, there is u € D such that sup,ep(y,q) = (u,q)-
Then D is bounded.

3. HElROER

IROFEEIL Kohsaka 3] KRR NABDTY.
Lemma 3. Let u € D and q € H. Then, the followings are equivalent:
(1) ue F(PpS,), (2) supyep(y, @) = (u,9)-

Proof. Squ=u+q L BEMESHE Pp O¥E XY, PpS,u=u ERIIFHETT:
EBDye DIZOWT,

0> (y—u,Squ—u) = (y—u,(u+q) _u> = (y7Q> - (u’Q)
#> T, ue F(PpS,) & sup,ep(y,q) = (u,q) XFEMETY. a

= ORIC, BBIL BRI {PoS,}een 2 ERUE L. S, RARMIC L, Pp 13
BB TY. PpS, REXNLZ 2 ODOE/DARTT 25, £ < OFALRFBLERED,
(PoSpecn BBAHE LTALEERSNET. T, 14, ¢ = 0 TRIFNIE, HALES
C LoRBEHITRENEEA. UL, YRTT A, PpS, iXAMESE D £O firmly
nonexpansive L HOEMRTT. MO 522 RTLEI V.

(1) D HEF.

(2) D £ ¥ D#kI2 nonexpansive B CE&S FEIS %KD,

(3) D £ ¥ DR’z firmly nonexpansive B B E&Y FEj SN %2R,

(4) FBD ge HIZDWT, PpS, RABIR RO,

(5) EBD g€ HIZD2WT, HB ue DHFEL Tsup,ep(y,q) = (u,q) 2W=T.

RIEICRALERIZ, (1) = (2) X 1965 ERSHOSNTVWELE. £, (2) = (3) = (4)
BRESHTY. BHIZ, (5) = (1) —BREFAMEEOIRTT.
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BROMEIIES L, (1) = () HIOXRIZEEINET. KoT, BRIZ, FADK
fTOfEA%% D Lemma 31Tk o T, IROBRICHREZEFAL I LIZRD X7

H=02=06=¢ = =0

BERAS, 2 OBITIZE 5T, Ray DEBEBRPICHEHLAZ EBLRBLBVET.
ZORIZUT(1)-5) IXEMEICRY 7. ZhiEEOBICEELET.

Theorem 4. The followings are equivalent.
(1) D is bounded.
(2) Any nonexpansive self-mapping on D has a fized point.
(3) Any firmly nonezpansive self-mapping on D has a fized point.
(4) For each g € H, PpS, has a fized point.
(5) For each q € H, there is u € D such that sup,ep(y, q) = (u,q).

H IR ORI IXIERRIE 2 BRIE {PpSy}een LR REB/IE {(-,9) }en ZBEEM T TW
BIZLBHSHATLES. EOEHIE, Ray DEHED version £ b, —HREAMEED
version 2 B X SNET. AT 2015 FEZTHY THATURD, 2011 FiZ, K AHE
727 %’ D Kohsaka [2] R I N TV E 7. Kohsaka [3] DAL, Kohsaka [2] 225
Hilbert 2] Ray DEBIZEZBEHL IR 2V HLEBELAZBDIZR>TWVWET.

4. —BRAEFMEEE

Kohsaka [3] 2#{ &, Ray HEOHEOF T % LTWBOHRBEUTRICAED £T.
Ray DFFBAIL, Kohsaka (3] D& T, BRADIEE & W5 URDMHHED IEH I, —E DM
ERHEIMEDOPERATVRLEVET. BERNUTAZ L7, Ray FFEBHOGT
—RAREEEAEEEAL TVWERA. L L, Kohsaka [3] DIEEAD SMIZEX B L,
nonexpansive BRIZDOWT, H5BO—HREFMEZBRL TV I LEXZ0MBERTT.
Ray OFERR I AEH I —REFEEEOTMHEEA TV IOTRRVWIPEEXE L.
¥, ~REFEEHEN Baire D47 TV —FEORTHEI I LRILHASNhTWET
A, Ray RZ DB > TV BVE T,

Kohsaka 3] DB TIHERIZBXD2HRBL Do -0 TTH, —REFMMERICERLD
TTRELRNLAER, COBRBOMBRIHEZBE Lx. HiZ, ZOEHIRLIEN
ERIGEALE Y. BRERZ LI, TOFHHRFLVHOTIED Y F¥ATLX. Prof
Sokal #2201 EIZFER LRI [6] &, EDFHELEDTHUFORIZIZESL VTT. L
U, Bo AN DV HEHEL HHBDT, Hilbert ZFE T DFEHEBALET. RO L
ERBLTBEET. CHERTHBZL L, TOBME®(C) NERTHS Z LIkA
fETY. Hilbert ZRTOIMRRIX, AFREANEANRBI VI PERBDT, EnVARK
FOEFHRMNTEET. 27, ()= 6) 2THLTHEEL .

Lemma 5. Suppose D is bounded. Then, for each q € H, there is u € D satisfying

SUPyep (¥, q) = (u,q).
Proof. D WERTINS, qe HILIIM > 0BFHELTRORME2HE-LET:

lg = supyep (Y, 9) < supyep [lyllllall < Mlqll.
oT,ly < (zn,q) +1/nforn € N 2= 3 D DEF {z,} B hET. DIFFa N
7R TERD, (2.} 3D B u e DIZHIRT WA {z,,} 2RLET. ZORIZLT,
lg < limj(zn,;,q) = (u,q) 2B/ET. £>T ;= (u,q) TT. a
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Lemma 6. Suppose, for each q € H, there is u € D satisfying sup,cp(y,q) = (u,q)-
Then, for each g € H, there is w € D such that

supep (¥, @) = [{w, 9)|-
Proof FRIZqe HE2BEELET. REH S, MOZRME2FH T u,ve DIFELET:
SUPep(Y;9) = (u,0),  SUPep (¥, —@) = (v,—q).
#E X infep(y, q) = (v,q) ZBBKRL, v, DV IR w THhiZERER/EYT. O
Lemma 7. Let z € H and r > 0. Then, fory € H, there is w € B(z,r) such that
[y, w)| = rllyll.

Proof. ¥ A7 B(z,r) bERBAMEETT. ||2| <1%2WT e HZERILD T
Irzll =7|z]| <r & z+trz € B(z,r) REATY. oTye HIZDOWVWT,
max{|(y, z +rz)|, {y,z = r2)} > 3 (I{y, = + r2)| + [(y, = — 72)))
2 3l z +r2) — (y,z —r2)| = rl(y, 2)],
SUPyeB(z,r) | (¥ V)| 2 SUP,epo,1) [(¥, T+ 12)| = rsup,epo |(¥, 2)| = Tllyll-
28 % 7. Lemmas 5, 6 (X > T, ROKB %M T we B(z,r) WEELET:

[{y, w)| = 8UPyep (s (¥, 0)] 2 Tlyll.

=

Baire DA 5TV —EHE2FEALLWT—RERAMEREE2RLET.

Theorem 2. Assume that, for g € H, there is u € D such that sup,ep(y,q) = (u,q).
Then D is bounded.

Proof. BEHEEMAT 578, sup,p ||yl = co ZIRE L £7. Lemmas 6 LIREL Y,
g€ H Z¥IZsup,ep (y,q)| = |(w,q)| < 00 27T we DBFELET.
2n=0€H, rn=1/32LET. KEPS ||| > 3% %2 Ty, e DWFEELET.
Lemma 712 & o> T, ROFRHG M T 20 € B(zy,r) DEHELET.
1, 22| = mllll = 3wl
e =1/ LU |y 232 THBy, € DEE D, IRDBRAL 23 € B(zg, 1) 2 BUE T
[{y2, 23)| = m2llgell = 3 llell-
RRINIZ, n TLIZTROZGZWTRI {yn}, {rn}, & {2.} ZERTEZXT.
(i) 7 =0€H, Tn=3L,.,
Yn €D, |lyall 2 3%, 2zn41 € B(2n,7n) = B(2n, ),
(i)  [(¥ns 2z0e1)| 2 Tallymll = 5llvall > 3™
) iIt&oT, ke NIZOWT, ROBIGREBET.
2tk = z0ll < S8 Nonts = Znascall = Ty gber <3 x

lima(1/3") =0 & D, {z,} BI—>—FITHY, BB uec HITNKLET. £, RO

L

”u - Zn” = ]jmk. ”zn+k - zn” < g X 3n
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i =l S 3 % e = I x & for neN

BERIULET. RoT, BEL (i) kD, ne NTLIZROBBRERET:
|(¥ns Znt1)| = [(Wns W] < [(¥ny 201 — )] < [[Wallllzass = ull < 5 % 5=llynll,
H(ons @) 2 1(Yns 2oa1)] = § % g llgmll 2 3 % swllgmll = 3 x 3™
T DRUT U T supyep |(y, u)] = 00 B/ ET A, supyep (v, u)] <co KFELEY., O
Theorem 2 ¥ ¥ DRNIZ¥EM L BB DO WL o0, I ERBALESNT IV NI b
EWHSBEEFE-TVWET. Ko T, ZOEAFEIR, £0 % £ TiXERH Banach 2R

FTUMBALEEA. UL, 2 OREBRICEALATHIZ, —H20 Banach 2
THEATIHAREEEEIRICBVAEZ2H D TY.
5. Mg

3HiCHE, Kohsaka [3] IR BHRE Nk idea 247 L % U7, Kohsaka [2] Ti2, EIRHEY
Banach 22 C Bregman distance % {8 > T, Theorem 4 DAEMLRILEABEREI LTV
9. LT, HOBREZLDOILEZRBLET. HRD Lemma 3 & T DHREZ L
¥9 5713T%, Hilbert ZR® translation ® Banach ZRIA D HRRILEROE, VYV
RY PO, 22 YREEVHAENTEADRNE T. B dNiE, Kohsaka [2] IZ2WT
LEBFELVWEEVET, Ray DFEIZEIL Tk, MAELE, HilLkE, BRAEEMIZ X
BETHEMNDY £3. 7= & X, Takahashi, Yao and Kohsaka (7], Aoyama, Iemoto,
Kohsaka and Takahashi [1] B8 LT £ &\,

BED-DIT, 1965 FICIAI N (1)= (2) OMRLIEHAZBRLET. ZLAYE
BRR ORI, FhA Hilbert ZRTCERA»DEERL L EX 33 20%R0FD12TY.

T,z HETHE, (z-2)+(z—y) =z —y LD IROBBVPRILET:
(@) llz = ylI* = llz = 2I* + |z = ylI* + 2(z — 2,2 — ).
Theorem 8. Any nonezpansive self-mapping on D has a fixed point if D is bounded.

Proof. T % D £ nonexpansive ZHCEHRELET. 2, € D2 LD, {z,} & {v} %
RORIZEBINBDOFEFIELET:
Tnp1 =TZn, vp=2137 y; forneN.

DWEFRANRATEIDS, {vn} 3D ue DIZHIERTZHAH {v,,} 2FLXT.
() Cz=Trn,y=uz=Tul T3, neNILIZ,

Tz — ull® = 1Tz — Tull* = 2(Tz, — Tu, Tu — u) + || Tu — ul|?
&% ¥9. T A nonexpansive & 2,y =Tz, &V, ne N ZLIZRORER

Zns1 = ull? = llon — ull® < 2(@ns1 — Tu, Tu — u) + | T — ulf?

BEMULUET. ZORERXNS, j e NIZOWT, BHIZRORERMENET:

s Liza (i = ul® = ||z: — ul?)

< :—J— 21 (2 (@i — Tu, Tu — u) + || Tu — ull?),
s (ln1 = ull? = |21 = ull?) < 2(va; — T, Tu — u) + [|Tu — u|f?.

DRER, {vn,} Rue DIZHPGRLXT. 5T, j = o0 &THIE, 0 < —||Tu — uf)?
ERET. I, ue F(T) 2BW®RLET. O



BEMRXOEFE IR, HIHOL ZOAHHEDITHEERLEL..

3k 3k % %k %k

BBAEITIRTER» S OB TR ZHRIC, BERAEICIRZ OFEDL UL WERIICHE
FHZRIEZE L TW AW Z CIZB#H WL ET. £, HRELELEREEIZIZ, ZOH
ERRBZTIHBERZ VR WEZLIZBABELETET.
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