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Abstract: Various methods have been presented for generating complex tensegrity structures by
assembling simple units. Hence, generating new units will in turn benefit in obtaining various shapes of
tensegrity structures. In this paper, we present three different new units by adding strings to the
well-known 3-bar prismatic tensegrity unit. Analytical solutions are derived for their self-equilibrium
analysis. Influences of structural parameters on internal forces of the members are investigated to study
properties of the new tensegrity units.
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1 Introduction

A tensegrity structure is composed of strings and bars [1]. In the strict definition of
tensegrity structure, its rigid bars do not touch with each other, and are connected with strings
[2]. All members of a tensegrity structure bear only axial forces [3]. Since a tensegrity
structure with sparse members is statically indeterminate, self-equilibrium forces exist in the
structure, it can bear large external forces and own light weight.

Tensegrity structures have many applications in different areas [4]. For example, when it
is used for a planetary landing device, its continuous string net on the surface can support and
protect bars inside it, and the net can absorb external shocks owing to its flexibility [5]. The
above unique characteristics have made the tensegrity structures become a research hotspot.

Tensegrity units are the bases of some complex tensegrity structures. The needle tower
built by Snelson in 1968 is a tensegrity structure consisting of axially connected several 3-bar
tensegrity units [6]. The ball tensegrity robots by NASA are built with two 3-bar tensegrity
units [7-9]. Caluwaerts and Carbajal [10] built a 12-bar tensegrity stacked by three 4-bar
tensegrity units. Liu ef al. [11] analyzed the tensegrity connecting units along its axis. Luo et
al. [12] constructed the spherical tensegrity structure with several tensegrity units. Therefore,
developing new configurations of the tensegrity units will help obtain more various types of
tensegrity structures.

Determination of self-equilibrium state is always a key point of research on shape design
of tensegrity structures. In the self-equilibrium analysis, equilibrium matrix is formulated in
various forms and investigated using various tools. Pellegrino [13] used singular value



decomposition (SVD) of the equilibrium matrix to analyze a static, kinematic, or
static/kinematic nature of any structural assembly. In his analysis, numbers of independent
zero-energy deformation modes and independent states of self-stress were computed to
classify the structures. Zhang et al. [14] decomposed the equilibrium matrix to compute the
independent states of self-stress. An optimization method for the purpose of maximizing the
global rigidity of the structure is applied to determine the combination coefficients of the
independent symmetric self-stress states. Xu et al. [15] obtained the independent states of
self-stresses and internal mechanisms of tensegirty structures by applying SVD to numerical
expression of the equilibrium matrix. The method based on simulated annealing was adopted
to further find a feasible state of self-stresses. Through comparison of dimension of the
structure with rank deficiency of the equilibrium equations with respect to nodal coordinates,
Zhang et al. [16] presented the necessary conditions for guaranteeing that a free-standing
prestressed structure is non-degenerate.

Prestressed tensegrity structures must satisfy equilibrium equations defined by structural
parameters, which conversely means that the equilibrium equations characterize the properties
of structural parameters. Moreover analytical solutions, rather than numerical ones, of
structural parameters can reflect relations between the parameters. Tibert and Pellegrino [17]
solved equilibrium equations in symbolic form to obtain easily equilibrium conditions of the
well-known prismatic tensegrity units.

In this paper, we present several new configurations for tensegrity units by adding strings
to the existing 3-bar prismatic tensegrity units. Equilibrium equations are solved in symbolic
form to obtain analytical solutions of structural parameters, aiming at finding general
characteristics of the new tensegrity structures studied in this paper.

2 Definition of prismatic tensegrity unit

We consider a 3-bar prismatic tensegrity unit as shown in Fig.1(a). The thick lines in the
figure are bars carrying compression and the thin lines refer to strings carrying tension. All
members of the structure can be classified into four kinds: bars, declining strings, upper level
strings, and lower level strings. Equilibrium of the tensegrity unit is dependent on «

(a e[-180°, 180°]), which is the angle projected on the lower plane and rotated from node

1 to node 4 as shown in Fig. 1(a). Note here that nodes 1 and 4 are connected by a bar.
When the 3-bar tensegrity unit is at self-equilibrium state, the angle ¢ must satisfy [18]
o =+£150° (D
Two 3-bar tensegrity units corresponding to ¢=150°and —150° are distinguished by
the connectivity of declining strings. Figure 1(a) shows the case of ¢=150°, where nodes 1, 2
and 3 are connected to nodes 6, 4 and 5, respectively, by the declining strings. By contrast,
when g=-150°, nodes 1, 2 and 3 are connected to nodes 5, 6 and 4, respectively. Zhang et
al. [19] showed that strings can be added between the existing nodes, as shown with dotted
lines in Fig.1(b), to make the 3-bar tensegrity units at equilibrium with @ in the range of

[-180°, —150°7U[150°, 180°].

In this paper, we use the structure in Fig.1(a) as the base structure. A node is added to
each upper level string, and the additional nodes are connected to the nodes on the lower



plane by the additional strings.

3 New configurations by addition of members

To generate new units, every string on the upper plane of the 3-bar prismatic structure in
Fig. 1(a) is split into two strings, called first and second upper level strings, by the additional
node. Moreover, there are three different cases for connectivity of an additional string
connecting the additional node to an existing node on the lower plane, as shown in Fig. 2. For
each additional node, there are three strings connecting it to the existing nodes, and therefore,
these three strings and the four nodes connected to the additional node have to be on the same
plane to satisfy self-equilibrium. Accordingly, topology of the unit is classified into three
types by the group of four nodes as listed in Table 1, where {i, j, k, [ } (ij.k./€ {1,...,9})
indicates the nodes i, j, k and / are on the same plane.

If there exists a structure at self-equilibrium for a specified value of o =¢", it is easily
seen from symmetry property that there exists another configuration corresponding to o =-¢".

Therefore, we investigate mainly the structure with « €[0°, 180°].

Let 1 and > denote radii of the circles containing the existing nodes respectively on the
upper and lower planes as shown in Fig.1(b). Height of the 3-bar unit is denoted by H. Let IV,
(i=1,..,9) denote coordinate vector of the ith node. Coordinates of the nodes located on the lower

plane can be written as

r cos[27(k —1) / 3]
N, =|nsin2z(k-1)/3]| (k=12,3) ()
0

Nodal coordinates on the upper plane can be written as

r,cos[2z(k—4)/3+ ]
N, =| rsin2zx(k-4)/3+ ] (k=4,5,6) 3)
H

Since an additional node must be located inside the triangle enclosed by the existing
nodes, coordinates of the additional nodes can be defined by coordinates of the existing nodes
with the barycentric coordinates. Expressions for calculating coordinates of the additional
nodes depend on connectivity of the additional strings. In Type 1, coordinates of the three
additional nodes can be written as

N,=¢Ng+c,N, +(1-c¢, —¢c,)V,
Ny =¢ N5t e,Ng +(1-¢, —¢,)N, 4)
Ny=¢,N,+c,N, +(1—c, —c,)N,

where ¢,,c,,(c, +¢,)€(0,1).

When r1, 2, H, c1, ¢2 and a are given, nodal coordinates can be calculated easily. However,
arbitrary assignments of these parameters might not result in a self-equilibrated configuration.



4 Analytical Solutions

In this section, we present the analytical conditions for self-equilibrium of the three new
tensegrity units consisting of additional nodes and strings. Self-equilibrium of a tensegrity is
decided by its nodal locations as well as the combination of internal forces in all the members.
There are six kinds of members in the tensegrity units investigated in this paper. The members
of the same kind are assumed to have the same length and internal forces according to
symmetry; i.e., there are six different force densities in the structures. Since there are three
types of nodes, which are the nodes on the lower plane, the nodes on the upper plane and the
additional nodes, we can establish nine independent equilibrium equations, three equations for
each type of nodes. Symbolic computation software package Maple 2016 [19] is used for
assisting derivation of analytical solutions.

4.1 Type 1

For Type 1, set up the local coordinate system as shown in Fig.3. Four nodes are located
on (¥,¥) plane in the local coordinate system, and nodes 1 and 5 are located on the X
axis.

Because relative location of the nodes in two coordinate systems as shown in Figs.1 and
3 are not changed, coordinates of additional node 9 in local coordinate system can be also

written as
{)?g—cly_c4 +o,X% +(1—¢ —c)X, )
)_"9 201)74 + Czys +(1- GG ))_/1
Rearranging Eq.(5), while X;, », and ) are all equal to 0, we have
X, =, X, +C,X;
{ At (©)
Yo =TC1 Vs

Using the standard formulation of force density method, the equilibrium equations of node 9
on (X,¥) plane can be written as follows:

{(ES - f‘))yldl + (Y4 _‘)—C() )711]2 - f‘)ya :0 (7)

VoV + Vs = Yo )Vur = YoV, =0
where 7,, 7. and y,, are the force densities of the additional strings, the first and second
upper level strings, respectively.

Substituting Eq.(6) into Eq.(7), we have

{(7/"11 = CVun = CVur — CaV X T (=Y + Vir = CVun — € 7)% =0 ®)

=V + A=)V —¢7, =0
In Eq.(8), the left-hand side of second equation is the same as coefficient of X, in the first

equation. So Eq.(8) can be simplified into

)

{7/1411 _027/1111 _c27/1112 _czya :0
=V + A=)V — 7, =0



From Eq.(9), 7., and 7,, canbe expressed as

Va€
7/14[] = :
l-¢, —¢ (10)
_ yaCZ
Vuz =
l-¢, —¢

Using the global coordinate system, equilibrium equations of nodes 1 and 6 can be
written as
(x; = x )4+ (xg —x)y, + (1%, = 2x)p,, + (x5 —x)y, =0
W =y)A+ e =y)7, + Oty =207 + (Ve =317, =0
(zy =z )A+ (25 — 2))y, +(2,%2; = 22))y, + (29 — 2)y, =0
(xg =x)A+(x, = x0)y, + (g =XV + (X =X )V, =0
(Ve =¥)A+ O = Y)7, + (s = Ye)Vun + (V7 = Y6)Vu2 =0
(z6 —2)A+ (2, —2)y, + (23 = 26)Vun + (27 = Z6) V2 =0

(11)

where 4, 7, and y, are the force densities of bars, declining strings and lower level strings,
respectively. After substituting Eqgs.(2), (3), (4) and (10) into Eq.(11) and solving it, we can
obtain
czz(ﬁsina+cosa)ﬂ—cl+l (12)
K
Other force densities can be also obtained as

. 2 : 2
/1:7a[_\/§cl”z sin(2a) + ¢, sin 0:—\/§clr1 sina — ¢, cos”™ a + 1y cosa — 21, cos & — 1, ]

r,(x/gsina-kcosa)
. 7, (—B¢,r sina + 4, sin® a + ¢,r; cos @ + /37 sina — 1, cosa — ;1) (13)
" 5 (\f3sina + cos @)

3 j/urz(x/gclr2 sina +c¢r,cosa+n—crn)
r2(\3sina + cos )

Vi

As presented in Eq.(4), (1-c1—c2) must be greater than 0, namely, from Eq.(12), we have

(\/gsina+cosa)cli>0 (14)

K

From Eq.(14), we have

tanoc>—?3 (15)

Namely, @ must be greater than 150°.

4.2 Type 2
For Type 2, we can obtain the same results as Eq.(10) through equilibrium equations at
the additional node. In Type 2, equilibrium equations at nodes 1 and 6 can be written as

(5 = x )4+ (xg —x)y, +(x,1x5 —2x)p, +(xg —x)y, =0
Node 1 (y1 _)/4)1"‘()’5 _y1)7/v +(yz+)’3 =27y + (Vo = )7, =0 (16)
(zy =z )+ (24 = 2))y, + (2,123 = 22)y,, + (29 — 2,)y, =0



(xg = x)A+ (= x6)7, + (%, = X))V + (X9 = X6)72 =0
Node 64 (Vs = ¥:)A+ D = Y)7, + (V7 = V)V + (Vo = Y)Y =0
(26 =2)A + (2, = 20)y, +(2; =2V + (29 = 26)V =0

After substituting node coordinates into Eq.(16), we have
(ki + 2y, + 2y 1 + yyti = An, cosa =y, k, —y,(¢k, +c,r, cosa — k1) =0
—Ansina -y k, —y, (ck, +c,r, sina) =0
—Ah—y h—y, (¢, +¢c,)h=0
1 1 1 1
ks cosa +§clzm + koo, =y, + (7, — A+ Sy +(A=2y,)r1=0 a7

3

k—{[clzn +(ky = y,0)¢, + 7.6 + ke, = 2=y, Sina—gcl}:m +k; }=0
3

hl(c, + )y, + A +7,1=0

where
k=4+y, -7,
k,=——r,cosa+—r, sina
2 2 2 2 2

ky=c +c, -1
k, ———3r cosa—lr sin
4 2 2 2 2

2 2
ks =iy, = V.Gl = 7,00 k(e +¢,)+y,6n —An —y,n

1 1 1
ks == VGl = AR+ 21T =27
V3
ky = T anii T GG +701717a Ty e +77vr1
From the sixth equation in Eq.(17), the force density of strut is written as

A==y, =V =1, (18)
After substituting Eq.(18) to the second equation of Eq.(17), we obtain

(7, 7,6)(sin @ + sin(a +3)) =0 (19)

From Eq.(19), we find that either of the following equations is satisfied:

}/v:_cl}/a
(20)

sin @ + sin(« + %) =0 = a=150°
Since y, and y, are force densities which must be positive, the first expression of Eq.(20)

is not correct. Therefore @ should be equal to 150° in Type 2.

4.3 Type 3

In Type 3 as shown in Fig.2(c), nodes 1, 5, 6 and 9 are located on the same plane. We can
also set up equations similar to Egs.(5)-(8), and can obtain the same results as Eq.(10). Nodes
1 and 6 are chosen to set up equilibrium equations similar to Eq.(11). Process for solving
other parameters is also the same as Type 1. So analysis for Type 3 is almost the same as Type



1 and is not described in detail here. In Type 3, we can obtain

. c,r.
¢, = (\3sina + cos ) 22

—c, +1 21
PR 21
Difference between Eqgs.(12) and (21) is only that ¢; and ¢ exchange places with each other.
Force densities of the members can be expressed as
. 7, [Be,r, sin(2a) + ¢,r, sin® a-c,r, o8 a + 2¢,r; cos & — 21, Cos @ — ¢, 1, ]
n (x/gsina +cosq)

7, (4c,r, sin? a + 35 sina + 2¢,7; cosa — 7; cos & — ¢, 1)
rl(«/gsina + cos )

v

_ 7a;fz(\/§czrz sina +c,r, cosa + 1, —c,1)

= 22
T ”12 («/gsina+cosa) ( )
s
7/11/1 = 1
l-¢, —¢
Vi€
7/11/2 = 2
l-¢, — ¢

5 Investigation of Analytical Solutions
5.1 Type 1

It is well known that the equilibrium equation with respect to the force densities is
invariant with respect to affine transformation of nodal coordinates [21]. Therefore, some
geometrical parameters can be assigned without loss of generality. Hence, in the following
numerical examples, H is assigned as 0.25m, and 1 is 0.Im. Since the force densities of

members can be simultaneously scaled, we assign y,= 1. The parameter k=7, /7 is used

in the following investigation.

Based on Eq.(12), ¢ and (1-¢i—¢») are plotted with respect to ¢; and @ (>150°) in Fig.
4, where r» = ri (k= 1), and surfaces 1 and 2 show ¢> and (1-ci—c¢z), respectively. As seen in
the figure, with increase of @, ¢» decreases and (1-ci—¢»2) increases; with increase of ci, ¢2
decreases and (1-ci—c¢z) increases. When c; is equal to 0, ¢ is always equal to 1 and (1-ci—¢2)
is always equal to 0; namely the first and second upper level strings are on the same lines,
which means that the added nodes 7, 8 and 9 cannot be at equilibrium and the structures are
not self-equilibrated. Furthermore, if @ is equal to 150°, then (1-ci—¢2) is equal to 0. When
a is greater than 150°, (1-ci—c2) is always greater than 0. So @ should be greater than
150°, which is the same as conclusion obtained from Eq.(15).

It is seen from Fig.4 that the range of ¢ decreases with increase of @ . When ¢ is equal

to 0, c1 reaches the following maximal value ¢™ as a function of @ and k:

1
l—k(\/gsina +cosa)

max
G

(23)

Therefore, the range of ¢; is found as ¢, €(0,[1- k(\3sina +cosa)]"). It is also observed from

Fig.4 that the maximum value of ¢ is always greater than or equal to 0.5. Moreover, the
greater ¢ is, the more obvious influence @ has on c».



The relation in Fig.4 also depends on the parameter k=7, /1. So assign ¢; as 0.4 here to

investigate influence of @ and & on ¢,. Curved surfaces 1 and 2 in Fig.5 are the plots of ¢; and

max

o, respectively, with respect to k and @ . As seen from surfaces 1 and 2, with increase of &,

both of c; and ¢™ decrease. With increase of o, the two values also decreases.

As discussed by Zhang and Ohsaki [16], there are always at least four zero eigenvalues
in the force density matrix of the self-equilibrated structures. This condition is called
self-equilibrium conditions here. Substituting 0.1 to »; and 7 (k= 1) in Eq. (12), we obtain

¢, =¢,(cosa +~[3sina) — ¢, +1 24)

Then suppose ¢i can vary in the range (0,(1—~/3sina—cosa)™) , and obtain some groups of
node coordinates in Type 1.

Figure 6 shows the structures in Type 1 when 4 >150°. It is seen from Eq.(24) that c2 is a
linear function of c¢1 when ¢ 1is given a priori. With variation of c¢1 in the range

(0,(1-~/3sine - cos @)™), each additional node moves along a line, as shown in Fig. 6, on the

triangle that is defined by three existing nodes and enclose the additional node. We confirmed
that the self-equilibrium conditions in reference [16] are always satisfied. When value of c1 is
not in its range, the additional nodes will move outside of the triangles, and internal forces of
the members connected to the additional nodes cannot keep the nodes at equilibrium, so the
structure is not self-equilibrated. Moreover, there will appear negative eigenvalues of the
force density matrix and the structure is not super-stable.

Figure 7 shows a physical model of Type 1. It is self-equilibrated with ¢=175°. As seen

in Fig. 7(b), the bars are close to each other, but they do not physically contact; however,
because the bars and additional strings are all located inside of the cylinder, interferences
among the members easily occur.
An example with a<150° of Type 1 is shown in Fig.8. Although the additional nodes are
still located on the corresponding lines, they have moved out of the triangles which enclose
them. Three strings connected at every additional node can’t keep the additional node at
equilibrium. Therefore, o« must be greater than 150° so that the structure is at
self-equilibrium. This fact is similar to conclusion from Eq.(15).

5.2 Type 2
As presented in Section 4.2, @ should be equal to 150° in Type 2. We investigate six

equations in Eq.(17), which are the equilibrium equations of nodes 1 and 6. Since y,, exists

only in the first equation of Eq.(17), it can be solved to obtain },, . From the sixth equation in
Eq.(17), the force density of bar can be expressed as Eq.(18). It is difficult to derive

expressions of ¢i and ¢z with symbolic form of 7, , and the expressions can be obtained only

when y, is given. For example, when 7, is equal to 1.4, after substituting Eq.(18) and



a=150° to the fifth equation of Eq.(17) and solving it, we can obtain

_ ¢ (14c, +3.825¢, —1.4)
Y l-¢ —c, (25)
After substituting Eq.(25) into the fourth equation of Eq.(17), ¢» can be solved as
_ ¢,(0.596¢, —1.809) (26)

=

1-1.057¢,

The second and third equations of Eq.(17) are linearly related to the sixth equation of Eq.(17);

so all force densities and nodal locations are determined by assigning y, and ci.

So relation between c1 and c» depends on y,, and different y, results in different

location of the additional node. When an arbitrary positive force density is assigned to the
additional strings, the additional nodes are always located in the triangles which enclose them;
namely, only if the additional strings are in the triangles which enclose them, the structure can
satisfy the self-equilibrium condition and is at self-equilibrium.

5.3 Type 3
Because Eq.(21) can be obtained by exchanging ¢ and ¢> in Eq.(12), conclusions from

Eq.(12) can be also applicable to Type 3; i.e., ¢ should be greater than 150°; ¢1 is a

max

decreasing function of both , and c2; and c2 reaches the following maximal value c;
when ¢ is equal to 0:
1

Cmax —
- k(«/g sin@ + cos @) @7

Hence, ¢, €(0, [1-k(3sina+cosa)]"). In the similar manner as Section 5.1, ¢ 1s an

decreasing function of kand « .

Figure 9 shows an example of geometry realization of the Type 3 structure. As seen in
Fig.9, each additional node moves along a line as ¢ is varied; namely, as long as the
additional nodes are on the lines within the corresponding triangles, the self-equilibrium
condition is always satisfied. When c¢: is outside of its range, the additional nodes move out of
the triangles and equilibrium conditions are not satisfied with tensile forces in strings;
accordingly, there are negative eigenvalues of the force density matrix and the structure is not

stable. Figure 10 shows the Type 3 structure with ¢=17(0°, which confirms that the Type 3
structure can be self-equilibrated when ¢ is greater than 150°.

When ¢ <150°, the additional nodes move out of the triangles which enclose them, as
shown in Fig.11; hence, the structure in Fig.11 is not at self-equilibrium. So in Type 3, ¢

should be greater than 150°.



6 Numerical Investigation of Internal Forces
Detailed investigations of internal forces are given in this section for Type 1 and 3

structures. Type 2 is excluded, because it allows only limited shape with o =150°.

6.1 Type 1

Based on the expressions (10) and (13) for force densities of Type 1 structure, we will
analyze relations between internal forces of the members and other parameters. In Figs. 12-15,
the vertical axis refers to ratio of internal forces of each member to the force of additional
string. We found in Figs.4 and 5 in Section 5 that the maximum value of ¢, is always greater
than 0.5. Moreover, when ¢ is equal to its maximal value, ¢, is equal to 0; when ¢ is equal to
0, c2 is equal to 1. So we assign an intermediate value 0.3 to ci. Figure 12 shows the values of
internal forces with respect to « . Here let fy, £1, foi, fa, fun and fun represent internal forces of
the bars, declining strings, lower level strings, additional strings, the first and second upper
level strings, respectively.

It is seen from Fig.12 that, with increase of «, f, is almost constant and absolute values
of other internal forces decrease. Distribution of the internal force is uneven as « is close to

150°. When « isequal to 150°, £, and fup tend to infinity. So & cannot be equal to 150°.

When « is equal to 180°, ratio of the maximal force to the minimal force of string reaches

50 and distribution of the internal force is also uneven.

When « is about 165°, distribution of the internal force is most even. So we set

a =165° to analyze influence of ¢; on internal forces. Figure 13 shows variations of internal

forces of the members with respect to ci. As seen in Fig. 13, with increase of c1, fun increases,
fa is almost constant and absolute values of other forces all decrease.

In Type 1, node 9 connected to node 1 is supported by the two upper level strings
connecting node 9 to nodes 4 and 5. With increase of ¢, node 9 moves from node 4 to 5.
When ¢ becomes close to 0, namely, node 9 approaches to node 4, there is apparent uneven
distribution of internal forces. When ¢ approaches its maximal value, node 9 moves toward
node 5, and fp, fv and fup are all equal to O resulting in uneven distribution of internal forces.
So when additional nodes are not close to any existing node, the internal forces are distributed
more evenly.

6.2 Type 3

Using expressions (22) of force densities in Type 3, influences of other parameters on internal
forces are investigated. Figure 14 shows variations of internal forces with respect to ¢2 in Type 3
when a=165°. As seen in Fig.14, with increasing of c», fur increases, f, is almost constant, and
absolute values of other forces all decrease. In Type 3, node 9 connected to node 1 is located
to the first and second upper level strings connecting node 9 to nodes 5 and 6, respectively.
When c¢; increases, node 9 moves toward node 5. Conversely, node 9 approaches to node 6.
When node 9 becomes close to node 6, i.e, ci=1, fui will increase rapidly to 52.23, while



absolute values of all other forces are below 5. When ¢, becomes larger and node 9
approaches to node 5, fy, for and fun decrease to 0. So when additional nodes approach the
existing nodes, uneven distribution of the internal forces becomes apparent. This is the same
as Type 1. Moreover, when ¢; is beyond 0.53, £, becomes negative and equilibrium conditions
are not satisfied with positive forces in strings; i.e., the structure is not stable.

Internal forces when ¢;=0.3 are plotted with respect to « in Fig.15, which shows that
with increase of «, fiis almost constant and absolute values of all other force densities

decrease. When «a approaches to 150° or 180°, difference among the internal forces

becomes large. This is the same as observed in Type 1.
Through the above numerical analysis, we can obtain the following conclusions for
Types 1 and 3 structures:
1) Distribution of the internal forces becomes uneven as the additional nodes approach to
existing nodes.

2) When a approaches to 150° or 180°, there are apparent uneven distribution of the
internal forces.
When @=150°, the 3-bar prismatic tensegrity unit without additional strings is

self-equilibrated. For Types 1 and 3, distribution of internal forces and the value of «
change as the forces of the additional strings are increased. Moreover, the structure is
self-equilibrated if additional nodes are in the triangles which enclose them. If we allow

uneven distribution of internal forces, the range of a should be [150°, 180°] in Types 1

and 3.
In Type 2, it is difficult to obtain general expressions of force densities, because relation

between c1 and c¢; depends on y,. Relations between internal forces of the members and
other parameters are difficult to be investigated.

Because it has been presented that the two 3-bar tensegrity units when «=150" and
—-150° are symmetrical, we can deduce easily characteristics of new configurations when

a=-150° from conclusions of a=150". So analysis for new configurations when a=-150°

1s not described here.

7 Conclusions

In the paper, we presented three new types of tensegrity units by adding strings and
nodes to the well-known 3-bar prismatic tensegrity unit. The strings are added between the
nodes on the lower plane and the level strings on the upper plane. The three types are
characterized by the connectivity of the additional string to the additional nodes located on
the upper level strings.

Type 1 and 3 structures have the following characteristics:



(1) Additional node 9 connected to node 1 should be located between nodes 4 and 5 or 5 and
6. The tensegrity units when >0 are always self-equilibrated when

a €[150°, 180°]. The tensegrity units when a <0 are always at self-equilibrium

when o e[-180°, —150°].

(2) The additional nodes are located on the lines which are obtained through analysis in
Sections 4 and 5. Moreover they must stay in the triangles which enclose them.

(3) As the additional nodes approach to existing nodes, distribution of the internal forces
becomes uneven; conversely, distribution of the internal forces becomes uniform if the
additional node is sufficiently apart from the existing nodes.

(4) When « approaches to +£150° or +180°, there are apparent uneven distribution of the
internal forces.

Type 2 structure can maintain self-equilibrated only when «=+150°. Since the
equilibrium shape is strongly limited, we did not investigated details of Type 2 structure.
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(b)
Fig.1 3-bar prismatic tensegrity unit and its configuration; 1: bar, 2: declining string, 3: upper level

string, 4: lower level string

(a) Type 1 (b)Type 2 (c) Type 3
Fig.2 Three types of 3-bar prismatic tensegrity units with the additional nodes and strings
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Fig.3 Nodes 1, 4, 5 and 9 in local coordinate system
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Fig.6 Analysis results in Typel when 4 > 150°
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(a) Model (b) Top view
Fig.7 A self-equilibrated configuration of Type 1
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(a) Model (b)Top view
Fig.10 A Physical model of Type 3
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Fig.12 Variations of internal forces with respect to o of Type 1 structure with ¢1=0.3
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Fig.15 Curves of ratio of internal forces with respect to a in Type 3 with ¢,=0.3

Table 1 Node groups of Types 1, 2 and 3

Type Node group
Type 1 in Fig.2(a) {1,9,4,5}, {3,7,6,4}, {2,8,5,6}
Type 2 in Fig.2(b) {1,9,6,4}, {3,7,5,6}, {2,8,4,5}
Type 3 in Fig.2(c) {1,9,5,6}, {3,7,4,5}, {2,8,6,4}




