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On an extension of the Brascamp-Lieb inequality

By

Yuu HARIYA™

Abstract

In this article, we survey the author’s recent results on an extension of the Brascamp-Lieb
inequality; revealing its connection with a solution to the Skorokhod embedding problem, we
extend the inequality.

§1. Introduction

The Brascamp-Lieb moment inequality plays an important role in statistical me-
chanics, such as in the analysis of so-called V¢ interface models; see, e.g., [10, 9, 11]. It
asserts that the centered moments of a Gaussian distribution perturbed by a convex po-
tential do not exceed those of the Gaussian distribution. The main theme of this article
is to give a link between the Brascamp-Lieb inequality and Skorokhod embedding.

Given a one-dimensional Brownian motion B and a probability measure p on R,
the Skorokhod embedding problem is to find a stopping time 7" of B such that B(T)
follows p. The problem was proposed by Skorokhod [20] and more than twenty solutions
have been constructed since then; see the detailed survey [16] by Obl6;.

In this article, we give a proof of the Brascamp-Lieb inequality based on the Sko-
rokhod embedding of Bass [1]; as a by-product, error bounds for the inequality in terms
of the variance are provided. The same reasoning also enables us to extend the inequal-
ity as well as its error bounds to a relatively wide class of nonconvex potentials in the
case of one dimension; our result applies to double-well potentials. This article is a
survey of [12] and [13, Appendix] with some complementary exposition.

Let Y be an n-dimensional centered Gaussian random variable defined on a prob-
ability space (92, F, P) with law v. Let X be an n-dimensional random variable on
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(Q, F, P), whose law p is given in the form

1
(1.1) p(dz) = Ee_v(x) v(dx)

with V' : R” — R a convex function, where

Z ::/ e V@ p(da) € (0, 00).

In what follows, we fix v € R™ (v # 0) arbitrarily. For a one-dimensional random
variable £ with E[£2] < oo, we denote its variance by var(£): var(¢) = E[(¢ — E[¢])?].
We set a := var(v - Y'). Here a - b denotes the inner product of a,b € R™. We also set

p(t;x) == \/%

One of the main results of this article is then stated as follows:

2
exp(—Q—t), t>0, xeR

Theorem 1.1 (Theorem 1.1 of [12]).  For every convex function v on R, we
have the following (i) and (ii):

(i) It holds that
(1.2) EWw-Y)>FEWw-X—FEv-X])].
More precisely, we have

Efp(v-Y)]ZE[ (v- X — Efv- X])]
// ety <;\/$2—|—a) ds" (dx),

where " (dx) denotes the second derivative of 1 in the sense of distribution.

(1.3)

(ii) For every p > 1, it holds that
(14) BR@-Y)]<BR @ X —E[v-X])]+Ca,v,q) (a—var(v- X)) .
Here C(a,v,q) € [0,00] is given by

(1.5) Ca,.q) = (a(1 + g)) / p(l;%

1+¢q)

with q the conjugate of p: p~t +q~1 = 1. Note that a — var(v- X) > 0 by (1.2).

)w’%dx)

The above inequalities (1.2)—(1.4) are understood to hold as well in the case that
both sides are infinity, due to Fubini’s theorem utilized in the proof; see Subsection 2.1.
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The inequality (1.2) is called the Brascamp-Lieb inequality; it was originally proven by
Brascamp and Lieb [4, Theorem 5.1] in the case ¢(z) = |z|*, @ > 1, and then extended
to general convex v’s by Caffarelli [5, Corollary 6] based on the optimal transport
between p and v.

As a corollary to Theorem 1.1 (ii), we have the following estimate, which we think
is of interest itself; note that the right-hand side is not dependent on V.

Corollary 1.2. It holds that

Ellv-X — Ev-X]|] 1
var(v - X) ~ V2ma

For the proof, see Subsection 2.2.

Remark 1.  Similarly to the Brascamp-Lieb inequality (1.2) itself not yielding
any useful bounds on the mean Elv- X]|, the inequalities (1.3) and (1.4) do not give any
information on the variance other than var(v - X) < a. It is known [4, Theorem 4.1]
that if V € C?(R"™), then var(v - X) admits the upper bound

/n v (27 + DQV(I‘))_I v u(dz),

not exceeding a = v-Xv. Here X denotes the covariance matrix of the Gaussian measure
v and D?V the Hessian of V. See also (1) of Remark 4 at the end of the next section.

The rest of the article is organized as follows: We explain an idea of the proof
of Theorem 1.1 in Section 2. The proof of (1.2) is detailed in Subsection 2.1 while in
Subsection 2.2, we give an outline of the proof of (1.3) and (1.4); Section 2 is concluded
with a remark on some related results deduced from our argument. In Section 3, we
discuss an extension of the Brascamp-Lieb inequality and its error bounds to the case
of nonconvex potentials when n = 1.

In the sequel every random variable and every stochastic process are assumed to be
defined on the probability space (2, F, P). For every real-valued function f on R and for
every € R, we denote respectively by f) (x) and f’ (x) the right- and left-derivatives
of f at x if they exist. For each z,y € R, we write x Vy = max{z,y}, z Ay = min{x, y}
and zt =2 V0.

§2. Proof of Theorem 1.1

In this section we give an idea of the proof of Theorem 1.1. Note that Theorem 4.3
of [4] reduces the proof to the case n = 1, namely the density of the law Po(v - X )71 with
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respect to the one-dimensional Gaussian measure Po (v - Y)_1 is log-concave. Therefore
in what follows, we take the Gaussian measure v in (1.1) as

2
exp (_x_) dr, xR,

v(dr) = 5

1
V2ma
and V as a convex function on R. We accordingly write X and Y for v - X and
v - Y, respectively; that is, X is distributed as p and Y as v. We recall that the
above-mentioned theorem is often referred to as Prékopa’s theorem, which was originally

proven by Prékopa [17] and then independently by Brascamp-Lieb [4] and Rinott [19].

§2.1. Proof of (1.2)

Because of its intimate connection with Section 3, we detail the proof of (1.2)
following [12]. We define F}, to be the distribution function of p:

1 xX
F,(x) :ZE/ e VW y(dy), zeR.
We set
@()'—1/me L)y eR
x _\/% - Xp 29 Z/; x )
and
(2.1) g = Fu_l o .

Here F- 1:(0,1) — R is the inverse function of F,,. By definition, it is clear that g is
differentiable and strictly increasing. Moreover, by the convexity of V' we have the

Lemma 2.1. It holds that ¢'(x) < +/a for all x € R.

Once this lemma is shown, the inequality (1.2) is straightforward from the Sko-
rokhod embedding of Bass [1]. Let {W;};>0 be a standard one-dimensional Brownian
motion. Notice that g(W7) follows p by the definition of g.

Proof of (1.2). Applying Clark’s formula (see, e.g., [15, Appendix E]) to g(W1)
yields

1
gWh1) — E[g(W)] = / a(s,Ws)dWs a.s.,
0
where for 0 < s <1 and y € R,

0
2.2) a(s,y) ‘:a_yE [g(y + W1_4)]

=E[g'(y+Wi_J)].
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In (2.2), the second line follows from the boundedness of g. By time change due to
Dambis-Dubins-Schwarz (see, e.g., [18, Theorem V.1.6]), there exists a Brownian motion
{B(t)}t>0 such that a.s.,

t t
/ a(s,Ws)dWs =B (/ a(s,VVs)2 ds) forall 0 <t <1.
0 0

Set

(2.3) T::/0 a(s, Ws)? ds.

We know from [1] that T is a stopping time in the natural filtration of B. Moreover, by
(2.2) and Lemma 2.1, we have T' < a a.s. Let {L¥ };>0,»er denote the local time process
of B. By Tanaka’s formula we have for every x € R,

(2.4) EB|(Be)-2)t| = B[(BT) - 0| + %E [LF — L%,
(2.5) E [(:z: - B(a))ﬂ o [(x - B(T))+] + %E (LT — L2].

From (2.4) and (2.5), we obtain for every convex 1,

(26) B[ (B@) = Bl (BT))] + 5 [ BIL — L) v/(ds).

R

Indeed, by Fubini’s theorem,

/[0,00) E [(B(a) — x)ﬂ V" (dx) + /(_OO,O) E [(m _ B(a))+] " (dz)

= E [ (B(a)) — ¢ (0)B(a) — ¥(0)]
= E ¢ (B(a))] — v(0),

which, by (2.4), (2.5) and E [B(T)] = 0, equals the right-hand side of (2.6) with (0)
subtracted. Hence (2.6) holds. As 9" is nonnegative and T’ < a a.s., it follows immedi-
ately from (2.6) that

(2.7) E[p(B(a))] = E[¢ (B(T))].
The proof ends by noting identities in law:

(2.8) B(T) = g(Wy) — E[g(W)] 2 X — B [X]

and B(a) 2 vy O
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Remark 2. (1) For any convex 1) such that the process fg P! (B(s))dB(s), 0 <
t < a, is a martingale, the identity (2.6) is immediate from the Ito-Tanaka formula.
(2) For any convex v such that E[|¢ (B(a))|] < oo (i.e., E[(B(a))] < oo as ¢ is
bounded from below by a linear function), the inequality (2.7) follows readily from the
optional sampling theorem applied to the submartingale {¢)(B(t))}g<;<a-

We proceed to the proof of Lemma 2.1. Since convex functions remain convex under
scaling, it suffices to show the assertion with a = 1; however, we give a proof retaining
a for later use. In the sequel we write o = y/a for notational simplicity.

Lemma 2.2. [t holds that for all x € R,
oF!(z) > ' (g oV’ (:1:)) .

Proof. Since V(y) — V(z) > V’( )(y — x) for all z,y € R, we have

F;(x) - /Rexp ( > dy x exp (—2 FV(a ))
SW{ﬁ)km{%rww@xﬁ@

= exp{% (g +0Vi(x))2} x V2ro

as claimed. O

The proof of Lemma 2.1 follows readily from the above lemma.

Proof of Lemma 2.1. Since

'(x)

g’(m) D 1
Fl o F, ' ((x))

by the definition (2.1) of g, the assertion of the lemma is equivalent to

(2.9) G()=0F, o F, () —® 0@ 1(§) >0 forall e (0,1).
First note that
(2.10) G(0+) = Jim G() =0, G(1-) = lim G(¢) =

because both F;Q o Fu_l and ® o ®~! are zero at £ = 0+ and £ = 1—. Next, G is both
right- and left-differentiable because F[L is so and F); 1 is monotone. Now we suppose
that G has a local minimum at some &y € (0,1). Then G”_(&) < 0 < G’ (&). Since

(Flli), -1 -1
o o B O+

GL(§) =
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we have

) < (S +oV (@)

X
Z 4oV m)
<0 +(@) o=F; ! (50)

which entails that by the convexity of V,

(&) = (g + 0Vi(:1:)) i

2=F (&)

=F, (%)
Hence by Lemma 2.2,
> 0.

G (&) = {UF[L(@ — @ (g + UVi(x)>} e=F; (&)

This observation together with (2.10), leads to (2.9) and concludes the proof. O

§2.2. Proofs of (1.3), (1.4) and Corollary 1.2

We start this subsection with an outline of the proof of (1.3) and (1.4) in Theo-
rem 1.1. These inequalities are immediate from the identity (2.6) and Proposition 2.3 of
[12]. As the proof proceeds in the same way as that of the proposition, we put its state-
ment in a slightly general setting. Let 8 = {5(¢)}+>0 be a standard one-dimensional
Brownian motion, {I¥ };>0 zer its local time process and S a stopping time in the natural
filtration of .

Proposition 2.3.  Suppose that there exists a positive real b such that S <b a.s.
Then it holds that for all x € R,

b~ (b—E[S])?
E[lg—l‘é]g/ p(s; m2+b>ds
0

and

T

Elly —1g]<2(b (1+Q));P<1;m

) G- Bl
for every p > 1 with q its conjugate.

Upon noting the expression
(2.11) Elly —15]=F [E 1] |<t,z>:(bfs,xfﬂ(5>>]
thanks to the strong Markov property of Brownian motion, the proof of the above
proposition makes use of the following expressions for F [If], ¢ > 0,z € R:

(2.12) E[l] —/ p(s;z)ds

8

2/ (y— 12D)" p(tsy) dy
0

=2 \/y— IZI p(l;y)dy,
0
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and Wald’s identity as well: E [3(S)?] = E[S]. For more details of the proof, refer to
[12, Subsection 2.2].

We turn to the proof of Corollary 1.2. Note that when ¥”(R) < oo, we may let
p — oo in (1.4) to obtain

Nf=

(2.13) EwwwméEwmuxfm%Xm+7%www@—mm)X»

Proof of Corollary 1.2. Taking ¥(x) = |z| in (2.13) and noting E[jv-Y|] =

\/m,wehave
Ellv- X —E[-X]]] > \/g{\/_—\/a—var(v-X)},

from which the assertion follows readily. O

Remark 3. A more direct derivation of the identity (2.13) is possible. By (2.12),
we have for any t > 0 and z € R,

t 2t
Bl < [ ps0ds =/,
0

™

Therefore under the assumption of Proposition 2.3, we have by (2.11) and Jensen’s
inequality,

Bl 15 </ 2B [Vb 3]

<\é\/b7E[S]

for all x € R. Combining this estimate with the identity (2.6), we obtain

Ep(B(a))] < E[ (B(T))] + 5 ¢” \/7\/3—

which is nothing but (2.13) because of Wald’s identity and the equivalence (2.8) in law.
We conclude this section with a remark on the stopping time 7.

Remark 4. (1) By (2.2) we may write a(s, Wy) = E[¢'(W1)|W4| a.s. Hence by
the definition (2.3) of T', and by Jensen’s inequality and Fubini’s theorem, we have

E[T|<E Uol E [g'(Wh)*|W,] ds

=E[¢(W)?],
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and

E[T] > E [/OIE[g’(Wl)\Ws] 5|

= Elg'(W1))°.

Therefore by Wald’s identity and (2.8), we obtain the following upper and lower bounds
on var(X):
Elg' (W) < var(X) < E [/ (W1)°].

Recalling that g(W7) is distributed as p, we rewrite the rightmost side as
12
/ (¢ 0g7")" (x) p(da).
R
In view of Remark 1, it is plausible that in the case V € C%(R),

(¢ og™")" (x)

a
< <
~ 1+aV'’(x)

for all x € R, however, we have not had a proof yet; we note that both sides agree when
V' is a quadratic function.

(2) Let B = {B(t)};> be a standard one-dimensional Brownian motion and Tr denote
Root’s solution to the Skorokhod embedding problem that embeds the law of X — E[X]
into B: B(TR) @ X — E[X]. Since 1r is of minimal residual expectation, it follows that
TR 18 also bounded from above by a; indeed, if we let g be Bass’ solution embedding the

same law into B, namely g @ T, then we have
E[(r—t)T]| <E[(me—t)*] forallt>0,

and hence TR < a a.s. This fact indicates that the Brascamp-Lieb inequality (1.2) can
also be proven based on Root’s solution. For the construction of embedding due to
D.H. Root and the notion of minimal residual expectation, see [14, Section 5.1] and
references therein. In addition, the boundedness of Root’s solution as noted above in the
Brascamp-Lieb framework gives an answer to the question raised in [8, Section 7] as to
when Root’s barrier is bounded. If V is in C*(R), the convezity condition on V can also
be relaxed; see the next section for details.

§3. Extension of the Brascamp-Lieb inequality to nonconvex potentials

In this section we take n = 1 and continue our discussion in [12, Appendix] as to an
extension of the Brascamp-Lieb inequality (1.2) to the case of nonconvex potentials; we
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explore conditions on the potential function V under which the inequality (1.2) remains
true. Recently V¢ interface models with nonconvex potentials have been studied with
great interest; see e.g., [2, 7, 3, 6]. Although our exposition here is restricted to one
dimension, we think that it would be beneficial to that study. This section is based on
[13, Appendix].

We retain the notation of the previous section. In what follows we let V' : R — R
be in C?(R). We are interested in the case that {x € R; V" (z) < 0} # (). We assume
that V satisfies

(3.1) V(z) >ax+b forall z €R,
for some reals a and b, so that
Z=F [e_v(y)} < 0.

As in the proof of Lemma 2.1 given in Subsection 2.1, we denote by o2 with o > 0,
instead of a, the variance of the centered Gaussian random variable Y. We set

Dy :={zx e R; V'(z) <0}.
The aim of this section is to give a proof of

Theorem 3.1.  Suppose that

(A) mie%fv {%UZV’(Q:)Q + 2V’ (z) — V(x)} > log Z.

Then it holds that for any convex function 1 on R,
(32) EY)] =z Ep (X - E[X])];
moreover, it also holds that

EpY)] 2E[p(X - E[X])]

1 0_2(02—var(X))2
+ - / / p (s; Va?+ 02> ds " (dx),
2 RJO

(3.3)

and for every p > 1,

1

(3.4) E[(Y)] < E [ (X — E[X])] + C(02,9,q) (0 — var(X)) ",

where C(a?,1),q) is given by (1.5) with a = o and q the conjugate of p. In particular,
these inequalities (3.2)—(3.4) hold true if

Cl}'2
/ : - ‘f > .
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We give two examples.

Example 3.2 (double-well potentials).  Consider the potential V' of the form

1 1
Vix) = §a2m4 — 561;2, x eR,

for a;, 8 > 0. Take o = 1 for simplicity. Then the left-hand side of (A’) is calculated as

B8 —6)

(3.5) 502

A0,

which tends to 0 as a — oo. On the other hand, as

7= o ow (-3

e —_— J—

S er P y 9 Y

by change of variables, it is clear that the right-hand side of (A’) diverges to —oco as a —
0o. Therefore even if 5 > 1, the condition (A’) is fulfilled by taking « sufficiently large,

and hence the inequalities (3.2)—(3.4) hold for such a pair of @ and 8 by Theorem 3.1.
We shall see that one of the sufficient conditions is given by

(3.6)

namely (A’) is satisfied if « > f—1 and a > 2. By (8 —1)/a <1 and (3.6),

e ( 1 4>d
X
< /_271'01 p 2y Yy

1 dz
37 = 1/8 eX (——22) R ——
( ) \/27‘(’ —1/2 P 2 Z+1/2

Here we changed variables with y? = z+1/2 for the equality. Noting that 1/1/z + 1/2 <
V2/3 x z for z > 1, we bound the integral in (3.7) from above by

1 00
dz \/5/ ( 1 2) [2
——+\/z zexp [ —=22)dz = V6 + ) —.
/_1/2 Vz+1/2 31 P2 3e

Combining this estimate with (3.7) and noting that v/6 < 2.5, \/2/(3e) < 0.5 and
1/v/2m < 0.4, we have

ol/8
7 < 12X ——.

Va
On the other hand, as (58 —6) > —9/5 for any 5 > 0, (3.5) is bounded from below by

1
4002
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Therefore the assumption (A’) is fulfilled if

1 1
Vaexp (— 002 §) > 1.2,

which is the case when o« > 2 since the left-hand side is not less than

1 1\ 139
2(1- — o) =2V2=122.-..
\/_( 40 x 22 8) 160

Example 3.3 (potential with oscillation). ~ We take o0 = 1 as well in this exam-
ple. For a given positive real 7, consider

1
V(x) = 5332 —~cosx, x€R.

We let v > 1 so that {V” < 0} # (. We shall see that the assumption (A) is fulfilled if
v < 2. Observe first that the left-hand side of (A) is equal to

2 241
(3.8) (ﬁ—\/’yQ—l—l—arctan\/fﬂ—l) —7;

if v is such that 2z +ysinx > 0 for all x > 0 and that 27 — \/ﬁ—f— arctan \/ﬁ is
nonnegative. Note that these two requirements are satisfied when v < 2. The infimum
of (3.8) over 1 < v < 2, is attained at v = 2 and its value (47 /3 — \/3)2 —5/2 is greater
than 2. On the other hand, as

2
Z=—— [ e % exp(ycosz)dr

V2T JR

the right-hand side of (A) is less than 2. Therefore the assumption (A) is fulfilled, and
hence by Theorem 3.1 we have (3.2)—(3.4) when v < 2.

Remark 5. (1) As for Ezample 3.2, the left-hand side of (A) is equal to

B*(88 —9)
21602 O,

from which we may draw a sharper condition on o and 3.
(2) In Exzample 3.3, the upper bound 2 on ~y cannot be improved significantly. To see
this, we bound the partition function Z from below in such a way that, as |sinx| < |z
for any x € R,
e
V2r
eV
2+~

Z = / e exp (—27 sin? E) dx
R 2

>

b
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from which we see that (A) fails even for v =5/2.

(3) Theorem 3.1 applies to asymmetric potentials as well. For example, take V(x) =
2?/2 +ysinz, z € R, with a real vy such that |y| > 1. Then it can be checked that when
o =1, a sufficient condition for (A) is |y| < /2.

We proceed to the proof of Theorem 3.1. In what follows we denote

Uy () = %ﬁv’(:p)z baV'(@) - V@), zcR

As in the previous section, we denote by F), the distribution function of p:

)= [ eVOudy), scr

and set g = F; Lo ® with F N ! the inverse function of F}, and ® the standard normal

cumulative distribution function.
Lemma 3.4.  Suppose that for all x € R,

(3.9) Uy (z) > log Z.

Then the inequalities (3.2)—(3.4) hold for any convez function 1 on R.
To prove the lemma, it suffices to show that

(3.10) g (z) <o forall z €R,

in view of the proof of Theorem 1.1. Indeed, if we have (3.10), then we see that Bass’
solution that embeds the law of X — E[X] into a given Brownian motion is bounded
from above by o2, from which (3.2) follows readily; as to the validity of (3.3) and (3.4),
observe that the only assumption in Proposition 2.3 is the boundedness of the stopping
time S.

Proof of Lemma 3.4. The proof of (3.10) proceeds along the same lines as in the
proof of Lemma 2.1. If we define the function G as in (2.9), then G(0+) = G(1—-) =0
because F}, o F,/'(0+) = F}, o F;'(1-) = 0 by (3.1). Provided that G has a local

minimum at some &y € (0, 1), we have

G(&) = {O'FPIL(.T) — @’ (g + UV’(:(:))}

z=F,; " (&)

- o (- V@) {5 e tve)

which is nonnegative by the assumption. This shows (3.10) and concludes the proof. [

a=F; " (&)
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Using the above lemma, we prove Theorem 3.1

Proof of Theorem 3.1. Since the assumption (A’) implies (A) due to the fact that

Uy (z) = % (av'(x) + 5)2 - %2 ~V(z)
562
> T952 V(z)

for all x € R, the latter assertion follows as soon as we have proven the former. To this
end, take an arbitrary xg € R\Dy, namely let ¢ be such that V" (zy) > 0. First we
suppose that

V(z) > V'(zo)(x — z0) + V(z0)

for all x € R but xy. Then as seen in the proof of Lemma 2.2,

A / < s V( )) d
= eXxX _—— — X xr
2o Jr P 202

1 , z? /
< Wor exp (xoV'(xg) — V(x0)) /Rexp (_ﬁ -V (mo)x) dx
= exp (Uv (20)),

hence the inequality (3.9) holds for z = xy. Next we suppose that
V(z1) = V'(x0)(x1 — 20) + V(70)
for some 1 # g, say, 1 > zg. Let xo € [xg,x1] be a maximal point of the function
f(z):=V(z) =V (x0)(z — x0) — V(x0), w0 <z <1y,

Then it is clear that f'(x2) = 0 and f”(x2) < 0; indeed, if either of them were not the
case, it would contradict the assumption that x5 is a maximal point. Therefore we have

(3.11) V(o) = V'(x2)
and x5 € Dy . Moreover, since
f(x2) = V(x2) = V'(w0) (w2 — m0) — V(w0) = f(w0) =0,
it also holds that by (3.11),
oV’ (zg) — V(zo) > 22V (22) — V (22).
Combining this inequality with (3.11) yields

Uy (zo) > Uy (x2)
> log Z,



ON AN EXTENSION OF THE BRASCAMP-LIEB INEQUALITY 99

where the second line is due to x5 € Dy and the assumption (A). Consequently, (3.9)
holds for all x € R\Dy, and hence for all z € R by (A). Therefore we have the theorem
thanks to Lemma 3.4. O
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