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A new approach to the characterization of closed
forms in the nongradient method

By

Yukio KAMETANT* and Makiko SASADA**

Abstract

We announce our recent result on the characterization of closed forms on configuration
spaces associated to interacting particle systems. In the context of the study of hydrodynamic
limit, closed forms on an infinite configuration space in a L? space are well studied and their
characterization theorem plays an essential role if our model is non-gradient. In this article, we
report that closed forms in the set of local functions can be characterized by a similar way as
L? functions but its proof is very simple and completely different from that for L? functions.
With this new observation, we also have an alternative proof of the original characterization
theorem in the L? space, which does not require the sharp estimate of the spectral gap, for the
class of lattice gases that are reversible under the Bernoulli measures. Moreover, we extend
these characterization theorems for the models in a crystal lattice from Z?.

§1. Introduction

This article is a research announcement on our study about a new aspect of one-
forms on configuration spaces. The goal of the study is to find a simpler and intuitive
proof of the hydrodynamic limit for non-gradient models.

To prove the hydrodynamic limit for non-gradient models, applying the gradient
replacement, introduced by Varadhan and Quastel in [10] and [6], is a standard and
unique strategy so far. Its essential part is the so-called characterization of closed forms
(cf. [1], [3]). This part requires a very complicated argument with a sharp spectral gap
estimate. Even though the statement of the characterization theorem of closed forms
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is almost same for a wide class of models, we need to change the details of the proof
depending on the specific model and it is not straightforward. Also, to show the sharp
spectral gap estimate for each model is usually a tough work.

In this article, we aim to understand the common structure of the characterization
of closed forms among different models. In particular, we reveal why the dimension and
the explicit expression of the set of harmonic forms (namely closed but not exact forms)
do not depend on the details of the model, which we can guess from the previous works
on the non-gradient models ([1],[2],[3],[7],[10]). For this purpose, we introducing a CW
complex (or de Rham complex) associated to the configuration space and reconsider
the characterization of closed forms from algebraic and geometric points of view. We
do not give the definition of the complex in this article, but we report new observations
and results obtained by the study of this complex. They are the followings:

(i) The typical characterization theorem of closed forms required in the context of
hydrodynamic limit is about the closed forms in L?(v) where v is a probability measure
on a configuration space. The theorem claims that any closed form (precisely any germ
of closed form, see below) is decomposed as a sum of an exact form and a harmonic
form. Moreover, the space of harmonic forms is explicitly given. In this article, we study
the closed forms which are local functions, and prove the similar decomposition of them
by the exact forms and the harmonic forms. The space of harmonic forms are common
for L? functions and local functions. The proof is very simple and able to apply very
general models directly.

(ii) The statement and the proof of the characterization theorem for local functions
do not relate to the probability measure v nor the spectral gap estimate, so it turns out
to be purely an algebraic problem.

(iii) From the characterization theorem for local functions, we know the dimension
and the explicit expression of the set of harmonic forms. In fact, the dimension is exactly
the first cohomology group of an abelian group acting the configuration space.

(iv) Using the idea of the proof of the characterization theorem for local functions,
for the case where the model has a good duality, we give an alternative proof of the
characterization theorem for L?(v) functions where we do not use the spectral gap
estimate. The example of the model having a nice duality is the lattice gas reversible
under Bernoulli measures studied in [1].

(v) With our new observations, we can generalize these results of the characteri-
zation theorem of closed forms for the interacting particle systems in a crystal lattice
instead of Z¢. As mentioned in [9], the hydrodynamic limit for a non-gradient system
in a crystal lattice is an important open problem. Our result gives a way to attack the
problem.

The rest of this article is organized as follows. In Section 2, we give the precise state-
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ment of the above observations in the context of lattice gas reversible under Bernoulli
measures. In Section 3, we give other examples where we can apply our results on
the characterization theorems for local functions. For the models with a discrete state
space, we can directly apply the method in Section 2. For the models with a continuous
state space, we need to change the framework slightly but the main ideas work in the

same way. In Section 4, we give the conclusion and some remarks.
§ 2. lattice gas reversible under Bernoulli measures

§2.1. Characterization theorems in Z¢

Let S ={0,1}, d € N. We denote the infinite configuration space of the lattice gas
by x = SZ% and the set of all bonds in Z¢ by (Z%)*. An element of the configuration
space is denoted by 7 = (1) ,eczd € X -

For x € Z¢, define the shift operator 7, : Z¢ — Z<¢ as the (—x)-shift of Z¢, that is,
7.(i) =i—x. For abond b = {x,y} € (Z%)*, define the exchange operator 7, : Z¢ — Z¢
as the exchange of x and y. Then 7, and m, naturally induce automorphisms of {0, l}zd.
Precisely, (7.1)y = 1ny—» and for b = {z, y}

n. ifz# @,y
(myn). =, ifz==z
n. if z=y.
For f: x — R, let V;f be the partial difference of f with respect to b defined by
Vof =mf = f

where m, f(n) = f(mn).
Now, we introduce closed forms and exact forms on y with respect to these partial

differences. For this purpose, we first define chains and closed chains in Y.

Definition 2.1. A finite sequence ((k))}_o(n =1,2,...) in x is called a chain,
if there exist n bonds b(1),b(2),...,b(n) in (Z%)* such that

(2.1) nk) =munk —1) k=1,2,...,n.
Moreover, if n(0) = n(n), the sequence is called a closed chain.

Definition 2.2. A family of functions (\Pb)be(zd)* on Y is called a closed form
or closed if for every closed chain (n(k))p_,(n =1,2,...) satisfying (2.1),

SO (k1)) = 0.
k=1



4 YUKIO KAMETANI AND MAKIKO SASADA

Definition 2.3. A family of functions (\I/b)be(zd)* on x is called an exact form
or exact if there exists a function F' such that

U’ =V, F
for all b € (Z4)*.
Then, by the definition, the following lemma holds.
Lemma 2.4. A family of functions (\I/b)be(zd)* is closed if and only if it is exact.

We have a following useful lemma to check the closedness of a given family of
functions and also to see the similarity of the definition of closedness for continuous
configuration spaces.

Lemma 2.5. A family of functions (\I}b)be(zd)* is closed if and only if
(2.2) V¥l = —20b
for any b € (Z%)* and
(2.3) V¥t = v, 0t
for any b, b’ € (Z4)*.

Next, we introduce the notion of germs of closed forms and exact forms, which
correspond one-to-one with shift-invariant forms.

Let e; stands for the unit vector to the i-th direction and e} = {0,e;} € (Z%)* for
i=1,2,....,d.

Definition 2.6. A family of functions & = (£%)% | on y is called a germ of
closed form if the family of functions (£°),¢(za)- is closed where

gb:nge: if b:{x,x_{_ez}

To introduce the notion of germs of exact forms, we first introduce that notion of
local functions. We say a function f : yx — R is local if f depends only on a finite
number of occupation variables of 7.

Definition 2.7. A family of functions ¢ = (£% )%, is called a germ of exact
form if there exists a local function F' such that

€ =Ve: (Y TF)
r€Zd

foralli=1,2,...,d.
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Remark.  Though (ZmEZd TIF) is not well defined, V.» (erz TxF) is well de-
fined since F' is a local function.

Denote the set of local functions on x by Cy() and the set of all d-tuple of local
functions by (Cy(x))%, the set of all germs of closed forms by C and that of exact forms

e

by €. Notice that € C (Ce(x))?. Define ®; = (®,7)9_, € (Ce(x))* by

O = Ver (D @ina) = 85,5 (e, — o).

J
rEZ4

One of our main results is the following characterization theorem of germs of closed
forms in Cy(x).

Theorem 2.8. Let & = (£€%)%_, € (Cy(x))? be a germ of closed form. Then,

there exist real numbers ay,as,...,aq and a local function F' such that
d *
561. = ZCLJCI)? + Vez‘( Z T:L‘F)
Jj=1 TE€Z
d
=Ver (D] D wuma+ Y k).
z€Z? j=1 z€Z
Fquivalently,

d
CN(Co(x))? =&+ {Z a; ®;}.

Idea of the proof. Let x, = {n € X;X ,czafe = n} for n > 0 and xy = {n €
X Dopezd Mo < 00} = Up>0Xn. The key of the proof is that £ € (Cy(x))? is completely

determined by the restriction of £ on xs. So, we may consider & € (Cy(xy))%. Then, if
¢ € (Co(xy))?¢ is closed, from Lemma 2.4, we can integrate it along a chain and construct
a function F), : x,, — R satisfying

Ver Fr = €5

fori =1,2,...,d on x,. By the construction, we can show that 7., F}, — F}, is a constant
for each i = 1,2,...,d on x,. So, we denote it by ¢. Using the locality of £, we can
also show that cf,b = na; where a; = ¢}. Define a function F:x r— R as

d
F:Fn_zai mex
=1 xeZd

on Xn. Then, we have 7, F = F for all x € Z% on Xf- Since Ve;«F is a local function, we
can conclude that there exists a local function F such that F = > weza Tz I Namely,
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we have real numbers a1, ao,...,aq and a local function F' such that
d
Ver (Y D ajane + ), ToF) =€
reZd j=1 r€Za

for i =1,2,...,d on ;. Since £ € (Cy(x))?, the above equality also holds on Y.
Remark.  Consider partial differential operators V, defined for b = {z,x+e;} by
@b — ce;‘ (Txn)vb

where ce» : x — R which does not depend on 7o nor 7., for i = 1,2,...,d. We define
closed forms and exact forms associated to them. Then, if cex(n) > 0 for any n € x
and i = 1,2,...,d, the characterization of germs of closed forms in Cy(x) for them also

follows form Theorem 2.8.

In the study of hydrodynamic limit of non-gradient models, we need the character-
ization of germs of closed forms in L?(v) where v is a reversible or invariant measure
for the model. Here, we consider the model studied in [1]. For this, fix p € [0, 1] and let
v = v, be a Bernoulli measure on y such that v,(n, = 1) = p for all z € Z?. Denote

the set of all d-tuple of L?(v) functions by (L?(v))?. Notice that (L?(v))% = (Cy(x))?
where the closure is taken in (L2(v)).

The next theorem is first proved in [1] with a sharp estimate of the spectral gap.
In our study, we find a new proof which does not require the spectral gap estimate. The
key idea is to use the duality of the partial differential operators with respect to the

measure v.

Theorem 2.9.  Let & € (L?(v))? be a germ of closed form. Then, there exist real

numbers ay, as,...,aq and a sequence of local functions F,, such that

d
fef - ZaJ@;; + lim Vs ( Z T+ F)
j=1

n—00
rEZ4

d
= lim Ve%‘( Z Zajxjnx + Z Tan) mn LQ(V).

n— 00 * -
x€eZd j=1 x€Za

Equivalently,
d
CALP W) =E+{> ai®:}
i=1

where & is the closure of € in (L?(v))<.
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Idea of the new proof. We consider the set of functions {[] ., (7z — p)}accza as

the orthogonal basis of L?(v). From the expansion of the germ of closed form in L?(v)
with respect to this basis, we can construct a closed form on xf. Then, from Lemma
2.4, it is integrable and we obtain a kind of “potential function” on x; in the same way
as the proof for local functions. This potential function is decomposed by the cost of
shifts and the shit-invariant function in the same way as for local functions again. But
this case, this closed form on X is not local, so we approximate it by local functions
and we show that this approximation still holds if we reconstruct a germ of closed form
on x from them using the orthogonal basis.

Remark.  Precisely, we define (U°),¢(z4)- € (L2(V))(Zd)* is closed if they satisfy
(2.2) and (2.3) in L?(v) sense.

Remark.  Since we have Theorem 2.8, to show Theorem 2.9, it is enough to prove

CN(Ce())* =CN(Ce(x))?
However, our new proof does not take this strategy.

Remark.  Consider partial differential operators V; defined in the above remark
again. Then, if there exist C,Cy > 0 such that C7 < Cex (n) < Cy for any n € x
and i = 1,2,...,d, the characterization of germs of closed forms in L?(v) for them also
follows form Theorem 2.9.

§ 2.2. Characterization theorems in a crystal lattice

In this subsection, we extend the result in the last subsection to the model in a
crystal lattice.

Let X be a crystal lattice, that is an infinite locally finite connected graph X =
(V,E) for which a free abelian group I' = Z< acts freely, and its quotient graph X, =
(Vb, Ep) = G'\ X is a finite graph. We refer [9] for examples and properties of crystal
lattices.

We denote the configuration space by x = S¥ = {0,1}V and an element of it by
N = (Nz)zev € X as before.

By the definition, each o € I' defines a graph isomorphism 7, : X — X. For an
edge b = {x,y} € E we denote by m, : V' — V the exchange of = and y. Then 7, and
7, naturally induce automorphisms of {0,1}V.

For f : x = R, let V}, be the partial difference of f with respect to b as same as
before. Also, the following notions are defined in a same way as before.

Definition 2.10. A finite sequence (n(k))}_o(n = 1,2,...) in x is called a chain,
if there exist n edges b(1),b(2),...,b(n) in E such that

(2.4) nk) =muynk —1) k=1,2,...,n.
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Moreover, if (0) = n(n), the sequence is called a closed chain.

Definition 2.11. A family of functions (¥*),c on x is called a closed form or
closed if for every finite chain (n(k))p_,(n =1,2,...) satisfying (2.4),

S WO (k- 1)) = 0.
k=1

Definition 2.12. A family of functions (¥?),cp on x is called an exact form or
exact if there exists a function F': y — R such that

U’ =V, F
forall b € E.
Then, since the crystal lattice is connected, the following lemma holds.
Lemma 2.13. A family of functions (V®)ycp is closed if and only if it is evact.

Next, we introduce the notion of germs of closed forms and exact forms, which

correspond one-to-one with 7,-invariant forms.

Definition 2.14. A family of functions & = (£¢)ccp, is called a germ of closed
form if the family of functions (£%) is closed where

¢ =r1,8° if b=Tse.

Definition 2.15. A family of functions £ = (£°)ccr, is called a germ of exact
form if there exists a local function F' such that

¢ =Ve(d 1F)
cel’
for all e € Ej.
Denote the set of local functions on x by Cy(x) and the set of all | Ey|-tuple of local

functions by (C¢(x))!F0l, the set of all germs of closed forms by C and that of exact
forms by £. Notice that & C (Cy(x))!Fol. Define ®; = (®¢)cer, € (Ce(x))Fo! by

®F = Ve( Z Zamm)

veVy o€l

where o; € Z is the i-th element of ¢ when we identify I with Z¢.
Now, we have the characterization of germs of closed forms.
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Theorem 2.16. .
CN(Co(x))Pl =€+ {Z a;®;}
i=1

The proof is almost same as that for Z%. With this theorem, the meaning of the
dimension of the set of harmonic forms and the role of |Ey| and |Vy| become clear.

Next, we consider germs of closed forms in L?(v) as before. Let v = v, be a
Bernoulli measure on x such that v,(n, = 1) = p for all z € V. Denote the set of all
| Eg|-tuple of L?(v) functions by (L?(v))/Pel. Notice that (L2(v))/Fol = (Cy(x))IEol.

The next theorem is a completely new result, which is essential to study the hydro-
dynamic limit for non-gradient models in a crystal lattice. It seems very hard to apply
the standard strategy used in [1] to this model. On the other hand, our proof is easily
applied to this model.

Theorem 2.17. ;
CN(LPw) Pl =€+ > a;;}
i=1

where & is the closure of € in (L?(v))1Fol.

§3. Other examples

In this section, we give examples where we can show the same result of Theorem 2.8
and 2.16. They are all new, even though it was known that the same result of Theorem
2.9 holds for some of the models. The idea of the proof for Theorem 2.8 works for all
models in this section directly.

§3.1. Examples with a discrete state space

Here, we give examples with a discrete configuration space. For simplicity, we only
give S, the state space of one site or one particle, and the partial differential operators
V. Precise definition of chains, forms and the statement of theorems are given in our
papers in preparation or the reference or in the reference given for each model. Notice

that for general models, V, , # V, .

Example 3.1 (Generalized exclusion process,[3]).
S = {07 17 27 S ’{}7 vx,yf(n) = 1{n121,ny§n—1}(f(nm_>y) - f(n)) where

- if z 7% z,y

), = n.—1 ifz==a

(n
ny+1 if z=uy.
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Example 3.2 (Zero-range process,[3]).
S = NO = {07 17 2... }, vﬂc,yf(ﬂ) = 1{775621} (f(nx—w) - f(n))

Remark.  Though the zero-range process is a gradient model, it may be interesting
to study the characterization theorem of germs of closed forms associated to the process.

§3.2. comnservative Ginzburg-Landau process

In this subsection, we consider a specific model with a continuous configuration
space. The model is called a conservative Ginzburg-Landau process (cf.[10]). For sim-
plicity, we consider the model in Z?, but we can extend it in a crystal lattice as same
as before.

Let S =R, x = RZ’. We denote by S(x) the set of all functions on y which
is smooth as a function of any fixed finite number of coordinates. We denote the
set of all oriented bonds by E¢. For each oriented bond (x,y) € E? and f € S(x),

Vayf = (0y, —0y,)f isin S(x).

Definition 3.3. A family of functions (V®),cga in S(x) is called a closed form
or closed if

U= b
for any b, b for any b € E? where b is the inverse of b.
Vo = Vi)
for any b,b' € E<.

Definition 3.4. A family of functions (¥®),cga in S(x) is called an exact form
or exact if there exists a function F' in S() such that

U =V, F
for all b € E4.

Then, by the definition and by a simple topological argument, we have the following

lemma again.
Lemma 3.5. A family of functions (¥°)ycga is closed if and only if it is evact.

We introduce the notion of germs of closed forms and exact forms.
Let e; stands for the unit vector to the i-th direction and e} = (0,e;) € E? for
i1=1,2,...,d.
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Definition 3.6. A family of functions & = (£% )%, in S(x) is called a germ of
closed form if the family of functions (£°),cga is closed where

€ =r8% if b= (z,x4¢)

and
e =—r8% if b= (z+e2).

Definition 3.7. A family of functions £ = (£% )4_, is called a germ of exact
form if there exists a local function F' in S(x) such that

56: :vef( Z TxF>
xeZa
forallte=1,2,...,d.

Denote the set of local functions on x in S(x) by S¢(x) and the set of all d-tuple
of them by (S¢(x))¢, the set of all germs of closed forms by C and that of exact forms

e*
J

by €. Notice that & C (S¢(x))?. Define ®; = (®, );l:l by

@:; = Ve;ﬁ( Z Zl)inx) = 5i,j-

rE€Z4

Then, we have the following characterization theorem of germs of closed forms in

Se(x)-
Theorem 3.8.
d
COS(xX)?=E+{D_ai®}.
i=1
The characterization of germs of closed forms in L?(v) for this model is also shown

for a good class of product measure v in [10] using the sharp estimate of the spectral
gap. So far, we do not know any alternative proof for this model.

§3.3. Other examples with a continuous state space
Here, we give other examples with a continuous configuration space.

Example 3.9 (Energy conserving Ginzburg-Landau model, [4]).
S=Ry, Vouf =0y, — any)f-

Example 3.10 (Energy conserving stochastic model,[2]).
Let S=R, Vo, f = 1,0y, — 1:0,,)f
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Remark. In the case of Example 3.10, since the conserved quantity is >, n?
instead of )7, the harmonic forms are given as

*

(I):j = Ve;( Z xﬁ]i)

Py A

The role of the conserved quantity becomes also clear by our new proof.

§4. Conclusion and remarks on further extensions

Our study reveals universal properties of the first cohomology group of configuration
spaces associated to interacting particle systems. We summarize them here in a formal
way.

Consider an interacting particle system which is irreducible on a configuration space
with a fixed conserved quantity. Then, the set of closed forms and that of exact forms
associated to the model is identical because of the irreducibility. In other words, the
first cohomology group is zero. Under such a situation, if an abelian group G acts on
the configuration space and the partial differential operators compatibly, then we may
consider closed (resp. exact) forms which are invariant by group actions. We call them
germs of closed (resp. exact) forms. Now, we should have the decomposition of germs
of closed forms into germs of exact forms and harmonic forms. The dimension of the set
of germs of harmonic forms are exactly given by the dimension of the first homology of
the group G. Formally, this property is well-known in the cohomology theory. Notice
that our results and proofs are applicable even for finite configuration spaces such as
X = STV where T¢ is the d-dimensional discrete torus with size N.

Finally, we give some comments on possible extensions of our result. It is not
difficult to extend it to the models with two or more types of partial differential operators
such as the models studied in [5] and [8]. Moreover, we can extend it to the models
with two or more conserved quantities such as the model studied in [6]. For the latter
case, we can show that the dimension of the germs of harmonic forms are the dimension
of the first homology of the group G times the number of conserved quantities. From
this, the role of the number of conserved quantities in the characterization theorem of

closed forms becomes more clear.
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