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The derivation of conservation laws for nonlinear
Schrodinger equations with power type nonlinearities

By

Kazumasa FUJIWARA * and Hayato MIYAZAKI **

Abstract

For nonlinear Schrodinger equations with power type nonlinearities, a new approach to
derive the conservation law of the momentum and the pseudo conformal conservation law is
obtained. The approach involves properties of solutions provided by the Strichartz estimate.

§1. Introduction

In this paper, we consider the nonlinear Schrodinger equations with power type
nonlinearities

. 1 . 14+n
(1.1) 10yu + §Au = f(u), (t,z)eR™",

u(0,2) = ¢(z), xR,

where u(t, r) : R1*™ — C, the initial data ¢ is a complex valued function on R™, and f is
a nonlinear term of gauge invariance. The equation (1.1) has been extensively studied
both in physical and mathematical literatures (see [1], [5]). The conservation law of
the momentum and the pseudo conformal conservation law play a role to investigate
asymptotic behavior of the solution to (1.1). For example, using the conservation law of
the momentum, we study blow-up in finite time and dynamics of blow-up solutions (see

Received October 14, 2015. Revised August 15, 2016.
2010 Mathematics Subject Classification(s): 35A01, 35Q41, 35165
Key Words: Nonlinear Schrédinger equations, Conservation laws.

*Department of Pure and Applied Physics, Waseda University, Tokyo, 169-8555, JAPAN.
e-mail: k-fujiwara@asagi.waseda. jp
** Advanced Science Course, Department of Integrated Science and Technology, National Institute of
Technology, Tsuyama College, Okayama, 708-8509, JAPAN.
e-mail: miyazaki@tsuyama.kosen-ac.jp

(© 2017 Research Institute for Mathematical Sciences, Kyoto University. All rights reserved.



14 K. FUIIWARA AND H. MIYAZAKI

[3]). Moreover, the pseudo conformal conservation law implies that if f(u) = Au|P~ u
with p > 14+ 4/n and A > 0, then we have a time decay estimate for the solution
u e C([0,T],%) of (1.1) such that ||u(t)|[z- < C|t|"™=z—+) for any r € [2,«(n)], where
a(n) =14+4/(n—-2)ifn >3, a(n) =occifn =1,2and ¥ = {u € H(R") | zu € L*(R™)}
(see §7 of [1]). According to [1, 4], we set the assumptions of nonlinearity f(u) as follows:

(A1) f e CYC,C), f(0) =0 and for some p > 1, f satisfies

[f(2)] < CO+ ")

).

(A3) There exists V € C1(C,R) such that V(0) = 0 and f(z) = 9V/9z.

of

0z

of

0z

for any z € C, where |f'(z)| = max (

)

(A2) Im(zf(2)) =0 for all z € C,

Note that if f satisfies (A2) and (A3), then V(z) = V(|z|). Hence, we simply write
V'(z) = Cil_‘:(r)}r:pr

We can obtain formally the conservation law of the momentum P(u) by multiplying
the equation (1.1) by Vu, integrating over R™, and taking the real part as follows:

1
0 = 2Re (i@tu + §Au — f(w), Vu)
L2

= 2Re(i0su, Vu) 2 — 2Re(f(u), Vu) 2 = %P(U(t»,

where

P(u)=Im [ uVudz.
Rn

We present a formal argument to derive the pseudo conformal conservation law

SITOuE: + [ Viuw)is

1 t
= gleoli+ [ s ([ vl - 3V aeniuslas ) s,
0 n
where J(t) = x +itV. Applying the operator J to (1.1), we have a equation
(1.2) (i@t + %A) T(tu = J(8) f ().

Furthermore we can obtain the pseudo conformal conservation law by multiplying (1.2)

by J(t)u(t), integrating over R™, and taking the imaginary part as follows:

1

0 = 2Im (z’@tJ(t)u(t) + AT (But) = J() f(u(t)). J(t)u(t)) B
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= 2T (30, ()u (1), J(B)u(t) = — 2 (I (1) F(u(D), S (Ou(1))
= L1 DU — 2m (7w, (1)

= SIT@u(0) 3 + ArRe(ef(u), V)

+ 2ntRe(f(u(t)), u(t)) r2 + 442Re(f(u(t)), deu(t))

= S @Ol ~ 20t [ V(ult)ds

n

+ nt/n V' (u(t))u(t)|de + 2752% . V(u(t))dx.

To justify the procedures above, we require that at least u is an H?2-solution and H?!-
solution, respectively, where H?! := {u € H?(R"); (1 + |z|?)*/?u € L?(R™)}. For an
H?-solution with s < 2, there are basically two methods to justify the procedure. One
is that from the continuous dependence of solutions on the initial data, the solution is
approximated by a sequence of H? solutions. Other is to use a sequence of regularized
equations of (1.1) whose solutions have enough regularities to perform the procedure
above (see [4]). However, these two methods involve a limiting procedure on approxi-
mate solutions.

On the other hand, Ozawa [4] gave a direct proof of conservation laws of the charge
and the energy by using solutions of the associated integral equation. Especially, he jus-
tifies the computation only by the Strichartz estimates. In order to state the Strichartz
estimates, we introduce the following notations:

Notation. For a Banach space X, p € [1,00] and an interval I C R, LY X denotes the
Banach space LP(I, X) equipped with its natural norm. Let U(¢) be the Schrédinger
operator e22. For s € R and p,q € [1,00], let By ,(R™) = B, , be the inhomogeneous
Besov space in R"”.

Definition 1.1.

1. A positive exponent p’ is called the dual exponent of p if p and p’ satisfy 1/p+1/p’ =
1.

2. A pair of two exponents (p, q) is called an admissible pair if (p, q) satisfies 2/p+n/q =
n/2,p=2and (p,q) # (2,00).

The Strichartz estimates are described as the following lemma:

Lemma 1.2 (Strichartz estimates, see [1]). Let s € R and I C R be an interval
with 0 € I. (p1,q1) and (p2, q2) denote admissible pairs. Let to € I. Then

1. for all f € L*(R"),

U () fll o1 ®,par meyy < Ol fllL2®nys
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2. for any ¢ € H3(R™),
1U@) el Loo v, 15 ®n)) < Cllol ms@n)s
[U@E)ellre s, @) < Cllelm: @,

3. for all f € LP1(I, L9 (R™)),

4. for any f € LY(I, H*(R™)),

5. for all f e LP1(1, Bz ,(R™)),

where p| and p,, are the dual exponents of p1 and ps, respectively.

< |/l

Lr2(I,L92(R")) LP1(1,L71 (R™))’

/t Ut —7)f(r)dr

to

/t U(t—1)f(r)dr

to

< Ol fllpr 1,5 mn)
Lo (1,H#(R™))

< C| £l

L2 (1,B3, ,(R™))

/t U(t—7)f(r)dr

to

/
LA(1,By, ()’

§ 2. Main results

The aim of this paper is to revisit the conservation law of the momentum and the
pseudo conformal conservation law with solutions of the following integral equation:

t
(2.1) u(t) = Ut)p — @/ U(t - ) f(u(r))dr.
0
Firstly, the momentum is computed as follows:

Proposition 2.1.  Assume that f satisfies (A1) - (A3). Let1/2 < s < min{1,n/2}.
Let an admissible pair (v, p) be as follows:

n(p+1) _ 4(p+1)
ntsp-1" ' (p-Dn-2s)
Letu € C([0,T], H*(R™))NLY(0,T; B} 5(R")) be a solution of the integral equation (2.1)
for some ¢ € H*(R™) and T > 0. Then

(2:2) p=

Plu) = P(@) -2 [ Re{u(r), ur) ) dr

for all t € [0,T), where the time integral of the scalar product to the RHS in the above
is understood as the duality coupling on (L HY? 4 L] B;/QQ) x (L&CH/2n LZB;;/Q).
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Remark 1. Cazenave-Weissler [2] proved that if 0 < s < min{1,n/2}, ¢ € H*®
and 1 < p < 144/(n — 2s), then the Cauchy problem (1.1) have an unique solution
u € C([0,T], H*)NLY(0,T; B} 5) with some admissible pair (7, p) as in (2.2). We remark
that u € Li°H® N L] BS., implies f(u) € LH® + L) B ,.

It seems difficult to cancel out the error term
t —
/ Re <f(u(7')), Vu(7’)> dr
0
without any approximation. However, since we have

1F () = F@) gy < (14l

—1 ~
B!+ |l

Bt ) llu = @l e,

if 5 u; - uin H° N B}, as j — oo, then f(u;) — f(u) in L* + L”". Hence, noting
that Re(f(g), Vg) = 0 for any g € .7, the error term is computed to be 0, where . is
the Schwartz space in R™. Therefore, we obtain the conservation law of the momentum
as a corollary of Proposition 2.1.

Next, we compute the pseudo conformal conservation law as follows:

Proposition 2.2.  Assume that f satisfies (A1) - (A83). Denote an admissi-
ble pair (q,v) by (¢,v) = (4(p + 1)/n(p — 1),p + 1). Let u € C([0,T], HY(R™)) N
La(0, T; WHT(R™)) be a solution of the integral equation (2.1) for some ¢ € ¥ and
T > 0. Then

I7Ou(0): = el + 20 [ (I(6)7 (). TEIGs)) ds

for all t € [0,T), where the time integral of the scalar product to the RHS in the above
is understood as the duality coupling on (L)L? + LY L") x (L{°L? N LIL™).

Remark 2. It is also known that if f satisfies (A1) - (A3) and 1 < p < a(n),
where a(n) =1+4/(n—2)if n >3, a(n) = c if n =1, 2, then for any ¢ € H*, there
exists T > 0 such that (1.1) has a unique solution v € C([0,T], H*) N L4(0,T; Wb"),
where a pair (gq,r) is the same as in Proposition 2.2. Furthermore, if ¢ € X, then
u € C([0,T],%). For detail, we refer the reader to [1].

Remark 3.  Immediately, under the assumption of Proposition 2.2, we see that
Ju € C([0,T),L?) N L0, T; L") and Ju satisfies a integral equation

(2.3) J(t)u(t) =U(t)xp — i/o Ut —s)J(s)f(u(s))ds.

Note that Jf(u) € L°L2 + LI L.
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It also seems difficult to calculate the error term

2T / (367 ul), TG ) ds,

further without any approximation. However, for any s € R and g € .,

(24)  Im(J(s)f(g9), J(s)g) = —2tRe(zf(g), Vg) — ntRe(f(g), 9) — t*Im(f(g), Ag).

Hence, noting that there exists {u;}52y C - such that u; — w in H' N W"", from
(2.4), the error term is computed as

2T / (I6) (). TR ) ds
25) = -ame [ s (o f(uls)), Ta ) ds

t

—2nRe/0t8<f(u(s)),@>ds—4Re/0 s <f( (8)), Oru(s )>ds

where the time integral of the scalar product to each term of the RHS to (2.5) is
understood as the duality coupling on (L}L? + LY L") x (L{°L? N LIL"), (LIL? +
LIL7Y x (LPL2 N LILT) and (LYH' + LI WL x (L H™' N LIW L"), respectively,
and from the equation (1.1), it holds that

Im <f(u)a Au>(H1+Wl,r’)X(H—lmW—l,r)

. -1 A1y
= lim Im (1 — £A) 71 f(u), Bu) oy

= Eh_r)r%) 2Im{(1 — eA) "1 f(u), f(u) — i0su) g1y 1

= 2Re<f(u),%>(H1+W17'H)X(H—lmw—l,r).
The identity (2.5) implies

2Tm / (). TEu(s) ) ds

- 2/0 (/n(n+2)V(u(s)) - gv'(u<s))yu<s)|dx) ds — 2152/” V(u(t))dz.

Therefore, we obtain the pseudo conformal conservation law as a corollary of Proposition
2.2.

§ 3. The proof of main results

Proof of Proposition 2.1. Note that fR" uVudzx is a pure imaginary number. For
all t € [0,T], we obtain

zP(u(t)) = <U’W>H1/2><H—1/2
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VAT oy

<¢7 v¢>H1/2XH 1/2

_|_

+
Qﬁ

v

<¢, Z/OU PV f (u(r))d >

7))d7, v¢>

Hl/2xH—-1/2

Hl/2xH—-1/2

0

P(¢)

/0
[

t
0
t

)
(u(T)), —1 /OT U(T — T)Vf(u(T))d7‘> dr

- [(= [ vt =A@ i) yar

(-
+<ztU dT—Z/U Vf(())>

Hl/2x H—-1/2

(V0. 5T yar — [ (i5(0), TEVE) a7

19

where concatenating the Strichartz estimates and Remark 1, the time integral of the

scalar product to each term of the last line in the above is understood as the duality
coupling on (L°HY? N L} B)y) x (LPH- Y2 + L] B,Y{?), (LHY? + L) B)/3) %
(LH-Y20L)B, %), (L°°H1/2+L” 'BY3)x (LH- UQnLVB‘l/Q) and (L3 HY/2 N
LZB;/ZQ) x (LPH~Y? + LV B, / ), respectively. Using the integral equation (2.1), we

compute

iP(u(t)) = / (u(r), iV )>d7—/0t (i (u(®), Vul®) ) d

= —2@/ Re
0

which completes the proof.

Vu(r) ) dr,

O

Proof of Proposition 2.2. We can give the proof in a way similar to Ozawa [4].

For all t € [0, 7], from (2.3), we obtain

17 () u®)Z:
= [U(=t)J(t)u(t)]|7>

(31) = o3 —2m (w0, [ U(=0)105) 5005 )

. ‘ / ()T (5) (uls))ds

2

LQ

L2
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The second term on the RHS of (3.1) satisfies the following equality:

2t (w0, [ UC-5) 1wl

(3.2) L

~ —2Im / )26, T(5) [(u(3)) ) ds

where combining the Strichartz estimates with J f(u) € L} L? —}—L;IILT/, the time integral
of the scalar product is understood as the duality coupling on (L L2NLIL") x (L} L* +
LY L™). For the last term on the RHS of (3.1), Fubini’s theorem implies

~ 9Re /0 <J(s) Fus)), /0 U(s— 5)J(s)) f(u(s’))ds’> ds,

2

/0 U(—s)J()f (u(s))ds

(3.3) L

where the time integral of the scalar product is understood as the duality coupling on
(LYL2 + LY L) x (L$°L2 N LYL"). Concatenating (3.1) - (3.3), we compute

FOROI
= ool —2im [ (U(s)oo, TN ) ds

+2Re/0 <J(3)f(u(s)),/0 U(s—s")Jf(u(s ’))ds’>ds

= ool +2tm [ (J5)7(ul)). UG5 s

—|—2Im/0 <J(s)f(u(s)),—i/os U(s—s’)J(s’)f(u(s’))ds’>ds

= lagt: +2tm [ () 0(s)). TG3) ) .

where the last equality in the above holds by (2.3). O
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