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Infinite Dimensional Stochastic Differential
Equations for Dyson’s Model

By

Li-Cheng T'SAT *

Abstract

In this article we consider the infinite-dimensional Stochastic Differential Equation (SDE)
corresponding to the bulk limit of Dyson’s Brownian Motion (DBM), for all 8 > 1. We give a
pathwise construction of the strong solution and prove the pathwise uniqueness, for an explicit
and general class of initial conditions, including the lattice configuration {z;} = Z and the sine
process.

§1. Introduction

Here we study the well-posedness of the infinite-dimensional SDE,

(1.1) Xi(t) = Xi(0) + Bi(t) + B / 6:(X(s))ds, i € Z,

where X(s) = (... < Xo(s) < Xi1(s) < ...) describes ordered particles on R, B;(t),
i € Z, denote independent standard Brownian motions, and the interaction ¢;(x) takes
the form

(1.2) ¢i(x) ::l lim Z ;,

2 k—oo

Jli—il<k T

with 8 > 1 measuring its strength. The interest of such SDE arises from random matrix
theory. Equation (1.1) represents the bulk limit of DBM, which describes the evolution
of the eigenvalues of the symmetric and Hermitian random matrices with independent
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Brownian entries, for 8 = 1,2. The results stated in this article are from the paper [7].
Here we omit some of the more technical proofs and refer to [7] for the details.

The difficulty of establishing the well-posedness of (1.1) lies in the long-range and
singular nature of ¢;. Indeed, for a particle configuration x with a roughly uniform

density, we have > . ., ;= 00, so the only way (1.2) converges is by canceling

Ti—x;
two divergent series from| j <]z' and j > i. Alternatively, under the framework of [3, 4],
the system (1.1) of SDEs formally has the logarithmic potential =83, _log|z; — x|
However, due the logarithmic growth as |z; —x;| — oo, such a potential is still ill-defined
even under a limiting procedure as in (1.2).

At B = 1,2,4, this challenge has been largely overcome thanks to the integrable
structure of DBM. We refer to [2, 5, 6] and the references therein for developments in
this direction. Here we attack the problem, for all § > 1, without referring to the inte-
grable structure, whereby establishing the strong existence and pathwise uniqueness of
(1.1); see Theorem 1.1. As our techniques do not refer to a specific equilibrium measure,
Theorem 1.1 holds for an explicit, out-of-equilibrium configuration space X*8(«, p,p),
which, loosely speaking, consists of particle configurations with a roughly uniform den-
sity p~! > 0. In particular, the space includes the lattice configuration {z;} = Z and
the sine process; see 7, Lemma 8.2].

The approach used here is further adopted to establish certain finite-to-infinite-
dimensional convergences of (1.1). As a corollary, it is shown that the determinantal
point process constructed in [2] coincides with the unique strong solution given by
Theorem 1.1. See [7, Theorem 1.4, Corollary 1.6].

§1.1. Definitions and Statement of the Results

We begin by defining the spaces X («, p) and X*8(«, p, p). This is done by consid-
ering their corresponding gap configurations. More explicitly, let W := {x € RZ : z; <
xiy1,Vi € Z} denote the Weyl chamber (of particle configurations), and let u denote
the map into gap configurations:

(1.3) uw: W — (0,00), L:= % + 7, u(X) = (Tat1/2 — Ta—1/2)acl,
which is made bijective by augmenting the zeroth particle coordinate, as

bijective

(1.4) u: W R x (0,00)%, (%) := (20, u(x)).

For € (0,1) and p > 0, we consider the following space of gap configurations

(15) y(a,p) = {y < (07 OO)L : ‘Y|C¥,P < OO};
(1.6) 0o = sup {[Sm)(y) = | Im|*},
meZ\{0}
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where ¥7(y) denotes the average over a generic finite set Z:

(1.7) L) =127 ) (e, Bxly) = =1(y),
a€l

with the convention (i,j] = [j,4) (and similarly for (i,j), [i,j], etc) and Ej(y) := 0.
We define X(a,p) = v 1 (Y(a,p)). That is, X(a,p) consists of particle configura-
tions whose corresponding gap processes satisfy (1.5). Similarly, for p > 1, we define
X' (e, p,p) == uH (V(a, p) N R(p)), where

(1.8) R(p) = {y € (0, 00)L : sup S, () < oo}.

We proceed to defining the process-valued analogs of X(«, p) and X*¢(«, p,p). To
simply notations, we often use x and y, instead of x(+) and y(+), to denote processes.
Let Wr = {x € C([0,00)) : x(t) € W,Vt > 0} denote the process-valued analog of
W. By abuse of notation, we let u and u act on Wy by u(x)(t) := u(x(t)) and by
u(x)(t) == u(x(t)). With Y7 («, p) and Ry (p) denoting the analogs of V(«, p) and R(p)
as follows

(1.9) Vr(a,p):= {y € C([0,00))": sup |y(s)]a, < oo, Vt> O},
s€[0,t]

(1.10) Rr(p) == {y € 04 ([0, 00))" : o S () < 00Vt > o},

(1.11) where C([0,00)) := {y € C([0,00)) : y(t) > 0,Vt > 0},

we define X7 (a, p) := u1(C([0,00)) x Y7(a,p)) and X2 (a, p,p) := u (C([0,00)) x
Vr(a,p) A R())).

Recall from [1, Definition 5.2.1, 5.3.2] the notions of strong solutions and pathwise
uniqueness of SDE, which are readily generalized to infinite dimensions here. Let B(t) :=
(B;(t))iez denote the driving Brownian motion, with the canonical filtration #B =
o(B(s) : s €[0,t]). Hereafter, we fiz 8 >1, a € (0,1), p> 0 and p > 1 unless otherwise
stated. The following is our main result.

Theorem 1.1.  Given any x € X(a, p), there exists an Xr(a, p)-valued, FB-
adapted solution X of (1.1) starting from x™. If, in addition, x™ € X™(a, p,p), this
solution X takes value in X2 (c, p,p), and is the unique X7 (, p,p)-valued solution in
the pathwise sense.

Remark 1.2.  For any x € X7(a, p), one easily verifies that
(g o0 D25 10— 1<k m) converges uniformly in ¢ € [0,¢'], for any fixed i € Z and
t'" < oo. Further, the limit ¢;(x(t)) takes values in L{®

> ([0,00)), so in particular the

r.h.s. of (1.1) is well-defined for X7(«, p)-valued processes.
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The rest of this paper is outlined as follows. In Section 2 we present a proof of
Theorem 1.1, which is detailed in Section 3-6. Among these, Section 3 settles the mono-
tonicity (2.13) and well-posedness of certain finite-dimensional SDE, and Section 4-6
handle the relevant propositions as indicated in their titles.

§2. Proof of Theorem 1.1

Throughout this article we use lower-case English and Greek letters such as x, y, o, v, u
to denote deterministic variables or functions, among which i, j, k, £, m,n denote inte-
gers, and a, b denote half integers. We use upper-case English letters such as X, Y, I, J
to denote random variables, use the calligraphic font (e.g. A,Z) to denote deterministic
sets, and use the Fraktur font (e.g. 2,J) to denote random sets. We let ¢ = ¢(t,k,...)
denote a generic deterministic positive finite constant that depends only on the desig-
nated variables.

The first step is to reduce the equation of particles, (1.1), to the equation of the
gaps. To this end, we consider the interaction of the gaps

(2.1) Na(y) = na(u(x)) := ¢a+1/2(x) - ¢a—1/2(x),
(2.2) - y% - ¢a(ya7Y)7

consisting of the (Bessel-type) repulsion terms 1/y, and the compression terms v,
defined as

(2.3)

1 Y

- , for y > 0,
a : [0,00) X (0,00)% = [0,00), a(y,z) =1 2 i:u;» 2(a,i) (Y + 2(a,i))
0

, for y =0,

where zz := ) 72, and (a,i) := (i,a) (as mentioned before). We have the following
equation for (Xo,Y) := u(X):

(2.4) Xo(t) = Xo(0) + Bo(t) + / 60(Y (5))ds,
(2.5) Ya(t) = Ya(0) + Wa(t) + 3 / na(Y(s))ds, acL,

where W(t) := u(B(t)), and, by abuse of notation,

onfy) =i 0.9 = 3 (50— - 5 ).

= \2Y—i0)  2Y00,)

Clearly, (1.1) is equivalent to (2.4)—(2.5) through the bijection @, and one easily obtains
the following
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Proposition 2.1.

, p)-valued solution of (2.5), defining Xy € C([0,00)) by (2.4),
we have that 1= 1(Xo,Y) is a X7 (o, p)-valued solution of (1.1). Further, if Y is
(V7 (e, p) N R7(p))- valued then u 1 (Xo,Y) is X2, p,p)-valued; if Y is FW-
Y(Xo,Y) is FB-adapted.

(a) If Y is an YV7(«

adapted, then u™

(b) Conversely, if X is an X7 (a, p)-valued solution of (1.1), then uw(X) is a Y7 («, p)-
valued solution of (2.5). Further, if X is X7 (v, p, p)-valued, then u(X) is (Y1 (ov, p)N
R7(p))-valued; if X is FB-adapted, then so is u(X).

With this proposition, it now suffices to prove

Proposition 2.2.  For any given y™ € Y7 (a, p), there exists a Y7 (o, p)-valued,
FW _adapted solution Y of (2.5). Moreover, if y™ € R(p), then Y € Rr(p), and Y is
the unique (Y1 (c, p) N R(p))-valued solution in the pathwise sense.

We establish Proposition 2.2 in two steps: the existence, as in Proposition 2.3, and

the uniqueness, as in Proposition 2.4. Defining the partial orders

(2.6) y <y’ € [0,00]" if and only if y, <y, Va €L,
(2.7) y(+) <y'(+) if and only if y(t) < y'(t), V¢t >0,

we call Y the greatest S-valued solution of (2.5) if, for any S-valued weak solution Y’
defined on a common probability space with Y’(0) < y'™, we have Y'(+) < Y(+) almost

surely.

Proposition 2.3 (existence).  For any y™ € Y(a,p), there erists a Y1 (a, p)-
valued, FW -adapted solution Y of (2.5) starting form y*™, which is the greatest Y (c, p)-
valued solution. Further, if y™ € R(p), then Y € Rr(p).

Proposition 2.4 (uniqueness). Let Y and Y™ be (V1 (a, p) N R7(p))-valued
weak solutions of (2.5) defined on a common probability space, starting from a common
initial condition y™. If Y () < Y(.) almost surely, we have Y™ (+) = YUP(.)

almost surely.

Indeed, Proposition 2.2 follows by combining Proposition 2.3-2.4. In particular, the
pathwise uniqueness follows by applying Proposition 2.4 for Y =Y and YV = Y/,
where Y is the greatest solution as in Proposition 2.3, and Y’ is an arbitrary weak
solution with Y’(0) = Y (0).

Proposition 2.3 is established in two steps: by first considering the special case
y'™ € [y,00)F, v > 0, and then the general case y'™ € J(a, p). For the former case, we
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construct the solution of (2.5) by the following iteration scheme,

t
. 1
(2.8a) YV O(t) = yin + Wa(t) + B/ ——ds, acl,
0 Y, )(s)
(2.8b) V(M (t) = yi* + Wa(t)

'
5/0 <Ya(n1)(s) - T/Ja(Ya(n)(S),Y(”—l)(s))> ds, a€l, n€ Zsg.

That is, we let Ya(o) be the Bessel process (driven by W, ), and for n > 1, we let Ya(n)
be the solution of the following one-dimensional SDE

(2.9) V() = Y(0) + Wa(t) + B/O (ﬁ — (Y (s), Z(s))> ds,
for given Z =Y~ Letting

(210)  Y(3) = {y € (0.50)" : liminf E(o,)(y) = 7},

|m|—o0

211) V()= {y(-) € C4(0,00)" : liminf inf Loy (y(s)) > 7, >0},

|m|— o0 s€[0,t]

(2.12) Y :=Uys0Y(7), 27‘ = U’V>OXT(’Y)7
in Section 5 we prove

Proposition 2.5.  Fizvy > 0. For any given y™ € [y, 00)%, there exists a Y7 (7)-
valued, FW -adapted sequence {Y(n)}nezzo satisfying (2.8). Further, such a sequence

1s decreasing, 1i.e.
(2.13) Y(O)(-)zY(l)(-)ZY(z)(-)z...,

almost surely. Defining the F W -adapted process Ya(oo)(t) = limy, 00 Ya(n)(t), we have
that Y() s the greatest Y r-valued solution of (2.5). If y™ € R(p), then Y () ¢
Rr7(p)-

For the general case y'™ € )(a, p), we consider the truncated initial condition (y™™V-y) :=
(Y V) aer, v > 0, and let YV be the Y -valued solution starting from (y'" V) given
by Proposition 2.5. As YV is the greatest solution, for any decreasing {y; > 72 > ...},
the sequence {Y Y7}, is decreasing. In Section 6, we prove

Proposition 2.6.  Let y™ € Y(a,p) and YV € Y () be as in the preceding.
Fix an arbitrary decreasing sequence 1 > ~v1 > 73 > ... — 0. Defining the FW-
adapted process Yo (t) := lim, oo YY" (t), we have that Y is the greatest Xr(a, p)-
valued solution of (2.5).
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As for Proposition 2.4, letting

(2.14) EGyiy(t) = Y (Y1) =YV (1),

aG(il,ig)

with Y'V(+) < Y(+), we have [YP(t) = V¥(1)] < Fgiiny(8) < F(ooo(t), ¥a €
(i1,12). With this, in Section 4 we prove

Proposition 2.7. For anyt > 0, SUPe0,¢] E(_,00)(8) = 0, almost surely,
from which Proposition 2.4 follows immediately.

§2.1. Outline of the Proof of Proposition 2.5-2.7

The key step of proving Proposition 2.5 is to establish the monotonicity (2.13) of
{Y(™},. This, as well as many other monotonicity results (e.g. that Y(°) as in Propo-
sition 2.5 is the greatest solution), are consequences of the following simple observation:

(215) ¢a(y; Z) S wa(y/v Z)7 lf y S ylv
(216) ¢a(ya Z) Z wa(y7 Z/)7 lf z S Zl?

which is clear from (2.3). Equipped with the monotonicity of {Y(™},,, the next step is
to take the limit n — oo in (2.8b), and show that the r.h.s. converges to the appropriate

limit. The major challenge here is to control fg Y(%)ds, which we achieve by showing

(s)

inf Y (*)(s) >0, almost surely, for all £ > 0.
s€[0,t]

The main step of proving Proposition 2.6 is to show Y € Yy (a,p). To this end,
in Section 6, we partition L into certain mesoscopic intervals Ay, b € L, (see (6.5))
and simultaneously estimate ¥4, , (YY" (s)), Vn € Zso,b € L. This yields that the
mesoscopic average of Y (s) over Ay, is at least £ (see Proposition 6.3). Using this as
a ‘seed’, we estimate the global density X ) (Y (s)), [m| > 1 to obtain Y € Yr(a, p).

To prove Proposition 2.7, we use the following readily verified identity (see [7,
Section 4] for a proof)

12

t
(217) E(u,lz)(t) = E(i1,i2)(tl> + /t/ (L;; (S) — L, (S) - L: (S) + Lz_1 (8))d83 vt > t/a

that describes E(;, ;,)(t) in terms of certain boundary interactions Lii(s), defined as

I i (s) = Y% (s)
(2.18) Li(s)i=5 >, Y T (3)
je(itoo) () IS
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With E(;, i,)(0) = 0, equipped with (2.17), in Section 4, we prove Proposition 2.7 by
showing fot Li (s)ds — 0, along some suitable subsequence i, — +00.

§3. Comparison and Monotonicity

A basic tool we use to leverage (2.15)(2.16) into the monotonicity of {Y (™}, is
the following comparison principle for deterministic, one-dimensional integral equations.
Let

y <qy if and only if y(t) < y(t),Vt € [t',¢"]
denote the restriction of (2.7) onto [t/,t"].

Lemma 3.1.  Fizing t' < t” € [0,00), we let w € C([t',t"]), and let f*», f* €
C((0,00) x [t',t"]) be locally Lipschitz functions in the first variable. That is, given any
compact K C (0,00), there exists ¢(K) > 0 such that

2y, t) — £ 01 | 1) — W 0] < )|y — v/,

for all y,y € K and t € [t',t"]. If y*P,y"™ € C([t',t"]) solve the follows integral
equations

(3.1) y"(t) =y (t) + (w(t) — w(t)) + /t [Py (s), s)ds, ¥ telt’,t"],

(3-2) y™ (1) = y"(¢) + (w(t) —w(t')) +/ Fy™(s), s)ds, Vtelt,t],

t/

and Zf flw(y, ') S[t’,t”] fup<y, ')7 \V/y S (07 OO); and ylw(t/) < yup<t/)7 then
y" <p Yy

With fUP(.,s) and f™(.,s) being locally Lipschitz, Lemma 3.1 is proven by standard
ODE arguments using Gronwall’s inequality. We omit the proof.
Equipped with Lemma 3.1, we establish a backward lower-semicontinuouity for

a generic process of the form (3.5). To this end, we consider Q" := (Q%)4ecr €
(C([t1,00)) N C(t1,00))",

t
33 Q) = Walt) = Waltr) + [ =L s, 121,

t1 Qa (S)
the Bessel process starting from 0 at ¢;, and let Q¢"? 1= sup;c(y, 1,) Q4 (t). Indeed, for
Ly :=3+2L and Ly := 1+ Ly, {Q% (+)}acL,;, ¢ = 1,2, are i.i.d. collections of processes.
Hence, by the Law of Large Numbers, we have

(3.4) lim 2 Q") =E((Q)%°)") = alts — t1,p) < oc.

|m|—o0
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Hereafter, for generic processes Y (+) and Y (-), we adopt the notations

Y, t") = sup Y(s), Y(#,t"):= inf Y(s),
Se[t/,t”] Se[t/,t”]

Y (t',t") == (Ya(t',t"))aer and Y (¢, t") := (Y (', ")) aeL-

Lemma 3.2. Leta € L, Y* € C([0,0)), F € L} ([0,00)), {%}i>0 be a

loc

filtration such that Y*, F and W are 4 -adapted and that W is a Brownian motion with
respect to 9. If FF' > 0 and if Y™* solves the equation

A

(3.5) Y*(t) =Y"(0) + W (t) + ﬁ/ (— — F(s))ds, a€cl,
o \Y(s)

then, for all t’ <t" € [0,00), we have

(3.6) YA =Y () = sup (V') = Y*(s)) < QL (t"),

sE[t/ ]
(3.7) sup  (Y*(t) —Y*(s) Q" = sup QL (),
s<te(t!,t"] te(t! t"]

almost surely.

Proof. To the end of showing (3.6), fixing s1 € (¢/,t"”), we consider the process
Yt € Ci([s1,00)) defined as

(38) Y st (t) = Y*(Sl) + Wa(t) — Wa(Sl) + 5/ Y%(S)d‘s, t > s,

which is a Bessel process starting from Y*(s1) at time s;. With Y* and Y*! satisfying
(3.5) and (3.8), applying Lemma 3.1 (for [t/,t"] = [s1,t"], y"P = Y1, ¢!V = Y™
o (y,s) = Bly and f¥(y, ) = B(1/y — F(s))), we obtain Y*(+) <[y, 4 Y*1(+), and
therefore, with Y*(s1) = Y5 (s1),

(3.9) Yr(") = Y7 (s1) SY(") = Y (s1).

We next compare Y*' and Q%'. They solve the same equation, (3.3) and (3.8), with
different initial conditions Y*®1(s1) > 0 = Q3'(s1). Hence, applying Lemma 3.1 for
', t") = (s1 +¢&,t"), e > 0 (so that Y*1, Q3 € Cy([s1 + &,t"])), conditioned on
{Y*1(s1+¢) > Q' (s1+¢)}, and then sending € — 0, we obtain Qg <[, v Y** almost
" " . .. .
surely, thereby [ Y%(s)ds <[, QZlL(s)dS' Plugging this in (3.3) and (3.8), we obtain

(3.10) Yeor") = Y*r(s1) < QaH(t") — Q3! (s1) = Q' (1)

Next, as Q%' and QZ/ solve the same equation on [s1,t”] with the initial conditions
Q31 (s1) = 0 < Q' (s1), by the preceding comparison argument we obtain Q5! (") <
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QY (t"). Combining this with (3.9)—(3.10), we arrive at Y*(#/) — Y*(s1) < Q¥ (t"). As
this holds almost surely for each s; € (¢',¢"), taking the infimum over s; € (¢',t") NQ,
using the continuity of Y*(+), we conclude (3.6).

As for (3.7), taking the supremum over t” € [t/,#']NQ in (3.6), using the continuity
of Y*(+), we obtain

sup (Y*<t”>— inf Y*<s>)= sp_ (V) -Y'(s) < sup Q) = QL
sE

t”e[t’,?”] [t',t"] S<t€[t/,?’] t”e[t’,?’/]

O

In the following we state the well-posedness and comparison results of certain finite-
dimensional SDE. We omit the proofs. They are modifications of standard techniques

based on Lemma 3.1 and can be found in [7, Section 3].

Lemma 3.3. Lett' >0 and F : [0,00) x [t’,00) — R be random, such that
s+ F(y,s) is C([t', ), R)-valued and FW -adapted for all y € [0, 0),

y — F(y,s) is Lipschitz, uniformly over (y,s) € [0,00) x [t',t], for allt > ¥,
F(0,t) =0, for allt > 1.

Given any (0, 00)-valued, FY -measurable Y™, the equation

t
(3.11) Y(t) = Y™+ (Wa(t) — Wa(t)) + / (st) + F(Y(s), s)>ds
t/
has a Cy([t',00))-valued, FW -adapted solution starting from Y** at t', which is the
unique C4([t', 00))-valued solution in the pathwise sense.

Next we turn to the well-posedness and comparison principle of the equation (3.16)
as follows, which is a finite-dimensional version of (2.5) with external forces. For A C R,
we let ¥ (y,z) and 7 (y) denote the restriction of 1, (y,z) and 7,(y) onto [0,00) x
(0, OO)AmIL’

(3.12) DD !

i€ A Jima|>1 (@) (Y + 2(ai))
(3.13) nA(y) = o= = 00 (Yar ),

which indeed satisfy the following analog of (2.15)—(2.16),

(3.14) Vil (y.2) Sy 2), fory <y,
(3.15) VA (y,z) > My, 7)), forz < 7.
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By abuse of notation, we let u and @, defined as in (1.3)—(1.4), act on the space W2l
whereby u : W2l — (0, 00) x (0, 00)(+#2)7k is also a bijection. For T C L, we let

y <y’ if and only if y, < Yo, Va €T,
y Sﬁlvm y' if and only if y,(t) <y, (t), Va € Z, t € [t',t"]

denote the restriction of (2.6)—(2.7) onto Z and [t',t"].

Lemma 3.4. Leti; < iy € Z, T := (i1,i2) NL, t' >0, Z* € C([t',00))% be
FW _adapted. For any FY -measurable Y™ € (0,00)%, the equation

Y, (t) = Y™(t') + (Wa(t) — Wa(t))

(3.16) t
+8 ) (ME(Y (s)) + Yu(s)Z2(s))ds, t>t, a€T

has a C ([t', 00))E -valued, FW -adapted solution starting from Y, which is the unique
Cy([t',00)) % -valued solution in the pathwise sense.

Lemma 3.5. Fizing t' < t”" € [0,00), I < Is € Z (possibly random), we let
J:= (I, k) NL, Z* and Z'™ € C([t',t"])”, and YP, Y™ be the C([t',t"])? -valued
solutions of (3.16) with the respective external forces Z'P and Z', i.e.

Y () = Yo (t') + (Wa(t) — Wa(t'))
t
(3.17) +8 [ (I (YR () + Y P (5)Z57(s))ds, telt't"], ae?T,
"
YU () = Y (1) + (Wa(t) — Wa(t'))
t
(3.18) + / (3 (Y™(5)) + YJ"() Z1(5))ds, te[t"], a €T,
"
If Zv ggf,’t,,] Z"P, and Y (') <7 Y (t'), then

(3.19) Y <[jt,,t,,] Y“P  almost surely.

Remark 3.6. Note that here we do not assume W, (+) conditioned on (I, I2)

is a Brownian motion or even a martingale.

§4. Uniqueness, Proof of Proposition 2.7

Fix y" € Y((a,p) N R(p)) and Y™(+) < Y*(+) € (Vr(a,p) N R7(p)) as in
Proposition 2.7. Recall that Ez(s) := >, .7 (Y2 (s) = Y™ (s)) and that LE(t) is defined
as in (2.18).



186 L1-CHENG TsAl

With (2.17), proving Proposition 2.7 amounts to controlling fot LE(s)ds for suitable
i. Fixing m € Z~¢ (which will be sent to oo later), for i € [+m,£2m| we decompose
LE(s) into the long-range interaction
- 1 YR (s) — YV (s)
+ — (4,4) (4,4)
(4.1) Lin(s) =5 >

up Tw )
je(£3m,+o00) Y(ivj)(s)y(ivj)(‘s)

and the short-range interaction

up 1w
(4.2) =ty Ll Y
) 1,m ' up Iw
2 j€(i,+3m] Y(i,j)(s)Y(i, ')(8)

Our goal is to establish certain bounds the long- and short-range interactions, as stated
in Lemma 4.1 in the following. It is not hard to show (see [7, proof of Proposition 2.7])
that Lemma 4.1 implies Proposition 2.7. We omit the proof of this implication and
prove only Lemma 4.1.

Lemma 4.1.
(a) For anyt >0, we have

(4.3) Zf; = sup sup {Zzim(s)} — 0,  almost surely.
s€[0,t] i€[£m,+2m] ’

(b) For anyt’ < 1" € [0,00) such that q(t" —1',1) < &, we have

t//
(4.4) lim inf / Lfm(s)ds =0, almost surely.
t

m—o0 s€[+m,+2m] Jus

proof of Part (a). With Y, YV € Yr(a, p), we have

(4.5) sup  {E(0.(Y"P(s) — Y™(s))|j|*} = N < oc.

s€[0,t],JEZ
The desired result follows by using (4.5) and Y™ € Y7 (a, p) C Y(p) to control the
numerator and denominator of the expression (4.1), respectively. Ol

Before proceeding to proving Lemma 4.1(b), we remark that, unlike (4.3), it is
impossible to obtain a bound on the short-range interaction Lfm(s) that is uniform in
i € [£m,£2m]. This is so because Y™ € Y. (o, p) does not imply Y%‘Zf‘:j)(s) > |7 —i|/c
for small |j —i[, and similarly (4.5) does not imply Y% (s) — Y(IZ.V:’J.)(S) < cli—j|}= for
small |5 — i].

To prove Lemma 4.1, we first construct certain ‘good’ index set @i’k # (), such
that Lii’m(s) is controlled for ¢ € @i,k. To construct &=

m,k’

letting p’ € (1,00) denote
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the Holder conjugates of p, i.e. 1/p + 1/p’ = 1, for fixed s € [0,00) and m € Z~q, we
consider the set

(4.6) Wy (5) := {a eL: |V P(s) — Y™(s)| > |m|—a/(3p’>}

of ‘bad’ indices, where the corresponding terms in the numerator of (4.2) may be large
at time s. For A C L, 4,7’ € Z, let

(4, 5) N Al
9, (A) == sup =
j€(i,i’] lj — i
denote the maximal cumulative occurrence frequency of A when searching to the right

(when ' > i) or left (when i’ < i) over the interval (i,d’), starting from i. Consider the
set

(4.7) 3E (5) = {z € [dm, £3m] N Z : g 13m) (Am(s)) > m—a/3}

of ‘bad’ indices, where the occurrence of 2,, (s) may be large over the interval (+m, £3m).
The sets 2, (s) and JF (s) are constructed for a fixed s. We now fix ¢ < " as in
Lemma 4.1(b), let 75 := {t' + (t;kt”};;l, and consider the set

1 ,
+ -— y . ; ~t —Q
(4.8) ’ﬁmyk = {262. z E l{zeJm(S)} <m /(3p)}7

sETk

consisting of ‘good’ indices i such that {JF (s) > i} occurs rarely alone the discrete
samples s € T of time. The set ‘ﬁi i is constructed for bounding the numerator in the
expression (4.2). As for the denominator, we consider

(4.9) higp(y) = ileglnjf]ng(i,i’)(Y>7
and define
(4.10) &, o= {i € [Em, £2m]NZ i € My, | b aam) (X V(7)) > £}

Let Lfnff = t”;t/ > seTn Lii’m(s) denote the k-th discrete approximation of ftt, Lfm(s)ds.
Having constructed QS;—Z x> we proceed to establishing a bound on innlf for v € (’5;—: K

Let P :=sup,,cz 21(70 m) (Y™ (¢, ¢")), which is almost surely finite as Y"? € Ry (p).

Lemma 4.2.  For all m,k € Z~g, there exists c = c(t” —t', p,p) < oo such that

clogm

:l:,k 1/p
(411) Li*,m S (1 + P )ma/(?)p/) )

Vi, €6, .
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Proof. Fixing k,m € Z~o and i, € mi,w we let ¢ < oo denote a generic constant
depending only on ¢ —t’, p, p. We begin by bounding the expression Li,m(s), for s € Tg,
to which end we consider separately the two cases 1) {J (s) % i. }; and i) {J:5 (s) D ix}.

i) In (4.2), using Y™(s) < Y"P(s) and h(;, 13m) Y™, ") > £, we bound the
denominator from below by (|j —i.|p/3)?. As for the numerator, we divide Y(lilfj)(s) -
1/(?:7].)(8) = Y aciiy)(YaT(s) — Y!¥(s)) into two sums subject to the constra,i/nts {a ¢
A (s)} and {a € A, (s)}. The former sum, by (4.6), is bounded by m=/GP)|j —i,|.
As for the latter, we apply the Holder inequality to obtain

> (1Ya®(s) = Y2(s)]) (1{a € An(s)})

a€ (ix,7)

S( Z Yaup(s)p>1/p( Z 1{a6ﬂm(5)}>

ae(i*%j) a’e(l*ﬂ)

1/p’

. . . . 1/p’
< (17 = iu| PYYP (905, ) @ () 15 — ia]) 7

With i, ¢ 3% (s), we have g(;. +3m)(m(s)) < m~2/3, so the last expression is further
bounded by ¢PY/Pm=/(3)|j —j,|. Combining the preceding bounds yields

LE (5) < e+ PVrypmele) 3 T
(4.12) ’ selt T M 0]
<c(l+ Pl/p)m_o‘/(?’p/) log m.

ii) Using Y"P(s) > Y!(s) in (4.2), we bound the j-th term by 1/Y(IZ.V:J.)(3). This,

with R, +3m) Y™, ") > £, is further bounded by (|7 — ix|p/3) . Consequently,
(4.13) Li’m(s) < clog(m +1).

Although the bound (4.13) is undesired (— oo as m — o0), the corresponding case
{seTr:3%(s) 3 i} occurs at low frequency < m~/(?"). Hence

t// _ t/

(4.14) Z 1{J%(s) > i*}Li’m(s) < clog(m + 1)m=/GP"),

s€Tk

Averaging (4.12) over s € Ty for {s € Ty : 3£ (s) # i.}, and combining the result with
(4.14), we conclude (4.11). O

Next, we show that Qii i is nonempty for all large enough m.

Lemma 4.3.  We have lim inf( inf |(’57j; k]) > 1, almost surely.
m—oo " k€Zwo ’

With QSfZ’k defined as in (4.10), proving |(’5;—2k| > 1 requires finding i € [+m, £2m) such
that hg +3m)(y) > § fory = Xlw(t’ ,t""). This is conveniently reduced to estimating
Xtm,)(¥), J € [£2m,£3m], by the following lemma, which is proven by a simple
graphical argument as in [7, Proof of Lemma 4.4].
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Lemma 4.4. Lety € [0,00]", if <if <id andiz <iy <iy, whereit,if € 7
and is € ZU {xo0}. If, for some v € (0, 00),

(4.15) 2t 0y) >, Vi€l )Nz,

then there exists it € [iT,i¥) N 1L such that h(if’iét)(y) > .

Proof of Lemma 4.3. Fixing m,k € Z~¢, to simplify notations, we omit the de-
pendence on m, k of the index sets (e.g. M+ := ’ﬁf;k) and let Y* := Y™ t")1{a €
NE + 1}, We show

(4.16) E(imij)(?i) > £, Vj € [£2m,+3m|, V large enough m.

This, by Lemma 4.4 for (zli,zgt,zgt) = (:I:m, +2m, £3m), implies the existence of IT €
[im ﬂ:2m)ﬂZ such that b= igm)(Yi) . For such I*, we have h+ igm)(Ylw(t/ t")) >
£ £ and Y(Ii 41 > £ £ > 0. The later 1mp11es I+ € M+, and therefore I+ € &+, Hence,
1t suffices to prove (4.16).

To the end of showing (4.16), with Y+ defined as in the preceding, we begin by
estimating |(91%)¢|. To this end, as M* is defined in terms of 2A(s) and J%(s), we first
establish bounds on |(s) N (&m, £3m)| and |J=(s)|. Fixing s € [/,t"], with N as in
(4.5) and 2A(s) as in (4.6), we have

(4.17) 2A(s) N (£m, £3m)| < [A(s) N (0, £3m)] < EmL 2N < (3m)1 =% N.

a/(3p")

Proceeding to bounding |JZ (s)|, we require the following inequality: for any finite
ACL,n € Z~o, we have

(4.18) IZE| < n|A|, where T := {i € Z: g( +00)(A) >n'} C L.

To prove this inequality, we image a pile of n particles at each site of A, and topple the
particles to the left (for +) or right (for —) in any order, so that each sites of L contains
at most one particle. Letting AF C L denote the resulting set of particles, we clearly
have Z C (AL ¥ 1) and |AZ| = n|A|, thereby concluding (4.18). Now, with J%(s) as
n (4.7), combining (4.17) and (4.18) for A = 2A(s) N (&m,+3m) and n = [m*/3], we

arrive at

w|Q

3% ()] < [m3]|A(s) N (£m, £3m)| < 6Nm!'~

Now, with 91* as in (4.8), we have 1{i ¢ M*} < m?)aTE 3
both sides over ¢ € Z, we arrive at

ser, H{i € 375(s)}. Summing

(4.19) Z\Ji )m3 < 6Nm'~,
sGTk
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where o := (1 — —) > 0.
We proceed to proving (4.16). Fix j € [£2m,£3m|. With Y+ defined as in the
proceeding, we have

1
1j Fm

S ) (YE) = B (X (1)) — Y Y )1{a e (M) £ 5}

(£m,j)

For the last term, with NE)e| < 6Nm~ (by (4.19)) and Y™ € Ry (p), we have

1
re=ilt

1
!Jim!

Z Y, )1 {a e (MF) £ 1} 2250, uniformly in j € [£2m, £3m).
m,j)

Consequently, to prove (4.16), we may and shall replace Y with Y'V (t',t"). Applying
the continuity estimate (3.6) for Y* = YV, we have

E(:I:m,j) (XlW(t/’ t”)) > E(j:m,j)(Ylw(t//)) _ g(:l:m,j) (Qt/ (t//))-

With Y™ € Y7 (o, p), the first term on the r.h.s. converges to p as m — oo, uniformly

in j € [+2m,£3m]. With ¢(t” —t',1) < £, by (3.4), the last term contributes > —£ as

m — oo. Combining the preceding we conclude (4.16). O

Proof of Lemma 4.1(b). By Lemma 4.2-4.3, we have that

inf Litw]f < (14 Pl/p)cm’a/(?’pl) log(1 4+ m).
t€[+m,£2m] 7

Since the constant ¢ does not depend on k, upon lettlng k: —> 00, by the continuity
of Y'P(+) and Y¥(-), the Lh.s. tends to (inf;e(sm, +2m] ft, ( )ds). Consequently,
further letting m — oo, we complete the proof. O

§ 5. Existence, Proof of Proposition 2.5

We begin by establishing the monotonicity (2.13). Recall the definition of Y(v)
and Y7 (v) from (2.10)—(2.11).

Proposition 5.1.  Fizing y™, z™ € Y(7), v > 0, we let {YD}"_ ) and {ZWD}1_,
be Y (7v)-valued sequences satisfying (2.8), with Y®(0) = y" and ZW(0) = 2™, i =

0,...,n.
(a) The sequence {Y DY is decreasing, YO (+) > ... > Y™ (.).

(b) If y* > 2", we have YO () > ZO (), fori=0,...,n
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Proof. With 9, defined as in (2.3), it is easily to show that
(5.1)  y > Yu(y,2(s)) is uniform Lipschitz over [0,00) x [0,t], Vt >0, Vz € V.

We now prove Y1 () > Y (.) by induction on i. For i = 1, by (5.1), we have that
—1a(+, Y©) () is uniformly Lipschitz. With —1,(y4, Y (t)) < 0, and Y and v,V
solving the respective equations (2.8a) and (2.8b), applying Lemma 3.1 for y"P = v
and ¥ = YV, we conclude Y@ (+) > YI(.). Assuming YD (+) > YO (), i > 1,
by (2.16) we have —1),(y, YO (1)) > —tp(y, YO (t)). With V) and v Y solving
(2.8b), applying Lemma 3.1 for y"P = Y and Yy = VY we conclude YO () >
Y+ (). This completes the proof of (a).

As for (b), the case i = 0 follows directly by applying Lemma 3.1. For i > 0, by
(2.16), we have that

20 () < YO (o) implies —ta(y, Z(s)) < —daly, Y (s)),
so, by induction, the case i > 0 follows by the preceding comparison argument. O

Now, fixing v > 0 and y™ € [y, 00)" as in Proposition 2.5, We consider first the
special case of equally spaced initial condition, z'™ := v = (...,7,7,...), and construct
the corresponding iteration sequence {Z(”)}HGZZO. For n =0, Z© is the .ZW-adapted
Bessel process (as in (2.8a)) starting at . Recalling V() and ) () are defined as in
(2.10)(2.11), we check that Z(©) is Y (7)-valued.

Lemma 5.2.  We have Z() € Y (7).

Proof. Fix arbitrary ¢ > 0. With Z{9 satisfying (2.8a) and ZC(LO)(O) = 7y, averaging
(2.8a) over a € (0,m) using W,(t) = Bay1/2(t) — Ba—1/2(t), we obtain

inf {3 (29 A ~1B, (s)— B ‘
2 {Z0m (296)) } =72 = sup mI™! Bn(s) = Bos)

Upon letting |m| — oo, the r.h.s. tends to zero, whereby Z(®) Y (7) follows. O

For n > 0, we construct the .#W-adapted, ZT(V)—Valued process Z(™ by induction
on n, using Lemma 3.3. That is, fixing n > 0, for each a € L, we let Zén) be the
unique solution of (3.11) for F(y, s) = —4(y, Z"~1(s)), assuming Z("~ V) is the .FW-
adapted, J-(v)-valued process satisfying (2.8). For Lemma 3.3 to apply, we indeed have
that F(0,s) = 0, that F(y,s) is .#W-adapted (since Z("~1)(s) is), and that F(.,s) is
uniformly Lipschitz, by (5.1). This yields the unique .# W-adapted, C ([0, c0))-valued
process yASOR

To complete the construction, we show that Z(™ is also Y (7v)-valued. To this
end, we first establish the shift-invariance of Z(™). We say Z : [0,00) — [0, 00)" is

distr

shift-invariant if Z(+) = (Za+i(+))acL := 0:;(Z(+)), Vi € Z.
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Lemma 5.3.  The processes ZO), ..., Z(") | constructed in the preceding, are shift-

movariant.

Proof. This follows from the shift-invariance of the equation (2.5). See [7, proof
of Lemma 5.2] for a complete proof. O

Equipped with Lemma 5.3, we proceed to showing Z("™ € Y (7). To this end, let-
ting 71y ,i5) (¥) = 2ue(ir in) Na(¥) (Where 14(y) is defined as in (2.2)), we will use the
following readily verified identity (c.f. (2.1)) in the proof of Lemma 5.4:

(5.2) Nin,in) (V) = 10 00y (V) = 1005 i) (),

where i_ := (i1 Nig) < iy := (i1 Vi2) and

(5.3) Mg i) (YY) = > 1 -+ 1 N

i€ (i1, 2] 2Y(irsi) i€ (i2,i1] 2Y is.3)

v 7w, ~lw,—
(54) n%l’l,iQ)( ) = n(il’—l'_z)(y(il,ig)?y) + n(il,iz)(y(il,i2)7y)7
z
(5:5) ey =Y _
o i’ € (i4 ,+00) 2(z + y(i,i’))y(i,i’)

Note that the expressions 7, i,)(¥), 7, ;,)(y) and n%‘;’l’m(y) are well-defined for all
y € V(7).

Lemma 5.4. LetZ©, ... ZM with {ZD}!~ C Y. (v) and Z™) € C4([0, 00))F,
be as in the proceeding, we have Z(™ € V(7).

Proof. Let V(i , \(s) = S (i) (ZM(s)). With Z™ € C4 ([0, 00))E, fixing ¢ > 0,
it suffices to show (liminf,, v(g’m)(o,t)) > ~. We achieve this in two steps by

showing
P) | l|irn Vo.m)(s") >~ almost surely, for each fixed s € [0, ];
m|—o0 ’
i1) |1'1YIL? _1)25 Vio.m)(t) =~ almost surely.

i) Fixing s" € [0,], we begin by deriving a lower bound on Vg ,(s'). With
Z(=1(.) > Z™(.) (by Proposition 5.1), by (2.15) we have

—¥a(Z87(5), 2870 (5) 2 Jrrt g — a2V (), 207 (5)) = na (270 (s)),

Inserting this into (2.8b), summing the result over a € (0,m), and dividing both sides
by [m[, with 3~ n) Wa(s) = B (s") — Bo(s'), Zén)([)) =~ and (5.2), we have

1
z{™ (s)

50 Vi () =7+l (Bl = Bols) = / M (2 D(3))ds.
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A8 1im 0 (|71 (B (s") — Bo(s"))) = 0 almost surely, it clearly suffices to show

/7

(5.7) / |m|~ 177(0 m)(Z("_l)(s))ds — 0 almost surely, as |m| — co.
0

With {Zén)(s’ ) tacL being shift-invariant (by Lemma 5.3) and having a finite first mo-

ment (since Z(™ (s') < Z)(s")), by the Birkhoff-Khinchin ergodic theorem, we have

that Vij ) (s") converges almost surely (to a possibly random limit) as |m| — co. Using

this, we further reduce showing (5.7) to showing

/

(5.8) / ] Lk (Z D (s))ds = 0, as [m] — o,
0

where = denotes convergence in law.

We proceed to showing (5.8). This, with (5.4), amounts to estimating nIIW “(y) ==
nIIW *(yz,y), for T:= (0,m) and y = Z(”_l)( ). With Z{" Y satisfying (2.8b), by (3. )
we have that Z" "V (s') < Z{"7(0) + Q%% = v+ Q%*". Combining this with (3.4), w
have

N::sup{V(gTi)(O s'): mEZ}<oo

With 2075 € Yr(3), we have D= inf {V(’;O)l (0,5"),i # 0} > 0. With

- —  Y(0,|m]) lw,+ —  Y(—Iml.0)
77 ,m ( ) ? T] m ( ) = )
©fm) Y Z; Yiimh Uiy OmDY Zl Y(0,0)Y(~ml.)

so by the preceding bounds we then have

/

S oo N
1 lw,F (n—1) / a.s.
(5.9) /0 Im[™ "1, i|m|)(Z (s))ds <s ;_1 GD T [m|NYiD 0, as |m| — oo.

Next, using the shift-invariance of Z("~1) | we have

lw, n—1 distr lw n— Iw, el

Combining this with (5.9) yields

/ Im|™ 17)}‘3’;5%') (Z("_l)(s)>ds =0, as|m|— oc.
0

From this and (5.9) we conclude (5.8), thereby completing the proof of (i).
it) With (7), this is achieved by a continuity estimate based on (3.6). To this end,
partition [0,¢] into j. equally spaced subintervals 0 =ty < ... < t;, = t. For each
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a € L, with zm satisfying (2.8b), we apply (3.6) for Y* = zm. Averaging the result
over a € (0,m), we obtain

(5.10) Vio.m) (ti-15t3) = Vi my (£5) = E0,m) (Q (tj-1)).-

Letting |m| — oo, by (i) and (3.4), we have

Hminf V(G o (tj—1.t5) > v —q(t/js, 1).

|m|—oco —2 "2

Combining this for j = 1,..., j., using the readily verified inequality

liminf f,,,(0,2) > mln{hmlnffm( -1, 15 )}, fm(+) :[0,00) = R,

|m|—o00 j=1 |m|—o0

we thus conclude (liminfj,,—q V(’S’m)(O,t)) > v —q(t/5%,1), almost surely. With j*

being arbitrary, the proof is completed upon letting j* — oo, (whence ¢(t/j*,1) —
0). O

Having constructed the iteration sequence {Z(™},, for z'* = ~, with Z()(.) >
Z+D (L) (by Proposition 5.1), we let Z5°)(t) 1= limy 00 Z5™ (t) > 0 denote the limit-
ing process. We next establish a lower bound on the average spacing of Z(°°).

Lemma 5.5. We have Z(~) ¢ V() almost surely, where

— . L
(511) V() = {¥(-) :[0.00) = [0,00)" : Iminf inf S0, (y(s)) > 7, > 0}.
Proof. Fixing t > 0, we let V3°(s) := B7(Z(*)(s)), and recall that V*(s) :=
¥7(Z™M(s)). As already mentioned in the proof of Lemma 5.4, since Z(™ is shift-

invariant for n € Z~( and (hence) for n = oo, and since each Z{™ as a finite mean for

n € ZsoU{oo} (because Z(>)(s) < Z(©)(s)), by the Birkhoff-Khinchin ergodic theorem,
the limits
V)=l V() V()= m V()
exists almost surely.
As in the proof of Lemma 5.4, we proceed by first proving V°°(s) > « almost surely,
for any fized s € [0,t]. With Zéoo)(s) < Zc(ln)(s) < Z&O)( ) < v+ Q% we have that
{V(6.m)(8)}mez is uniformly integrable, for n € Z>o U {oo}. Consequently, we have

E(V"(s) = Tim E(V{ () = lim E(S0m(Z"(s)) = E(Z{(s)),

Vn € Z>o U {oo}. With Z(n)( )\ Z(OO)( ), we thus conclude E(V"(s)) — E(V>°(s)).
Combining this with V" (s ) > V°(s) >0 (as Z(™(s) > Z*(s) > 0), we further obtain
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that V"(s) — V°°(s) almost surely. By Lemma 5.4, V*°(s) > ~ almost surely, so
V°(s) > ~ almost surely.
Now, letting n — oo in (5.10), we obtain

Vg (ti-15t5) = VS () = Bo,m) (Q (tj-1))-

With this and V°°(t;) > «, the proof is completed by following the same continuity
argument as in the proof of Lemma 5.4 (7). O

Now, we turn to the initial condition y'™® € [y, 0o)* and construct the corresponding

iteration sequence and limiting process.

Lemma 5.6. Let y™™ € [y,00)Y be as in the preceding. There erists a Y (7)-
valued, FW -adapted, decreasing sequence {Y"}nezs, satisfying (2.8). Further, with
Ya(oo)(t) = limy, oo Y™ (t) > 0 denoting the limiting process, we have Y () € V(7).

Proof. To construct such a sequence {Y"},,, as seen from the proceeding construc-
tion of {Z"},,, it suffices to show Y™ ¢ Y (7). This follows directly by induction on n
using Proposition 5.1, which assures Y (+) > Z(")(.). Letting n — oo in the previous
inequality, we obtain Y()(.) > Z()(.), thereby concluding Y () V(7). O

Proof of Proposition 2.5.

Let Y’ be a generic () solution to (1.1) with Y’(0) < y'™. A simple comparison
argument similar to the proof of Proposition 5.1 shows that Y’ < Y (). Further, if
y™ € R7(p), one concludes Y(*) € Rr(p) by comparing Y (> to the Bessel process
Y (© using Lemma 3.1.

With these, it now suffices to show that Y(*) is in fact a Y (7)-valued solution.
To this end, fixing t > 0 and a, € L, we show

(5.12) zgff’)(o,t) >0, almost surely.

With (5.12) and Y(*) ¢ Yo (7), by letting n — oo in (2.8), it is not hard to see that
Y () ¢ Y (7) and that Y (°°) solves (2.5). We give a complete proof of (5.12) and refer
to [7, proof of Proposition 5.6] for the rest of the details.

Fixing a, € Z and t € [0,00), without lost of generality we assume t is small
enough such that ¢(¢,1) < /2, since the general case follows by partition [0,%] into
small enough subintervals. With Ya(") solving an equation of the type (3.5), applying
(3.6) for Y* = Ya(n), we obtain

g(a*,m)(z(n)(07t)) > E(a*,m) (Y(n)(t)) - g(a*,m)(QO(t))'
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Sending n — oo and |m| — oo in order, with Y(°)(t) € Y. (7) and (3.4), we obtain

hmlnf{g(a (Y )(O,t))} >y —q(t,1)> 3.

|m|—o0
From this we obtain some random I* € (a., £00) NZ such that S, ; (Y ) (0,t)) > 2

Vi € (—00,I7] U [IT,00). Combining this with Lemma 4.4 for (iT,i5,iT) = (a. *
1, I*,+00) we J* € (ay, £00) N Z such that

(5.13) h(rt 100y (X (0,1) > 2,

where hz(y) is as in (4.9).

Equipped with (5.13), we proceed to truncating the equation (2.8) at the finite
window J := (J—,JT). To this end, we express (2.8) as a system of finite-dimensional
equations with external forces (i.e. (3.16)), as

Y™ (t) = Y (0) + W, (t)

5.14
(5-14) + 8 / (VM (s), Y™ (s)) + Y (s)Z2*(s))ds, Y a€J,

where the external force Z}*(s) := z**’j(Y(”)(s),Yén_l)(s)) takes the form

A yay) = (e y) - vt y) - e (. y):
With {Y (™} being decreasing, by (3.15) we have
Dy, YO () =0 (5, YU (5)) 2 0, 47 (5, Y D (9)) < 47 (5, Y (s)),

so Z*(s) = —pA (Y (s), Y™ (s)). Further, with ¢A°(y,y) as in (3.12), we have
b3 0, ¥)aly) = =3 Yo Yooy (Yo 5o +00)) 2. Using (5.13), we thus conclude

o0

277(s) 2 2V () 2 3 (i9/2) 7 = > o
i=1
With this, letting Y 1:%2) be the C’+([O 00)) (120" _yalued solution of (3.16) for Z*(s) =
* by Lemma 3.5 we have Y > [0 q Y? € C.([0,00))”. As a, € T, letting n — oo, we
conclude (5.12). O

§ 6. Existence: Proof of Proposition 2.6

Fixing y'" € Y(a, p) and a sequence 1 > v; > 75 > ... — 0, we let YV be as
in Proposition 2.6. Our goal is to show that Y := lim, _,o Y "7 is a Y7 («, p)-valued
solution of (2.5). The key to the proof is the following estimate
(6.1) sup { SUp S0 (YY" (5) — YV7(0))] |mya} < .

]

s€[0,t] ~ m,n€Z
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Indeed, letting n — oo we obtain

sup { sup  |Z(0,m) (YY" (s) — y™)] \m|a} < 00.

s€[0,t] ~ m,n€Z

With y™® € Y(a, p), this implies Y € V7 (a, p). Further, as each of YV satisfies the
equation (2.5), it is not hard (given (6.1)) to pass the equation to the limit n — oo,
whereby showing that Y solves (2.5). That Y is the greatest solution follows directly
from comparison and the fact that each YV is the greatest solution.

The proof of (6.1) is divided into few steps as follows. The first step is to obtain
lower bounds on ) A5, (YV7(s)), the averaged spacing of Y V7 (s) over a certain parti-
tion {Aj ;. }» of L constructed in the following. To the end of estimating ) o YV (s)),
we will frequently use the following lemma.

Lemma 6.1.  Let Y* be a Y -valued solution of (2.5), K C T C K" C L be
nested intervals, and s' < s"” € [0,t]. We have that

S (Y*(s") > (Y*(s) me/ ))ds
(6.2) —BE (1) - \¢ (Qs’

S (Y*(s")) <Sx(Y*(s) vcmu / ))ds
(6.3) + BE(t) + AE (Y* ()
where
(6.4) BE (t) := sup |B;[(0,1), A (y):=

IKNZ| ;exenxc aEK\K

and K’ denotes the closure of K'.

Proof. With Y* satisfying (2.5), this lemma follows from (5.2) and elementary

manipulations. See [7, proof of Lemma 6.1] for a complete proof. O
We now define the partition {A%,k}b- Let m; := [i'/*], for i > 0, and m; := —my;

for i < 0. For any fixed k € Z~, we construct a partition {A%’k}b@ of L by letting

mf = My,

(6.5) Ap ke o= (M s g1 70)s Ay = Api ML

This partition is constructed so that |AH,;’b\ ~ k:(ﬁlfcm 1 /2)1%“. More precisely, with
’A%,k‘ = ﬁlfle/Q - mfb|f1/2 and |y —z] < |y] — 2] < [y —2], Vo <y € [0,00), we
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have

1 l1-a —a
(6.6) ‘A%,H > B ] > L#(mk(wwl/z))l 1,

L l1—a —«
(6.7) Akl S TEZ(10] + 2) = 1 < == (migoi1y2) + D0

With (6.6)(6.7) and 2, , (¥) = | Lae(o.mt

s b+1/2)(y) - ZGE(O mk

£ 1/2) )|, we have

(6.8) B 0,m)(¥) = p| < |,4IL ||y|04,p<|mb+1/2|1 o | 1/2|1 a) < ZlYlaps

where |y|q,, is defined as in (1.6). Hereafter, we assume k € Z is large enough so that
{Ap.r}p is nondegenerated: i.e. Ay # 0, Vb € L. Recall n;"(y) and n¥(y) are defined
as in (5.3)—(5.4).

Recalling the definition of ¢(¢, 1) from (3.4), we begin by establishing the following

preliminary estimate.

Proposition 6.2. Fizt < oo and let T < oo be such that q(1,1) =
ty € [0,t — 7], if there exists some random K, € Z~q such that

400 For any

(6.9) S, (Y(t) > 2L, Ybel, k> K,,

then there exists some other random K € Z~q such that

(6.10) B, (Y(8)) 2

Mlb

Vs € [te,te + 7], beL, k> K,V K.

Proof. The proof is fairly technical. Here we give a sketch of the proof, and refer
to [7, proof of Proposition 6.2] for the details.

Fixing arbitrary n € Zso, we let Sy := inf{s > t, : ¥4, , (YY" (s)) < 5§} and
Ty := (t« +7) A (infper, Sp ). With Y (¢) := lim, o Y7 (¢), proving (6.10) amount to
constructing K € Z~q such that T, = t, + 7, for all kK > K. However, as T} involves
infinitely many Ay 1, b € L, it is not even clear, a-priori, whether T}, > t,. We circumvent
this problem by truncating {As i }» as follows. Consider the XT(yn)—valued solution Z,,
of (2.5) starting from (..., v, Vn,-.-.), given by Proposition 2.5. With Z,, being shift-
invariant (by Lemma 5.3), we have lim|,,|— o0 ¥(0,m)(Zn) = Zn > 0. Hence, given
arbitrarily large £ € Z, there exists M’ € [¢,00) NZ such that so ¥4/ 1+,,)(Z(0,1)) >
% .= Z! for all |m| > M’. Now, applying Lemma 4.4 for (iT,iF,if) = (££, £M’, +00),
we obtain My € [+{,+00) N Z such that

With this, we then consider the truncated partition

(6.12) {bel: Ay C(M_,My)}y=:(J_,Jy)NL, J_<Jy€Z,
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and define the analog of T, as Tj, = (t, + 7) A (infye(s_,7.) Sb,k). Instead of proving
Ty = t« + 7, we prove Ty = t, + 7 for all large enough ¢ (which yields T} = ¢, + 7 upon
letting ¢ — o0).

Suppose the contrary: Ty < t. + 7. As each of Y, Y7 (s) is continuous, we must
have ¥4, , (YY" (Ty)) = £, for some Ap, ; within the truncation (6.12). Now, letting
K=Ap, rand K' = A, 1 UAB, k UApB, +1.%, we then applying (6.2) for this (I, K’)
(for some Z to be specified latter) to derive a contradiction. This is done by showing
that the last three terms in (6.2) are made arbitrarily small by choosing K € Z~( large
enough and 7 small enough. By (6.6)—(6.7), we have

(6.13) |Apey il /|| <16, Wb EL, k € Zso.

Using this and (6.6), it is standard to show that such that the last two terms in (6.2)
can be made arbitrarily small, Vk > K, for some large enough K € Z-( and ¢(7,1)
small enough. See [7, proof of (6.18), (6.19)] for details. Next, turning to bounding
the interaction term in (6.6), we use the continuity of each Y, (s) to obtain that
X4y, (XYY (T},)) > £, for all Ay, within the truncation (6.12). Further applying the
continuity estimate (3.6) for Y* = Y’ it is not hard to show that, by choosing
K € Z~ large enough and 7 small enough, we have

(6.14) Sa,, (YY" (ty, 1)) > £, VA € the truncation (6.12).

For |B,—M%*| > 2 (i.e. Ap, j sitting in the ‘interior’ of the truncation (6.12)), combining
(6.14) with Lemma 4.4, we obtain some Ifg* € Ap,+1 such that the interaction from
gaps within (J_, Jy) \ (Ig*,f‘g*) is well under control. Taking into consideration the
case | B, — M*| < 2, we let

;o) itBer2<Jy, g i Ba-2>J,
T M, , otherwise, ~ ] M_ , otherwise,

and let Z := (I_,I;). As mentioned in the preceding, the interaction from (J_,J;) \
(g, I} ) is well under control, so it remains to control the interaction from (J_, J; )¢
. We do this by using (6.11). Even though this control seems to deteriorate when Z;,
is small, with Z! being independent of ¢/, we can always compensate this damage by
letting £ — oo. This is seen by considering the two cases where Ap, j is far from or
close to the ‘boundaries’ M. For the former case the influence of (J_, J;)¢ on Ap, &
decays as |J; — J_| — o0, as the influence is ‘mediated’ by all the gaps within (J_, J ).
For the latter case the i factor multiplying the interaction term decays because

Tz
lmyp) 00 [Abk| = 00 O

Equipped with Proposition 6.2, we proceed to proving the following uniform density

estimate.
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Proposition 6.3.  For any t > 0, there exists some K € Z~q, such that

(6.15) Y4,,.(Y(s) > 5, Vse[0,t], bel,n€ Zso, k> K.

Proof. By (6.8) we have ¥4,,(Y(0)) > p — ck~'. Hence for all large enough
ki k> ko = ko(p,y™), we have ¥ 4,,(Y(0)) > %, Vb € L. With this and 7 as in
Proposition 6.2, applying Proposition 6.2 for ¢, = 0 and K, = ko, we conclude (6.15)
if ¢ < 7. To progress to t > 7, we show that, actually, ¥4, ,,(Y(7)) > i—p, for k
further chosen large enough. Recall that we prove Proposition 6.2 by making the last
three terms in (6.2) arbitrarily small by choosing K large enough and 7 small enough.
Upon letting K further larger (but keep 7 fixed), we have that the interaction term
and the Brownian term becomes smaller, but the last term @’g may stay bounded away
from zero, because the estimate (6.13) does not improve as k — oo. This problem is
resolved by changing k — k¢, which corresponds to grouping ¢ consecutive intervals
of {Ap}p to form a new, coarser, partition {Ap r¢}p. Fixing arbitrary Ajp ke, we let
Agp = Ag(bil /2)+1/2,k denote the neighboring ‘small’ intervals, and form the spliced
interval A" := A_ UAp ke UAL. Let Z' be such that Ap ke CZ' C A’. With such interval
7’ replacing T, we have that | A% |/| A} | — 0 as £ — oo, uniformly in b € L. With
this improvement, we obtain that 3 4, ,, (Y (7)) > 32 for all n € Z=o, k > ko V K and
some {1 = {1(p), which then allows us to apply Proposition 6.2 for K, = ¢1(koV K) and
t. = 7. Iterating the preceding procedure i, := [t/7] times, we conclude (6.15). O

Proof of (6.1). Here we give a sketch of the proof, and refer to [7, proof of
Lemma 6.4] for the details.

Without lost of generality we assume ¢(t,1) < Combining Proposition 6.3 and

100°
the continuity estimate (3.6), we obtain

(6.16) Ap (Y (s)) > &, YeZ, k>K, sel0,t,

for some K € Z-o. Fix m € Z and let b, be such that m € (mg(_l/Q,mb +1/2)
Combining (6.16) with Lemma 4.4, we obtain Ib w € Apr such that the interaction
from outside of (1, k,[;,r ) is well under control. Using this in (6.2)(6.3) yields the
desired estimate of |Eg (YY" (s)) — e (YY" (0))], for 2 of the form 2A = (I;K, I;K).
This estimate is turned into estimate for A = (0, m) by comparing the difference of
Y A(YV7(s)) for A= (I;K,I;“K) and for A = (0,m) at the ‘boundaries’ A, 5 x and
Ab*,K- ]
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