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1 Introduction

The scale functions play an important role in the fluctuation theory of spectrally negative
Lévy processes. As a classical result, the exit time of a spectrally negative Lévy process
from a finite interval is characterized by the scale functions using the Laplace transform
(this characterization is called the two-sided exit problem). The killed potential densities
upon exiting a finite interval can be represented by the scale functions. As a rather later
result, Bertoin([3]) characterized in terms of the scale functions the exponential decay
parameter of the tail probabilities of the exit time from the finite interval.

The scale functions are applied to the ruin theory of insurance mathematics. A spec-
trally negative Lévy process models the surplus of an insurance company and then the
scale functions are involved in various values to expect several risks: for example, the
Gerber—Shiu measure, which characterizes the joint law of the wealth prior to ruin and
the deficit at ruin.

Kyprianou—Leoffen([13]) studied strong Markov processes whose positive and negative
motions are spectrally negative Lévy processes different from each other where the differ-
ence between the positive and negative motions is only the drifts. They constructed such
processes by proving unique existence of a strong solution for a stochastic differentiable
equation. They called them the refracted Lévy processes. In addition, they defined the
scale functions of refracted Lévy processes and represent the two-sided exit problem and
the killed potential measure using the scale functions.

Kyprianou—Loeffen’s refracted Lévy processes are applied to insurance mathematics.
Kyprianou—Loeffen—Pérez([14]) studied the optimal dividend problem for an insurance
company to pay dividends to customers. The optimal strategy can be modelled by
Kyprianou-Loeffen’s refracted Lévy processes, where the total amount of dividends is
characterized by the scale functions.

In Noba—Yano([17]), we generalized Kyprianou-Loeffen’s refracted Lévy processes to
the processes whose positive and negative motions may differ in not only the drifts but
also the Lévy measures, assuming that the positive motion does not have the Gaussian
part. We call these the generalized refracted Lévy processes. To construct such a process
we utilized the excursion theory. We also defined the scale functions of generalized re-
fracted Lévy processes and represent the two-sided exit problem and the killed potential
measure using the scale functions. In addition, we studied an approximation problem. For
generalized refracted Lévy process with unbounded variation paths, we proved that it is
the limit in distribution of a sequence of refracted Lévy processes coming from compound
Poisson processes.

In this dissertation, we define functions analogous to the scale functions, for general
standard processes with no positive jumps. We call them the generalized scale functions.
In addition, we generalize refracted Lévy processes to standard processes with no positive



jumps (we call them the refracted processes) and we study a duality problem and an
approximation problem of refracted processes.

The definition of our generalized scale functions is based on the excursion measure.
Our idea comes from some results of Noba—Yano([17]). We prove that the generalized
scale functions characterize the two-sided exit problem and the killed potential densities
of standard processes with no positive jumps. Furthermore, we study necessary and
sufficient conditions of duality in terms of the generalized scale functions. We believe our
study will lead in the future to some applications to the insurance mathematics.

To construct a refracted process from given two standard processes with no positive
jumps, we use the excursion theory. Unlike the construction of generalized refracted Lévy
processes, we need landing functions, which indicate the landing points at the first hitting
times to (—o0,0) of excursion processes. The landing functions play important roles in
the studies of the duality problem and of the approximation problem.

The duality problem is to characterize in terms of the generalized scale functions the
necessary and sufficient condition for the two refracted processes to be in duality. Let X
and Y be standard processes with no positive jumps and let X and Y be dual processes
of X and Y, respectively. Let U be the refracted process of X and Y and let U be the
refracted process of X and Y. We will then obtain the necessary and sufficient condition
that the refracted processes U and U are in duality in terms of a certain identity involving
excursion measures and landing functions. To prove duality of U and U, we require
that their excursion measures are transformed into each other by time reversal. For
this purpose, we utilize landing functions in order to adapt the jumps at the switching
time between X and Y. We give an example of a refracted process possessing a dual.
We construct it from two spectrally negative stable processes, where we will make a
computation to find a suitable landing function.

The approximation problem is to associate to a given refracted process a sequence
of simple refracted processes which converges to it. We assume that our new refracted
process U comes from two Lévy processes X and Y. We will then prove that U is the
limit in distribution on the cadlag function space of the sequence {U™}, _ of refracted
processes coming from the drifted compound Poisson processes constructed from X and
Y by removing small jumps and by adding drifts. Noba—Yano([17]) studied this problem
in the special case of no Gaussian part of X, where our landing functions did not appear.
In our setting, our landing functions play an important role.

The organization of the present dissertation is as follows. In Section 2 we propose
some notation and recall preliminary facts about local times and excursion measures. In
Section 3, we recall preliminary facts about spectrally negative Lévy processes and its
scale functions. In Section 4, we recall some properties of Kyprianou—Loeffen’s refracted
processes and generalized refracted Lévy processes. In Section 5, we give the definition of
the generalized scale functions and apply them to the exit problems. In addition, we give
a property of generalized scale functions about duality. In Section 6 we give the precise
definition of our new refracted processes. In Section 7 we study the duality problem and
give an example of refracted processes which are in duality using stable processes. In



Section 8 we study the approximation problem.

2 Local times and excursion measures

We give some notations and recall several preliminary facts about local times and excur-
sion measures of R-valued standard processes.

2.1 Local times and excursion measures

Let D denote the set of functions w : [0,00) — R U {0} which are cadlag and satisfy
w(t) = 0 for t > ((w), where R U {0} is the one-point compactification of R and ((w) =
inf{t > 0 : w(t) = 0}. Let B(D) denote the class of Borel sets of D equipped with the
Skorokhod topology. For w € D, we write

T, (w) :=1inf{t > 0: w(t) (2.1)
TH(w) :=inf{t > 0: w(t) (2.2)
To(w):=1inf{t > 0:w(t) =x}. (2.3)
We sometimes write T, T.F, T, simply for T, (X), T,/ (X), T,.(X), respectively, when we
consider these times for a process (X,P¥X) with X = {X; : t > 0}. For w,w;,w; € D and
s,t € [0,00), we adopt the following notation:

<z},
>z},

w(T, —t—), t<T, <oo,
paw(t) = 4 @, t>T,, (2.4)
0, t>0, T,(w) = oo,
~Jw(?), t<s,
ksw(t) = {8, t> s, (2.5)
o o wn(f) = 4 @1t) t < w),
ve el {wza ~ o), > o). 20
Osw(t) = w(t+s). (2.7)

Let T be an interval of R and set ag = supT and by = inf T. In this paper, ag
may belong to (—oo,00] and by to [—00,00). We assume that the T-valued process
(X,PX) considered in this section is a standard process with no positive jumps with
PX(Xy = z) = 1, satisfying the following conditions with a o-finite measure m on T:

(A1) (z,y) = EX[e"™] > 0 is a B(T) x B(T)-measurable function.

(A2) X has a reference measure m on T, i.e. for ¢ > 0 and = € T, we have Rg?)l(.)(x) <
m(-), where

R )= | [ e poxoal (23)



for non-negative measurable function f. Here and hereafter we use the notation
a . a
fb = f(b,a}mR' In particular, fb_ = f[b,a]ﬂR'

By [7, Theorem 18.4], there exists a family of processes {LX*} . with L% = {Lfm} -
>

for z € T which we call local times such that the following conditions hold: for all ¢ > 0,
x € T and non-negative measurable function f

/ f(Xs)ds = /f(y)LtX’ym(dy), a.s. (2.9)
0 T

1 1) = [ x| [T eman | miay) (2.10)
We have the following two cases:

e Case 1. If z € T is regular for itself, this L* is the continuous local time at x ([5,
pp.216]). Note that L%* has no ambiguity of multiple constant because of (2.9) or
(2.10).

e Case 2. If x € T is irregular for itself, we have
LY =X#{0<s<t:X,=z}, as. (2.11)
for some constant [ € (0, 00).
In Case 1, let n”%* denote the inverse local time of LX*, i.e.,
n" =inf{s > 0: LX% > t}. (2.12)

Let nX denote the excursion measure away from x which is associated with LX (See, e.g.,
9] or [4]). Then, for all ¢ > 0, we have

—log B [e‘qnx’w(l)} = uXq+n¥ [1 — e_qTx] (2.13)

for a non-negative constant uX called the stagnancy rate. We thus have

o0 o0 - 1
EX / e tdL X" | = EX / eI ") gg| = . 2.14
: [ o =B YR (2.14)

In Case 2, we define n) = %PX", where PX" denotes the law of X started from z and
stopped at x. Then we have

S 00 ' X .
X - Xx| _ X X .—qTu1\? e .
Egc |:/0 e qtst :| = la: Z(ECE [6 q ]) - Eé{[l _ e_qu] - né([l _ e_qu]- (215)

1=0

Remark 2.1. Any point z € T\{ao} cannot be a holding point. In fact, assume x is.
Then X leaves x by jumps (see, e.g., [23, Theorem 1 (vi)]). But X has no positive jumps,
and thus X can not exceed x, which contradicts (Al).



2.2  Duality and local times

We recall several preliminary facts about local times and excursion measures when the
process considered has a dual process.

Let (X,PX) be a T-valued standard process with no positive jumps satisfying (A1)
and (A2). Let ()?,]P’f) with X = {)/(\'t it > 0} be a T-valued standard process with no

negative jumps satisfying (A1) and (A2) with the same reference measure m as X. For
q > 0 and non-negative measurable function f, we denote

RY f(z) = EY [ / e f()?t)dt] . (2.16)
0
We have the local times {L)? T} et and the excursion measures {nf }per Of X in the same

way as X'’s in Section 2.1.

Definition 2.2 (See, e.g., [6]). We say that X and X are in duality (relative to m) if for
g > 0, non-negative measurable functions f and g,

/T f(@)RY g(x)m(dw) = / RY f(x)g(x)m(dz). (2.17)

Theorem 2.3 (See, e.g., [6] or [22]). Suppose X and X be in duality relative to m. Then,
for each q > 0, there exists a function rgg) : T x T — [0,00) such that

(i) rg?) is B(T) x B(T)-measurable.

(ii) x — ng) (x,y) is q-excessive and finely continuous for each y € T.

(9)

(111) y — 1y (x,y) is g-coexcessive and cofinely continuous for each x € T.

(iv) For all non-negative function f,

RO f(x) / fly m(dy), RO f(y) / fl m(dz). (2.18)

By [22, Proposition of Section V'.1], if X and X arein duality relative to m, there exist
local times {LX*}, . of X and {LY"} _; of X satisfying

B [T e | =@, 5| [T eral| <0y e
0 0

for all ¢ > 0.

The following lemma shows the duality implies the time reversality of the excursion
measures.

Lemma 2.4 ([8, Lemma 4.16]). We assume that X and X have the following conditions:



o X and X are in duality relative to m.
e X and X are recurrent processes.

o Xo=Xr,_ =z, nX-as. (This condition is equivalent to the counterpart of nf}

Then we have

nXl - =0 ). (2.20)

3 Scale functions and Gerber—Shiu formulae

We recall the well-known theory of scale functions (see, e.g., [2, Section VII], [11], [12,
Section 8] and [21]), for a spectrally negative Lévy process (X, PX) with X = {X; : ¢ > 0}
and PX(Xy, = z) = 1. For ¢ > 0, the g-scale function W@ is defined via the Laplace
transform

o0 1
—Baxyy/(q) —
e W\ (x)dr = ———,
/ D= B =4
where Wy (A) = log Eff [e**] (A > 0) denotes the Laplace exponent and ®x(g) = inf{\ >
0: Ux(\) > ¢} denotes its right inverse. The Laplace transform of hitting times and the
g-potential measure can be characterized as follows: for b < z < a

B> ®x(q), (3.1)

@D(r —p
X | —qTd . pt 1 _ Wz —b)
> [e T < T } = o1 (3.2)
Ta ATy, a W@ (x —b)
X —qt — D(g— ) —WD(p —
(3.3)
In addition, we have
EX [e*qu’ T < Tﬂ —Z0(g —b) — 2@ (q - b)w (3.4)
z b a W@(q —b)’
EX e~ T < oo| =2@(x —b) — —L W @(z —p), 3.5
Heimy < oo] =290 1) = G2 SW O~ ) (3.5)
where Z(@(x) is the second scale function defined by
29@) = 1+q [ WOy (3.6)
0

In (3.5) for ¢ = 0, we understand #@ in the limit as ¢ | 0. We also note that when
X has unbounded variation paths, Noba-Yano([17, Theorem 3.1]) and Avram-Pérez—
Yamazaki([1, pp.276]) proved the following.



Theorem 3.1. The scale functions of spectrally negative Lévy processes satisfy

1

it [e=aT; T < oo

W (z) = ., ¢=0, x>0, (3.7)

where i denotes the excursion measure away from 0 subject to the normalization
1

F[l—e ] = —— : :
ny [1— e 7] T (g)’ qg>0 (3.8)

We omit the proof of Theorem 3.1.

Remark 3.2. Bertoin([3, Proposition VII.15]) gave us an identity similar to (3.7). Let
n{ be an excursion measure away from 0 of reflected process at 0. He proved that there
exists a constant £ > 0 such that

WO (z) = z > 0. (3.9)

n [T < oo’
The Laplace exponent ¥y has the following form:
2
Ux(A) =xxA+ %XAQ - / (1= e+ Mylg)x(dy), A>0,  (3.10)
(_0070)

for some constants yx € R, ox > 0 and some Lévy measures IIy which satisfies
IIx((0,00)) = 0 and f(foo 0)(1 Az$)Ix(dr) < co. We known that X has paths of bounded

variation if and only if ox = 0 and f(_oo 0)(1 A |z])Ilx(dx) < oo; In this case, its Laplace
exponent is given by

Ux(\) =0x\ — / (1—eV) Ix(dy), A>0, (3.11)
(70070)

where oy = xx — [, (-1,0) yllx(dy). We recall the following result for general spectrally
negative Lévy processes, which are called the Gerber—Shiu formula.

Theorem 3.3 (See, e.g., [12, Corollary 10.2]). For ¢ > 0, > 0 and non-negative
measurable function f, we have

EX [e_qTO_ J(Xp Xy )i Ty < Ty (3.12)

- / d / Fo, ) (e OO () — WD (g~ oW (du—v).  (3.13)
(0,00) (—00,0)

We have its analogy to the excursion measure as follows.

Theorem 3.4 ([17, Theorem 3.4]). For ¢ > 0 and non-negative measurable function f,
we have

ng [e_qT‘;f(XTof_,XTJ); 0<Ty < TO] = /(o )dv/( ) f(v,u)e” X DTy (du — v).
| | (3.14)



The proof of Theorem 3.4 is almost the same as that of [17, Theorem 3.4] but we give
it for completeness of the paper.

Proof. By the monotone convergence theorem, the strong Markov property and since X
has no positive jumps, we have

nd [e_qTO_ J(Xpe X )0 < Ty < TO} (3.15)
= lim i [e—qTo’ J(Xpe Xg i TH <00, Xy > e, Ty < TO} (3.16)
:leigl ny [e—qu;T: < oo] EX [e‘qTO_f(XTof_,XTJ); Xp- > 61y < T0i| . (3.17)
By (3.7) and Theorem 3.3, we have
(3.17) = lim — / dv / Fo, e WD (O (du—v),  (3.18)
€0 W)(f)(e) (e,00) (—00,0)
and by the monotone convergence theorem, we obtain (3.14). Il

We recall the following formula for the killed potential measure.

Theorem 3.5 ([12, Corollary 8.8]). For ¢ > 0, x > 0 and non-negative measurable
function f, we have

]EX

/0 “ e‘qtf(Xt)dt] = / " @)W (@) - WO — y))dy. (3.19)

We have its analogy to the excursion measure as follows.

Theorem 3.6 ([17, Lemma 3.6]). For ¢ > 0 and non-negative measurable function f, we
have

n [ | e—qtﬂXt)dt] - [ swe = (3.20)

Proof. Using the monotone convergence theorem and the strong Markov property, we
have

T(; T(;
TL())( [/ e_qtf(Xt)dt] :liigl nff [/ 6_qtf(Xt)1{Xt€(€7oo)}dt;T:_ < OO] (3.21)
0 € 0
o X | —qTE ot X o t
:16%1”0 [e e T < oo} E; /0 e T F(X)lx (e dt | -
(3.22)
By (3.7) and Theorem 3.5, we have
— i 1 = —0x ()7 (@)
B2) =l s | 1twe = ow @ (3.23)
and we obtain (3.20). O

10



The following lemma is obtained from the proof of [17, Theorem 3.1].
Lemma 3.7. We have

= (U070 + [

(/ e@X(O)(u—H})dU + Ul(fl,O) (u)) HX(dU,) (324)
(—0,0) 0

In particular, if X has bounded variation paths, then we have

5x = (W (0) A 0) +/

x (du) / ePxOutv) gy, (3.25)
(—00,0) 0

Proof. The derivative of ¥y has the following form:

Ve (A) = xx + 0%\ + /( 0)(ye>‘y —ylo(w)Ix(dy), X>0. (3.26)

So we have

Ve (0) = xx + / yTLy (dy). (3.27)

(_007_1]

i) Suppose that W' (0) > 0. In this case, we have ®(0) = 0 and so the right hand side
of (3.24) is equal to

W' (0) — /( . ully (du). (3.28)

By (3.27), we obtain (3.24).

i7) Suppose that ¥, (0) < 0. In this case, we have ®(0) > 0 and so the right hand side
of (3.24) is equal to

1
/ (1 — ™% 4 & (0)ul(_1,0)(u)) Mx(du). (3.29)
(I)X(O) (—00,0)
By (3.10) with A = ®x(0), we obtain (3.24). O

4 Refracted Lévy processes and their scale functions

In this section, we recall two previous studies Kyprianou-Loeffen([13]) and Noba—Yano([17]).

4.1 Kyprianou—Loeffen’s refracted Lévy processes

Let us recall some results of Kyprianou-Loeffen([13]). We fix a constant o« > 0 and
let X be a general spectrally negative Lévy process, which may possibly have Gaussian

11



component. Set Y; = X; + at. They defined a refracted Lévy process U as the pathwise
unique strong solution of the stochastic differential equation

t
U —Uy=X;, — Xo+ Oé/ 1{US<0}d57 t>0. (4.1)
0

Let Ux and ¥y denote Laplace exponent of X and Y, respectively. We write ®x(0) =
inf{\ > 0: ¥x(\) > 0} and @y (0) = inf{\ > 0: Uy (\) > 6}. For ¢ >0, W)((Q) and Wy)
are the scale functions of X and Y, respectively, in the sense of Section 3.

Theorem 4.1 ([13, Theorem 1]). There exists a pathwise unique strong solution to the
stochastic differential equation (4.1).

The proof of pathwise uniqueness. Suppose that UM and U®) are two strong solutions to
(4.1) with a common starting point Uél) = USQ) =1z € R. We define

t
A =00 = a( / (Lo — Lo <o) ds) . (4.2)
0

By integration by parts, we have

t
A? = 2a/0 Ay (1{U5(1)<0} — 1{U§2><0}) ds. (4.3)
When U > U? . we have A, > 0 and (1 —1 < 0. When UV < U? | we
t —_ t Y t — {U§1><0} {U§2)<0} —_ * t —_ t )
have A; < 0 and <1{U<1)<0} — 1{U<2><0}> > 0. So by (4.3), we have A2 < 0. This implies
that A; =0 and UM = U@ a.s. O

Sketch of the proof of existence of a strong solution. First, we assume that X has bounded
variation paths. Suppose that Xy = 0 for simply. We set S = 0 and we put Uf’+ = X;
for ¢ > 0. We set

Sy =inf{t> S5 : U <0}, Um =0 +alt—S7), t>Sr, (4.4)
St =inf{t> S U~ >0}, Uttt =u" —at-Sf), t>S;. (4.5)
We can and do define S, {U"™ : ¢ > 0}, S} and {U;"" : t > 0} for n > 2 similarly by

induction. Since X has bounded variation paths and 0 is irregular for (—oc, 0) for X, we
have 0 < S; < Sf < S5 <S5 ... and limpye S, = limypee S;7 = 00 a.s. We define

U o UZZ_L+’ te [STT—l?S;)’ neN (4 6)
' U, tel[S,,SF), neN. '

Then we easily see that U satisfies (4.1).

12



Second, we assume that X has unbounded variation paths. We fix z € R. By [2,
pp-210], on the same probability space carrying X, we can construct a sequence of spec-
trally negative Lévy processes X ™ with bounded variation paths, such that for ¢ > 0,

lim sup [ X — X[ =0, as. (4.7)

ntoo s€[0,t]

Let U™ be the strong solutions of (4.1) associated with X ™. We can prove that there
exists a stochastic process U such that for ¢t > 0,

lim sup ‘US(") - Us(oo)‘ =0, a.s. (4.8)

nToo se(0,4]

We then see that U(>) satisfies the SDE by taking limit as n 1 oo in the SDE’s for U™.

[
Let U be a solution to Kyprianou-Loeffen’s stochastic differential equation (4.1).
Theorem 4.2 ([13, Theorem 4]). For ¢ > 0 and z,a,b € R with b < x < a, we have
W(Q) b
EV [e—qT&* T < Tb‘] — % (4.9)
W (a,b)
where Wl(]q) is defined by
WD (g y) = W (@ = y) + algazoy i Wi (e — )W (2 = y)dz, zeR,y <0,
v ’ W)(g)(if_y)> $€Ray20-
(4.10)

They also calculated the potential densities with and without barriers.

Theorem 4.3 ([13, Theorem 6]). For ¢ > 0, z,a,b € R withb < 0 < a, x € (b,a) and
non-negative measurable function f, we have

Ta AT, a
B [ | = | ey (4.11)
i be T a
EY /0 e~ F(UL)dt| = /b FW)ry (@, y)dy, (4.12)
- T;r Z "
B | [ e = [ sy (4.13)
EY e Utd-: ' L y)dy, 4.14
U pwaar] = [ ey (4.14)
where
W(Q) ,b ‘ ‘
fg%,y):Ww(a,w_wy@,y), y e bal (4.15)

13



W(q) xb _ _
(.0) P x(q)(y—b) _ W)((f])(gj —y) y € (0,00)

(a) _ ozH(q o)
g (@,y) = 4 ‘g (4.16)
W ) — W () y € [b,0)
Lz (05
with H(q (y;b) = f,° *‘I’X(Q)(Z*b)W}(,Q)/(z —y)dz,
(9 @b
Do W —y) W@ —y) e (0. .
Ty (@) = oo :
%W;ﬁ)(a, y) = W (z,) y € (=00,0]
with ﬁg])(a’;b) = PO 4 ady (q) [ e® W)(f) (x — 2)dz, and
P () = Hi (,y;0) = Wy (x ~ ) y € (0,00)
Hif (1, y;0) [ e P OEDWD (2 — y)dz = WP (2,y) y € (~00,0)
(4.18)
with ng)(x,y;b) = e‘I’Y(q)bﬁg)(x; b)%{ff@e*q’xw)y, where W[(JQ) has been given in
(4.10).

4.2 Generalizations of refracted Lévy processes whose positive motions are
bounded variation

Before recalling some results of Noba—Yano([17]), we discuss refracted Lévy processes
whose positive motions have bounded variation paths.

Let us consider the stochastic differential equation
Ut - UO - / 1{Us_20}dX8 +/ 1{Us_<0}d}/t9' (419)
(0,¢] (0,t]

Lemma 4.4 ([17]). Suppose X has bounded variation paths. Then the stochastic differ-
ential equation (4.19) has a strong solution. Furthermore, when X and Y are compound
Poisson processes with positive drifts, pathwise uniqueness for (4.19) holds.

Proof. We give the proof of the existence of a strong solution. The proof is similar to that
of Kyprianou—Loeffen’s refracted Lévy processes. Suppose that Uy = 0 for simplicity. We
set S¢ = 0 and we put UM = X, for t > 0. We set

Sy =inf{t> S5 : U <0}, Uhm = Ug’lf +(Y,=VYy), =S, (4.20)
Sf=inf{t> S U >0}, U= U;;; + (X = Xgp), t>87. (421)

We can and do define S5, {U/"™ : ¢t > S}, St and {U}"" : t > S} for n > 2 similarly
by induction. Since X and Y have bounded variation paths and 0 is irregular for (—oo, 0)
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for X and Y, we have 0 < S; < Sf < S5 <S5 ... and limy10e S, = limyee S = 00 as.
We define

U, = Ul;n_17+7 te [S:—I’SYZ>7 ne N (4 22)
' U, tel[S,,Sh), neN. '

Then U satisfies (4.1). The proof in the case that Xy # 0 is similar.

We assume that X and Y are compound Poisson processes with positive drifts. We
prove the pathwise uniqueness. Let U") denote the strong solution of (4.19) with Uo(l) =2z

which is constructed as above. Let U be another strong solutions of (4.19) with UéQ) =x.
We define

T =inf{t>0:U" £ U®}. (4.23)

By the form of (4.19), the value U;l) is determined by {Ut(l) :t < T} and the value U}Q)
is determined by {Ut(Q) : t < T}, so we have U;l) = U;Q). Suppose Ui(pl) > 0, then UW
and U® behave as X for a while after time 7. This fact is against the definition of 7.
Similarly, if U:(Fl) <0, then UM and U® behave as Y for a while after time 7" and this is

against the definition of T. So when T' < o0, it is necessary that U}l) = U:(FQ) = 0. Since
{Xisr — Xp : t > 0} and {Yior — Y7 : t > 0} behave as pure positive drift on [T,7")
where T/ = inf{t > T : X,_ # X, or Y,_ # Y;}, we have {U), — U\ 10 <t <T' =T} =
(US, —UP  0<t<T —T} = {Xpr — Xp: 0 <t < T —T}. This is against the
definition of T". So we obtain T" = oo and the proof is completed. O

4.3 Generalized refracted Lévy processes

Suppose X has unbounded variation paths. In this case we do not know existence nor
uniqueness for the SDE (4.19). Thus, following Noba—Yano([17]), we appeal to the excur-
sion theory.

Let ng denote the excursion measure of X away from 0 which satisfy

1
wl=e =g

for ¢ > 0. For all non-negative measurable functional F', we define the law of the stopped
process ]P’xUO by

(4.24)

0 EZO [F(YO)] ) x <0,
EY[F(U)] = 4.25
- [F(U)] Ef[]E?)[F(wOYO)H h X;O<T0_§TO], x>0, (4.25)
TO w= T(;
and the excursion measure nJ by
nY[F(U)] =ng [E)Y{; [F(woY?)] ‘w:kT_X; 0<T, < TD] : (4.26)
0 0
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By means of the excursion theory, we can construct from n¥ and {PV" }xeT\ (o} & R-valued

stochastic process U without stagnancy at 0.

Theorem 4.5 ([17, Theorme 6.4]). Generalized refracted Lévy process U is a Feller pro-

CESS.

We will later in Theorem 6.3 state and prove it in a more general form. The corre-

sponding scale functions are introduced as follows.

Theorem 4.6 ([17, Theorem 6.2, 7.1]). For q¢ > 0, we define

(Wi(/q)(m—y), x <0,y <0,

W (x,y) =

, Y
— W (= )W (x — ) (du—v), 2> 0,5 <0

Then we have (4.9), (4.11) and (4.15) for generalized refracted Lévy process U.

Corollary 4.7 ([17, Corollary 6.3]). We defined, for x > 0,
W(Q) o W(q) T
v (2) = Wi (2)(¥x (0) A 0)
+ / dv/ (W)(f)(x)e‘l"’(o)“ - W)(f)(x — v)e\l”’(q)"> Iy (du —v).
0 (—00,0)
Then for ¢ > 0 and x < a with a > 0, we have

7 (@)
EU |:6qu¢1+} — WUq (l‘)
' Wi (a)

In particular, Wg]) (x) is a continuous and increasing function of x.

(W& (z —y), r€R,y>0.

(4.27)

(4.28)
(4.29)

(4.30)

Following [17] we also discuss an approximation problem of thier refracted Lévy pro-
cesses. Let X and Y be spectrally negative Lévy processes. Suppose that X has un-
bounded variation paths and no Gaussian component. Let ¥y and Wy be Laplace expo-

nents of X and Y, respectively, which have the following form:

Ux(A) =xxA— / (1-— N MylZ10)(y)x(dy), A >0,
(_0070)

2
Uy (A) = xy A+ %)\2 - / (1— M+ AyLii0)(w)Iy (dy), X >0,

(_0010)
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For n € N, we define

Uiy (N) = OxmA — /( o (1—eY) My (dy), (4.33)
Uy ) (A) = OymA — /( e (1—e) My (dy), (4.34)

where
Sxm = Xx + /( y 7L)(—y)HX(dy), My = 1o 1)llx, (4.35)

5Y(n) = Xx + nai + /

- 1)(—y)HX(dy), My = 1(700,7%)1_[)( +n20§2/5(7%). (4.36)

Let U be a generalized refracted Lévy process associated with X and Y, and let U™ be
a generalized refracted Lévy process associated with X ™ and Y (™,

Theorem 4.8 ([17, Theorem 8.1]). The sequence of the processes (U™ PU™) converges
in distribution to (U,PY) for all x € R.

We will later in Corollary 8.6 state and prove it in a more general form.

4.4 Kyprianou—Loeffen’s refracted Lévy processes viewed as generalized re-
fracted Lévy processes

Suppose that Y has the same distribution as{X; + at : t > 0}. In this case we may expect
that generalized refracted Lévy process UMY coincides in law with Kyprianou-Loeffen’s
refracted Lévy process UXE although these two processes are constructed in different
ways. In addition, we may expect the corresponding scale functions W[(qu\),y in Theorem

4.6 and W((;QL in Theorem 4.2 coincide, although their expressions look different. We
already know that for ¢ > 0 and (x,y) € R x R\(0,00) x (—00,0), we have

Wy (z,y) = WS, (z,y). (4.37)

Theorem 4.9. If Y has the same distribution as{X; + at : t > 0}, then generalized re-
fracted Lévy process (UNY,IP’gNY) made by X and Y and Kyprianou—Loeffen’s refracted
Lévy process (UKL,IP’gKL) made by X and o have the same distribution for all x € R. In
addition, W[(ﬁ\)jy and W[(]%ZL coincide.

Proof. 1) We assume that X has bounded variation paths.

We prove (4.37) for ¢ > 0 and (z,y) € (0,00) x (—00,0). Let ¥x denote to the Laplace
exponent of X of the form:

Ux(N) = 6x )\ — / (1—eY) Ix(dy), A >0, (4.38)

(—O0,0)
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for 6x > 0 and Lévy measure I1x satlsfymg IIx(0,00) = 0 and f 1/\|:E])HX(dx)
By [13, (4.13)], for (z,y) € (0 o0) X (—00,0), we have

W( 9, (z,y) = x W@ ()W, / dv/ 9Dz — )W (—y + u+ v)x (du).
(0,00) 00, 'u)
(4.39)
By (4.27) and (4.39), it suffices to show that

ox = (U (0) vV 0) + / dv / ePX O] ¢ (du) (4.40)
0 00,—v

By (3.25), we obtain (4.40) immediately.

Since killed potential measures of UMY and UK’ are written by W((J%Y and W9 [k @s

(4.15), respectively, and by (4.37), resolvents of UMY and UKL are same. So (UMY PgNY)
and (UKL PU") have the same distribution for = € R.

i) We assume that X has unbounded variation paths.

Let {UM},
as that in Theorem 4.8. By Theorem 4.8, the sequence of the processes (U™ PU™)
converges in distribution to (UMY, PV™") for all z € R. On the other hand, by 7) and the

proof of Theorem 4.1, the sequence of the processes (U™, PU(H)) converges in distribution
to (UKL, PU™") for all z € R. So (UNY,PU™") and (UKL, PU"" )have the same distribution
for z € R.

be a sequence of refracted Lévy processes which has the same definition

For ¢ > 0 and z,a,b with b < x < a, we have
BV (e~ 7% < 1 } — EU** [e—chf T < T (4.41)

Scale functions W[(]q]%y and W9 e satisfies (4.9) for UNY and UKL, respectively, so we have
Wiy (z,0) Wi, (x,b)

W%y (a,0) W%, (a,b)

We already have (4.37) for z,y € R?\(0,00) x (—00,0). So we take x and b to satisfy
b <z <0 and then by (4.42), we have

g>0, b<x<a. (4.42)

W%y (a,b) = W%, (a,b), a>0. (4.43)
The proof is completed. O

5 Generalized scale functions

We define generalized scale functions for standard processes with no positive jumps using
the excursion theory. In addition, we characterize the fluctuations of standard processes
with no positive jumps using the generalized scale functions. The results in this section
are based on [15].

18



5.1 Definition of generalized scale functions

We define generalized scale functions. In addition, we characterize the two-sided exit
problems and the killed potential densities of standard processes with no positive jumps
using the generalized scale functions.

Let X, L and nX be those in Section 2. Let us define generalized scale functions.

Definition 5.1 ([15, Definition 3.1]). For ¢ > 0 and z,y € T, we define generalized q-scale
function of X as

—q 2_ ’ -
W () = § e m o) (5.1)

where + = 0.
o0

Remark 5.2. All z € T\{by} is regular for (z,0), i.e., PX(T," = 0) = 1, thanks to the
assumptions of no positive jumps and of (Al). When z is irregular for itself, we have

W9 (z,x) = I by the definition of nX

Remark 5.3. Let us characterize generalized scale functions of diffusion processes in
terms of their characteristics. Let m and s be two R-valued strictly increasing continuous
functions on the interval [0, c0) satisfying s(0) = 0. Let X be a -=-4_diffusion process
with 0 being a reflecting boundary. Note that our ng coincides with the excursion measure
defined in [24, Definition 2.1] up to scale transformation. Let (¥ denote the increasing
eigenfunction %d% @ = ¢ip(@ such that %gb(q)(O) = 1. In other words, the (@ is the
unique solution of the integral equation

V@) = s(0) +a [ (60 =@ @am(),  well). (52
Then, by [24, Corollary 2.4, for ¢ > 0 and z € (0, 00), we have
O (z) = ! (5.3)

g [edT ;T < ool
which shows that W)((q) (z,0) = @ (x). In particular, we have W)((O) (x,0) = s(x).

We fix b,a € T with b < a. The upward exit time from the bounded interval [b, a] is
characterized as follows.

Theorem 5.4 ([15, Theorem 3.4]). For ¢ >0 and x € (b,a), we have

—_aT T _
EX [e L P ] - (5.4)
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Proof. Since b < x < a and since X has no positive jumps, we have
nl e T T < oo} =ny [e‘qT’j;T‘;r < oo] EX [e‘qu; T <T, |, (5.5)
where we utilized the strong Markov property of n) (see, e.g., [4]). O

In order to obtain killed potential density, we need the following lemma.

Lemma 5.5 ([17, Lemma 6.1], [15, Lemma 3.5]). For ¢ > 0 and x € (b,a), we have

T AT,
/ e~ mtAL" | . (5.6)
0—

T

EX [e’qT‘j;Ta+ < Tb’] =ny [e’qT‘j‘ Th < oo} EX

(5.7)

Proof. 1) We assume that x is regular for itself.

Let p={p(t) : t € D(p)} on (2, F,P) denote a Poisson point process with character-
istic measure nX. We write n*%(s) = > ., Tu(p(u)). We set A = {Tf < oo} U{T, <
0} U{¢ < o} and k4 = inf{s > 0: p(s) € A}. By the same argument as the proof of
[17, Lemma 6.1], we have

X | ,—qTd .
n; [e ¢ ,A]

A (5.8)

EX [e’qT‘j; T+ < Tb*} = E[e’qnx’z(““’)}
We denote pac = plpgpae) with D(pac) = {s € D(p) : p(s) € A°}. We write 1" (s) =

> ucs Te(pac(u)) where T,(9) = 0. Note that 7" (ka—) = " (k4) and that i and
k4 are independent. We thus have

KA
E |:e_Q77XaI(HA—):| — na)c( [A] E {/ eXp(—an’x(t)) dt} (5.9)
0
T AT,
/ e—qtstX’x] , (5.10)

where we used the fact that P[4 > t] = e~ ™4 and the identity

=n; [AJE;

E[f(eq)] = ¢E UO f(t)dt] (5.11)

for an exponential variable with P[e, > t] = e". Therefore we obtain (5.6). On the other
hand, we have

(5.9) = nX[A] /000 n [exp(—t(n)[A] + p) g+ ny [1 — e 7 A°]))] dt (5.12)
ny [A]

T

N pXq+nX[l—e =1’

(5.13)
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so we obtain (5.7).

1) We assume that x is irregular for itself.

Let 7" denote the n-th hitting time to x and let T = 0. Then we have

T AT, oo . '
EX / eqtdL;X’”] XY EY [e*qu“;T;” <TF A Tb—} (5.14)
- i=0
= XS (B [T < T AT (5.15)
=0
On the other hand, we have
EX [e*qTa* T < T,;] =N (BX [T, < T ATy ))ES [e*qTa* T < T, A T,;] .
i=0
(5.16)
Therefore we obtain (5.6). Furthermore, we have
EX* [e‘qTJ;Tj < oo]
5.16) = , 5.17
B10) = T gX et 1, < 77 A TY (5.17)
so we obtain (5.7). O
By Theorem 5.4 and Lemma 5.5, for ¢ > 0 and = € (b, a), we obtain
TS AT, @) (o p YW@
EX / eqtdeﬁff] _ W (o (qSWX (a.2) (5.18)
0— Wi (a,b)
For ¢ > 0 and non-negative measurable function f, we have
T, AT T, AT
BY| [ e = [ gwEr| [C et miay). (5.9)
0 (b,a) 0

The following theorem represents the potential density in terms of the generalized scale
functions.

Theorem 5.6 ([15, Theorem 3.6]). For ¢ > 0 and x,y € (b,a), we have

T, AT (q)
“ W b
Ef /0 b e_qtdLi(ﬂy — ﬁw)&@(a’ y) o W)((q)(l‘, y) (52())
X )

Proof. 1) Let us consider the case where x = y.
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When z is regular for itself, the continuity of the local time implies

T, AT T, AT
EX / e~ mdL Y| = EX / e~ tdLY (5.21)
0 —
and the absence of positive jumps implies
1 1
W\ (2, z) = = = 0. (5.22)

nX[e=dTH Th < o0] X [T < od]
Thus (5.20) follows from (5.18).

When z is irregular for itself, we have
T, AT <
/ e % q Lt Y

0

By (5.18) and Remark 5.2, we obtain (5.20).

EY =E

T

Ty AT
/ e~ ALY | — X, (5.23)

i1) Let us consider the case where x # y.

On one hand, we have
Ty AT .
/ e Mt dL; Y

0

On the other hand, we can prove

(9) (9) (9)
3 B Wi (a,b) { Wi (x,b) W' (z,y)
E; [e7 T, <Ty AT = — ( 0 -5 : (5.25)
WX (y7 b) WX (aa b) WX (aa y)

EX =EY [e; T, < T, AT ES

Ty AT
/ e LY (5.24)

Indeed, for < y, it is obvious, and, for & > y, the left-hand-side of (5.25) equals to

)
_ 5.26
EX[e=aT; TiF < T, ] EX [eaT T} < Ty ] B

EX [e*qTa* T, < T < Tb‘} EX [e*qT«f T < T,;] ~EX [e*qT«f T < T*]

which leads to (5.25) by Theorem 5.4. Combining (5.24), (5.18) and (5.25), we obtain
(5.20). 0

The downward exit time is characterized as follows.

Corollary 5.7 ([15, Corollary 3.7]). For z,y € (b, ay), we define

()
Zg?)(x,y) _ {1 + C]f(w) W' (z, z)m(dz), z>Y, (5.27)
L, r < y.
Then we have

_ W(Q) b
EX [e—qu T < T(ﬂ = 79 (,b) — Mz@(a, b). (5.28)

w9 (a,b)

X )
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Proof. We have
EX [e’qu_;Tb’ < Tj} — EX [e*q@‘”{f LT AT < oo} _EX [e*qTa* T < Tb*} . (5.29)

By Theorem 5.6 and by the identity e™* =1 — ¢ [ e~%dt, we have
_ W(Q) b
B et ) < 1—g [ (w00, y) - W) | midy). (530
(ba) \ Wx"(a,b)

By (5.29), (5.30) and Theorem 5.4, we have

_ @ (3 V() — VX (%) @ (4 Vi
@wwrwﬁﬁmmw«@1W%w@mﬁyw<w<m)@m>

and therefore we obtain (5.28). O

5.2 Duality in terms of generalized scale functions

In this section, we give the necessary and sufficient conditions of duality in terms of
generalized scale functions.

Let X and X be processes defined in Section 2.2. When X and X are in duality, we
always use the local times defined by [22, Proposition of Section V.1]. In other cases, we

use the normalization of the local times in Section 2.2. We let scale functions {W;f)}
and {W'L}  be those in Section 5.1.
—X"g>0

q=>0

Theorem 5.8 ([15, Theorem 4.4]). If X and X are in duality relative to m, then we have
W)((q)(x’y) = Wfq)l((—:% —ZE), x,y € (b07a0)- (532)

If T is open, then the converse is also true.

To prove Theorem 5.8, we need the following lemma, which gives us the relationship
between the killed potential densities of X and X.

Lemma 5.9 ([15, Lemma 4.5]). Suppose X and X be in duality relative to m. Then, for
allb<a €T andz,y € (b,a), we have

T, AT
_ X,
/ e qtst Y
0

— EX

X
E; Y

T, AT -
/ e AL | (5.33)
0

Proof. Let X®9 and X®9 denote the X and X killed on exiting (b, a), respectively. We

denote by Rggzb’a) and Rgzb,@ the g-resolvent operators of X®® and X () respectively.
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For each ¢ > 0, there exists a function Tﬁ?é,@ . (bya) x (b,a) — [0,00) such that all the

conditions (i)—(iv) of Theorem 2.3 hold. By definition, we have

T, AT T, AT
/ e f(X,)dt| = / e~ ALY | m(dy).
0 0

(5.34)

RA()((Izb,a)f(y) = EIX

| F)EY

(b7a

So, for all z € (b,a), we have rl (z,) =EX [IT;ATJ e*qtde("], m-a.e. Since

X(b,a) 0
Tb_/\T(j' 00 _ " 00
e ALY | = EX e~ ALY | — EX [emah MRS e ALY
0 z 0 z Tb_ATj 0

(5.35)

EX

T, AT

and the dominated convergence theorem, the function y +— Ef[ 0

_ X .
e dL; ’y} is

cofinely continuous. By cofine continuity, for all z,y € (b,a), we see that TSEM) (x,y)

coincides with the left hand side of (5.33), and also, in the same way, with the right hand
side of (5.33). O

Proof of Theorem 5.8. Let us assume that X and X are in duality relative to m. First,
we fix b,y,a € T with b < y < a. By Lemma 5.9 and Theorem 5.6, for all ¢ > 0 and
x € (b,y), we have

(9)
W (z,b W' (—y, —a)
— )W;(é”(a, y) = —o——— WU (=b, —). (5.36)
W9 (a,b) W (<b, —a

Hence there exists a function v; : [0,00) x T — (0, 00) satisfying
W (@,b) = (g, W G (=b,—2)  « € (b ao). (5.37)

Second, we fix b,z,a € T with b < z < a. For ¢ > 0 and y € (z,a), we have (5.36). Thus
there exists a function s : [0,00) X T — (0, 00)

Wi (a,y) = 72(q. )WL (~y, —a)  y € (b, a). (5.38)

By (5.37) and (5.38), for ¢ > 0 and a,b € (by, ap), we have v1(g,b) = 72(q, a), so y1 and
vz depend on only ¢ > 0. By (5.36), 71 = 7o = 1. Thus, for y,x € (by, ap) with y < z, we
have W)((q) (x,y) = Wg)?(—y, —z). By the fine continuity of W)(f) and the cofine continuity

Wfq)%, for = € (by, ag), we have W)((q)(x, x) = Wiq)l((—x, —x).

Let us assume that T is open and that (5.32) is satisfied. Then, for b < a € T and
x,y € (b,a), we have

()
W (x b)WU W W5 (=, _G)WU @
’ g (auy) - ! (I’y) = q’\(_b7 —.T) - q’\(_yu —X).
W (ab) " : W (=b,—a) ¥ = )

(5.39)
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By Theorem 5.6, the first terms and the second terms of the both sides of (5.39) are the

potential densities of X and X killed on exiting (b, a), respectively. We therefore conclude
the duality of the killed processes, which yields that of the original processes. O]

Remark 5.10. We suppose that X and X are in duality. Then at each point x € T, fine
continuity implies right continuity and cofine continuity implies left continuity. By the
proof of Lemma 5.9 and Theorem 5.6, the function z — W@ (z,y) is finely (and hence
right) continuous and y +— W (z,y) is cofinely (and hence left) continuous.

5.3 The case of spectrally negative Lévy processes

When X is a spectrally negative Lévy process, the definition of the usual scale function
W@ (z) is based on the Laplace transform

/000 e MWD (z)dx = T B> d(q). (3.1)

1
B)—q
It satisfies
WD (z) = 2 @D (04) — r@D(—g) (5.40)

where 79 is the right-continuous potential density of X with respect to the Lebesgue
measure (see [21]). Pistorius([21]) provided a potential theoretic viewpoint for the scale
functions in the sense that he started from (5.40) and proved (3.1). We now provide
another viewpoint.

Theorem 5.11. For all ¢ > 0, let us start from

1
W@ (z) = . 3.7
(@) g [eaT ; TF < oo (3.7)

Then we have (3.1).

Let X be a spectrally negative Lévy process and m denote the Lebesgue measure.
By Sections 5.1 and 5.2, we have local times, excursion measures and generalized scale
functions W)((q). Since X has the stationary independent increment property, for ¢ > 0
and z,y € R, we have

EY { / eqtdefvy—“‘} =EJ { / eqtdevy} . (5.41)
0 0

If we define (@ (z) = rgg)(O, z) and W9 (z) = W)(f)((), x), then we have

r(q)(y —x) = Ef {/ e_qtde(’y] , x,y € R, (5.42)
0

Wz —y) =W (z,y), zyeR, (5.43)
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for all ¢ > 0. Note that (9 is a caglad function. In fact, we have

1 (q) — T X > —qt X,z
l’gglr (x +h) l]g%l EZ, {/0 e "dL; } (5.44)
— limEY, [e—qTo+ LTy < Tx] EX { / e—qtdef@}
hl0 _
+ léﬁ)lE)-(h [e™" T, < Ty | EY { / eqtdevx] (5.45)

= E¥ [ / h e—qtdeﬂ (5.46)
where in (5.46) we used

EY [e‘qT;; T < oo] = 2@ x>0, (5.47)
and lim, o E [e—qu;T; < oo] = lim, o e~ ®@* =1 (see, e.g., [12, Theorem 3.12]).

Proof of Theorem 5.11. By the equation obtained from (5.6) when b limits to infinity, for
x > 0, we have

1
W@ (z) = 5.48
() ny [e—qT;; Tr < oo} ( )
1 Tt
— E:X / e TdL? 5.49
E [e—qT;; T < 0| 0 [ - ! (5:49)
_ 1 X Oo —qt 770 X | —qT .+ X OO —qt 770
- ST T < (]EO U e~ "dL0| — B [e T < oo} BX| [ e
(5.50)
1
rD(0+4) — r@(—z). (5.51)

N E [e—qT;; T < 0]

By (5.47), for 8 > ®(q), we have

/ e WD (1) da = / (em 2@ @ (04) — e (—z)) dx (5.52)
0 0

_ r(‘?)(0—|—) _ Ooe—ﬁxr(Q) —2)dz
- e /0 (—a)da. (5.53)
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On the other hand, for all 5 < ®(g), we have

L / )

—_— = e dt 5.54
q—Y(p) 0 ( )
= / e "Ey [¢"¥] dt (5.55)

0
_ / P (@) (2)da (5.56)
:/ P [e i < oo} (q)(0+>dI+/ e D (—g)dx (5.57)

0 0

:/ e~ (*@=Bzya) (O—i—)dm—i—/ e Por@ (—z)da (5.58)

0

(2)
L O+ / e PO () da. (5.59)

D(q) - B

By analytic extension, we have (5.59) for 5 > ®(q). By (5.53) and (5.59), we obtain (3.1).
[

Remark 5.12. The later part of the proof of Theorem 5.11 is almost the same as a part
of the proof of [21, Theorem 1(i)—(ii7)].

Remark 5.13. We can compute the value [* := [ when X has bounded variation paths.
In this case, the Laplace exponent of X can be written as the following: for A > 0,

BN = oy — /( (=) (5.60)

for some constant dx > 0 and Lévy measure IIy satisfying f(_oo 0)(|$| A DIlx(dzr) < 0.

By the definitions of generalized scale functions, ny and [12, Lemma 8.6], we obtain

1
X = lim ny [T+<oo}—th )(e) =

—_—. 5.61
el0 el0 5X ( )

6 Refracted processes

In this section, we construct a refracted process from two R-valued standard processes
with no positive jumps X and Y using the excursion theory and a landing function. This
section is based on [16, Section 3.

6.1 The definition of refracted processes

Let ag, a1, bg and by be real numbers with —oo < by < b; <0< a1 < ag < 00. Let Ty be
an interval with sup Tx = ag and inf Tx = b;. Let Ty be an interval with sup Ty = a4
and inf Ty = by. Welet T := Tx UTy. Let X and Y be Tx and Ty-valued standard
processes with no positive jumps, respectively. We assume X (resp. Y') satisfying the
following conditions:
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(Bl) (z,y) — EX[e™™] > 0 (resp. (z,y) — EY [e7™] > 0) is a B(Tx) x B(Tx) (resp.
B(Ty) x B(Ty))-measurable function.

(B2) We assume that limy, EX [e7™*] = 1 for all z € TxN(0, 00) (resp. limyy, EY [e7 7] =
1 for all x € Ty N (—o0,0]).

B3) If ay ¢ Tx, we assume that lim,,, EX |e=7v | =0 for all y € Tx (resp. If by ¢ Ty,
Tag My

we assume that lim, |, EY [e*TJ } =0 for all y € Ty).

(B4) X (resp. Y) has a reference measure my on Tx (resp. my on Ty).

We have the local times {L*} . and {LY"} ., €Ty

and {n) } . , and the generalized scale functions {W)((q)}qzo and {Wi(/q)}qzo of X and Y
in the same way as those in Section 5.1, respectively.

the excursion measures {n-X}

Let ¢ : (0,00) X (—00,0) = (—00,0) be a measurable function satisfying
ny |1 —e 0 EY [e7];0 < Ty < Tp| < oo, (6.1)

where Jx = w(XTO_77 XTO_). We write X? and Y for the stopped processes of X and Y
upon hitting zero, respectively. Let ¢y > 0 be a constant. We define the law of stopped

process PU° for 2 € T\{0} and the excursion measure ny away from 0 by
I P €T (~20,0),
- EX [EY [FwoY)]| Ty < To] , z € TN (0,00),
i (6.2)
ng [F(U)] = cong [F(Y); Ty = 0]
+ g {E}g‘; [FlwoY))]| _, 0<Ty < TO] (6.3)
T

for all non-negative measurable functional F (if P§ [Ty > 0] = 1 or P} [Ty > 0] = 1, we

assume that ¢y = 0).

Lemma 6.1. The stochastic process (U,PY) constructed by means of excursion theory
from n§ and {PxUO}weT\{O} without stagnancy at 0 is a T-valued right continuous strong
Markov process.

We give the proof of Lemma 6.1 in Section 6.2.

Remark 6.2. The condition ¢y = 0 is necessary when PX [T, > 0] = 1. Indeed, when
PX[Ty > 0] = 1 and ¢y > 0, the measure n§ does not satisfy the condition [23, pp.323,
(vi")] and then nf is not an excursion measure.

We now prove standardness of U, or more strongly, Feller property. This property

is used to define the generalized scale functions of U and to study the approximation
theorem of U.
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Theorem 6.3 ([16, Lemma 3.2]). The refracted process U is a Feller process.

Proof. Let Co(= Cf) denote the set of continuous functions f from T to R such that
f(z) = 0as x | by when by ¢ T and as x T ag when ag ¢ T. For f € Cy, we write
| £l = supger | f(z)]. It is sufficient to verify the following conditions:

(i) For all ¢ > 0, R(Uq) is a map from Cy to Cp.

(ii) For all f € Cp, limypeo HqR[(Jq)f — f” = 0.

1) The proof of (i)

First, we prove that Rg’) f is continuous. We let x € T. By the construction of U and
(B2), it is easy to check that lim,, BV [e79] = lim,,, EY [e797v] = 1. We fix z € T. For
y < z, we have

Ty [RY f(2) = R £ () (6.4
Tz
Ty, | R f(@) ~ B[] B f (@) + Tonys Y [ / 6"tf(Ut)dtH =0.  (65)

For y > x, we have

Ty [ B () — R £(9)] (6.6)
Ty
i [ ) 79 106) ~ 79 106 + Ty 82| [ o] | =0, (o)
0

Second, we prove that limgq, Rg?) f(z) = 0 when ay ¢ T and lim,y, Rg]) flz) =0
when by ¢ T. We assume that ag ¢ T. By the assumption (B3), for all z € (0, ao),

limya, EyU [e*TJ] = limypa, Ef e*Tﬂ;] = 0. Since f € Cy, for all € > 0, there exists
6 € (0,a0) such that sup,¢(

) |f(x)] <e. So we have

d,a0

s 00
lim R<Uq>f(x)‘gnm<1a§ / e £(X,)|dt| +EY / e || fHdtD (6.8)
zTag zTag 0 T,
< £+ limEX [e*qT{] AL e (6.9)
q  xTao q q

Therefore we have lim,4,, R,(Jq) f (x)‘ = 0. In the same way, we have lim, s, R(UQ) f (a:)’ =0

when by ¢ T.
2) The proof of (ii)

By classical arguments, it is sufficient to prove lim oo ngI)f(x) — f(m)‘ =0forz e T.
Fix x € T. For all € > 0, there exists 0 > 0 such that

e —yl <o =|f(z)— fly)| <e, z,y € T. (6.10)
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We define
T) =inf{t > 0:|U, — 2| > d}. (6.11)

Then we have

i 0
R ) 5] <t | [ e - stlan| +as | [Tt 0 - sl
5 (6.12)
< BV [1 - e’ng] +2]|f|| BV [e*qTfﬂ . (6.13)
By the dominated convergence theorem, we have
listup ‘qR(UQ)f(x) — f(x)’ <e. (6.14)
qtoo
and so we have lim o ngI)f(x) — f(x)‘ = 0. The proof is completed. O

6.2 Proof of Lemma 6.1

Let us prove Lemma 6.1. Our proof is based on [17, Appendix]. For this purpose, we
use a result of Salisubury([23]), which gives the necessary and sufficient condition for a
measure to be a excursion measure. For t > 0, we denote D; = o(w +— w(s) : s < ).

Theorem 6.4 ([23, Theorem 2]). Let (Z°,P?") be a R-valued right-continuous strong
Markov process stopped at 0. Suppose that a o-finite measure n on D satisfies the following
conditions:

(i) n is concentrated on D := {w € D : w(0) = 0, Tp(w) > 0,w(t) =0 for t > Tp}.
(it) n[1 —e ] < oco.
(iii) For allt >0, Ay € D, with Ay C {Ty >t} and Ay € B(D),

0

n[A;NO; (A)] = /A P2y [2° € Ay nldw], (6.15)

where 0, denotes the shift operator.

(i) If a measure n’ on D satisfies n > n' > 0 and the counterpart of Condition (iii) for
n', then n' satisfies the following:

e Ifn is a finite measure, then there exists k € [0, 1] such that n’ = kn.

o Ifn is a infinite measure, then either n'[D°] = 0 or n'[D°] = oco.
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Then there is a right-continuous strong Markov process Z for which n is an excursion
measure away from 0 and (ZO,]P)fO) 15 the stopped process.

To prove Theorem 6.1, we need to check that UY is a right-continuous strong Markov
process and that n§ satisfies conditions of Theorem 6.4.

Lemma 6.5. The stopped process (UO,IP’gO) has the Markov property.

Proof. Tt is obvious that (U°, IP’IUO) = (YO PY) for z < 0 satisfies the Markov property. We
thus need to prove that (U°,PU°) satisfies the Markov property for z > 0. Let A; € D,
with A} C {Tp >t} and Ay € B(D). We write A = A; N 6;'(A4,). By the definition of
PU°, we have

PU[U° € A] =B |P)" [woY® € A] | | [Ty <t (6.16)
w=(X(s)) <1y
+ B Py [woY® e A] | > T |, (6.17)
w=(X(s)) <1y
where w o w' denotes the concatenation of a path w = (w),_, of finite length sy and a

/
s

path w' = (wy),s, of infinite length:

(wouw'), = {ws = (6.18)

w s > Sp.

By the Markov property of Y, we have

EX P [woY®e A]| Ty <t (6.19)
w=(X(s)) <1y
—E [P’ [w oYY e AL Y] ., € Ag] ) T <t (6.20)
B z;%wm@
—EX E;”O |:1{woy0€Al}]P>Z};0 [V € 4] o ] Ty <t (6.21)
V=Yl [T )z
y=Uz
We can do a similar argument for (6.17). So we obtain
PY[U% € A] = / PY, [U° € A5 PY°[U° € dw] . (6.23)
Aq
The proof is complete. n
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Lemma 6.6. The stopped process U° has the strong Markov property.

Proof. Fix t > 0. By the proof of [6, Theorem 1 of Section 2.3], it is sufficient to prove
that 2 — EV’[f(U?)] is continuous for all bounded continuous function f with f(0) = 0.
Continuity at o < 0 is obvious, by the Feller property of Y. Left-continuity at x = 0 is
also obvious. Right-continuity at 2 = 0 follows from the fact that Py [Ty € ] yj(] dp. Let

us consider continuity at z > 0.

EyU° [F(U))] :EgO [fUD); Ty At <T,) +EX[f(Xe); Ty <t < Ty ] (6.24)
+ESEY [fV2)] |, T <Ty <t (6.25)

Note that we have Pg [lim, o T, = 0] = 1 by the assumption that X is spectrally negative
and of bounded variation. Since X and Y have cadlag paths, we have the following
identities:
0 _ _
EY[f(UD): Ty At < ) < |IFI BT

_z
2

< Tm_y] =0, (6.26)

EX[f(X) T, <t <Ty | =Ey [Eff [f(Xi—u)it < Ty ] ] T STy (6.27)
S EX[F(X)it < Ty (6.28)

y%x
EXEY [F(V2)] LT STy <t (6.29)
=EX |EX |EY [f(V2,)] LTy <t T, < Ty At (6.30)

J:Tf v=T}
X [RY© P

BN B0 <t (6.31)
The proof is now complete. O]

We have already proved the strong Markov property of U°. So in the following theorem,
we check the other conditions of Theorem 6.4.

Lemma 6.7. The measure n = n satisfies Conditions (i), (ii), (iii) and (iv) of Theorem
6.4.
Proof. Tt is obvious by definition and (6.1) that n§ satisfies (i) and (ii).

The proof of (iii) is the same as that of the Markov property of (U°, PY") for z > 0 in
Lemma 6.5.
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Let us prove (iv). First, we prove in the case that X has unbounded variation paths.
We define the o-finite measure n'c by

W [F(U)] = n’ [Ef” [Fwo X luequa,, < oo} , (6.32)

o,Tj'); Te
for all non-negative measurable functional F'. Then for 0 < § < e and non-negative
measurable functional F', we have

€ € 0
n® [F(U°)] =n""[F(U)] +n/ {ng [F(wo X%); T = oo] |L{,:{Ut}te[O’T;);T5+ < oo] (6.33)
>n[F(U9)]. (6.34)
So we can define a measure n'° by n’® = lim,jo n'® as the increasing limit. Then n'° satisfies

the Markov property for {PX ’ }xeR\ (o} and for non-negative measurable functional F', we
have

n° | FUU Y eq )| =7 [FUUY ey )] (6.35)

By the definition of n{, we have n{ > n® > 0. By [23, Proposition 1], ng satisfies
Condition (iv) and n°[T; > 0] is equal to either 0 or co. By (6.35), n'[T; > 0] is equal
to either 0 or oco. If n/|T; = 0] > 0, then n/| (T =0} satisfies the Markov property for Y

and n) = con\{ngo} > COn/’{ngo} > 0, so by [23, Proposition 1}, n’ [TO_ = 0} is equal to
either 0 or co. From the above, we obtain either n'[Dy] = 0 or n’[Dy] = oo.

Second, we prove in the case that X has bounded variation paths. We construct a
measure n’¥ in the same way as that in the unbounded variation case. Then by [23,
Proposition 1], there exists k € [0,1] such that n® = kn{. By (6.35) and the definition
of nY, we obtain n’ = kn{.

The proof is completed. Il

7 Duality problem of refracted processes

We deal with the duality problem of refracted processes. This section follows [16, Section
6 and Section 7].

7.1 Duality problem of refracted processes

In this section, we obtain the necessary and sufficient condition that the refracted processes
U and U are in duality in terms of an identity involving excursion measures and landing
functions.

We assume that T is an open set. Let X and Y be recurrent standard processes which
are same as those in Section 6. We assume that 0 is irregular for itself for X and Y or
0 is regular for itself for X and Y. Let X and Y be Tx-valued and Ty-valued standard
processes with no negative jumps which satisfy the following conditions:
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(B1) (z,y) — EX [e™™] > 0 (resp. (z,y) — EY [e7™] > 0) is a B(Tx) x B(Tx) (resp.
B(Ty) x B(Ty))-measurable function.

(B2) We assume that lim,|, IE;([ Tr] = 1forall z € TxNI0, 00) (resp. limy,, Eg e ] =

-
1 for all x € Ty N (—00,0)).
(B3) We assume that lim,qe, EX [e‘Ty_ } = 0 for all y € Ty (resp. We assume that
litmi, EY[ } = 0 for all y € Ty).

~

(B4) X (resp. Y) has a reference measure my on Ty (resp. my on Ty).
In addition we assume the following conditions:

o Xy=Xp_=0, néf—a.s. Yo=Y =0, néf—a.s.

e X and X(resp. Y and Y) are in duality relative to my (resp. my).

We take the local times {L%*} {LY=} {LX r} and {L?’w} the excur-
sion measures {17 },cr » {1} Yoer, {72 boer, and {ny}%GTF , and the generalized scale
functions {W)(f)}qzo, (W gm0 AW q)} . and {w Q)} as those in Section 5.2. As

the landing functions, let ¥ : (0,00) X ( 00,0) — (— oo 0) be a measurable function
satisfying (6.1) and ¢ : (—o00,0) x (0,00) — (0,00) be a measurable function satisfying

z€Tx? z€Ty JCETX z€Ty

}f[l—e OIE(T+ YO)[e*TO];O<TO+<T0 < o0. (7.1)

Let PU° and nY be those in Section 6. By the excursion theory, we can construct a T-
valued right continuous strong Markov processes U from n§ and {]P’gC }IGT\ (0} Let ¢ >0
and ¢; > 0 be constants. We define the law of stopped process Pg * for z # 0 and an

excursion measure nO[7 away from 0 by the following identities:

A B [F(R0)] >0,
Py’ [F(UO) RS [F( O)?O)] | < 0 (7.2)
x d)(?TJ—yTJ) w w:kTgrY’ 0 0f> 'y )
nf [F(0)] = amd |[F(X): T = 0]
ant |EXS X0 : +
+ 1Ny |:E¢(S>TSL ?TSL) F(M oX ):| |w:kTO+?’ 0< TO S T0:| (73)

for all positive measurable functional F. By the excursion theory, we can construct a
T-valued right continuous strong Markov processes U from ng together with {PY }meT\ (0}

We may and do assume ¢y = ¢y = ¢; = 1 without loss of generality. Let us ex-
plain the reason. We discuss positivity of ¢y. By Lemma 2.4, the excursion mea-
sures n§ and n§ need to satisfy n§[ - ] = con{[p.( - )] for some constant c; > 0.

34



This means that nf[ - ;T; =0] = cond [ - Ty =0] = caing [p( - ); Ty =To] =
conl [pa( - ); Ty =Tp]. So ¢y needs to be equal to cx¢y unless ng [p.( - ); Ty = To] is
the zero measure. When ng [p,( - );Ty" = Tp) is the zero measure, sois nf [ - ;T = 0]
by Lemma 2.4, which allows us to take ¢y > 0. For the same reason, we may assume that
1 = cy¢p. By changing the normalization of my, n} and n{, we may assume ¢y = ¢y = 1
without loss of generality, which yields ¢y = ¢, = 1.

Furthermore, when nf [ - ;T; =Ty] and nd [ - ; Ty = 0] are the zero measures, we

fix kK € Tx N (0,00) and we change the normalization of my, n} and n§ to satisfy

ng [SUpte(o,g) Uy > /i] =ny [Supte(()@ U> /1]

We define my = mx|jo,00) + My |(=00,0)- The following theorem gives an identity which
characterizes the duality.

Theorem 7.1 ([16, Theorem 6.1]). If ni, nd, ¥ and ¢ satisfy

”é( [h(XTO—_7¢(XTO—_7XTO—)>§ 0<Ty < TO] = néf [h(¢(YTo—aYTg—)a YTO‘)5 0<Ty < TO}
(7.4)

for all non-negative measurable function h, or equivalently,

n& [h(XTJ,w(XTJ,XTJ_)); 0< Ty < TO} =ny [h(gzﬁ(YTJ_, V) Vps )0 < Ty < TO}

(7.5)
for all h, then U and U are in duality relative to my. The converse is also true.
To prove Theorem 7.1, we need the following lemma about the time reversality.
Lemma 7.2 ([16, Theorem 6.2]). If (7.4) is true, then we have
CARREEHIEIE (7.6)

Proof. By (6.3) and Lemma 2.4, for non-negative measurable functional F', we have
ng [F(U)) = ny [F(X); Ty = T

[
+ né{ |:E$€XTO’XTO) [F(w ) YO)} |w=kT—X; 0<Ty < TO}

0

+ny [F(Y); Ty = 0] (7.7)
= [FlpoX); Ty = 0)
X |py© 0 .
+ ng |:E¢(XTJ’)?TJ) [F(w oY )] ‘w=kTgp09TO+)?t’ 0< Ty < To]
+ 0l [F(po?): T = To) (7.8)
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By (7.5), Lemma 2.4 and Fubini’s theorem, we have

X |my© 0 ) +
ny |:E¢()?TJ7XTO+_) [F(W oY ):| ’w:kTopogTarity 0< TO < T0:|
X X0 e 0
=" U Py (X0 do] BN o\ [Flhnpw oY) :0 < T < TD} 79
0 0 0
_ .Y X0 0 Yo 0\] . +
=ng U PWT;J%) [X € dw] E?T;, [F(kgypow o Y?)] ;0 < TgF < TO} (7.10)
_ Y Yo 0\ X0 v . +
—nf |Ef { / Flwo V)P [k:TOpOX e de s ST < Ty (7.11)
0 0
By the strong Markov property and Lemma 2.4, we have
(7.11) = n} |E} [/ F(wo YO)PX [kTopo)? e de 0< Ty <T
L 0 y:(’é(YTo— 7YTO— _)
(7.12)
L 0 0
=ny |ESY v )[F(kTOpO)A( 0 w')} L 0<Ty < Ty (7.14)
L G
_ YV X0 0 n
— _]E(b(%_yq) [F(po(w o X ))] - 0< Ty <Tp (7.15)
By (7.15), we have
(7.8) = nf [F(poY ): T} =Ty
V| mXo 0 +
S [F(po(w o X ))] o OST <
L 0
ol | F(poX); T = o} (7.16)
= nf] |F(poD)| (7.17)
So we obtain (7.6). O

To study the duality of U, we need to know a reference measure of U. The following
lemma proves that my is a reference measure of U.

Lemma 7.3 ([16, Lemma 6.3]). For all ¢ > 0 and = € T, the measure R,(Jq)l(.)(x) is
absolutely continuous with respect to my(-).

Proof. Let A be aset in B(T) which satisfies mx (AN[0, 00)) = 0 and my (AN(—o0,0)) = 0.
It is sufficient to prove that Ef [ [ e™14(U;)dt] = 0. By the compensation theorem of
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excursion point processes, we have
gng [1 — e 7] Ef [/ e_qtlA(Ut)dt} (7.18)
0
To
=nf {/ e_qtlA(Ut)dt} (7.19)
0
Ty
=ny / e (X )dt| + ny
0

T
EY. / e "1 4(Yy)dt
0

To
+ny {/ e "14(Y,)dt; T, =0].
0

(7.20)

By the assumption of A, we have

To oo
ny [/ 0 e_qtlA(Xt>dt] =qny [1 — e ) Eg [/ e "1 An[0,00) (Xt)dt] =0, (7.21)
0 0

Ty
EY, / e "1 4(Y;)dt
0

< ElJ/x |:/ eiqtlAm(_oo’O) (Y;)dt:| =0. (7.22)
0
and

To [e’s)
ny {/ e M 4(Y)dt; Ty = O] < qny [1 — e_qTO] EY {/ e_qtlAm(,oo,o) (Y})dt} =0
0 0
(7.23)

So we obtain Ef [ [~ e™714(U;)dt] = 0. O

By the same argument as the proof of Lemma 7.3, we can prove that my is a reference
measure of U.

To prove Theorem 7.1, we use the generalized scale functions of U. So we want to
find suitable normalization of local times of U. By [7, Theorem 18.4], we let local times
{LU,xl}xe'H'\{O} of U be those in Section 2. We set n’ = n{ and let nY’ for z € T\{0} be

the excursion measure associated to LY®. Then there exists the positive function c(z)
such that ¢(0) = 1 (by the definition of U") and for all non-negative functional F":

U’ [F({Ut}wo_)} = c(z)nX [F({Xt}KTO_)} . zeTN0,00), (7.24)
U’ [F({Ut}KTJ)} = c(z)nY [F({Y;}KTJ)} . 2 eTN(—o0,0]. (7.25)

Then we have ¢(z) = 1 my-a.e. Indeed, for all ¢ > 0, z,y € T N [0,00) and non-negative

measurable function f, we have
Ty
/ e ALY (7.26)
0

To Uyt 1
EY / e dL Y| = —EX
0 c(y)
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and
(7.27)

/ Fy)E]
TN[0,00)

Ty
/ e~ F(U,)dt
0

/0 " f(Xt)dt]

Ty
/ e_qtstX’y] my(dy).
0
(7.29)

-
/ " ety ’y’] my(dy) = E]
0

(7.28)

— X
= / FW)ES
TN[0,00)

So ¢(z) =1 on TNJ0,00) my-a.e. Similarly, ¢(z) =1 on T N (—o00,0) my-a.e. We now
This local times satisfy (2.9) and (2.10) since

Ux __ Uz, U _ 1 U,
set L7 = ¢(x) L7 and ng = 5ng”.

c(x) =1 my-ae.
In the same way, let the excursion measures {ng}mGT of U be those in Section 2 satis-

fying the following conditions;
(7.30)

F{X}ar)] . e TN0.00),
(7.31)

n [P0} )| = 0
n [T} eqp)] =0 [F{Tidicrp)] 2 € T (=00,0,

(9) :
and {W ﬁ}qzo be those in (5.1).

We let the scale functions {W[(]q)}
q>0

Proof of Theorem 7.1. Let us assume that we have (7.4) for all non-negative measurable
function h. By Theorem 5.8 and Lemma 7.3, it is sufficient to prove that
(7.32)

W (z,y) = W (—y, —x),

(7.33)

forg > 0and z,y € T. For 0 <y < x, we have
! ()
= WX (w,y)

-1
Wéq) (z,y) =n) [e’qﬁ; ' < oo] =n, [e’qTﬂj;Tj < oo]
- -1 _ -1
X [e‘quy; Tfy < oo} =n_Y [e‘quy;Tfy < oo] = WE‘%(—y, —x)
(7.34)

I 7 VA C) N
_W)?( Y, ZL‘)—TL_w

by the definitions of nyU , n:g and Theorem 5.8. Similarly, for y < z < 0, we have
(7.35)

Wi (2,9) = W3 (@) = WG

When y < 0 < z, by (5.7), (5.1) and (5.4), we have
Wi (@) = W0, )W (e, 0)nfl [1 = e (7.36)
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and
W) = Wy W0 [t ] man)
By Lemma 7.2, (7.34), (7.35), (7.36) and (7.37), we obtain (7.32).

We assume that U and U are in duality relative to my. By Lemma 2.4 and the
definitions of n§ and nY, we have (7.6). We have

nX [h(XTO:,w(XTOZ, )0 < Ty < TO} - [h(UTO:, Up-):0 < Ty < TO] (7.38)
and
nY [h(gb(YTJ,YTg_) Yy )i0 < Ty < TO} = n) [h(gb(}?TJ_,YTJ),}AfTJ_); 0< Ty < TO]
(7.39)
—nl [h(l?TJ, Opr )0 < Ty < TO} . (7.40)

By (7.6), (7.38) and (7.40), we obtain (7.4). The proof is completed. O

7.2 An example of the duality problem

In this section, we construct refracted processes in duality from spectrally negative stable
processes.

Let X be a spectrally negative strictly a;-stable process whose Lévy measure is
My (dz) = exlppen o]~ da (7.41)

for a constant cx > 0, and Y be a spectrally negative strictly as-stable process whose
Lévy measure is

My (dz) = ey 1ipeoy|z| ** da (7.42)

where ¢y > 0. Then it is known that

3

X (under Pf) —X (under P¥) (7.43)

and
Y (under PY) ~Y (under PY). (7.44)

We set reference measure mx(dz) as O‘;—;ld:c and reference measure my (dzx) as O‘g—;ldaj.
Let ny and n{ be those in Section 7.1. We want to find suitable landing functions such
that U and U are in duality. So we need to find ¢ and ¢ satisfying (7.4).

—1

Proposition 7.4 ([16, Proposition 7.1]). Suppose a; > ag. We let(z,y) = y(x — y)%
and ¢(x,y) = y(y — x)ﬁfl. Then U constructed from X, Y, ¥ and co = 0 and U con-
structed from X, Y, ¥ and ¢y = 0 are well-defined and in duality relative to my.

-1
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Proof. Let us prove (7.4). By Theorem 3.4, we have
nit [h(XT_ (X Xy )0 < Ty < TO]

O[l—]_

_ / dv/ | v )= (7.45)

= (o — 1) /0 dv /0 h(v, (v, —u))(u +v) "~ du (7.46)
and
noy[ (6(Yy, Vo ),YTO) 0<Ty <T0]

1 [e.e]
= / dv/ ,u)lly (du — v) (7.47)
0 ( ooO)
~(an—1) / v [ h(é(—u, ), —u)(u +v) " 2du. (7.48)
0 0
Weset s = -t = u+v, t; =t and t; = t7***1. Then we have u = st, v = t(1 —s)
and %% — %%} =t. So we have
(7.46) = (a1 — 1) / ds/ t(1—s),¥(t(1 —s), —st))t"*dt (7.49)
/ ds/ (L= 8), (T (L 8), —st ) d (7.50)
and
(7.48) = (g — 1) / ds/ —st, t(1 —s)), —st)t~*2dt (7.51)
/ ds/ (—sty @1, ty @ 1(1 — s)), —sty_ 31)dts. (7.52)
Since ¥(z,y) = y(z —y) =1 and (z,y) = yly — )™ 1", we have
Yt mT(L—8), —st @) = —st @T, 51> 0 (7.53)
and
G(—st @1 ¢ @ I(l—s))=t @ 1(l—s), st>0. (7.54)

By (7.50), (7.52), (7.53) and (7.54), we obtain (7.4).

Let us prove (6.1) and (7.1). Let ®x and ®y be those in Section 8. By [12, Theorem
3.12], we have

ngy |1 —eTo E};(X X [eT™];0< Ty < TO} (7.55)
X [1 = e T PO g e o TO} (7.56)
x| _p- @y(1 )X - _
<ng|l—e'oe 0< Ty < To,XT(;, XT(; <1 (7.57)
(1 e N0 e < Xy - Xy > 1] (7.58)
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where the inequality (7.57) uses oy > ay. There is a constant ¢ > 1 such that ®x(q) >
®y(1). By [12, Theorem 3.12] and the strong Markov property, we have

(7.57) < ng [1 —e 0 eq)X(q)XTo_] =ng [1—e "] < oo. (7.59)
By the property of excursion measures, we have
X
(7.58) < ni [XTD: ~ Xy > 1] < 0. (7.60)

By (7.59) and (7.60), we obtain (6.1). Since we have (7.4) and (6.1), in the same way
as the proof of Lemma 7.2, we obtain (7.1). So the refracted processes U and U are
well-defined. By (7.4) and Theorem 7.1, the proof is completed. ]

8 Refracted processes coming from Lévy processes

In this section we confine ourselves to the study of refracted processes coming from Lévy
processes. We discuss representations of the generalized scale functions and study the
approximation problems.

Let X, Y be spectrally negative Lévy processes which have Laplace exponents

2
Ux(A) =xxA+ %XAQ - / (1 =™+ Ayl10)()x(dy), A >0, (8.1)

(70070)

2
Wy (N) = Xy A+ 2N / (1= ™+ Aylrg(W)y(dy), A20,  (82)
(70070)

for some constants xx, xy € R, ox, 0y > 0 and some Lévy measures IIx, Ily, respectively.
We let ®x(0) =inf{A > 0: Ux(\) > 6} and &y (0) = inf{\ > 0: Uy (A\) > 0}. We adopt
the notation in Section 6: the reference measures my, my are Lebesgue measures and we
have the local times {LX*} o and {L¥*}, g, and the excursion measures {n; }, _p and

{nY} g of X and Y. For ¢ > 0, let W and W{? denote the scale functions of X and
Y defined by the Laplace transform (3.1), respectively. Let ¢ be a continuous landing
function which satisfies (6.1). Let ¢y be a non-negative constant such that ¢y = 0 when
ox =0or oy =0.

In [12, Corollary 8.9], the potential densities of X is given as rgg) (z,y) = r@(y — )

with

(@) = lge 0T = WP (—a), (83)
in particular, by (5.61) and [12, Lemma 8.6], we have
i (0) = Pla) = W (0) = @) = 1. (8.4)
So we have
1 1 1
ny [1—e ) = = : (8.5)

Y[ emary] 0+ )
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Let U be a refracted process constructed from X, Y, ¢ and ¢y in (C0). In this section,
we normalize local times {LU’I}xeR\ {0y and excursion measures {an}mER\ (0} to satisty, for
non-negative measurable functional F,

n |[F{UY eqp)| = n¥ [F({Xi} ey )] € (0,00), (8.6)

n [F{Ubeqp)| = 0¥ |[F(¥idiarp)| . @ € (=00,0). (8.7)

Then by the same argument as that of the discussion after the proof of Lemma 7.3,
the local times {LY*} _p satisfies the occupation formula with respect to the Lebesgue
measure.

8.1 Generalized scale functions of refracted processes

Let us discuss representations of the generalized scale functions. This section follows [17,

Section 6]. For ¢ > 0, let WéQ) be the generalized g¢-scale function of U. In this section,
we give a representation of genetralized scale functions of refracted processes using the
Laplace exponents and Lévy measures of X and Y.

Theorem 8.1. For g > 0, we have

W9z —y), y<az<0,
W((Jq)(x,y) = X(Q) B (8.8)

In addition, for ¢ > 0 and y < 0 < x, we have

Wi 0) = 5 LW V) + WD () (W) — oW ) (89

®x(q)
o3 o3
oy Wi () (%@W&’(—w = T O (WA (=) W (—y) = WP ()
(8.10)
-y
‘I’ / dU/ ed)y(Q)(u+y) (W}(/Q)/(_y . U)Wi(/Q)(_y) . W}(/Q)(_y . U)W}(,q)/(—y)> Hy(du o U))
0 (0,00)
(8.11)
—®x (g (D) (_ @D/ _ @ (@, _ _
e[ (W o) Wy g i)W ) o)
0,00 —00,0
(8.12)
Proof. By (8.6), (8.7) and the same argument as (7.33) and (7.36), we have,
WD (z,y) =W (x —y), y<z<0, (813)
WP (@, y) =W (@ —y), 0<z<y, (814)
W,(]q)(x,y) :WX(,q)(—y)W)((q) (z)nY [1 - e_qTol{T;:OQT;r:oo} , y<0<uz. (8.15)
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Let us compute nf [1 — e‘qTol{Ty_:OO’T;:OO}} for ¢ > 0 and y < 0 < x. We divide

n [1 — e‘qTol{Tyf:oo’T;:OO}] into the following sum:

ng[l — e’qTo] +nY [e’qTO;ng <00, T, = o] + ny [e’qTo;Ty’ < 00]. (8.16)

For the first term, for ¢ > 0, we have

Ty _ -
ng [1—e 7] = gnf /o e dt| +nf [e‘qTO (1 —eatto—To ))] (8.17)

TO —
= qng( / e_qtdt + TLS( |:€_qTO Ei(XT*,’XT*) |:1 - e—ng"i| ’XT(; < O:|
0 0 0

+cong [1—e "0 T = 0] . (8.18)

By Theorem 3.4, Theorem 3.6, [12, Theorem 3.12] and [19, Lemma 2, (iv)], we have

[e§) 2
(8.18) :q/ e~ Px@T gy 4 / dv/ (1- e‘b‘/(q)d’(’“’“)) e~ PXDUTT  (du — v) + COU—Y(IDY(q)
0 (0,00) (—00,0)

2
(8.19)
q Py (@)} o—Px (v oy
:@X(Q) +/ dv/ (1—e ) e Hx(du—U>+C07q)y(Q).
(0,00) (—0,0) (8 20)

For the second term, we have

nOU [e“ZTO;T;‘ <00, T, = OO] :ng [e‘qTi <€_qT01{T(;<oo,T;:oo}> o QT;;T;' < oo] (8.21)

=ng [e_qT;;T; < oo] (Ef [e™"0: Ty = Ty | (8.22)
+EX {eqTOEEZ(XT__,XT_) [e*qTo*;TO* < Ty*} ; X < 01 )
0 0
(8.23)
By [11, Theorem 1.4}, for z > 0, we have
2
EX[e=, Ty = Ty | = %X (W§§>’(x) — Dy (W (:1:)) . (8.24)
By (3.7), (8.24), Theorem 3.3 and (3.2), we have
1 o?
23) = X (WP (z) — Dy (qW? 8.25
828) = s ( (W (@) = ox(@Wi () (8.25)

W(Q) —y + ’
+/< >d”/< - <Wfi>( w(;} ) (e ex @0 @)~ W 2 - )(du —v) ).
0,00 —00,0 y \7Y

(8.26)
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For the third term, we have

ny [e™ T, < 0] (8.27)

To

=ng [e" " Ty = 0,T, < o0] + ng {eqTo]Eg ) [e*qTo*; T, < Tﬂ ; Up- < 0} (8.28)

_ _ _ T T e
:cong[e o, T = 0,7, < oo} +ni [e it Ei(XTO—:XT(;)[e it T, < TOJF] ;XTO— < O] .
(8.29)

By [11, Theorem 3.10], W@ € C2(0, 00) when oy > 0. By [18, Lemma 5], for y < 0, we
know that

4 (q)r2
YT _ —qTo.— _ — _ Oy Dy (q)y (@ WY (_y)
ny [e™" Ty =0,T, < oo] = ——‘e (WY (—y) — ———= (8.30)
" 4 Wy (=)
2 -y (D¢_,, _ (@) _
+U_y dv/ v (9)(uty) W}(,q)’(—y—v) Wy (zy — )Wy (=y) Iy (du — v),
2 020) WY (~)
(8.31)
and by [12, Theorem 3.12] and (3.2), for y < z < 0, we have
EY [e’qTJ T < Tﬂ —EY [e*qTo+ } _EY [e*qTo* T < Ty’] (8.32)
(2)
_ioe_WCuen) s
Wy (—y)
and Theorem 3.4, we have
4 (@2,
(8.20) = —coy €™ (Wé‘”’%—y) - WYT“”) (8.34)
4 Wy (=y)
2 —y @/ . @r;
+c00—y/ dv/ @y (@)(ty) (Wy)’(_y_v) - W (—y (q)v)Wy ( y)) My (du — o)
2 Jo (0,00) Wy (=y)
(8.35)
(a)
/ / ( v _ 0 W”“))) @ (du— ). (8.36)
0,00) 00,0) WY (—y)
By (8.15), (8.16), (8.20), (8.26) and (8.36), we obtain (8.12). O

In the same way as above, the Laplace transforms of hitting times of U can be repre-

sented in the following lemma using the Laplace exponents and the scale functions X and
Y.

Corollary 8.2. For q > 0 and a,x € R with x < a, we have
Wi/ (x)
Wi (a)

EV [e—qTa* } - (8.37)
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where
eQY(Q)x7 €T S O’

W) = 3 st VA (@) + %(W;@ () = 2x (g (@)
+ f(o,oo) dv f(foo,O)( x(@opy )( ) — e‘bY(‘IW(”’“)W)(f) (x — U)) Hx(du—v), x>0.

(8.38)
In particular, Wg]) (x) is a continuous and increasing function of x.
Proof. By (3.2), we have
+ WP (x,b) W (ar, b) /WA (—b)
BY [ ] = tim BY [ 7 < 1| =l 0B i LD
= o W ab) e W )14 (D)
(8.39)
By (8.8) and [12, Theorem 3.12], for = < 0, we have
W(Q) b W(Q) -
lim Wy (2,b) = lim Wy (z=b) = lim EY [e aT,. T < T, x] =@ (8.40)
bl— oo W(q( b)  bl-eo Wf/q)(—b) bl =00

By (8.15), for > 0, we have

W(Q) ’ b
b?”éoﬁxb; = Jim W@ [1= e | = W@ 1= e |
(8.41)
We devide the demoninator nf [1 — e {T;r:oo}:| into the following sum:
ng [1—e 1] 4+ nf [e77 T, < oo] . (8.42)

For the second term in (8.42), by the strong Markov property, (3.7), (8.24), [12, Theorem
3.12] and Theorem 3.3, we have

ny [e™™: TF < oo] = ny [e_qTJ;’l;jL < oo} EY [e=970] 43)

44)

(8.
=ng [e_qT; T < OO} (ExU (e, Ty = Ty | + BV { T EY [e—qT Ty < TOD
0
(8.
(

= s (5 (@) - st )

/OOO) /OOD v (@¥(vu) (o <1>X(quq>() Wq(x—v))HX(du—v)). (8.46)

8.45)

By (8.40), (8.41), (8.42), (8.20) and (8.46), we obtain (8.38).
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Next, we prove that ng) is increasing and continuous. It is obvious that Wg?) is

increasing and continuous on (—oo, 0], since Wﬁ}” () = e*(@*  Using the dominated
convergence theorem, we have
1 1

. (a) .
lim W, (e) = lim = =1, 8.47
o Y (€) o BY [e*‘lTe+ | E¥[limey e—dTe ] (8.47)

so that we see WS” is continuous at 0. Since

1

9
WU (x) - Egj [equ'j—] ’

(8.48)

it is thus sufficient to prove that EY [e’qT; } is decreasing and continuous on (0, cc0). For

0 <z <y, we have
EY [e—qu* } ~EY [e-quf ] —EY [e—qu* } (1 _EY [e-quf ]) > 0. (8.49)
Using (3.2), for x > 0, we have

lim sup )]EOU [e*qTJ—e} ~EY [equ;re}
€l0

=limsup EY [e’qT:—s] (1 —EV_. [e’qT;ﬁ]) (8.50)
€l0

< limi%up<1 ~EX . [e_qT:+f; T) .. < TO_D (8.51)

— (1 — lim %) = 0. (8.52)

o W (x4 ¢)

The proof is complete. O

8.2 Approximation problem

In this section, we discuss the approximation problem. This section follows [16, Section
4).

We impose the following conditions:
(C0) There exist k,{ > 0 such that
U(z,y) > Uy — x), for x —y < k. (8.53)
(Note that (8.53) implies (6.1).)
(C1) Let {€}, oy and {e} }, .y be sequences of strictly positive numbers satisfying

lim e¥ = lim e} = 0. (8.54)

ntoo ntoo
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When ¢y > 0 (and consequently oxoy > 0), we assume that

Y 2
€ oy

lim = = —-co. (8.55)
nfoc €X 0%

For n € N, we define

0.2
)= 14 ()
[ @) k) 65
- V_En)
= 5X(n>/\ - / (1 - eAy> ]._.[X(n)(dy) (8.57)
(700’0)
where
0%
oxm =xx +—5 + (—y)x (dy) (8.58)
€n (—=1,—€&X)
0%
Hym = 1(_007_67)1()11)( + —25(_65). (8.59)
(€)

Let X be a compound Poisson process with positive drift which has Laplace
exponent Uym. We let @y denote the right inverse of Uym. We note that
Uy (A) = Wx(A) for all A > 0, so that we have X(™ — X in law on D. More
preciously, by [2, pp.210], we see that there exists a coupling of X(’s such that
XM 5 X uniformly on compact intervals almost surely. We define Wy (n), dy-(n),
Ty, Py and Y™ in the same way as those for X.

It is known that Wy is a strictly convex function with Wx(0) = 0. The function ¥y
satisfies the same facts. For X and X ™ satisfying the conditions in (C1), we have

(I)X(n)()\) — (I)X(/\), A > 0. (8.60)

For the proof of (8.60), we prove the following lemma, which was omitted in [16]. Let F
denote the set of strictly convex functions f : [0,00) — R which satisfies f(0) = 0 and
lim, 1o f(2) = 00. For f € F, we denote

S7HN) =sup{z > 0: f(z) < A} (8.61)
Lemma 8.3. Assume that the sequence {fy}, .y CF and f € F satisfy
folz) = f(x), asntoo, forxz>0. (8.62)
Then we have
FN) = YY), asntoo,  for A >0. (8.63)
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Proof. First, we assume that f~1(0) > 0. In this case, by the strict convexity of f,
there exists a constant ay > 0 such that f si strictly decreasing on [0,af] and f is
strictly increasing on [af,00). Let us fix A > 0 and write by = f~*(\). Note that
0 = f(0) > f(ay) and that by > ay. For any € € (0,by — ay), we see that f is strictly
increasing on [by — €, by + €|. By (8.62), there exists N > 0 such that for all n > N, we
have

|fu(bx +€) = f(bx+€)] < f(bx+¢€) = A, (8.64)
|[fn(bx —€) — f(bx — €)] < A— f(bx —€). (8.65)

Then we have f,(by —€) < A < f,,(bx + €), which implies by — € < £, 1(\) < by +e.

Second, we assume that f~1(0) = 0. In this case f is a strictly increasing function on
[0, 00), and so we obtain lim,o f,, 1(X) = f71(A) for A > 0 in the same way as above. We
have lim,1o f,,1(0) = f71(0) similarly by ignoring (8.65). The proof is now completed.

O]

We need the following lemma for the resolvent convergence when Y has the Gaussian
part.

Lemma 8.4 ([16, Lemma 4.1]). We assume that oy > 0. Then for all ¢ > 0 and all
bounded continuous function f, we have

. o2 34 To - -
lim —~ /0 k:+Y(")f( v) v—ng{/o e f(Y,)dt; Ty =0]. (8.66)

ntee (e))”

Proof. By the definition of {Y (™}
JL(=c,0) O flo,00),

y nY(n) |:f000 e_qtg(Y;("))dt] . : ”o [fo e —qt Y't)d}
e oy [T war] Y e v

nens We have that for all ¢ > 0, u < 0 and for g =

(8.67)

and lim,1o0 Rg,q(n)of(u) = Rg]())f(u) By Theorem 3.6 and by lim,joc @y (A) = Py (A) on
for all A > 0, we have, for all ¢ > 0,

liTmnéf(n) [/ e_qtf(Yt(n))l(o ) (Y n) dt} —lle/ f(x)e Py @y (8.68)
nioo 0 nl|Too
= / f(x)e @y (8.69)
0

= | [T om0

and thus by (8.67), we have limy o n) " [J5Temdt] = nd [ [;7 e 9dt]. Again by (8.67),
we obtain

lim " [ /()weqtf(yt(n)) o)V )dt]—no [ /Oooeqtf(mhoo,o)(mdt}. (8.71)

ntoo
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By Theorem 3.4, we have

-
ny / 6‘qtf(Yt)1<—oo,0)(Yt)dt} (8.72)
0

r To T B To
=ngy /O e f(Y,)dt; Ty = 0| +np [e—qTo E?Tf { /0 e f(Yt)dt} 0<Ty < TO}
L n 0
(8.73)

r To T o0
=ny / e f(Y,)dt; Ty =0 +/ dv/ R,SITLYf(u)e’q’Y(‘I)”HY(du —v). (8.74)
0 J 0 (—00,0) 0

n[/ N (0|

To
_ OY(n)[ —qTy EY(") |:/ —qtf(Y(n )dt:| TO_ < TO (875)
0

/ dv/ Y<")f( we” Py DTy ) (du — v) (8.76)

() UY /o l(CQ)+Y(n) (v—en)e ~hym@v gy
/ d“/ RO Lo fa)e S0 @ Ty (du—v). (877
00,0A(—€X +v)) T

By the same argument as that of the proof of [17, Theorem 8.4], we have

lim dv/ I(g )f( u)e —‘Py(n)(q)vny(du — )

nfoo 00,0A(—€¥ +v)) 0+
/ dv/ Ry f(w)e @°Tly (du — ) (8.78)

00,0) 0

By (8.71), (8.74), (8.77) and (8.78), we obtain

2 134 To
lim — / R}j oo [ (0 =€) e v @y =pY¥ { / e T F(Y)dt; Ty =0|. (8.79)
ntoo (e))” Jo 0

By a simple argument, we can see that the left hand side of (8.79) coincides with that of
(8.66), which leads to the desired conclusion. O

(C2) Let {1p™}, _ be a sequence of functions satisfying

0.2

¢(n) (ZE, y) = ’ll)(l‘, y)l{x—y>eff} - ﬁcoxl{m—y:ef} (880)
X

for all x > 0, y < 0 and n € N where we understand % =0.
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Let X and Y™ be those in (C1) and let /(™ be that in (C2). Let U™ be the refracted

process constructed by X® Y 4™ and c(()n) = 0. Then, we obtain the following
theorem for the resolvent convergence.

Theorem 8.5 ([16, Theorem 4.2]). For allg > 0, x € R and bounded continuous function
f, we have

Jim RU(n) f(x) = R f(x). (8.81)

Proof. i) We prove (8.81) for x = 0. For this purpose we shall prove that
( To To
lim nd" { / et f(Ut(”))dt} =n¥ [ / et f(Ut)dt] . (8.82)

for all ¢ > 0 and bounded continuous function f. By Theorem 3.6 and lim, oo @ x(n) (A) =
O (A) for all A > 0, we have

nToo

Ty
lim ng(n) [/ e_qtf(Utn))dt
0

Ty
:nTmng“") [/ e " f(X "))dt] (8.83)
n|Too 0

= ny [/TO_ e_qtf(Xt)dt] (8.84)

Ty
=nf [/ e " f(U,)dt (8.85)
0
By the definition of nY ™ and Theorem 3.4, we have
w | [T
o[ [ i
o
(n) () E
=n" { Ty ]EY(:)( x,) { / e f(Ut(”))dt] Ty < TO] (8.86)
0 0
/ d”/ R ymf(@b (0, u))e” Px DIy (du — v) (8.87)
0,0)

O- 'U
= Xz/ R(q Y(mf(@Z’(H( v—ey)) e Pxm @y

/ d“/ RO o f(0,u)e™ x0Ty (du—v)  (3.88)
00,0A(—€X +v)) Ty
(8.89)

Let us compute the limit of (II). We have

(I) = /( )Hx(du)l{m_gg} / ,ﬁ y<n>f(w<v,u+v)) 2 (@) gy (8.90)
—00,0 0
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To use the dominated convergence theorem, we dominate the integrand as

'1{u<—e:{} / R](fQ)+Y(n)f(q/)(v7 u -+ U))e_q)x(n) (q)vdv (891)

To
<|If] / @R L [ / e‘qtdt} do (8.92)
0

:M / e~ PR @v (] — 2V @vloute)) gy (8.93)

where @ (q) = infeny @y (q) and & (q) = inf,eny Py (). By (8.53), we have

(8.93) < 1A / e PR @] — 1,0 eV O gy (8.94)
qa Jo

1/l

LTI Lo T ON) € L(IL). (8.95)
X

By (8.95) and the dominated convergence theorem, we have

ntoo

lim (8.90) = / o Iy (du) /—u (v u+ v))e-tx @ gy (8.96)
/ dv/ o To (Y(v, u))e” PX DT (du — v). (8.97)

By the definition of n§ and Theorem 3.4, we have

— To
s9m) = [ B | [T et o<ty <m| o)
o~ To 0

To

—nl [/ e f(U)dt;0 < Ty < Ty (8.99)

Let us compute the limit of (I). Let ¢; = %co. By the definition of ¢, we have
o3 w
0= 55 /0 R D (8.100)
When ¢; = 0, we have (8.100) = 0. When ¢; > 0, we have
lim (8.100) = lim coey %

ntoo ntoo (EZ ) 2

/06 <n)f( c1v) dv (8.101)

if the right hand side of (8.101) has the limit. By the change of variables, we have

2

X X
€n o cie;s
/0 RI<€> v [ (=c10) dv:co(GYY)Q/O R, +W)f( v) dv. (8.102)

CoC1

Co

ol



We prove

2 creX 2 Ey
; Oy " p@ Oy
}lerc?o Co (63{)2 /0 RkTgry(n)f(_U) dv —¢o (63{)2 /O i +Y(n)f( v)dv| =0. (8.103)
Let My (q) = sup,ey Py (q) x (1 V sup,cy v~ ag =7-). We have
0_2 cleX 0_2 EY
Y (9) _ Y (9)
o (63{)2 /O Rk Y(n)f( ) dv Co (€Z)2 /(; Rk Y(n)f( ) dv (8104)
oy X v vy [ [T
<D lee [l sw B [ / eqtdt} (5.105)
(ex) 0<v<(ereX) Vel 0
2 X 1 — e~ My(@ey
< —COU’;“N o — 1’ —c 5 (8.106)

By the definition of ¢;, we have

2 X 1 — e~ My(a)ey 2
ooy |11 E?, —1’ ‘ % Q% Ll x0x My(q) =0, asnToo. (8.107)
q €n q
So we have (8.103). By (8.100), (8.101), (8.102), (8.103) and Lemma 8.4, we have
Ug{ €X (n) X
tin 5 [T R T = ) e (08
To
—cony { / (Y, dt Ty = 0] (8.109)
0
To
—ny U e f(Udt; Ty = 0] (8.110)
0

By (8.85), (8.89), (8.99) and (8.110), we obtain (8.82).

i1) We prove (8.81) for x < 0. By the strong Markov property and the definition of
U™ we have

Rifl f(2) =Ryl (@) + B[] B, £(0) (8.111)
:Rgg()n)o (Z’) —+ e(by(") (q)le(-}J()n)f(O) (8112)

By [17, Lemma 8.3] and i), we obtain
(8.112) = R f(z) + > @ R £(0) = R f(x) (8.113)
as n T oo.

iii) We prove (8.81) for z > 0. We divide

R f(w) = EY +EY

/ " e i

Ty
/ e~ f(U,)dt
0

+EY [/TOO e‘qtf(Ut)dt]

(8.114)
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and we can divide Rglgn) f(z) similarly. By the definition of U and [12, Theorem 3.12], we

have the following:

T07 0
/ e f(U)dt| = EX / eqtf(Xt)dt] : (8.115)
0 0

EU

To B _
/ e~ f(Up)dt| = Eg |e~ 0 Rl(ch)+Yf(w(XT0*7>XTg));T07 < 0

Ty L 0

E; . (8.116)

Eg{ / e~ f(U)dt| = EX _e*qTJe(DY(q)w(XTJ*’XTJ);TO’<oo} R9Of(0),  (8.117)

To

where we understand 1(0,0) = 0. We have similar identities also for U™. By the
dominated convergence theorem, by the uniformly convergent coupling, by [17, Lemma
8.3], 1) and by lim, ;oo Py-y = Py, it is sufficient to prove that

{TO(X(”)) — Ty (X), (8.118)

n) (x ™ (n)
Lirg (x <ot ™ (X520 X (o) = Ly (30200 Ky 000 Xy (30)
hold as n 1 oo almost surely.

First, we prove (8.118) on A := {T; (X) = oo} U{T; (X) < o0, Xr-(x) < 0}. We have

te[OiYI“l_f(X))Xt >0 and Xp-(x) <0 as. on A (8.119)
1o

For almost every sample path with A based on the uniformly convergent coupling of [2,
pp.210], we have

inf X™ -  inf X,onA (8.120)
0Ty (X)) o tel0, T (X))
X;:)(X) = Xy (x) on (Ty (X) < 0), (8.121)

so that we have

Ty (X) = Ty (X™) for large n on A (8.122)
and
rllerilo XZ(“?(X(M)_ = X7-(x)- and 7111Tr(£10 Xz(“?(xw) = Xp=(x) on AN {Ty (X) < oo}. (8.123)

By (8.123) and the definition of ¥ we obtain (8.118) on A.

Second, we prove (8.118) on A = {7, (X) < 00, Xy (x) = 0}. Let € > 0 and let us
argue on A, Set I, := [T; (X) —€, Ty (X)+€| and ¢ := (infte[o,T(;(X)—e} Xt) A |infier, Xyl
Then there exists N(e) > 0 such that for all n > N(e), we have

sup ‘Xt(") - X
te[0, T, (X)+¢€]

<€ (8.124)
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By (8.124), (8.53) and the definition of ¢/ for n > N(¢), we have

Ty (X) —e < Ty (X)) < Ty (X) + (8.125)
(m) (x ™ (n) .
Y (XTO*(X(M)—’ XT(;(X(M)) <2(lV ) (fél}:: X tléllf; Xt) . (8.126)

By (8.125) and (8.126), we have (8.118) on A°.
The proof is therefor completed. Il
We now obtain the following corollary for the convergence in distribution. Let Wﬁ}’) be
the same as that in Corollary 8.2.
Corollary 8.6 ([16, Corollary 4.3]). Under the same assumption of Theorem 8.5, the
process (U™ PV converges in distribution to (U,PY) for all z € R.
Proof. This proof is almost the same as that of [17, Theorem 8.1 and 8.5].

We prove, for f € Cy,
RO f—RYf (8.127)

uniformly as n 1 co. Then using Theorem 6.3 and [20, Theorem 3.4.2|, we have, for t > 0
and f € Cy,

Pl pUf (8.128)
uniformly as n 1 oo, where
P? f(x) = E7[f(Z)] (8.129)

for a Markov process Z and t > 0. Using [10, Theorem 19.25], we can conclude that
(UM PY™) converges in distribution to (U, PV) for all = € R.

Let us prove (8.127). We divide the proof of (8.127) into three steps.

Step.1 Let k£ > 0 be a constant. We prove {Wg]()n)(x)}nel\] is equicontinuous in z €
[—k, k]. For this, we prove pointwise convergence lim, o W(Uq()n> (x) = Wg]) (x). Since
{ngzn)}neN is increasing and continuous by Corollary 8.2, the pointwise convergence
implies convergence in = € [—k, k] uniformly, thus {Wg]()n) () }nen 18 equicontinuous in

x € [—k, k]. The desired convergence is obvious for x < 0 by the definition of Wé‘?) (x).

For x > 0, it suffices to show

lim EV" [e—qu* ] — Y [e—qu* } (8.130)

ntoo

o4



by Corollary 8.2. By the strong Markov property, we have

1 n n
Rt Vemen (0) = (1= B [ ) 4 B e | RO 1) (8231)
As f7 := 1(_s) is not continuous, we take bounded continuous functions such that

fr. and ff such that f 1 f~ and f! | f* := I(_x4. Using Theorem 8.5, we have

Rgl()n)fnf — Rgl)fi. It is obvious that Rg]()n) fr— Rg)fi. Thus we obtain (8.130).

Step.2 We may assume without loss of generality that || f|| = 1. Let us prove
Rg]()n) (x) — joq)f(x) uniformly in = € [k, k. (8.132)

Since we have the pointwise convergence by Theorem 8.5, it is sufficient to prove {Rg?()n) f }nen
is equicontinuous. For all z, y € R with x < y, making a computation similar to 1) of
the proof of Theorem 6.3, we have

77 (@)
R\ _ RW 2 o Wi (2) ‘ .
B0 F ) = B f ()] < q||f||(1 o (8133)

Let € > 0 be a constant. By Step.1 and since inf, ¢y Wg]()n)(—k) = inf,ey e Ty @k >

we see that there exists £ > 0 such that for all z,y € [k, k] with 0 <y —2x < ¢

sup W () = Wil ()| < € inf Wik (=), (8.134)

neN neN
Then we have
einf, ey WSZ()M (—k)
—=(q)
Wz}](m (y)

where we used the fact that Wg]()n) is increasing. Therefore we conclude that {Rg’()n) f}nen
is equicontinuous.

(3.133) < 3 T < 3 1fle. (8.135)

Step.3 We prove that for any € > 0 there is £ > 0 such that

sup sup R[(}Z()n)f(x)’ < €. (8.136)

z€(—00,—k)U(k,00) nEN

For all z < y < 0 we have

( ) (n) T; ) (n) + ( )
‘R[}Z(n) (x)’ = |EY / e " f(U)dt | + EY [e_qu} R fy) (8.137)
0
]- 1 y (m) qu+
<=sup |f(2)] + ~ sup EY" || | £]. (8.138)
Z<y 4d meN
By the same argument, for all x > y > 0, we have
1 N
R, f()] < Sl +sup e (8.139)
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Since f € Cy, there exists k; > 0 such that

1
sup |f(2)] < 39¢ (8.140)
|Z|>k1

Using the uniformly convergence coupling, we have for x >y > 0

lim EX;"’ [e*quy] =EY, [e*quy} and  lim Efw [e’qTJ} =EYX [e*qTJ} (8.141)

ntoo ntoo
and
lim B, [e*qT—*y} =0 and  ImEY [e*qT«I ] —0. (8.142)

By (8.142), there exists ko > k1 such that

EY [e_qu’ﬂl] < £ and EX [e_qu_l} < ‘ 8.143
. 3 g 3 (5:145)
By (8.141), there exists NV € N such that for all n > N
)EY,S” ek | — R, [e*qTth < (8.144)
’ ? 3
and
[EX7 [t ] — B ] | < oo (8.145)
3
By (8.142) again, there exists k3 > ko such that for all n < N
EY" [e‘qTfkl} <« and EX" [e‘qu?] < 8.146
e 3 g ] (8:146)
Thus we obtain
[ —qrt 2e X [ —qr- 2e
sup EY [e 1 *’61] < and supE [e ’“1} < . 8.147
ep P 31/ b P ] (8:147)
By (8.138), (8.139), (8.140) and (8.147), we obtain (8.136).
The proof is complete. [
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