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ABSTRACT. AFR T, 1THIRMTFEHREBHMOE X Z RV TH L F A 7O Wielandt
inequality /B9 5, ZD=HIZ, BEHOFEFRIZ L B1THIIR? Cauchy-Schwarz inequality
RV, SHIXEBFRFICOVWTHRN I WHE LT, 7oy 7175 % Fv /- Wielandt
inequality b3 3,

1. INTRODUCTION

AR [6] ICESW TN B,

Mpxn = Mpun(C) i m x n %A x@ﬁﬂ@ﬁi@%‘*%i‘%b M, i% Mnxn&e%a“
Bo A€ Muun X LT, ZOMXHES |A] = (A*A)2 CTEHET S, £72. Ae M, L
BOHFERI Mz e CrIZHLT, 42 >0 25L&, ATELEEETIITHD L
WA >0 ERT, ﬁ I, Az >0 &5 ¢ &, AREEMEITHTHDEVWVA SO
LET, VI —FMMTFIABe M,IZH LT, A—-B>0&¢425L&A>BLEX,
A-B>0t73+& A> B LEEL, _ :

Ae M, IZEEBETHITHY. M >--- >\ >0 XF0BEEETHDETH, BEXL
TWABEEDRY b,y e CTIZXRI LT,

(1) el < (2222) g a) gy

. vAal <\ 30 ) (@ An)(v Ay

DRRILY B, - ZH & Wielandt inequality &5, ([7, p471] Z8) Wielandt inequality (1.1)
IZLLF @ Cauchy-Schwarz inequality & ¥ & BV iz LT\ 5,

(12) ly*Az|® < (2 Az)(y* Ay)

Bz, 2 OHEFIZEBVTIX Cauchy-Schwarz inequality D& 72 59", Wielandt in-
equality b7=WA~AFHTH S, 1999412, Wang & Ip [11] 2 L W 1TFIRD (1.1) 35 %
bz, A€ My iRIEEEBEITIITH V. A\ > - > M > 0XZ0BEAMETH D LT 5,
X € Mpym,Y € Myun i Y*X = 0272992 L&, ROFREXNKLT D,

A=A\ g

N T /\k> X*AX

T2l fEBOFTH Z T LT, Z7iXZ D generalized inverse TH %, S HIZ, Lu (9]
i1 (1.3) ZAEEOFIEEMITI A (2%t L’CEJZ_Léﬁ‘E)J: IR LTz, A € M I T¥IEE
BFFICH Y. rank(A) =1 To A > > A\, > 0 2 OEAETHS L +5, PaldA
DEB~DHETHDL L, X € Mka,Y € Mixn RY*PyX =0&WTLTHLE,
ROTRFEXDBRILT B,

(1.3) X*AY (Y*AY)"Y*AX < (

X*AY (Y*AY)"Y*AX < 12 X*AX



7L, r> 2ok LTk, 1/,—’\’+)‘"C§>U vy =0Tdohd, Drury b 2] 1ZLATFO L D
2 ATRND T o EIEEEMEICET 2 BREVERE R LTS, A€ M, idrank(A) =1
ERDBEIBREEFEMEITHITHY, KOXS 2T ay 7175 THD LT 5,

_ ([ An A
A= ( Ay Az )

f:fC L/\ All € Mp,Agz € Mq "C&)éo %) l./\ rank(A) = rank(Au) + ral’lk(Azg) f:ﬂ Bpf
(1.4) A AsAn < V2A11
BRILT D, 2L, > >N >0 A0EAETH S,

EREIZBW TR, {Tﬁ']&:ﬁq:%]’?’*ﬁ DERDEZ WS Z iz ko, ﬁﬁ'lﬂﬁ@Wlelandt
inequality (1.1) 28B4+ 5, T0=diz, B#EH [4] 12E-S /=, Marshall & Olkin [10] &

IXR2 5 % A 7 DITFIIR D Cauchy-Schwarz inequality 8N+ 5%, FOMAE LT, T
‘/7%#’&{&7@ Lic7a v 74750281 2% L Z A 7O Wielandt inequality (1.4) %43
jl\‘a_Z)O »

2. MATRIX CAUCHY-SCHWARZ INEQUALITY

A Be M, IEEMITIHTHE LT, ZDL &, {THIRMAEY AL BIZIRTEHES
%, [1, 8
(2 1) A ﬁ B= A1]2 (14—1/2314—1/2)1/2 AI/Z
FTFIT T OEFMEIC LY, ROLIICAY BEEHRTHZ LICL-T, FEEMEITF
A BIZRHLTYH, ﬁﬁ'rﬁ%f_ﬂzﬁj%%ié LRTES,
A B=lm(A+el) § (B+zI)

TTPIRAI I B B R 2 E & LT ISR 5,

Lemma 2.1. Let A, B,C and D be positive semidefinite matrices.
(i) Consistency with scalars: If A and B commute, then A §f B = A'/2B'/2;
(i) Monotonicity: A<C and B<D — AtB<CHD;
(ii) Transformer inequality: T*(A § B)T < T*AT § T*BT for every matrizx T and
the equality holds for nonsingular T';
(iv) Symmetry: A B= B { A;
(v) Arithmetic-geometric mean inequality: A f B < 2(A+ B).
ITAMTEH OB AND, XY € Miys X LT, LTFD X S 2175R D Cauchy-
Schwarz inequality 23pR32 3% & FHRITE 3,
VX < X*X §Y*Y
LL, ZHE—RICIIRRITH B,

(1) - v=00)

0 0
01

rEBE. |VX| = (2 0) ThHY. XX | Y'Y = (
X*X Yy &72>oTLED,

KIZ, Moore-Penrose generalized inverse I DWW TN TS5, A € My, IZX LT,
AA~A = A %73 X 57 A~ % A @ generalized inverse & FEA TS, & HIZ&ME%2M

) ThHBHIEND, [V X| £
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%. ATAAT = Al (AA) = AAT(ATA) = ATA B7=F £ 5 72 AT € My 2SWE—T77E
L. Zh % Moore-Penrose generalized inverse & VN9, F72, Py = A(A*A)A* L7252
EHEBLTEL, TLT, FEOEHp I LT (AN = (A7) bR T 5, —AXIZ,
Moore-Penrose generalized inverse % VN2 IROARZERDNRILT 5, ([5] ZR)
A u B< A1/2((A1/2)’rB(AI/Z)T)I/ZAI/Z

La L, BIETARMEMADZLI2ED, RO LD %, THIRMAEY (2.1) ORIZE
BRAEEEBEZXDZENTE D,

Lemma 2.2. Let A and B be positive semidefinite matrices in Ml,,. Ifker A C ker B, then

At B= Al/2 ((Al/z)tB(Al/z)f)llz A2,

Proof. If rank(A)=n, then A is nonsingular and A" = A~!. If rank(A) = r < n, then
there exists a unitary matrix U in M, such that A = U(A, & 0)U* where A, in M, is
positive definite. Since the kernel condition ker A C ker B holds, there exists a positive
semidefinite B, in M, such that B = U (Br@0)U*. By the definition of the Moore-Penrose
generalized inverse, we have AT = U(A-! @ 0)U*. Then it follows that
AtB = UA 90U §U(B ®0)U"
= U((A,®0) ¢ (B, ®0))U* Dby transeformer equality (iii) in Lemma 2.1
= U((A 8 B))®0O)U*
= U((AHATV A2 AT) & 0)U
= UA @ 0)((A72 ©0)(B, ®0)(A7* @ 0)/*(4)/° & 0)U*
= A1/2((A1/2)TB(A1/2)]‘)1/2A1/2.
‘ O
KOBEIIKOAEERERE LIZ L FiT, [THRMEHERHICROD Z LN TE
BHEERHHZEEEFRLTVWS, ZNIZEHORERFEL OICHEHERERTH S,

Lemma 2.3. Let A and B be positive semidefinite matrices in M,,. Ifker A C ker BA'B,

then A §f BATB = P,BP, where P4 is the orthogonal projection on the column space of
A. In addition, if ker A C ker B, then A § BA'B = B.

Remark 2.4. If positive semidefinite A and B satisfy the condition ker A C ker B, then
it follows that A § BA'B = B because ker A C ker B implies ker A C ker BA'B.

ROBETIIOBEHRERE Ul & & OITFIRMEH O/ LRI OW TR~
W3,

Lemma 2.5. Let A, B and C be positive semidefinite matrices in M,, with a kernel con-
dition ker AC ker BNkerC. IfAf B=A4§C, then B=C.

TR (4] IS & | ATHIRMTSEY LB DE 2 % VT, 1T75IR D Cauchy-Schwarz
inequality Z L F TR LTV D, TORERIZBITDESHFHIINT MLOBEDEN
PIKEE L HOBUSERERE L ET2 20PN —KREBDHEICOARET NI T
DERTHZENTE D,

Lemma 2.6. Let X and Y be two matrices in Myy,, and U € M,, a unitary matriz in a
polar decomposition of Y*X = U|Y*X|. Then
(2.2) Y*X| < X*X § U*'Y*YU
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and
(2.3) IX*Y| SUX*XU* § Y*Y.
"Under the assumption ker X C ker YU (resp. kerY C ker XU*), the equality in (2.2)

(resp. the equality in (2.3)) holds if and only if there ezists W € M., such that YU = XW
(resp. XU*=YW).

ROERIZ, WE260—LTHB, X,)Y OF A ZABRERSTWEBAETH-TH,
BHEROFTINC X T 25 ([7, pATl)) DEZXEZRVWHZ L2k Y, #RE 2.6 L RE
DFET, FEREZHEI ZENTE S, X, Y OR, YA ZD/NSWHITERO0 ZMZ D
ZELEoTYH A XERiA, HEB2IR/EIRBRILENRA U FTHD,

Corollary 2.7. Let X be a matriz in My, and Y in Myy,.
(i) If m <n, then
(2.4) | IV*X| < X*X § U'Y*YU,
in which U € My, has orthonormal columns such that Y*X = U|Y*X]|.
(ii) If m > n, then
(2.5) IX*Y| < U*X*XU § Y'Y,
in which U € M,xn has orthonormal columns such that X*Y = U|X*Y|.

Under the assumption ker X C ker YU (resp. ker Y C ker XU), the equality in (2.4) (resp.
the equality in (2.5)) holds if and only if there exists W € M, (resp. W € M,,) such that
YU =XW (resp. XU =YW).

Proof. We only show (2.4). Let X' = (X 0) € Mgyxy, and U’ = (U V) € M, where
V' € My (n—m) has orthonormal columns such that U’ is a unitary matrix. It follows from

Lemma' 2.6 that |Y*X'| < X™*X' § U*Y*YU'. Let P be ( 16” ) and by the transformer

inequality (iii) of Lemma 2.1, we can get
[Y*X| = P[Y*X'|P < PY(X"X' § U"Y"YU')P < X*X § U*Y*YU.
To see the equality condition in (2.4), note that ker X C ker YU is equivalent to ker X' P C
ker YU'P. Then it follows that
IV*'X|= X*X t U'Y'YU & |Y*X'P|=P*X"X'P{ P'U"Y*YU'P
& YU'P = X'PW for some W € M,
& YU = XW for some W € M,,.

R 27I12LY, fTHERD (1.2) 2155,
Theorem 2.8. Let A be a positive semidefinite matriz in My, X,Y in Myiy,. Then

(2.6) I'Y*AX| < X*AX § U*Y*AYU
and
(2.7) | X*AY| < UX*AXU* § Y*AY,

in which U € M, is a unitary matriz such that Y;‘AX =U|Y*AX].



Under the assumption ker AX C ker AYU (resp. ker AY C ker AXU*), the equality
in (2.6) (resp. the equality in (2.7)) holds if and only if there exists W € M,, (resp.
W € M,) such that AYU = AXW (resp. AXU* = AYW).

Remark 2.9. Even if X and Y are of different size in Theorem 2.8, then we can get
similar inequalities and their equality conditions by Corollary 2.7. As a matter of fact,
suppose that X € Mgxm and' Y € Myxyn.
(i) If m <n, then
[Y*AX| < X*AX § U'Y*AYU,
in which U € M., has orthonormal columns such that Y*AX = U|Y*AX]|.
Under the assumption ker AX C ker AYU, the equality holds if and only if
there exists W € M,,, such that AYU = AXW.
(i) If m > n, then
| X*AY| < U*X*AXU f§ Y*AY,
in which U € Miynxn has orthonormal columns such that X*AY = U|X*AY]|.
Under the assumption ker AY C ker AXU, the equality holds if and only if
there exists W € M, such that AXU-= AYW.

BE%IC, XY OV A XRERRD, A5 ADEEEEEZRWOTZHAICEBNTHITIIKR
Cauchy-Schwarz inequality #Z X 2 Z LB TX B Z L 2k~ 3,
Corollary 2.10. Let A be a matriz in Myxm, X € Myixn, Y € My, If s > m, then
A =V|A| in which V' € M« has orthonormal columns. If s < m, then A* = V|A*| in
which V € M,,,xs has orthonormal columns.
(i) If s> m and t > n, then
[Y*AX| < X*|A|X § U*Y*|A*|YU,
in which U € Mixn has orthonormal columns such that Y*AX = U|Y*AX]|.
Under the assumption ker |A|X C ker |A|V*Y U, the equality holds if and only
if there exists W € M, such that |A|V*YU = |A|XW.
(ii) If s>m and t <n, then
|X*A*Y| < U*X*|AIXU § Y*|A")Y,
in which U € M,,x; has orthonormal columns such that X*A*Y = U|X*AYY|.
Under the assumption ker |A|V*Y C ker |A| XU, the equality holds if and only
if there exists W € My such that |A|XU = |A|V*YW.
(iii) If s <m and t > n, then
[Y*AX| < X*|A|X § U'Y*|A*|YU,
in which U € Mix,, has orthonormal columns such that Y*AX = U|Y*AX]|.
Under the assumption ker |A*|V*X C ker |A*|Y U, the equality holds if and only
if there ezists W € M, such that |A*|YU = |A*|V*XW.
(iv) If s < m and t < n, then
| X*AY| < U*X*|A|XU § Y*|AYY,
in which U € M, has orthonormal columns such that X*A*Y = U|X*A*Y]|.

Under the assumption ker |A*|Y C ker |A*|V*X U, the equality holds if and only
if there exists W € M, such that |A*|V*XU = |A*|YW.
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3. WIELANDT INEQUALITY FOR MATRICES

A€ Myt > > N\ ZEFEICKEOL S R EEEETICTHE LT 5, z,ye Ck
FERLTWDERY M THD ETDHE. LLT D Wielandt inequality 2RI T 5,

Al — /\k * *
ShEM (z*Az)(y* Ay)
ZOFREXRO—BALICBEE L TIXZ L OMERH D, ([11, 2] B8) Z Z Tid. piEORER%Z
BEx. X,)Y OEZHARELEZTT26)R2.7) LV bRVIHMIZT 2N TES
& 9 72475 Wielandt inequality & #4155,

Theorem 3.1 (Matrix Wielandt inequality). Let A be a positive semidefinite matriz in
My, with rank(A)=r, \; > --- > X\, > 0 eigenvalues of A, and X,Y in Myy,, such that
Y*P4X = 0 where P4 is the orthogonal projection on the column space of A. Then

ly*Az| <

A=A
. Y*AX| < X*AX *Y*AY
61 vax| < (558 (eax vy avo)
and N »
X*AY| < [ 22— ) (Uux* *Y*AY
xeav| < (R58) X axu” gy ay),

in which U € M,; is a unitary matriz such that Y*AX = U|Y*AX]|.
2HEHIDFBRDOE T, XY OF A ZXBRR>TOVHEICBN TS, RAR2F%E%
HIZEnTED,

Proof. We only show (3.1). Let ¢ = :;\jri'r Since \;P4 — A and A — ). P4 are positive

semidefinite and they commute, it follows that (A Pa — A)(A — A, P4) > 0 and hence
MM Pa+ (M + M)A — A2 >0.

Since AY?(A1)Y/2 = P4 and AV2P4 = A2, by pre- and post- multiplication of (A")!/2]
we have

“MNAT (A 4+ A )Py — P4AP4 >0

or equivalently

(3.2) e 2A>A—2P+’A*

. /\1 n /\r = CLA C .

Since Y*P4X =0 and Y*AX = U|Y*AX| = U|(P4 — cAT)AV2Y)*(AY2X)|, we have
[Y*AX| = [Y*AX —cY*PaX| = |Y*A3(P4 — cAD) A2 X|

|(Pa — cAT)AY2Y)*(AY2X)|
X*AX § U*Y* A2 (P4 — cAT)zAéYU by Lemma 2.6
X*AX f U*Y*(A — 2cPy + 2 ANYU

* * /\1_/\1‘ 2
X*AX tUY* ([Z2220) AYU by (3.2)

IA

IA

AL+ A,
/\1 - /\7‘ * § *\ ) *
(m) (X*AX § U'Y*AYU).

Hence the proof is complete. O
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Remark 3.2. If X and Y are of the different size, then we can get the following similar
inequalities by Corollary 2.7. In fact, suppose that X € Mgy and Y € Myyr,.

(i) If m <n, then

AL — Ar

A+ A
in which U € Mpxm has orthonormal columns such that Y*AX = U|Y*AX]|.

(ii) If m > n, then

[Y*AX| < ( ) (X*AX § U*Y*AYU),

A=A
AL+ A,
in which U € My, has orthonormal columns such that X*AY = U|X*AY|.

SHIZADEFEMEEERWEESIZEBW TS, 1THIRR Wielandt inequality %% x5 2
LBTED,
Theorem 3.3. Let A be a matriz in Mgy, with rank(A)=r, 01 > --- > o, > 0 singular-
values of A, X € Mpun, andY € My, If s > m, then A = V|A| in which V € My, has
orthonormal columns. If s < m, then A* = V|A*| in which V € M.y, has orthonormal

columns. Put ¢ = 249r
o1+or

(i) If s> m and t > n, then

IX*AY]| < ( ) (U*X*AXU § Y*AY),

01 — Oy

(3.3) [Y*AX — cY*'VPyX| < ( ) (X*|A|X § UY*|A*|YU),

o+ 0o,
in which U € Mix, has orthonormal columns such that Y*AX — cY*VP X =
UIY*AX — cY*V Py X|.

(ii) If s >m and t < n, then

g1 — 0.

(3.4) |X*A'Y — cX*Py VY| < ( — ) (U*X*|A|XU § Y*|A*|Y),

(23] Ty

in which U € M, ; has orthonormal colﬁmns such that X*A*Y — cX*PaV*Y =
UIX*A*YY — cX*PyV*Y]|.
(iii) If s<m and t > n, then
01 — Op

3.5 Y*AX — Y*P.V;X<
B5)  AX-erRavx| < (252

) (X*|A|X § UY*|A*|YU),
in which U € Mxy, has orthonormal columns such that Y*AX — cY*PsV*X =
UlY*AX — cY*Pa- | V*X]|.
(iv) If s>m and t <n, then
(3.6) |X*A'Y — cX*V B4 Y| < (u
o1+ 0.

r

) (U*X*JAIXU § Y*|A]Y),

in which U € M5, has orthonormal columns such that X*A*Y — cX*V Pa-Y =
UIX*A*Y — cX*VPM‘IYl .

Remark 3.4. In particular, if Y*V P4 X =0 in (3.3) of Theorem 3.3, then

[Y*AX| < (%) (X*|A|X § U"Y*|A*[YU).
1 T
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Similary we have Wielandt type inequalities of (3.4), (3.5) and (3.6) under similar orthog-
onal conditions.

4. APPLICATIONS

BEEITIX. 7 v 7175054 5 Wielandt inequality #% % 5, A € My, IZLA T D
EH2BTav 7 THB ET S,

All Alz
A =
( AQI A22 )
fu_t_b Au,Azz € M TZ?)E) Azz > AZIAII Au ‘j:jl:' /yﬁﬁlj‘ujb‘jé Cauchy—

Schwarz inequality & L THIHGHA TV 5, S.W. Drury b [2] 1378 v Z71T5IZ81F 5 Wielandt
inequality & LT, L F##BA LT3,

PYREDW
AnAjAp < (Ai +)‘T) A

—F. A IILATETOZBREREE 2 =7 1 v 717521 5 Wielandt inequality %
BT B, TOIEZDIZW ONOREZER T 5, ROMEITIT 0 v 71750OE 2 & v
T, ABRYIEEMHEITITH DD OMNETSFEMEEZRL TS, (1] B8)

Lemma 4.1. A > 0 if and only if Ay > 0,A2 > 0 and Ay = AI/ZCAI/2 for some
contraction C € M,,.

generalized Schur complement An 2RO LD ICED B,
An = Ay — An At Ay

W 41128, A>0¢6ﬁRmAu—AmRmAn_AmT%6 ENRDNBDT,
ROGEEES,

Lemma 4.2. If rank(A) = rank(A;,) + rank(A,,), then Py = ( P’S“ Pg )
22

L EofEZRAWT, 7y 7175281} 5 Wielandt inequality Z #3409 5,

Theorem 4.3. Under the condition mentioned above, if rank(A) = rank(A;;)+rank(Ass),
then the following hold;

A=A )
[Az| S.(/\I gy ) (A i U*AU)

and

[A12] < (ii iy )(UAIIU ft Asg),

in which U € M, is the unitary matriz such that Ay = U|Aa|.



Proof. We only show the former. Let X = ( P’S“ ) Y = ( Pi) ) Then Y*PsX =0

and we have

|[An| = |Y*AX]
AL — A
= (/\ +)\>(XAXT1UYAYU) by Theorem 3.1.
1
AL = Ar
) (AiH)(A““UA”U)

O

Remark 4.4. If A;; and Axs are of different size, we can get the following similar in-
equalities by Remark 3.2. In fact, suppose that Ay € M, and Ay € M.

(i) If p < q, then
: AL )\
|An| < N (At U AxU),
1+

in which U € My, has orthonormal columns such that Ay = U|Ay|.
(i) If p > q, then

AL— A
|A12! < (/\1 )\ ) (U*AUU ﬁ Au)
in which U € M,x, has orthonormal columns such that A;; = U|As,|.
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