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Abstract

Last year, we showed the study of some classes of operators concerning with conjugations
on a complex Hilbert space with title ”On a conjugation and a linear operator”. In this
time, we show some results after that.

1. co-isometric operators

Definition 1.1 T is said to be oco-isometric if

lim sup ||Bn(T)||*% =0,

m—0o0

where
wir= 5 (7)o
7=1

T is said to be m-isometric if and only if 8,,(T) = 0.
It holds: T : m-isometric = T : oo-isometric.

Theorem 1.1 Let T' be oo-isometric. Then

(D) oo(T)CT={2€C : |2| =1},

(2) For sequences of unit vectors {z,}, {yn}, f (T—a)z, — 0and (T—b)y, — 0(a#b),
then {z,, y,) — O.

Hence if Tz = ax,Ty = by (a # b), then (z, y) = 0.

Theorem 1.2 Let T and T,, be co-isometric.

(1) If Q 1is quasinilpotent and TQ = QT, then T + Q is oo-isometric.
(2) If T, — S in operator norm, then S is co-isometric.

(3) If Ty and Ty are doubly commuting, then Ty Ty is co-isometric.
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Hence it holds that T',.S are oo-isometric, then sois T ® S.

Definition 1.2 For T' € £(H), put

Kn(T) := (] ker(Bn(T) T*),

k>0

Koo(T) := {z : lim sup ||Bn(T)T*z||= = 0for all k> O0}.

It holds
Kn(T) C Koo(T).
Theorem 1.3 For all T, it holds:

(1) Ko, is invariant for T and Tik,, is m-isometric.
(2) K s invariant for T and Tk, is co-isometric.

2. Conjugation and examples

Definition 2.1

C: H — H is said to be conjugation on H if the following conditions hold:
(1) C is antilinear; C(az + by) = aCz + bCy for all a,b € C and z,y € H.
(2) C is isometric; (Cz,Cy) = (y,z) for all z,y € H

(3) C is involutive; C? = I.

Example 2.1 The followings are examples:

( )C(xlyx27x3)"' 7xn) = (x_ly:z_Z:z_:i,"' ,x_n) on Cn'
(2 (x17x27x3 : xn) . (E:mym)' o 71‘_1) on C™.
(3) (Cf)(z) := )On LYX, ).

f(1==z) on L*([0,1)).
( z) on L3(R™).

)
) (
4) (C )():
(5) (

Ci)(z):

3. m-complex symmetric operators
Definition 3.1

(1) An operator T' € L(H) is said to be an m-complex symmetric operator if there exists
some conjugation C' such that

Z(—1)m—f (m) TYCT™C =0
= J
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for some positive integer m.
(2) If m = 1, we say that T is complex symmetric with conjugation C (i.e., T* = CTC).

se 80 = a1 () oo

Then T is an m-complex symmetric operator with conjugation C if and only if A,,(T) = 0.
Note that
T*Ap(T) = Ap(T)(CTC) = A1 (T).

If T is m~complex symmetric with conjugation C, then T is n-complex symmetric with
conjugation C for all n > m.

4. [m, C]-isometric operators

Definition 4.1 An operator T € L(H) is called an [m, C]-isometric operator with conju-

gation C if A\p,(T; C) := Z(_l)f Zn) cT™ ic .- T™ I = .
=0
It holds
CTC - An(T;C) - T = A(T; C) = A (T5 C).

Theorem 4.1 Let T be an [m, C] -isometric operator. Then the following statements hold:
(1) T is bounded below.

(2) 0 & 0u(T).

(3) T is injective and R(T) is closed.

Theorem 4.2 Let T be an [m, C|-isometric operator. If a € a,(T), then @™ € a,(T).
Hence we have ||T|| > 1 if T is [m, C]-isometric.

Theorem 4.3 Let T be an [m, C]-isometric operator. Then the following statements hold:

(1) If T is invertible, then T~ is [m, C)-isometric.

(2) T™ is [m, C]-isometric for alln € N.

Theorem 4.4 Let T be an [m, C]-isometric operator and N be n-nilpotent. If TN = N T,
then T + N is [m + 2n — 2, C]-isometric.

Theorem 4.5 Let T be an [m, C]-isometric operator and S be an [n, C]-isometric operator.
IfTS = ST and S-CTC = CTC - S, then TS is [m + n — 1, C]-isometric.
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o If C and D are conjugations on #H, then C ® D is a conjugation on H @ H.

Theorem 4.6 Let T be an [m, C]-isometric operator and S be an [n, D]-isometric opera-
tor. ThenT ® S is m+n —1,C @ D]-isometric on H® H.

5. co-complex symmetric operators

Definition 5.1 An operator T € L(H) is called an co-complex symmetric operator with
conjugation C' if lim sup [|Am(7’)||# =0.
m—0o0

{1-CSO} c {2-CSO} C {3-CSO}cC -
Cc {m-C80} C --- C {00—CSO}.

Example 5.1 Let C be the canonical conjugation on H given by

O(i xnen) = ix_nen
n=0

n=0

where {e,} is an orthonormal basis of #., Given any ¢ > 0, choose a N > 0 such that
ﬁ < e. Fix any m > N. If W is the weighted shift on H defined by We,, = 2,,,%6,&1 (n=
0,1,2,...) for such m, then T = I + W is an co-complex symmetric operator.

Example 5.2 Let C;, be the conjugation on. C™ defined by Cy, (21, 22, - - , z) == (71,22, - - ,Zn)
and let T' = @52, T;, where T;, has the following form;

Qp, % 0 0
0 a, % 0
T, = : .. :
0 0 O 71;
0O 0 O ap,

for a bounded set {a;,as,as,...}. Then T is an co-compler symmetric operator with
conjugation C = @32, C,.

Two vectors z and y are C-orthogonal if (Cz,y) = 0.



Theorem 5.3 Let T € L(H) be an co-complex symmetric operator with conjugation C
and let A and u be any distinct eigenvalues of T'.

(1) Eigenvectors of T' corresponding to A and p are C-orthogonal.

(2) If {zn} and {yn} are sequences of unit vectors such that lim, ,oo(T — Xz, = 0 and
limy, 00 (T — p)yn = 0, then limg oo (Cry, Yn,) = 0, where (Cy,, Yn,) 15 any convergent
subsequence of (CZn,Yn)- ‘

Theorem 5.4 Let Q be a quasinilpotent operator. Then T = al + Q is an oo-complez
symmetric operator for all a € C.

Theorem 5.5 Let T be an m-complex symmetric operator with a conjugation C. If X is
an eigenvalue of 7', then X is an eigenvalue of T*.

However, if T is an co-complex symmetric operator, this does not hold.

Example 5.3 Let C be the conjugation on.H given by

C(f: Tpen) = i(—l)"*lx—nen
n=0 n=0

where {e,} is an orthonormal basis of # and let W be the weighted shift on H defined
by We, = —enn (R =0,1,2,...).

If T = Al + W*, then T is an oo-complex symmetric operator. Moreover, (T — Al)eg =
W*ey = 0, but (T* — AI)Ceg = WCey = Wep = €, # 0.

Theorem 5.6 If {T,} is a sequence of commuting co-complex symmetric operators with
conjugation C such that lim, , ||T, —T|| = 0, then T is also co-complex symmetric with
conjugation C.

Theorem 5.7 Let C be a conjugation on H. Assume that T € L(H) is a complex
symmetric operator with conjugation C and R € L(H) commutes with T.

(1) RT is an m-complex symmetric operator with conjugation C' if and only if R is an
m-complex symmetric operator on ran(T™).

(2) If R is an oco-complex symmetric operator with conjugation C, then RT is an oo-
complex symmetric operator with conjugation C.

Corollary 5.8 If T is normal or algebraic operator of order 2 and R = I + Q where Q is
quasinilpotent with QT = TQ, then QT + T is an oco-complex symmetric operator.
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Theorem 5.9 Let S and T be in L(H) and let C be a conjugation on H. Suppose that
TS = ST and S*(CTC) = (CTC)S* for a conjugation C.

(1) If T and S are m-complex symmetric and n-complexr symmetric, respectively, then
T+ S is (m+n — 1)-complex symmetric.

(2) If T is complex symmetric and S is an co-complex symmetric operator, then T + S is
oo-complezx symmetric operator.

o X € L(H) is called a quasiaffinity if it has trivial kernel and dense range.

e S € L(H) is said to be a quasiaffine transform of an operator T € L(H) if there is a
quasiaffinity X € £(H) such that XS =TX.

e Two operators S and T are quasisimilar if there are quasiaffinities X and Y such that
XS=TX and SY =YT.

Corollary 5.10 Let T € L(H) be an co-complex symmetric operator and T have the
decomposition property (6).

(1) If T has real spectrum on M, then exp(iT) is decomposable.

(2) If o(T) is not singleton and S € L(H) is quasisimilar to T, then S has a nontrivial
hyperinvariant subspace.

Corollary 5.11

(1) If F C C is closed, then the operator S =: T/ py(r), induced by T, on the quotient
space H/Hy(F) satisfies o(S) C o(T) \ F.

(2) If M s a spectral mazimal space of T, then M = Hy(o(T|m))-

(3) f(T) is decomposable where f is any analytic function on some open neighborhood of
a(T).

(4) 0(T) = 04p(T) = 05.(T) = U{o7(z) : z € H}.

Theorem 5.12 Let T and S be m-complex symmetric and n-complex symmetric with
conjugation C, respectively. If T commutes with S and S*(CTC) = (CTC)S*, then T'S
is (m + n — 1)-complex symmetric with conjugation C.

Theorem 5.13 Let T and S be an m-complex symmetric operator and n-complezx sym-
metric operator with conjugations C and D, respectively. If T commutes with S and
S*(CTC) = (CTC)S*, then T ® S is an (m + n — 1)-complex symmetric operator with
conjugation C ® D.

o T € L(H) is called a 2-normal operator if T is unitarily equivalent to an operator matrix
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N N,

of the form ( N, N

) , where Ny, Na, N3, Ny are mutually commuting normal operators.
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Corollary 5.14 If T is an m-complex symmetric operator with a conjugation C and S s -

a 2-normal operator with TS = ST, then TQU*NU is an m-complezx symmetric operator,
N1 N,

where S = U*NU with N = (N3 N,

) and a unitary operator U.

Example 5.4 Let C be a conjugation given by C(z1, 22, z3) = (%1,%2,23) on C3. If N is
010

normal and T = [0 0 2| on C? with TN = NT, then T is a 5-complex symmetric
00O
0N 0
operator with conjugation C. Hence T® N = [0 0 2N | is 5-complex symmetric
00 o0

from Corollary.

Theorem 5.15 Let T and S be co-complex symmetric operators with conjugation C.-

Assume that TS = ST and S*(CTC) = (CTC)S*. Then TS is an co-complex symmetric
operator with conjugation C.

Theorem 5.16 Let T and S be oco-complex symmetric operators with conjugations C and
D, respectively. Suppose that T commutes with S and S*(CTC) = (CTC)S*. ThenT®S
is an oo-complex symmetric operator with conjugation C ® D.

Theorem 5.17 Let T and S be co-complex symmetric operators with conjugations C and
D, respectively. If T commutes with S and S*(CTC) = (CTC)S*, then (T ® S)* has the
property (B) if and only if T ® S is decomposable.
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