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Abstract

We study an example of parametric Stokes phenomena of higher order linear ODEs with
a large parameter, taking (1,4)‐hypergeometric equation as a concrete example. Parametric
Stokes phenomena occur when degenerate configuration of Stokes curves appears and degener‐
ate configuration of Stokes curves of higher order equations is described by bidirectional binary
trees (which we call “Stokes trees” for short) introduced by Honda. In this paper we investi‐
gate the situation where a Stokes tree with three edges appears and present an explicit formula
describing the parametric Stokes phenomenon in this situation.

§1. Introduction and result

In this paper, we study parametric Stokes phenomena of higher order linear ODEs

with a large parameter, taking (1, 4)‐hypergeometric equation as a concrete example.
The equation we consider is a linear ODE with a large parameter  \eta of the following

form

(1.1)  [ \frac{d^{n}}{dx^{n}}+a_{1}(x)\eta\frac{d^{n-1}}{dx^{n-1}}+\cdots+a_{n}(x)
\eta^{n}]\psi=0.
This equation has a WKB solution

(1.2)   \psi=\exp(\int^{x}Sdx) ,
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Figure 1. Stokes geometry of the Weber equation with  E>0.

with  S  =  S(x, \eta)  =  S_{-1}(x)\eta+S_{0}(x)+S_{1}(x)\eta^{-1}  +\cdots , where  S_{-1} is a characteristic

root  \xi_{j}(x)  (j=1,2, \ldots, n) satisfying the characteristic equation

(1.3)  \xi^{n}+a_{1}\xi^{n-1}+\cdots+a_{n}=0.

Once we fix  S_{-1} , then  S_{0},  S_{1} , . . . are determined uniquely. We denote  S with  S_{-1}  =

 \xi_{j}(x) by  S^{(j)} . An (ordinary) turning point of type  (k, l) is a point  t at which  \xi_{k}(t)=\xi_{l}(t)
holds, and an (ordinary) Stokes curve of type  (k, l) is a curve defined by  {\rm Im} \int_{t}^{x}(\xi_{k}  -

 \xi_{l})dx=0 , where  t is a turning point of type  (k, l) . Further we say that the Stokes curve

is of type  k>l if  {\rm Re} \int_{t}^{x}(\xi_{k}-\xi_{l})dx>0 holds on it.

In the case  n=2 , if the Stokes geometry is degenerate, i.e., if there is a Stokes curve

connecting a pair of turning points (such a Stokes curve is sometimes called a Stokes
segment), a Stokes phenomenon occurs with WKB solutions according as a parameter
moves.

Example 1.1 (Weber equation). The Weber equation with a large parameter  \eta

(1.4)  [ \frac{d^{2}}{dx^{2}}-\eta^{2} (E-\frac{x^{2}}{4})]\psi=0
has a Stokes segment if  E  >  0 (Figure 1). This degeneration is resolved by adding
a small imaginary part to the parameter  E . If  {\rm Im} E  <  0 , we have Figure 2, and  i

 {\rm Im} E  >  0 , Figure 3. Related to this change of geometry, a Stokes phenomenon occurs

with WKB solutions; Let a point  x_{0} and a domain  D be as in Figure 1. We place branch

cuts (wavy lines) and fix the branch of  \xi_{j} ’s so that the dominance relations are given
as in Figure 1. Define  \psi_{j}  := \exp\int_{x_{0}}^{x}S^{(j)}dx and denote by  \Psi_{j}^{(\pm)} the Borel sum of  \psi_{j} in
 D for  \pm{\rm Im} E  >  0  (j = 1,2) . Then, after the analytic continuation to a neighborhood

of  {\rm Im} E=0 , they satisfy the following relation:

(1.5)  \{\begin{array}{ll}
\Psi_{1}^{(-)}   = [1-\exp (\int_{\gamma_{0}} Sdx)] \Psi_{1}^{(+)}
\Psi_{2}^{(-)}   = [1-\exp(\int_{\gamma_{0}}Sdx)]^{-1}\Psi_{2}^{(+)}
\end{array}
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Figure 3. Stokes geometry of the We‐

ber equation with  {\rm Re} E>  0,  {\rm Im} E>
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Figure 4. Path  \gamma_{0} and the branch of  S on it.

(cf. [14], [5], [13]), where the path  \gamma_{0} and the branch of  S on it are given in Figure 4.
The branch of  S is  S^{(1)} on the upper‐half part and  S^{(2)} on the lower‐half part. One

important point here is that such a parametric Stokes phenomenon occurs with a WKB

solution whose path of integration crosses a Stokes segment in question. As a matter

of fact, in the case of (1.5) a path of integration for  \psi_{j} is a path connecting  x_{0} and  x

in the region  D , which crosses a Stokes segment  [-2\sqrt{E}, 2\sqrt{E}] . On the other hand, if a

path of integration does not cross a Stokes segment, no parametric Stokes phenomenon

occurs. For example,   \exp\int_{\gamma_{0}} Sdx, which appears in Formula (1.5), is known to be Borel
summable near the positive real axis  \{E \in \mathbb{C} {\rm Im} E = 0, {\rm Re} E > 0\} and no Stokes

phenomenon occurs with it.

Remark. In many cases, the formula (1.5) is represented in terms of  S_{odd}  :=

 (S^{(1)}-S^{(2)})/2 :

(1.6)  \{\begin{array}{ll}
\Psi_{1}^{(-)}   = [1+\exp(-2\int_{-2\sqrt{E}}^{2\sqrt{E}}S_{odd}dx)] \Psi_{1}^{
(+)}
\Psi_{2}^{(-)}   = [1+\exp(-2\int_{-2\sqrt{E}}^{2\sqrt{E}}S_{odd}dx)]^{-1}
\Psi_{2}^{(+)} 
\end{array}
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Here, 2   \int_{-2\sqrt{E}}^{2\sqrt{E}}S_{odd}dx is interpreted as the integral along  \gamma_{0} with the integrand being

 (S^{(1)} -S^{(2)})/2 on the lower‐half part and  (S^{(2)} -S^{(1)})/2 on the upper‐half part. The

relation between (1.6) and (1.5) is discussed in A.1.

When discussing higher order  (n\geq 3) equations, we need the so‐called new Stokes

curves ([4]) which emanate from virtual turning points ([2], [10]). Due to this, we
encounter more complicated degeneration.

Example 1.2.

(1.7)  ( \frac{d^{3}}{dx^{3}}+\frac{2}{3}c\eta\frac{d^{2}}{dx^{2}}+\frac{1}{3}
x\eta^{2}\frac{d}{dx}-\frac{\alpha}{3}\eta^{3})\psi=0,
where  c and  \alpha are complex constants. This is the restriction of the (1, 4)‐hypergeometric
system ([12])

(1.8)  \{\begin{array}{l}
(\frac{\partial^{3}}{\partial x_{1}^{3}}+\frac{2}{3}x_{2}\eta\frac{\partial^{2}}
{\partial x_{1}^{2}}+\frac{1}{3}x_{1}\eta^{2}\frac{\partial}{\partial x_{1}}-
\frac{\alpha}{3}\eta^{3})\psi=0
(\eta\frac{\partial}{\partial x_{2}}-\frac{\partial^{2}}{\partial x_{1}^{2}})
\psi=0
\end{array}
to the first variable  x_{1}(=:x) . As is discussed in [7], we need several new Stokes curves
emanating from virtual turning points to obtain its complete Stokes geometry. For

example, when  c  =  3 and  \alpha  =  (100/9)  -6i , the Stokes geometry of (1.7) is given in
Figure 5, where two virtual turning points and new Stokes curves emanating from them

appear. (An inert portion of a new Stokes curve is drawn by a dotted line there.) All
WKB solutions of (1.7) are expected to be Borel summable except on these Stokes
curves including (active portions of) new Stokes curves.

Now, if we change the parameter  \alpha , we encounter the following degenerate config‐

uration of Stokes curves peculiar to higher order equations: Let  c=  0 and  \alpha  \in  i\mathbb{R}_{<0}.

Then the Stokes geometry of (1.7) become the one given in Figure 6. We see that three
ordinary simple turning points are connected with three virtual turning points by Stokes

curves simultaneously. These three Stokes curves connecting simple turning points and

virtual turning points cross at one point, and the three solid portions of Stokes curves

between simple turning points and the unique crossing point form a tree consisting  0

three edges. This is an example of “bidirectional binary trees” introduced by Honda in

his study of linear differential equations associated with Noumi‐Yamada systems ([8], cf.
[10, Chapter 2] also). In this paper we call it a “Stokes tree” for short. The appearance
of Stokes trees can be considered as degeneration of Stokes curves peculiar to higher

order equations.

Remark. A Stokes segment can be regarded as a special case of Stokes trees. I

we regard a Stokes segment as the simplest example of Stokes trees, the Stokes tree
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Figure 5. Stokes geometry of (1.7) with  c=3,  \alpha=  (100/9)-6i . This is equivalent to
that of [2, Example 2.5] by change of variables  \psi=e^{-2cx\eta/9}\varphi,  x=-18z-14.

 t_{31}

 2> 1 \overline{t_{12}}
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Figure 6. Stokes geometry of Equation (1.7) with  \alpha\in i\mathbb{R}_{<0}.
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Figure 7. Stokes geometry of Equation (1.7) with  {\rm Re}\alpha<0,  {\rm Im}\alpha<0.

appearing in Figure 6 is the second simplest one. There are more complicated Stokes

trees involving more than three edges. See [9] and [8] for more details.

The Stokes tree in Figure 6 is resolved by adding a small real part to the parameter
 \alpha . The Stokes geometry for  {\rm Re}\alpha  <  0 is given in Figure 7, and that for  {\rm Re}\alpha  >  0 in

Figure 8. Comparing Figures 7 and 8, we find the configuration of solid portions of new

Stokes curves abruptly changes. In parallel to the case of Stokes segments discussed in

Example 1.1, due to this abrupt change of the Stokes geometry, we can expect that a

parametric Stokes phenomenon should occur with a WKB solution of (1.7) whose path
of integration crosses the Stokes tree in question. The aim of this paper is to analyze

explicitly such a parametric Stokes phenomenon relevant to the Stokes tree. To be more

specific, let a point  x_{0} and a domain  D be as in Figure 6, and consider WKB solutions

 \psi_{j}  := \exp\int_{x_{0}}^{x}S^{(j)}dx  (j = 1,2,3) of (1.7). Letting  \Psi_{j}^{(\pm)} denote the Borel sum of  \psi_{j} in
 D for  \pm{\rm Re}\alpha>0 , we then find that the following formula similar to (1.5) holds in this
case:

(1.9)  \{\begin{array}{ll}
\Psi_{1}^{(-)}   = [1-\exp (\int_{\gamma} Sdx)] \Psi_{1}^{(+)}
\Psi_{2}^{(-)}   = [1-\exp (\int_{\gamma} Sdx)]-1_{\Psi_{2}^{(+)}}
\Psi_{3}^{(-)}   =\Psi_{3}^{(+)}
\end{array}
holds, where the path  \gamma and the branch of  S on it are as given in Figure 9. Note that

the path of integration for  \psi_{j} crosses one of the edges of the Stokes tree in question,

that is, the edge of type (1, 2). As the path of integration for  \psi_{j} crosses the edge  0

type (1, 2), a parametric Stokes phenomenon occurs only with  \psi_{1} and  \psi_{2} , not with  \psi_{3}.

In the subsequent section, assuming the Borel summability of WKB solutions whose
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Figure 8. Stokes geometry of Equation (1.7) with  {\rm Re}\alpha>0,  {\rm Im}\alpha<0.
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Figure 9. Path  \gamma and the branch of  S on it.
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path of integration does not cross the Stokes tree in question, we explain the derivation

of Formula (1.9). A key point of discussion is the abrupt change of the Stokes geometry
between Figures 7 and 8. In particular, the computation of Stokes coefficients on new

Stokes curves plays an important role in the derivation.

Remark. Although in this paper we deal with Equation (1.7) only for the sake  0

definiteness, the derivation explained in the subsequent section is valid for more general

equations where a Stokes tree of the same type appears.

Remark. It is reasonable to assume the Borel summability of WKB solutions

whose path of integration does not cross the Stokes tree, since it is verified for second

order equations (with replacing “Stokes tree” by “Stokes segment” ; cf. [11]) and further
Figures 6‐8 are considered to give a complete Stokes geometry of Equation (1.7). How‐
ever, to verify the validity of this assumption for general equations is one of the most

important open problems in the exact WKB analysis of higher order equations.

§2. Derivation of Formula (1.9)

Here we verify the derivation of the formula (1.9) for  \psi_{1} only. To this aim, we start
with the Borel sums  \hat{\Psi}_{1}^{(\pm)} of a WKB solution  \psi_{1} near  x  =  x_{0} and  \alpha  =  \pm\epsilon-i with  \epsilon

being a small positive number, and calculate their analytic continuations to the domain
 D.

In Figures 7 and 8 Stokes coefficients attached to each Stokes curve are denoted

by  c^{(\pm)} and  d^{(\pm)} . For example, when  x moves across the Stokes curve to which  d^{(-)}

is attached in Figure 7,  \psi_{1} changes as  \psi_{1}  \mapsto  \psi_{1}  +d^{(-)}\psi_{2} . Using such a connection

formula repeatedly, we obtain the analytic continuations of  \hat{\Psi}_{1}^{(\pm)} to  D . For example,

taking Figure 7 into account, we obtain

(2.1)  \hat{\Psi}_{1}^{(-)} =\Psi_{1}^{(-)}+d^{(-)}\Psi_{2}^{(-)},

and similarly, in view of Figure 8, we obtain

(2.2)  \hat{\Psi}_{1}^{(+)} =(1+c^{(+)}d^{(+)})\Psi_{1}^{(+)}+d^{(+)}\Psi_{2}^{(+)}.

Now we try to make (2.1) and (2.2) more concrete by using the explicit form  0

the connection formula for WKB solutions of a higher order equation (1.1) when one
crosses an ordinary Stokes curve emanating from a simple turning point. Let  t be a

simple turning point of type  (k, l) and  C be an ordinary Stokes curve of type  k  >  l

emanating from  t (Figure 10). For WKB solutions  \phi_{j}  =   \exp\int_{p}^{x}S^{(j)}dx  (j = 1,2,3)
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Figure 10. A simple turning point  t and an ordinary Stokes curve  C of type  k>l.

 \gamma_{t}
 k>l

 S^{(k)}

 S^{(l)}
 p

Figure 11. Path  \gamma_{t} for the connection formula and the branch of  S on it.

which are normalized at a point  p , the following connection formula holds as  x crosses
 C (Figure 10):

(2.3)  \{\begin{array}{l}
\phi_{k}\mapsto\phi_{k}-e^{\int_{\gamma}Sdx}t\phi_{l}
\phi_{j}\mapsto\phi_{j} (j\neq k)
\end{array}
where  \gamma_{t} is a path which starts and ends at  p with rounding  t counterclockwise once.

Here the branch of  S on  \gamma_{t} is taken so that  S  =  S^{(k)} at the beginning and  S  =  S^{(l)}

at the end (Figure 10). For the reader’s convenience, we outline how this formula is
deduced in A.2. By using this formula, we have

(2.4)  c^{(\pm)} = \exp(\int_{\gamma_{c}}Sdx) ,

where  \gamma_{c} is a path rounding  t_{12} and the branch of  S on it begins with  S^{(2)} and ends
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Figure 12. Path  \gamma_{c} for the Stokes coefficients  c^{(\pm)}.

with  S^{(1)} . (Cf. Figure 12. Here, as is shown in Figure 6,  t_{12} denotes the turning point
where the branch cut of type (1, 2) emanates.)

To determine  d^{(\pm)} , we recall the determination of the Stokes coefficients on new

Stokes curves. The new Stokes curve to which  d^{(\pm)} is attached appears from a crossing

point of two ordinary Stokes curves specified in Figure 13. Therefore, if we write the

Stokes coefficients for the ordinary Stokes curves by  a^{(\pm)} and  b^{(\pm)} , we have

(2.5)  d^{(\pm)} =-a^{(\pm)}b^{(\pm)}.

This formula (2.5) is derived by the single‐valuedness argument around the crossing
point in question ([2],[10]). Due to the connection formula (2.3),  a^{(\pm)} and  b^{(\pm)} are
described as

(2.6)  a^{(\pm)}  =\exp (   \int_{\gamma_{a}} Sdx) ,
(2.7)  b^{(\pm)} = \exp(\int_{\gamma_{b}}Sdx) ,

where  \gamma_{a} and  \gamma_{b} are as given in Figure 14. (The branch of  S on  \gamma_{a} and  \gamma_{b} are also
specified there.) Therefore we obtain

(2.8)  d^{(\pm)}  =-\exp (   \int_{\gamma_{d}} Sdx) .
Here  \gamma_{d} is a path rounding t31 and t23 where the branch cuts of type (3, 1) and (2, 3)
respectively emanate (cf. Figure 15 and Figure 6).
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Figure 13. A new Stokes curve appearing from a crossing point of two ordinary Stokes
curves.
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(2, 3)

Figure 14. Path  \gamma_{a} and  \gamma_{b} for the Stokes coefficients  a^{(\pm)} and  b^{(\pm)}.
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Figure 15. Path  \gamma_{d} for the Stokes coefficients  d^{(\pm)} and the branch of  S on it.

Thus the results of analytic continuation become

(2.9)  \hat{\Psi}_{1}^{(-)} =\Psi_{1}^{(-)}-e^{\int_{\gamma_{d}}Sdx}\Psi_{2}^{(-)},
(2.10)  \hat{\Psi}_{1}^{(+)}  =  (1-e^{\int_{\gamma}} Sdx  )\Psi_{1}^{(+)}-e^{\int_{\gamma_{d}}Sdx}\Psi_{2}^{(+)}.

Now we compare these two equalities. Since  \psi_{1} is normalized at  x  =  x_{0} and its

path of integration does not cross the Stokes tree in question (or any Stokes curve) near
 x=x_{0} , we may assume that  \psi_{1} is Borel summable near  x=x_{0} and  \alpha=-i , i.e.,

(2.11)  \hat{\Psi}_{1}^{(-)} =\hat{\Psi}_{1}^{(+)}.

Therefore the left‐hand sides of (2.9) and (2.10) are equal to each other. Next we
consider  e^{\int_{\gamma_{d}}Sdx}\psi_{2} . We note that

(2.12)   e^{\int_{\gamma_{d}}Sdx}\psi_{2}=\exp (   \int_{\gamma_{d,2,x}} Sdx)
holds, where  \gamma_{d,2,x} is a path given in Figure 16.

Then we use the fact that the integral of  S along a path rounding a simple turn‐

ing point counterclockwise twice is   \int Sdx  =  -\pi i (cf. Lemma A.1.2), and consider
 -e^{\int_{\gamma_{d}}Sdx}\psi_{2} instead (minus sign is added). This is given by integral of  S along a path
given in Figure 17(a). Deforming the path rounding  t_{12} (Figure  17(b) ), we have five
segments connecting  x_{0} and  x (  l_{1} , l2, . . . , l5, in order from the left). After several cancel‐
lations such as   \int_{l_{1}}S^{(2)}dx+\int_{l_{2}}S^{(2)}dx=0 , we obtain Figure 17(c). Now the path does

not cross the Stokes tree, and so we may assume that  e^{\int_{\gamma_{d}}Sdx}\psi_{2} is Borel summable on
 D and near  \alpha=-i , i.e.,

(2.13)  d^{(-)}\Psi_{2}^{(-)} =d^{(+)}\Psi_{2}^{(+)}.
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 x_{0}
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Figure 16. Path  \gamma_{d,2,x} and the branch of  S on it.

Therefore the second term in right‐hand side of (2.9) is equal to that of (2.10). Combin‐
ing this with (2.11), we find that the first term of the right‐hand side of (2.9) coincides
with that of (2. 10);

(2.14)  \Psi_{1}^{(-)}  =  (1-e^{\int_{\gamma}} Sdx  )\Psi_{1}^{(+)}.
Thus we have obtained the formula (1.9) for  \psi_{1}.

§A.1. Some integral formulas around a simple turning point

We consider a second order equation

(A. 1. 1)  ( \frac{d^{2}}{dx^{2}}-\eta^{2}Q(x))\psi=0.
Let  t be a simple turning point of (A.1.1) and consider the contour integral   \oint S_{even}dx
around  t , where  S_{even}  :=  (S^{(1)}+S^{(2)})/2.

Lemma A.1.1.

(A. 1.2)   \oint S_{even}dx=-\pi i/2.
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Figure 17. Deformation of path  \gamma_{d,2,x}.
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Proof. First we note that  S_{even}=- \frac{1}{2}\frac{d}{dx}\log S_{odd} holds. Therefore

(A. 1.3)  S_{even}=- \frac{1}{2}\frac{d}{dx}\log S_{odd}
(A. 1.4)  =- \frac{1}{2}\frac{d}{dx}\log  [ \eta\sqrt{Q}(1+\frac{S_{odd}-\eta\sqrt{Q}}{\eta Q})]
(A. 1.5)  =- \frac{1}{2}\frac{d}{dx}\log\sqrt{Q}-\frac{1}{2}\frac{d}{dx}\log(1+
\frac{S_{odd}-\eta\sqrt{Q}}{\eta\sqrt{Q}}) .

Here  (S_{odd}-\eta\sqrt{Q})/\eta\sqrt{Q} is single‐valued around  t , and hence the second term vanishes

after the integration. Since  t is a simple zero of  Q , we obtain the result.  \square 

Lemma A.1.1 leads to

(A. 1.6)   \exp(\int_{\gamma_{0}}S_{even}dx)  =-1

for the Weber equation, and hence we find the relations (1.5) and (1.6) are equivalent.
Lemma A.1.1 is applicable also to the Voros connection formula ([14]): as  x crosses

counterclockwise a Stokes curve of type  k>l emanating from  t , the following connection
formula holds.

(A. 1.7)   \psi_{k}\mapsto\psi_{k}+i\exp(\int_{\gamma_{t}}S_{odd})\psi_{l},
where  \psi_{j} ’s are WKB solutions normalized at a point  p and  \gamma_{t} is a path given in Figure

11. In view of Lemma A.1.1, this formula can be described also as

(A. 1.8)   \psi_{k}\mapsto\psi_{k}-\exp(\int_{\gamma_{t}}S)\psi_{l},
where the branch of  S is  S^{(k)} at the beginning of  \gamma_{t} and  S^{(l)} at the end.

Next we consider an integral of  S around a simple turning point.

Lemma A.1.2.

(A. 1.9)   \int Sdx=-\pi i,
where the integral is done along a path rounding  t counterclockwise twice (Figure 18 .

Proof. Since  S_{odd}  :=(S^{(1)}-S^{(2)})/2 is of the form

(A. 1.10)  S_{odd}=(x-t)^{1/2}f(x, \eta)

with a function  f single‐valued around  t,  S_{odd} vanishes after the integration. Therefore

only  S_{even} contributes the integral. In view of Lemma A.1.1, we obtain   \int Sdx  =

 -\pi i.  \square 



178 Shinji Sasaki

 \ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}  t t

Figure 18. A path rounding a simple turning point counterclockwise twice.

§A.2. Outline for derivation of the connection formula (2.3)

The connection formula (2.3) is explicitly calculated for a third order equation
(actually a holonomic system) in [6]. Here, for the reader’s convenience, we outline how
this is deduced from the results of [2], [1] and [3].

We consider a third order equation

(A.2.1)   H\psi  :=  [ \frac{d^{3}}{dx^{3}}+a(x)\eta^{2}\frac{d}{dx}+b(x)\eta^{3}]\psi=0.
Let  \xi_{1}(x) ,  \xi_{2}(x) ,  \xi_{3}(x) be characteristic roots of (A.2.1) and assume that (A.2.1) has a
simple turning point at  x=t of type  (k, l) . For this equation, the following holds:

Theorem A.2.1 ([2, Theorem 1.4]). Near the turning point  t , there exist Bore
transformable series  L(x,  \eta)=\sum_{n=0}^{\infty}L_{n}(x)\eta^{-n},  M(x,  \eta)=\sum_{n=0}^{\infty}M_{n}(x)\eta^{-n} and  N(x, \eta)=
  \sum_{n=0}^{\infty}N_{n}(x)\eta^{-n} with holomorphic coefficients  L_{n}(x) ,  M_{n}(x) and  N_{n}(x)  (n=0,1,2, \ldots)
such that the following decomposition holds:

(A.2.2)  H=  ( \frac{d}{dx}-L(x, \eta)\eta)  ( \frac{d^{2}}{dx^{2}}+M(x, \eta)\eta\frac{d}{dx}+N(x, \eta)\eta^{2}) .

Here the second order operator  H_{2}  :=  (d^{2}/dx^{2})+M(x, \eta)\eta(d/dx)+N(x, \eta)\eta^{2} has  \xi_{k}
and  \xi_{l} as its characteristic roots.

We first note that a WKB solution  \phi_{j}  =   \exp(\int_{p}^{x}T^{(j)}dx) to   H_{2}\phi  =  0 in which

 T^{(j)}(x, \eta)  =  \tau_{-1}(x)\eta+T_{0}+T_{1}(x)\eta^{-1}  +\cdots starts with  \xi_{j} (i.e.  \tau_{-1}  =  \xi_{j} ) is a WKB
solution to the third order equation  H\psi=0  (j =k, l) . For the equation  H_{2}\phi=0 , we

can apply the transformation theory to the Airy equation (cf. [1],[3]): Let  T_{odd}(x, \eta) be
the odd part of the solution for the Riccati equation associated with  H_{2}\phi=0 . Then

(A.2.3)  \varphi_{j}  :=   \frac{1}{T_{odd}}\exp  [ \int_{t}^{x} (\pm T_{odd}-\frac{1}{2}M\eta) dx]  (j=k, l)

are WKB solutions to  H_{2}\phi=0 . (cf. [2, (1.24)]) Here plus sign is for  j  =k and minus
for  j=l . For the Borel transform  \varphi_{j,B}(x, y) of  \varphi_{j} , the following holds.
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Theorem A.2.2 ([2, Theorem 1.8]). On a small neighborhood of  (t, 0)  \in  \mathbb{C}_{x}  \cross

 \mathbb{C}_{y},  \varphi_{j,B}(x, y)  (j=k, l) have singularities only along  R_{k} ∪  R_{l} , where  R_{j}  =\{(x, y)  |y=

 - \int_{t}^{x}\xi_{j}dx\}  (j = k, l) . Furthermore the singular part of  \varphi_{k,B}(x, y) (resp.,  \varphi_{l,B}(x, y) )
along  R_{l} (resp.,  R_{k} ) coincides with  i\varphi_{l,B}(x, y)  (resp.,  -i\varphi_{k,B}(x, y)) .

If we assume Borel summability of the transformation, this leads to the connection

formula for  \varphi_{j}  (j = k, l) : When we go across counterclockwise a Stokes curve of type
 k>l emanating from  t,

(A.2.4)  \{\begin{array}{l}
\varphi_{k}\mapsto\varphi_{k}+i\varphi_{l}
\varphi_{j}\mapsto\varphi_{j} (j\neq k)
\end{array}
Then we compare  \varphi and  \phi at  x=p to obtain connection formula for  \phi . By substituting

 x=p , we have

(A.2.5)  \varphi_{j}(p, \eta)=   \frac{1}{\sqrt{T_{odd}(p,\eta)}}\exp  [ \int_{t}^{p} (\pm T_{odd}-\frac{1}{2}M\eta) dx] ,

(A.2.6)  \phi_{j}(p, \eta)=1.

Therefore we have

(A.2.7)  \{\begin{array}{l}
\phi_{k}\mapsto\phi_{k}+i\exp(\int_{\gamma_{t}}T_{odd}dx)\phi_{l}
\phi_{j}\mapsto\phi_{j} (j\neq k)
\end{array}
where  \gamma_{t} is a path starting from  p , rounding  t counterclockwise and ending at  p (Figure
11). Finally we take into account the integral of  T_{even} along  \gamma_{t} (cf. Lemma A.1.1) to
obtain

(A.2.8)  \{   \phi_{k}\mapsto\phi_{k}-\exp(\int_{\gamma_{t}}Tdx)\phi_{l}
 \phi_{j}\mapsto\phi_{j}  (j\neq k)

Since  \phi^{(j)\prime}s are solutions to the third order equation  H\psi=0 and  T^{(j)\prime}s are solutions to

the nonlinear equation associated with  H\psi=0 , (A.2.8) means the connection formula
(2.3).
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