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On an ODE related to the stationary problem of
a reaction-diffusion equation on a thin domain

Toru Kan
Department of Mathematics, Tokyo Institute of Technology, Japan

1 Introduction
We are concerned with the boundary value problem

Usz + Af(u) =0, z € (-1,1)\ {0},
Uy =0, z=-11,
u(=0) + auz(—0) = u(+0) — au,(+0),
Ug(—0) = uz(+0),

(1.1)

where A > 0 is a bifurcation parameter, ¢ > 0 is a fixed constant and the symbols —0
and +0 stand for the limits from the left and right, respectively. f is assumed to be a
bistable nonlinearity (e.g., f(u) = u — u®) and precise assumptions will be made later.
Our interest is the solution structure of (1.1) in the bifurcation diagram.

1.1 Background

The motivation comes from a scalar reaction-diffusion equation

u = Au+ Af(u), z€Q,

(1.2)
% =0, z € 00
ov

Here  C RY (N > 2) is a bounded domain and §/dv stands for the outward normal
derivative. One of fundamental problems in the study of reaction-diffusion equations is
the existence and stability of nonconstant stationary solutions, because stable nonconstant
stationary solutions correspond to spatial patterns. In scalar equations, it is known that
not only the properties of a nonlinearity, but also the shape of a domain is important for
the existence of such solutions. In fact, it was shown by Casten and Holland [1] and
Matano [5], independently, that (1.2) does not have any stable nonconstant stationary
solutions if Q is convex, and Matano [5] found that such a solution indeed exists if f is a
bistable nonlinearity and §2 is a dumbbell-shaped domain which are chosen suitably.

Dumbbell-shaped domain.



Now let us fix a bistable nonlinearity f and a dumbbell shaped domain 2. Then (1.2)
will have a stable nonconstant stationary solution if ) is not small, while (1.2) cannot have
it if ) is too small. Therefore a stable nonconstant stationary solution must appear through
a bifurcation. It is seen that a nonconstant stationary solution bifurcating from a constant
solution is always unstable near the bifurcation point. This means that we need global
information on the bifurcation diagram to know how stable nonconstant stationary solu-
tions appear. One of the ways to overcome this difficulty is to focus on solutions which
converge to a constant on each weight of the dumbbell as the thickness of the channel of
the dumbbell tends to zero. This way enables us to reduce the equation (1.2) into a finite-
dimensional equation which is much easier to handle. In this direction, Vegas [10] studied
the bifurcations of stationary solutions. He obtained a reduced equation by applying the
Lyapunov-Schmidt reduction and observed that stable nonconstant stationary solutions
appear through a secondary bifurcation if both the nonlinearity and the domain are sym-
metric (see also [3]). Fang [2] and Morita [7] discussed the stability of solutions from the
viewpoint of dynamical systems. They constructed a finite-dimensional invariant man-
ifold which contain stationary solutions and revealed how stable nonconstant stationary
solutions appear by analyzing the flows on the manifold (see also [6, 8]).

The equation (1.1) is another type of reduced equation. Indeed, for the domain §2°
shown in the figure below, (1.1) is obtained as the limiting equation of the stationary

problem
Au+ Af(u) =0, =€

%o, zeonr 43

ov
as € — 0. The width and the length of the channel of ¢ are ¢* and 2ae, respectively, and
the widths of the weights are 2. The domain Q¢ converges to the interval (—1,1) while
the channel shrinks to the origin as € — 0. The limiting equation (1.1) is relatively easier
to handle than (1.3) and, in comparison with finite-dimensional reductions, it would have
much information on the solution structure of (1.3).
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Thin tubular dumbbell-shaped domain.

Let us formally derive the equation (1.1). We only focus on the derivation of the last
two conditions. Assume that u® = u®(z,y) is a solution of (1.3) with the property that
uf(z,y) = O(1) as ¢ — 0. Since the domain is thin in the vertical direction, we can
expect that u¢ is approximated by some function depending only on z, that is, u®(z,y) =
v¢(z)+o0(1) for some v* as ¢ — 0. Since the length of the channel is O(e), it is reasonable
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to assume that v¢(z) = O(1/¢) and us(z, y) = v:(z)+o(1/e) if (z, y) lies on the channel,
and v (z) = O(1) and u&(z,y) = vi(z) + o(1) otherwise.. As shown in the figure below,
we take vertical line segments I, I'{. and I'y lying on the left weight, right weight and
channel. z¢, 2§ and z, denote the positions of I'*, I'; and Iy, and z° and z?_ are assumed
to converge to 0 as ¢ — 0. Integrating both sides of (1.3) over R® which is surrounded by
I, T’y and 092, we have

0= / (Au® + M f(uf))dz = / uidr — / uidz+ X\ [ f(u¥)dz
e re To Re (1.4)
= v5 (25 )e? — vE(z0)e® + o(e?).
In a similar manner, integrating over the region surrounded by I'*, I’y and 0Q° gives
0 = —vi (2% )e? + vE(zo)ed + o(€?). (1.5)
Adding (1.4) to (1.5) leads to
vz(72) = vi (%) + o(1),

and hence we have the last condition in (1.1) by letting e — 0.
To get the other condition, we subtract (1.4) from (1.5). Then we have

vg(2%) +vg(22) +o(1)
2e ’

vg(2o0) =

which yields

v (2) — o5 (at) = / e = /_ " e+ o(1) = a(vE(25) + v5(a5)) + o(L).

z€ ae

Letting ¢ — 0, we obtain the desired condition.

Enlarged view of the channel.

We can also deal with higher-dimensional domains. In the higher-dimensional case,
width should be replaced with cross sectional area.
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area =¢g? area = 3

Thin tubular dumbbell-shaped domain in a higher-dimensional space.

1.2 Main result

To state our main result, we specify the assumptions on f and introduce notation. Here
and subsequently, we always assume the following.

f € C*(R),

f(=1)=£(0)=f1) =0, f(-1) <0, f(0) >0, f(1) <0
(u—u®)f(u) >0 forueR\{-1,0,1},

fu)=—f(-u) forue [-1,1].

In order to obtain the detailed properties of solutions, we will additionally make one of
the following assumptions if needed.

flu )>f'(u) foru € (—1,1)\ {0}, (16)

{J{(S;?' (/ fte) ) }<0 foru € (-1,1) \ {0}. (17)

3

One can show that (1.7) implies (1.6) and that the cubic nonlinearity f(u) = u — u
satisfies all of the above assumptions.
Let u be a solution of (1.1) and consider the linearized eigenvalue problem

Yoz + A (W = pep, z € (-1,1)\ {0},
0z =0, z=-1,1,
¢(=0) + ap,(-0) = @(+0) — apz(+0),
Pa(—0) = 9=(+0).

It is known that eigenvalues are real and simple, and accumulate only at —oco. We denote
the k-th largest eigenvalue by uy(u) and say that u is nondegenerate if px(u) # 0 for all
k = 1,2,.... The number of positive eigenvalues is called the Morse index of v and is
denoted by i(u).

Our main result is the following.
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Theorem 1. Bifurcation points on the trivial branch {(\,w);u = 0} are given by p) :=
(A2,0), k=1,2,..., where

2(k-1)/2 ?
- if k is odd,
(f’(0)> 4

(lm 2
W) ifk is even

and z; is a unique root of the equation aztanz = 1 in (Im, (L + 1/2)w). From each point
Y, a solution branch C, = {(A\x(a), uk('; @)) }ae(-1,1) emanates and it has the following
properties.

A= (1.8)

(i) ue(=1;a) = (=) *ur(l;0) = o, u(z;a) = (=) ur(-z;0) = —w(z; —a),
Me(0) = Y, M) = Me(—a) and M\(a) — 0o as o — 1.

(ii) Assume that k is even and that (1.6) holds. Then uy(-; o) is nondegenerate and
i(uk(;@)) = k forall a € (—1,1) \ {0}. In particular, there is no bifurcation point
on Ci \ {p}}-

(iii) Assume that k is odd and that (1.7) holds. Then there exists o, € (0, 1) such that
i = (M(a}), uk(s; a})) and p;, = (Mk(—ag), uk(-; —aj)) are bifurcation points
from which solution branches emanate. Furthermore, ui(-; o) is nondegenerate if
0 < |a| # o}, i(ux(; @) = kif || < af and i(uk(;0)) =k —Llifoy < |a| < L
In particular, there is no bifurcation point on Cy, \ {p%, pi, P% }-

a= u(—1)

1

Bifurcation diagram of (1.1).

The remaining sections are devoted to discussing how to analyze (1.1).

2 The shooting method

We analyze (1.1) by the shooting method. For o; € (—1,1) and o € (—1, 1), we define
u; = u(x; @) and uy = ua(x; az) to be solutions of the equation u,, + Af(u) = 0 with
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the initial conditions u;(—1) = ay, (u1)z(—1) = 0, u2(1) = a2 and (u2)z(1) = 0. Then
we see that (1.1) admits a solution u satisfying u(—1) = @; and u(1) = o if and only if
the pair (o, ap) satisfies

{ul(O; 1) + a(u1)z(0; a1) = u2(0; a2) — a(uz)(0; az), @.1)

(u1)2(0; 1) = (u2)x(0; 02),

and if (2.1) holds, then the solution u is given by

3 w(z;0q) (z € [-1,0]),
) = {uz(x;a» (@€ (0.1)). 2

To get the representation of the solutions u; and u,, we introduce a solution (U, V') =
(U(z; @), V(z; a)) of the initial value problem

{Uz =V, V,=-f(U), =z€R,
(U0;a),V(0;a) = (,0),

where a € (—1,1). Then we have
us(505) = U (VA1 2 + 1); ),

_ , 2.3)
(w3)a(w305) = (=1 VAV (VA(=172 + 1))

for j = 1,2. Set F(u) = 2 [ f(s)ds and B := /F(—1) = /F(1), and define a
function G : (—fo, Bo) — (—1, 1) to be the inverse of the function

o { F) (e (-1,0),
“VF@ (ue (0,1)).
One can check that G € C2((—f,, Bo)) NC3((—PBo, Bo) \ {0}). By putting o = G(8) and

U = G(W), the periodic orbit determined by V2 + F(U) = F(a) transforms into the
circle given by V2 + W? = 2. Hence (U, V) must be of the form

(U, V)= (G(W),V) = (G(Bcos®©),—Bsin O). 2.4

Since U, = V, we see that © = ©(z; B) is determined by foe G'(BcosT)dr = z. The
representation formula as in (2.4) is helpful in the analysis of time maps (for instance, see
[9, 4]).

Substituting (2.3) and (2.4) into (2.1), we obtain the equation

(P(ﬂl; A)v Q(Bl; )‘)) = (P(:B29 >‘)7 _Q(,B2; )‘))) (25)
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where

P(B;)) := G(Bcos8(B; \)) — aVABsinb(B; N),
Q(B; A) :== —Bsinb(B; A),
0(8; ) == B(VX; B).

Each pair (31, 82) € (—B8o,50)? which solves (2.5) corresponds to a solution u of (1.1)
with u # —1,1 and, from (2.2) and (2.4), the correspondence is given by

{a (Brcos®@(WA@ +1);8)) (=€ [-1,0)),
u(z) = (2.6)

G (B2 cos O(VA(—z + 1); 62)) (z € (0,1]).

We note that the constant solution u = 0 corresponds to the pair (8;, 82) = (0,0) and 6 is
determined by the relation

6
/ G'(BeosT)dr = V. 2.7)
0

In what follows, we examine the solution structure of (2.5) in the AS3; Bs-space. By the
correspondence (2.6), discussions in the next two sections can be translated to the claims
in Theorem 1.

3 Primary branches

Let us consider solutions of (2.5) bifurcating from the trivial branch L° := {(), B, B2);
B1 = B2 = 0}. The theory of local bifurcations leads to the following fact.

Lemma 2. Bifurcation points on L° are given by q := ()},0,0), k = 1,2,..., where A}
is defined by (1.8). For each k, solutions of (2.5) in a neighborhood of q? consist only of
two branches which meet at q transversally.

We denote by Ay the (local) solution branch emanating from 2. As is seen below, a
point (A, 81, B2) on A, satisfies 8, = —f» if k is odd and 3; = B, if k is even. Hence the
corresponding solution of (1.1) is odd if k is odd and is even if k is even.

Let us first find a solution (3;, B2) of (2.5) satisfying 81 = —f,. To this end we put
(B1,B2) = (B,—PB) and substitute this into (2.5). Then, since P(8;\) = —P(—p; )
and Q(B; \) = —Q(—p; \) are automatically satisfied, we see that (2.5) is reduced to the
equation P(83;\) = 0. Instead of investigating this equation directly, we first solve the
equation

G(Bcos¢) —a (/:G’(ﬂcom')dr) Bsing =0

with respect to ¢. One can show that for each 8 € (—f,08) \ {0} and ! = 0,1, .. ., this
equation has a unique solution ¢;(8) in (Ir, (I + 1/2)7), and ¢; becomes continuous
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if we define ¢,(0) := z, where z is a unique root of the equation aztanz = 1 in
(Imr, (I + 1/2)7). From (2.7), we see that 8 € (P, Bo) solves P(B;A) = 0 if and
only if (8; \) = ¢;(B) for some I. We thus obtain solution branches By, [ = 0,1,...
given by

#1(B) 2
7= {(N(B), B, =B} pe(pop)» MB) = (/0 G'(B cos7')d'r> .

Since A?(0) = (¢:(0)G’(0))? = (21/f'(0))? = A3, we see that BY bifurcates from ¢, ;.
By Lemma 2, we have BY NN = Ay for some neighborhood N of g3 ;.

We look for a solution (81, 82) with 8; = B> =  # 0. In this case (2.5) is reduced
to the equation Q(8; \) = 0, which is equivalent to §(3; \) = I, I = 1,2, . ... Therefore
we have solution branches
2

G'(B cos T)dT) .

Ir

[ = {(NB). B, B)}oe(-ppoyr L =125 () = (

0

B¢ bifurcates from the point (G'(0)im,0,0) = ¢3;, and hence Bf NN = Ay, for some
neighborhood N of ¢3,.

4 Spectral property of solutions

4.1 Secondary bifurcation

The implicit function theorem implies that if (A\*, 8, 83) is a bifurcation point, then the
quantity

Pg(B1;A)  —Ps(Be; )\))
Qs(Bi; A)  Qa(B2; )
must vanish at (\*, 83, 83). This fact and the following lemma give the nonexistence of
bifurcation points on the even-numbered branch B¢ \ {¢,}.

Lemma 3. If (1.6) holds, then D()\¢(B), B, B) # 0 for all B € (—fo, Bo) \ {0}

D(A,ﬂl,ﬂ2) := det (

Let us discuss bifurcation points on the odd-numbered branch Bf. We can show that
if § is small enough, then

D(’\?(é)757 _6) < 07 D(’\?(ﬁO - 6)7130 - 5: _(,30 - 5)) > 0.

Hence D(X(B}), B, —B;) = DN (-8;), =B, B;) = 0 for some By € (0, Bo) (note that
D(X(B), B, —B) is even with respect to 3). If we can additionally show that the derivative

E() = o

ﬂ(D(/\i’(/J’), B,—B))



does not vanish at 3 = f;, then the theory of local bifurcations implies that ¢ :=
(N(B), By, —B;) and g = (M(—B}), —B;, B;) are indeed bifurcation points and so-
lutions in a neighborhood of g;* (resp. g;) consist of two branches which intersect at ‘Iz+
(resp. g;") transversally. The most difficult point in our study is to check the transversality
condition E(;') # 0. This can be proved under the assumption (1.7).

Lemma 4. Assume that (1.7) holds and that D(X}(8*),8*, —B*) = 0 for some B* €
(0,B0). Then there holds E(8*) > 0. In particular, § = (] is a unique solution of the
equation D(X}(B), 8, —B) = 0in (0, Bo).

4.2 The Morse index

Finally, we study the Morse index of solutions. We begin with the eigenvalues of the
constant solution 0.

Lemma 5. If A = \Y, then i (0) = 0.
The following lemma gives the basic estimates of the Morse index.

Lemma 6. Suppose (1.6). Let k be a nonnegative integer and let u % 0 be a solution of
(1.1) which vanishes at k points in (—1,1) \ {0}. Then pg2(u) < 0 if u(—0)u(+0) < 0
and pg11(u) < 0 if u(—0)u(+0) > 0.

The nondegeneracy of solutions is determined by D.

Lemma 7. Let u be a solution of (1.1) and let (B1, B2) be the corresponding solution of
(2.5). Then u is nondegenerate if and only if D(), 1, B2) # 0.

From the above lemmas, we can obtain the Morse index for solutions on Bj. Let
uj be a solution of (1.1) corresponding to a point (M¢(B),B,B) € Bf and assume that
(1.6) holds. Then Lemmas 5 and 7 imply that p5(u53)|p=0 > par+1(ug)|s=0 = 0 and
par(uf) # 0. We know that pig_;(u$) is continuous in 3, and hence pug(u3) > 0. Since
u$ has 21 zeros and u§(—0)us(+0) = B* > 0if B # 0, we see from Lemma 6 that
pair1(ug) < 0 for B # 0. Therefore i(uj) = 2I.

Let u$ be a solution which corresponds to (A\?(8), 8, —8) € B} and suppose (1.7). To
determine the Morse index of u3, we need to know the relation between pig;1(u3) and
E(B)at 8= 4.

Lemma 8. There holds i

E(B) E#zul(ug) - <O0.
It is seen that u3 has 2/ zeros and u3(—0)u3(+0) < 0if B # 0, and so Lemma 6 yields
pary2(ug) < 0 for B # 0. By Lemmas 4, 5, 7 and 8, we have

>0 if|B] < 4,
pai(ug) § =0 if |8 = By,
<0 iff <|B <1

51



This together with Lemmas 4 and 7 shows that ,uzl(ug) > 0. We thus conclude that
z'(u%) =21+ 1if |B] < B and i(ug) = 2l if By < |B| < L.
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