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Parametric Borel summability for semilinear partial
differential equation

By

Masafumi YOSHINO*

Abstract

In [1], Balser and Kostov studied the parametric Borel summability for a system of or-
dinary differential equations of Fuchsian type. They noted that a certain Diophantine phe-
nomenon enters in the summability. In fact, they showed, by a counter example, that a
Diophantine condition is necessary in general for the parametric Borel summability. In this
paper we shall show the parametric Borel summability for a first order semilinear partial dif-
ferential equation as well as an ordinary differential equation which does not necessarily satisfy
Balser-Kostov’s Diophantine-type condition.

§1. Introduction

In 2002, Balser and Kostov showed the parametric Borel summability for a first
order system of ordinary differential equations under a certain Diophantine type condi-
tion for eigenvalues of the linear part. (cf. [1]). They also showed that such a condition
is necessary in general. On the other hand, in [2] it was shown that the Diophan-
tine phenomena do not appear in the case of an irregular singular ordinary differential
equations.

In our preceding paper [3] we proved the parametric Borel summability for a first
order semilinear system of partial differential equations of Fuchsian type under the con-
dition similar to Balser-Kostov’s one. In this paper, we shall study the case where the
Diophantine type condition for the eigenvalues of the linear part is not satisfied. (cf.
[1]). Because the Borel summability without Balser-Kostov’s condition does not hold in
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general, we need to restrict the class of functions which we use in proving the summabil-
ity. In fact, we introduce the class of functions whose Borel transforms are holomorphic
and of exponential growth in some direction as well as in its antipodal direction. Then
we show the parametric Borel summability for a Fuchsian semilinear partial differential
equation which does not satisfy Balser-Kostov’s condition. We remark that the summa-
bility in such a restricted class is new even in the case of ordinary differential equation
not satisfying Balser-Kostov’s condition.

This paper is organized as follows. In Section 2, we state the main theorem, Theo-
rem 2.1. In Section 3, we prove Gevrey estimate for the formal power series. In Section 4,
we prove elementary properties of the convolution needed for the proof of Theorem 2.1.
In Section 5, we prove Theorem 2.1, after having prepared technical lemmas.

§ 2. Statement of results

Let z = (x1,...,2,) € C*, n > 1 be the variable in C". For A\; € C, \; # 0
(j=1,2,...,n) we define

- 0

Let N > 1 be an integer and let f(z,u,n) = (fM(z,u,n),..., f™) (x,u,1)) be a holo-
morphic vector function in some neighborhood of the origin of x € C*, n € C and
w=(uM,. .. uN)) e CN. We assume that f(z,u,n) is an entire function of u and 7.
We consider the semilinear system of equations of

(2.2) nLu = f(z,u,n),
where 1 € C is a complex parameter. We assume
(2.3) f(0,0,7) =0 for all n, det(V,f(0,0,0))#0

where V,, f(0,0,0) denotes the Jacobi matrix of f(xz,u,n) with respect to u at the point
r=0,u=0,7=0. We assume

(2.4) V.f(0,0,n7) = V,f(0,0,0), for alln,
and

(2.5) Vuf(x,0,0) is a diagonal matrix.
We set

(2.6) V.f(0,0,0) = diag (g1, .-, un),
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where diag (p1,...,pun) is the diagonal matrix with diagonal components given by
W1,-..,un in this order. By multiplying the equation with some nonzero constant

one may assume that A\, = 1. In the following we always assume the condition. We

assume

(2.7) RA; >0, j=1,...,n,
and

(2.8) Rux # 0, k=1,...,N.

If Rup > 0 for all k or if Rux < 0 for all k, then we are in the situation studied in [3].
Hence we assume that there exist k and ¢ such that Rup > 0 and Ruy < 0 in the rest
of this paper.

We construct the solution v = v(z,n) of (2.2) in the formal power series of 7

oo

(2.9) v(z,n) = Zn”vu(iﬂ) = vo(z) + nui(z) +---,
v=0
where the coefficient v, (x) is a holomorphic vector function of z in some open set inde-
pendent of v. We set v, (x) = v, = (v,(,l)7 e ,v,(,N)). We denote by €2y the neighborhood
of the origin on which every coefficient v, (x) is defined. For the details we refer §3.
In order to state our results we recall some definitions from the summability theory.
The formal Borel transform of v(x,n) is defined by

(2.10) BO)(w.9) = Y ()

where I'(2) is the Gamma function. For £ € R and 6 > 0 we define

’ 7
dist(z,Rpe®) < = } ,

(2.11) EL(£,0) = {z eC .

where R, = {t,t > 0}, and dist(z, R, e%) denotes the distance from z to the set R e,
We say that v(z,n) is 1-summable in the direction £ with respect to n if B(v)(x,y)
converges in some neighborhood of (z,y) = (0,0), and there exist a neighborhood U
of z = 0 and a # > 0 such that B(v)(z,y) can be analytically continued to the set
{(z,y) € U x E4(£,0)} and of exponential growth of order 1 with respect to y in
E(£,0) when z € U. For the sake of simplicity we denote the analytic continuation
with the same notation B(v)(x,y). The Borel sum V(x,n) of v(x,n) is, then, given by
the Laplace transform

(2.12) V(z,n) :=n"" /0006 e_ynle(v)(a:,y)dy.



240 MASAFUMI Y OSHINO

Let Cy be the convex closed positive cone with vertex at the origin containing sy
such that ¥y, > 0 and 1 < k < N. Cj is defined similarly by replacing the condition
R pr > 0 with 1 pp < 0. Write

(213) Cf ={2€C|—0f <arg2<0f}, C, ={2€C|—-0, <argz—7<0;}.

for some —7w/2 < 0 < /2 and —7/2 < 65 < 7/2 with —0F < 0 . Define 6, :=
max{0;,0; }, 02 := max{65,05 }. Then we have

Theorem 2.1.  Suppose (2.3), (2.4), (2.5) and (2.7). Then there exists a neigh-
borhood U of x = 0 such that v(x,n) is 1-summable in the direction argn with w/24+60; <
argn < 3w/2 — 0 when x € U. Moreover, there exists a neighborhood W of n = 0 such
that V (z,n) is holomorphic and satisfies (2.2) whenx € U, 0y < argn < 2r—0y, n € W.

§ 3. Formal series solutions and Gevrey estimate

Formal series expansion in a parameter. We substitute the expansion (2.9) into
(2.2) with u = v. The left-hand side is given by

(3.1) nLly = Z Lo, (x)n" L.
vr=0

By the partial Taylor expansion of f with respect to n we have f(z,u,n) = >0, fe(z,u)n’.
Hence the right-hand side of (2.2) is written as

(3.2) flav,m) = u fo(z,vo + vin +van® +-+)
/=0

= fo(z,v0) + n(Vufo)(x,vo)v1 + nfi(z,vo) + O(n?).

By comparing the coefficients of 1, we obtain for n° = 1

(3.3) fo(z,vo(x)) =0
and for 7
(3.4) Lo — f1(x,v0) = (Vufo)(z,v0)v1.

We solve (3.3) with the condition vg(0) = 0 by means of an implicit function theo-
rem on some )y in view of the assumption (2.3) and fy(0,0) = f(0,0,0). Next we
solve v; from (3.4) on Qy where we may assume det(V,, fo(z,vo(z))) # 0 on Qy since
det(V..f(0,0,0)) # 0.
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In order to determine v, (z) (v > 2) we compare the coefficients of n” in the both
sides of (2.2). Indeed, we differentiate (3.2) (v — 1)-times with respect to n and we put
1 = 0. Then we obtain

(3.5) Lvy,—1 = (Vufo)(z,vo)v, + (terms consisting of vy, k < v).

We observe that the second term in the right-hand side appear from the terms 5’ fo(x, vo+
v1n 4 ven® 4 -+ ) for £ > 0 in (3.2), which are products of terms of the form v;; " and
n® such that

ii+io+ - Fip+l=v, 14 >0,...,i >0,i; #0

for some k£ > 2 and j < k. It follows that all terms v ’s in the second term satisfy k < v.
Therefore one can write (3.5) in the following way

Vufolx,vo)v, = Hy(x,v0,v1,...,0,-1) forall v>2.

Since det(V, f(z,vo(z),0)) # 0 on 2, one can inductively determine v,.
The next theorem gives the existence of a formal solution.

Proposition 3.1.  Suppose that vy(x) is holomorphic and satisfy (3.3) with vo(0) =
0 on Qq for some neighborhood of the origin Qq. Assume that det (V. fo(x,v9)) # 0 on
Qo. Then every coefficient v, v > 1 of (2.9) is uniquely determined as a holomorphic
function on .

Proof. Suppose that vg(z) is determined up to some ¢ — 1 in the neighborhood of
the origin for some ¢ > 1. Then, by an implicit function theorem one can determine
ve(x) uniquely in some neighborhood of the origin depending on ¢. Because vg(x)
are determined recursively by differentiations and algebraic calculations, the recurrence
formula for v,(x) implies that v,(z) is holomorphic on 2. O

By the same argument as that of Proposition 3.2 in [3] we have the Gevrey estimate
of order 1 with respect to the parameter n. Namely we have

Proposition 3.2.  Assume that f(x,u,n) be analytic with respect to x in some
neighborhood of the origin 0 € C™ and an entire function of u € CN and n € C. Let
v in (2.9) be the formal series solution given by Proposition 3.1. Then there exist a

neighborhood U of x = 0 and a neighborhood W of y = 0 in C such that B(v)(x,y)
converges i U x W.

§4. Convolution estimate

For 6 > 0 let 2 be an open set containing F (m, #) such that if z € Q, then z—t € Q
for every t > 0 and zo € Q for every 0 < o < 1. Let H(2) be the set of holomorphic
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functions in 2. For ¢ > 0, we define the space H.(2) as the set of those h € H(2) such
that there exists K > 0 for which

(4.1) |h(z)| < Kef®#(1 4 |z))72  for all z € Q.
Obviously, H.(Q2) is the Banach space with the norm

42 Ihll e = sup ()1 + 271

The convolution f*g ( f,g € H.(R2)) is defined by

(4.3) (f * /mfz—t /1f (z—t)d

Write f/(z) = (df /dz)(z). Then we have

Proposition 4.1.  For every f,g € H.(Q) such that f(0) = g(0) =0 and f', ¢’ €
He(2) we have f g € Ho(2) with the estimate

(4.4) 1S * glle.e <

1f * glla.c <

Proposition 4.1 can be proved by the similar argument as in the proof of Proposition
4.2 in [3]. Because the domain of the integration of the convolution in our case is different

from the one in [3], we give the key point of the proof. Consider

= t)g(t)dt' < 7 lclgllo

/ ec|§Rt\+c|§R(zft)|(1+|z_t|)72(1+|t|)72|dt| '
0

Because Rt and R (z — t) have the same sign, by the definition of 2, we have
ec|§Rt\—|—c|9‘E(z—t)| _ ec|§Rt—|—§R (z=t)| _ ec\%z\.

The estimate of the right-hand side integral and the remaining argument are idential

with those given in the proof of Proposition 4.2 in [3].

For f € H.(Q) we define D! f(z fo t)dt, where the integration is taken on
the straight line connecting the origin and z. Then we have

Lemma 4.2. D! is a continuous linear operator defined on H.(Q) into H.(Q2).

Proof. Let f € H.(2). By definition we have
(4.5) 5ﬂ%”ﬂ+ﬂdﬁﬂ5{ﬂ@k§/‘U@ﬂfﬂ%4@+ﬂdfuﬂ

C C z 1+ z
<l [ e CEED
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If Rt < (1—€)|R 2|, then we have e?l®tH=cI®=[(14|2])2 < e=c®=I(14|2])2. We see that
the right-hand side is bounded by some constant Ky independent of z and f. Moreover,
the integral [, <oz (1 + |t])~2|dt| is bounded by [ (14 [¢])72|dt|. Hence it is
bounded by some constant K;. It follows that

2

1
(4.6) ‘/ dﬁ”“dﬁdi—iiﬂ%ﬁﬁkékai
IRt <(1—e)|R z| (1 + I¢])

Next we shall estimate

€c|§Rt|fc|8‘€z| (1 + ’Z|)2 |dt|

(47) /
R 2| >R E|>(1—e)|R 2| (1+ [¢])?

Because (4.7) is bounded if z moves in a bounded set in 2, we may assume that |z| is
sufficiently large. It follows that there exists 0 < ¢y < 1 such that |R z| > ¢y|z| for such
z. Because |Rt| > (1 — €)|R z|, we have

L+t = T+ [RED* = (1+ (1= €)colz])* = (1 - ) *c5(1 + |2])*.

On the other hand, since the integral is taken on the straight line connecting 0 and z,
it follows that R z and R ¢ has the same sign. Hence we have |Rt| — |Rz| = —|R(z — t)|.
Therefore (4.7) is bounded by

(1-— e)_2652/ e cIR =2 g4
R 2|2 [Rt]2(1—€)|R 2]

By setting s =t — z we see that the integral is equal to

(1-— e)_2co_2/ eIl gs|.
0<IR s|<e|R ]

Clearly, it is bounded by some constant independent of z. Therefore, by (4.6) there
exists K3 > 0 independent of f such that the right-hand side of (4.5) is bounded by
Ks|| flle- O

§5. Proof of Theorem 2.1

First we define a function space. Let D be an open connected set in the neighbor-
hood of the origin of C" and define 2 := {z € C||3z| < 0/2}. Let H(D, ) be the set of
holomorphic functions in (z,y) € D x ). Then we define H.(D, ) as the set of those
h = h(z,y) € H(D, ) such that there exists Ky > 0 for which

(5.1) sup |h(x,y)| < Koe®R¥Y (1 + |y)) =2 for all y € Q.
zeD
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The space H.(D, () is a Banach space with the norm ||h|. = inf Ky where K| is given
in (5.1).

Proof of Theorem 2.1. We first show the summability of v(z,n) in the direction
arg 7 = m when x € U, where U is given in Proposition 3.2. In terms of (2.2) with «
replaced by vg 4+ u, fo(x,v9) = 0 and

f£($7v) = fﬁ(xav()) + Vuf£<x71)0) “Uu+ Z Tﬁ,f('x?UO)u67 = 07 1727 cee

1B1=2
we obtain
(5.2) Lu=—Lvg+n  Vfolz,vo)u+n! Z r5.0(x,v0)u’
1B1=2

+Z77€_1 fé(x>v0)+vuff($71)0> “U A+ Z Tﬁ’g(x,vg)uﬁ

£21 1B1>2

Let u(y) := B(u) be the formal Borel transform of u with respect to n, where y is the

1

dual variable of 7. By the Borel transform of (5.2) and by recalling that =" corresponds

to 0/0y, we obtain

ou
(5.3)  Li=—Lug+ Ve folz,v0) o + 5o 2 raolevo)(@)”

p)
Y E

T ZD;_Z fe(z,v0) + Vo fo(x,v0) -0+ Z T@}g(l‘,vo)(ﬁ)*ﬁ

>1 18]>2

where (@)* = (G1)*P1 -+ (an)*P~, B = (b1, .., Bn), and (1;)*F is the B;-convolution
product, (ii;)*% = d; % --- xa;. Here Dy~ = (D;')** and D, is the integration,
Dy g(y) = [y g(t)dt.

Let v be the formal solution given by Proposition 3.1 and let B(v) be the formal
Borel transform of v. Define u(x,y) := B(v) — vo. Then u(x,y), being analytic on
(x,y) € U x W and satisfying u(z,0) = 0 in z, is the solution of (5.3) in a neighborhood
of y = 0. We shall show that every solution of (5.3) being analytic at y = 0 and satisfying
(x,0) = 0 is uniquely determined. Indeed, by definition the convolution product of
y*/i! and y7 /5! is equal to y**7 /(i + j)!. Hence, if we expand @ in the power series of
y and we insert it into (5.3), then every coefficient of the expansion can be uniquely
determined from the recurrence relation because V,, fo(x, vg) is invertible. Therefore, if
we can show the existence of the solution of (5.3) being analytic in (z,y) € U x Q and
of exponential growth with respect to y in €2, then we have the analytic continuation
of the formal Borel transform of v which is of exponential growth in y € €). Hence we
have the summability of v. Therefore, it is sufficient to prove the following theorem.
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Theorem 5.1.  There ezist ¢ > 0, a neighborhood of x =0, D and 2 as in (5.1)
such that (5.3) has a solution G in H.(D, ).

For the proof of Theorem 5.1 we prepare six lemmas. Let ¢ > 0, D and ) be given
as in the above. We may assume that D is contained in an open ball centered at the
origin. In order to prove the solvability of (5.3) when x is in some neighborhood of the
origin and y € ) we first consider

(5.4 Lo = (Vufo)(w.0) 5 = e.0),
where w = (wy,...,wn) and g = g(z,y) = (¢1,---,9n), gj € Hc(D, ) is a given vector
function and fo(z,u) = f(x,u,0).

By the assumption (2.5), for every j,1 < j < N we denote the j-th diagonal
component of (V. fo)(z,0) by (Vufo0);(z,0). We use the method of characteristics in
order to solve (5.4). Namely, we consider

d¢ dxy dy
% _ __ C k=1,2,....n—1.
¢ ArTg (Vufo)j(x,0)

Let b € C, b # 0 be sufficiently small and yo € €2 be given. By integrating (5.5) we have

(5.5)

(56) Tr = xk(C) = CkC/\k (k =1,...,n— 1)7 Y="Yo — q)j(gab)7
where

¢
(57) q)J(Cab) = \/b (vuf0>j(x1(8)’ T 73371—1(8)7 310)3_1d87

and the integral is taken along the non self-intersecting curve which does not encircle
the origin. Then we make analytic continuation around the origin. Here o := y(b) € Q
is the initial value of y = y(¢) at ( = b and ¢;’s are chosen so that the initial point
2© = (z1(b),...,2,_1(D),b) lies in D. Define ®(¢,b) := (®1((,b), ..., 2n(¢,b)). Then

we have

Lemma 5.2.  Assume (2.7) and (2.8). Let (o € D\ {0}. Then, for every j,
1 < j < N there exists a curve 7y, ; passing Co and tending to the origin such that
IP;(¢,b) = IP;(Co,b) for every ¢ € 7¢,.j, where SO, denotes the imaginary part of

A

j .

Proof. The condition I ®;(¢,b) = I ®;((o,b) is equivalent to I P,(¢,p) = 0. We
shall look for the curve ¢, ; satisfying the latter condition. By the assumption (2.6)
there exists a neighborhood Q¢ of z = 0 such that (V. fo),(z,0) = p; + O(|x|) when
x € . We shall show that there exist fi;, Rfi; #0 (j =1,...,n) such that

¢
(5.8) $,(C.G0) = /< SN (Vo) (2, 0)ds = fi; log (c%) L R(Q),
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where = xz(s) is given by (5.6) with ¢ sufficiently small so that the integrand
(Vufo)j(z(s),0) is well-defined. First we observe that fCi s uids = pjlog(¢/Co).
Consider the term containing =%, o = (ay,...,y) € Z! in the Taylor expansion
of (Vufo)j(z,0) at z = 0. In view of (5.6) with C = s, the integrand is given by the
(mﬁmte) sum with respect to a of constant times of the following integral

¢
(5.9) / st H CJ% s ds
0

where A\, =1 and a # 0.

If v satisfies that Z;L:1 a;A\; =0, then by integration we get, from (5.9),
(I1% i=1Cj “Ylog (¢/¢o). Because we may assume that cho.‘j is sufficiently small, there
exists fi; such that the first term of the right-hand side of (5.8) appears. We remark
that such terms may appear if there is an alpha such that Z?:1 ajAj = 0.

Next we consider the case A - o = 22:1 ajA; # 0. We shall show that the terms
corresponding to this case yield R({). By simple integration in (5.9) we have

(5.10) H N =)/ - a

If ¢ approaches the origin from a sector, then ¢*® is bounded by KJ)QHI for some
constant Ky independent of o because tA\; > 0 for every j. Hence, if we take c;
sufficiently small, then (5.10) is bounded in ¢ as ¢ approaches the origin from a sector.
Therefore we have proved the boundedness of R(().

We shall show the existence of the curve -, ; which tends to the origin. By (5.8)
the relation 3 ®;(¢, o) = 0 is written as

(5.11) S (figlog ¢) + S R(C) — S (fiy log (o) =
By setting
(5.12) :=fijlog ¢, o= fijlog (o,

and R(C) := R(eg/[‘j) (5.11) is written as

(5.13) SC+SRE) -G =

Set = & + 4§ and {y = &g + ijjo. We shall determine § = (&) from (5.13) such that
§(Zo) = fo. We remark that (5.13) holds if ¢ = ;. On the other hand, we observe
that R(C ) is bounded when ( is in some neighborhood of the origin. Moreover, the
derivative of R(C) with respect to y is also bounded. Thus, if |Z| is sufficiently large
and |Z| > |Zo|, then the derivative with respect to g of (5.13) does not vanish. By the
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implicit function theorem one can determine § = §(Z) as an analytic function of Z, if
|Zo| is sufficiently large and [Z| > [Zo|. We denote the curve by 7z .

We transform Ye, . in the 5 space to 7¢,.; in the ¢ space by the change of variables,
(5.12). Set ftj = fij0 + ift;,1 with fi; o # 0. Then we have
S T
— = =5 (1,0 = Y1 + i(Zf0 + G o)) -
fig ]

We recall that g(z) is a bounded function of # and its derivative tends to zero as

(5.14)

|Z| — oo. Because we have [i; o # 0 by assumption, we have that

Biijo = Rji;RE = Rjt;R(7i; log €) = R (Wi )i log )

= (Rji;)* log IC| — (Rit;) (Sfa;) (arg C).
In view of the definition of Ve argg: is bounded. Hence we have Zji;o — —oo. It
follows that ¢ = exp({/fi;) — 0. O

Lemma 5.3.  Assume (2.7) and (2.8). Let ¢ # 0 and (o # 0 be given complex
constants. Then, for every j, 1 < j < N, R®;((,c) is monotone when ¢ approaches to
the origin along the curve 7y¢, ;.

Proof. Because the curves 7., ; and Ve,.j are diffeomorphic by the relation ¢ =
exp(C /1) it is sufficient to show that R ®;((, o) is a monotone function when ¢ moves
along 5z ;. In terms of (5.8) we have

(5.15) R®;(¢,0) + R (s log o) = RC+RR(C) =&+ RE(C).

By the proof of Lemma 5.2 we see that R(C) = R(¢) and its derivative with respect to
# tends to zero. Thus, with { = Z + i and § = (&), we see that ‘(d/di’)% ]Ei(f)’ can
be made small when |Z| > |Z¢| for some Zy. Therefore we have (d/dZ)R ®,((, o) > 0,

and the assertion follows. O

Lemma 5.4.  Assume (2.7) and (2.8). Let g = g(z,y) = (91,---,9N), 9; €
H(D,Q). Then the solution of (5.4) is given by

(5.16) w = Pyg := (Po,1g1, ce ,PO,NQN)~

Here, for every 7, 1 < j < N and ( # 0 in a neigborhood of the origin we take (y such
that ¢ € 7v¢,,; and Py ; is given by

¢
(5.17) Fo.;9; 1=/ 95 (@1(s), -+, wn-1(s), 5590 — ©;(s,b))s™ 'ds,
Co

where the integral is taken along the curve ¢, ; from (o to ¢ € v¢,.; and x(s) is given
by (5.6) with ( = s. The independent variables xy, and y in (5.17) are related to ¢ and

Yo via (5.6).
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Proof. We show that the integrand in (5.17) is well-defined. By (5.6) and (5.7)
we have

(5.18) Yo — @;(s,0) =y — @;(s,b) + ©;((, 0) =y + ©;(C; 5).

By Lemma 5.2 we see that I®;(¢,s) = 0 if s € ¢, ; because ¢ € ¢, ;. In view of the
assumption on ) we have y + R ®;(¢, s) € Q for every y € Q.

Next we take the neighborhood Uy of the origin such that the formal solution is
holomorphic in Uy. Consider the substitution z; = x(s) into the integrand of (5.17)
where x(s) is given by (5.6) with ¢ = s. This is possible for s on the segment of 7, ;
between (y and ( if ¢ is sufficiently small. Indeed, since Rt A\ > 0, the definition of
Yeo.j implies that s* ¢, = exp (A\;(log|s| + i arg s)) ¢ is small if ¢, is sufficiently small.

Next we shall show that w; := Py jg; (j =1,2,..., N) satisfies the equation (5.4),

namely

ow,
(5.19) Lw; — (VufO)j(an)a_y] = g;(,y).
Indeed, by (5.5) and (5.6) we have

dwJ Z ory, Owj 8y ow;

(5.20) 9i(z,y)z, ac oz, a¢ ay

B n ALTE 8wj ( ufO) (1‘ O) 8wj
_Z ¢ Oxy ¢ dy

k=1

Multiplying both sides with ¢ and setting { = z,, we have (5.19). This completes the
proof. O

Let (p satisfy |(o| = o > 0. In the following we assume that there exists an g9 > 0
such that [(]/|Co| > €o for ¢ and (p in D, where ¢ and (y are related by ¢ € ¢, ;. Then

we have

Lemma 5.5.  Assume (2.7) and (2.8). Then, there exists a constant ¢ such
that, for every 1 < j < N, g; € H(D,Q), we have

< c1lg;lle-

C

0
(5.21) 1Posgyle < erllgs e Ha—ywo,jgj)

The constant ¢y is independent of (o, |(o| = 10 > 0.

Proof. Let ¢ € ¢, ; and consider the integral (5.17). Noting that yo — ®;(s,b) =
y+ (¢, s) we make the change of variable o =y + ®,((, s) in (5.17) from s to 0. We
have do = —%ds. We have 0 = y for s = ( and 0 = y + C~0 for s = (y, where
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fo = ®,(¢, o). Clearly, if s moves on ¢, j, then o moves on y + 5 j, where ¢ ; is the

straight line connecting 0 and ¢y. Then (5.17) is written as
do
(522 w= [ s () s0) g
Y. (Vufo);

Note that (V,, fy); is bounded from the below by (2.3).
We next estimate the growth of yo — ®;(s,b). In terms of (5.18) we have

(5.23) exp (c|R (yo — ®;(s,))]) = exp (c|R (y + ©;(C, 5))])
<exp (c[Ry| + [R5 (¢, 5)]) -

Hence we need to estimate e°/® ®i(¢:*)l namely we shall estimate |R ®;(¢,s)| from the

above.
Because R(¢) in (5.8) is bounded, ®;(¢, s) has asymptotic behavior
(5.24) D;(¢,s) = i log(¢/s) (1+ O(1)),

for s € v¢,.; if | log (ol is sufficiently large. Set log(¢/s) = z + iy and fi; = a + i with
a # 0. Then we have R (f1;1og((/s)) = ax — By and ¥ (f;1log((/s)) = ay + pfz. It
follows that |R®;(¢,s)| < yolax — By| for some vy > 0 if |log (ol is sufficiently large.
The condition holds if ¢ and (y are in a sector of a neighborhood of the origin.

By (5.24) there exist y3 > 0 and 7 > 0 such that

(5.25) Tlay + Bx] < [ D,(¢, 8)] < y2lay + Bzl

if |log (o| is sufficiently large. Because I ®;((,s) is constant when ¢ € 7., ;, there
exist 47 > 0 and 42 > 0 such that 52 < |ay + Bz| < 71, if ¢ € v¢,,;- It follows that
ly + Ba~tz| < |a~t|71. Therefore we have |By| < |2a~tz| + |Ba~!|7:. Hence we have

oz — By| < |ax| + Byl < (laf + 8%~ |)|z] + F1|Ba”"].
Noting that x = log(|C|/|s|) > log(|<|/|Co|) > logeo, we have
(5.26) R CN < eelor=Mul < oxp(e(|al + 22| + | o)
<exp (c(la] + |82 |)[logeg |+ chi|Ba ) =: Ko.
This proves
(5.27) exp (c|R (yo — ®;(s,))]) < Koexp (c[Ryl).

We shall estimate |yo—®;(s,b)| = |y+P;((, s)| from the below. Because S ®;((, s) =
0 and [R®;(¢,s)| is bounded on 7, ; by the argument in proving (5.26), there exists
C1 > 0 independent of ¢ and s such that

(5.28) (1+|yo — @;(s,0)]) > < Cr(1+ |y|)~2 for all y € Q.
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Therefore we get, from (5.27) and (5.28) that
(5.29)  [lw;lle <

exX
< sup ((1 T Iy exp (—clRy) / lg;1le

p (—c|R (yo — P;(s,0))])
0T 10— %, (5,0)))? 'd“'>

< Collg;le / do| < Csllg;lle.

for some Cy > 0 and C35 > 0.
We shall show the latter inequality of (5.21). By (5.22) we have

wy =—9(x1(C0), "+ s Tn-1(C0),Co; ¥y + ¢o)

(vuf())j
1
5.30 + g(x A T , (s .
Using (5.30) we have the latter inequality of (5.21) by the same argument as ||w||. since
(Vufo); is bounded. O
We shall solve (5.3) in H.(D, ). Write

ou ou ot

(5.31) VufO(xaUO)a_y = VufO(an)a_y + (Vufo(z,vo) — Vufo(l’ao))a_y-

Since ||V fo(x,v0) — Vi fo(x,0)|| = O(||ve]]) when ||vg|| — 0, the second term is esti-
mated by Kuel|(@),||. for arbitrarily small € and some constant Ky.
We define the approximate sequence vy (kK =0,1,2,...) by 4y = 0 and

(532) ’lAj,l = —P()EUO
. o . 0 .
(5.33) Uy = Py Z ra(x, vo)a—y(ul)’f — PyLvy + POR(x)a—yul
|B]>2
ot
+ Po(Vufo(z,v0) — Vi fo(z, 0))8—;,
o D 0
(5.34) Ukr1 = Py Z rg(z,v0)=—(Ug), — PoLvg + PoR(x) —1y,
dy dy
|81>2
ot
+ Ro(Vufo(w,v0) = Vudo(w,0)) 5
where £k = 1,2,... Then we have

Lemma 5.6.  Assume (2.7) and (2.8). Let D be as in Lemma 5.5. Then there
exists a constant K3 > 0 independent of k such that

(5.35) laxllc < CekKs,  [(ar)ylle < CeKsy k=0,1,2,...
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The proof of Lemma 5.6 is done by the same arugument in proving Lemma 5.6 of
[3] once we have proved Lemmas 5.2, 5.3, 5.4 and 5.5. The following lemma implies

the solvability of (5.3) in H.(D, Q).

Lemma 5.7. Under the same assumptions as in Lemma 5.6 we have that iy
(k=1,2,...) converges in H.(D,).

The proof is done by the same argument of that of Lemmas 5.7 of [3] by using
Lemma 5.6.

Proof of Theorem 5.1. First we shall solve (5.3) in H.(D,$2). We remark that
the solvability of (5.3) yields the summability on D. Set Ty = {{ | eoro < |¢| < ro},
ro = |(o| and take an open connected and simply connected set Ay C Ty. Let D be
such that (z1(¢),...,2,-1(¢),() € D for every ( € Ay, where x(() is given by (5.6).
By Lemma 5.7 we have the solvability of (5.3) on D. Next, take a set A; C Ty with
the same property as Ag such that Ag N A; # (. Then we have the summability on
some D; corresponding to A;. By virtue of the uniqueness of the Borel sum two sums
corresponding to Ay and A; coincide on the set Ag N A;. Hence we have an analytic
continuation of the solution of (5.3) to the domain corresponding to Ap U A;. By
repeating the arguement we have the solvability of (5.3) for D corresponding to Tp.

Next we take annulus T with rg replaced by r; such that To N Ty # 0. Then we
have the summability on the domain corresponding to 77. Moreover, in the proof of
Lemma 5.5 the constant ¢; in the estimate in (5.21) depends on €y and is independent
of (p. Hence we have the solvability of (5.3) in the same domain because we have the
solvability in H.(D1,2) for the same ¢ and . By the uniqueness of the Borel sum
we can make analytic continuation with respect (. In order to show that the analytic
continuation of the soution u is possible to a small neighborhood of the origin except
for the origin ¢ # 0 we note that the length of the analytic continuation is given by
1—eo+(1—€p)eg+ (1 —€g)ed + -+ =1 because 0 < ¢g < 1. We denote the solution by
Up.

Let D’ be any domain such that DND’ # () and let ip and @ p- be the corresponding
solution in D and D’, respectively. By the uniqueness for every z, we have that tup = Gp-
on DND’, from which we have an analytic continuation of @tp to DUD’. By choosing the
sequence of open sets D we make an analytic continuation of @p to the set (C\0)™N By,
where Bj is a small open ball centered at the origin. By the uniqueness the analytic
continuation of @ p(z,y) with respect to z to the set (C\0)"N By, y € Q is single-valued.
We also note that in view of the construction of up the growth estimate with respect to
y of ip(x,y) is uniform for x € (C\0)"NBy. Therefore we can define u(x,y) := up(x,y)
onz € (C\0)"N By and y € Q by taking x € D.

The function u(x,y) may have singularity on € (C™\ (C\ 0)") N By, y € .
We shall prove that the singularity is removable. First, consider the singularity with
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codimension 1. For simplicity, let us take yo € Q, x5 = (29,...,2%) with x? # 0 and

consider the expansion

(5.36) a(zy) = Y (o) @ — )" (y — o).
v>0,7>0

By what we have proved in the above, the right-hand side is convergent if 2’ — z{, and
y — yo are sufficiently small and z; # 0. Moreover, by the boundedness of u(z,y)
when 21 — 0 and the Cauchy’s integral formula we have that 4, ;j(x1) is holomorphic
and single-valued and bounded in some neighborhood of the origin except for x; = 0.
Hence, its singularity is removable. In the same way, one can show that the singularity
of codimension 1 is removable.

Next we consider the singularity of codimension 2. For the sake of simplicity,
consider the one x1 = 2o = 0, xf = (29,...,2%) with x? # 0. By arguing in the same
way as in the codimension-one case we have the expansion similar to (5.36) where ' —x,
and 4, ;(x1) are replaced by z'/ — zf and 4, j(z1,x2), respectively. Because 4, ;(x1,z2)
is holomorphic and single-valued except for 1 = x5 = 0, we see that the singularity is
removable by Hartogs’ theorem. As for the singularity of higher codimension > 3 we can
argue in the same way by using Hartogs’ theorem. We see that u(x,y) is holomorphic
and single-valued on z € C" N By, y € (.

The exponential growth of @(x,y) when y — oo in y € Q for x € C" N By can
be proved by putting some cj to be zero when constructing up(z,y). Indeed, we have
already proved the fact in the above argument. Hence we have proved the solvability of
(5.3). This completes the proof of Theorem 5.1.

End of the proof of Theorem 2.1. We shall prove the summability in the direction
argn with 7/2 + 0; < argn < 37/2 — 0. By multiplying (2.2) with e~ we see that 7,
Mk, p1; are replaced by ne=% A, and p e~ respectively. We choose # > 0 such that
R (nje=%) and R p; have the same sign for every j. In view of the definition of ng
we see that the requirement holds for @ such that 0 < # < 7/2 — f5. Recalling that
02 = max{65 , 0, }, these inequalities are equivalent to 0 < 6 < /2 — 0. Therefore the
summability follows for n = (™% with 0 < 6 < 7/2 — 65, namely, for 7 < arg n <
3w/2 — 05.

Next we set u = ve'?, and consider the equation of v. Clearly, n and 4, are relaced
by ne’® and pre®, respectively, while A, does not change. On the other hand, the
reduced equation satisfies that R (u;67%’) and R p1; have the same sign for every j when
0 <6< m/2—6. It follows that the summability holds for 7/2 + 6; < argn < 7.
Therefore, the summability holds for 7/2 4+ 6, < arg n < 37/2 — 3. In view of the
definition of Borel sum we have the latter half of the assertion. This ends the proof of
Theorem 2.1.
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