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A note on the well-posedness of the compressible
viscous fluid in the critical Besov space
By

Noboru CHIKAMT*

Abstract

We prove well-posedness of the compressible Navier-Stokes system in the Lagrangian
formulation by the use of absolute temperature. The purpose of this article is to illustrate
the difference between the use of the total energy along the flow in Chikami-Danchin [3] (J.
Difff. Eq, 258 (2015), 3435-3467) and the absolute temperature.

§1. Introduction

We consider the Cauchy problem of the following compressible Navier-Stokes system
with the full conservation law:

Orp + div (pu) = 0, (t,z) € Ry x R"™,

(1) O(pu) +div (pu @ u) + VP = div (1), (t,z) e Ry xR,
O(p0) + div (upf) + Pdivu = kA0 + 7 : Vu, (t,x) € Ry x R",

\ (p,u, 8)|t=0 = (po,uo,00), xeR"

where n > 3. In the above, p = p(t,x), u = u(t,z) and § = 0(t, z) are the unknown func-
tions, representing the fluid density, the velocity vector and the absolute temperature,
respectively. We assume that the stress tensor 7 is given by

7 =2uD(u) + Adivu Id,
where Id denote the identity matrix. The deformation tensor D(u) is defined by

D(u) := %(Du + Vu) with  (Du);; := 9;u’ and (Vu); = ("(Du))ij = Ow
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where A signifies the transpose of a matrix A. The operation 7 : Vu signifies the trace
product of the two matrices 7 and Vu, which is given by 7 : Vu = Eij Tij0ju;. The
viscosity coefficients 1 and A are the Lamé constants satisfying 4 > 0 and A+2p > 0 and
the heat conductive coefficient k is a positive constant. The given function P represents
the pressure depending on p and 6. In this article, we restrict ourselves to the following
ideal pressure law:

P(p,0) = 0m(p),

where 7 is a smooth function of p. We assume that the initial density pg is bounded

away from 0, i.e.,
0 < p < po()

and tends to some positive constant p* at infinity. We also assume that 6 tends to a
positive constant 6* at spatial infinity. In the rest of the article, we assume k = p* =
0* = 1 without loss of generality.

§1.1. Aim of this paper

Let us notice that system (1.1) considered is invariant under the scaling: (p, u,0) —
(pv,uy,0,) with

(1.2)  pu(t,z) = p(VPt,ve), w,(t,z) =vu(*t,ve) and 6,(t,z) = v?0(*t,vz).

This motivates us to introduce the idea of critical function spaces. The critical spaces
for (1.1) are defined as the function spaces invariant under the scaling transformation
(1.2). The idea of critical spaces was first adapted to the study of well-posedness for
the (barotropic) compressible viscous fluid in [4], inspired by the work of [7] for the
incompressible Navier-Stokes system. The work has given rise to a vast amount of
results regarding the well-posedness issues of the compressible fluids. See [2, 5, §],
Chapter 10 of [1] and the references therein.

We employ homogeneous Besov spaces for defining the critical space for (1.1).
Hereafter, we denote by LP for 1 < p < oo the usual Lebesgue space over R"™ and
/P as the sequence space over Z. Let us introduce the Besov spaces as follows: Let
{¢;}jez be the Littlewood-Paley dyadic decomposition of unity. Namely, let éﬁ\ €eSisa
non-negative radially symmetric function that satisfies

suppac {ee R 27! < €] < 2},
$;(€) =d(277¢) forallj€Z and Y ¢;(€) =1 for all £ # 0.

JEL

Definition 1.1 (Besov space with the interpolation index 1).  Let &’ be the space
of tempered distributions on R™ and P be the space of all polynomials over R™. For
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s € Rand 1 < p < oo we define the homogeneous Besov space (with the interpolation
index 1) B;’l(R”) = B;’l as follows:

35,1 = {u cS’ Z(bj xu=uin S, HuHB;1 = Zst"(bj *ul|Lr < oo}.

JEZ JEL
We denote by Sy,u := Z]. <m ®j * u the frequency cut-off of w.

Given a Banach space X, we denote by L%(0,T; X) the Bochner space, i.e.,

1

T q
L0, T;X) == que S| |ullzax) = (/ ||U(t)|\§¢dt> <00
0

for 1 < ¢ < oo (with obvious modification when ¢ = co). We define the space E,(T) for
some T > 0 by

2p 1L gL |
(1 3) E (T) — (U w) (S C([O,T] : B;l )7 atU,VZ’U c Ll(O,T; B;l )’
. » — ,

n

.n_9 .n_9
v e C([0,7]: By, ), 0, V2 € LY0,T; B, )

whose norm is given by

= n_ a (72 n_
(v, o)l &, (1) HUHL$(B;11) 10, UHL;(Bgll)
+ n_y + |0k, V2 n_, .
HCIDHL%O(B:1 2) H tPs QOHL;(B;l 2)

We note that the energy conservation in system (1.1) can also be formulated by
the use of the total energy by unit volume E that is interrelated with 6 by

Juf?

(14) E=p(

+0).
Then system for (p,u, E) now writes:

(Oyp + div (pu) =0,
O(pu) + div (pu @ u) + VP = div (1),

(1.5) O E + div (uE) — kdiv (%VE)

= div [7’~u— %EV;}— kV(g) —uP(p, %— g)]

\

In [3], the analysis of the above system is carried out by the Lagrangian method in
the Besov spaces introduced in [5, 6] with a new physical quantity called total energy
along the flow, which is defined in the Lagrangian coordinates and roughly equals to
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2
the total energy F = p(% + 0) multiplied by the Jacobian of the flow. The use of this
quantity in particular enlarges the admissible range of Lebesgue exponent, as far as the
“Lagrangian solution” is concerned. The result in [3] for system (1.5) in the Eulerian

coordinates reads as follows:

Proposition 1.2 ([3]). Letn >3 and 1 < p < n. Let ug be a vector field in

.n_q .n_9
B;l and Ey, a real valued function with Eo — 1 in B;l . Assume that po satisfies

po—1¢€ B;l and
(1.6) inf po(x) > 0.

Then there exists some T > 0 such that system (1.5) has a unique local solution (p,u, E)
with (u, E — 1) € E,(T), p bounded away from 0 and p —1 € C([0,T7; B}fl),

It is furthermore possible to rephrase the above theorem in terms of temperature
through the relation in (1.4), under the same conditions on the initial data.

The purpose of this article is to present an alternative proof of Proposition 1.2
by the direct use of the absolute temperature 6 in Lagrangian coordinates. The proof
given here can not cover the optimal admissibility of the Lebesgue exponent in the
Lagrangian coordinates, which is only possible with the use of the total energy along the
flow in [3]. It seems inevitable to restrict the range of the Lebesgue exponent not just
in the Eulerian coordinates but also in the Lagrangian coordinates, if one formulates
the equation with the absolute temperature. However, our argument shows that if one
aims only to prove the existence and uniqueness in the Eulerian coordinates, it suffices

to work with the temperature formulation.

§1.2. Change of coordinates and main result

One characteristic of the compressible viscous fluid is that it is governed by a
hyperbolic-parabolic composite system at the linear level. The effect of the composite
system appears in the smoothing properties for different spectral regions, and the hy-
perbolic component in the high frequencies hinders the use of the contraction mapping
principle due to the inevitable loss of derivative. To overcome this, it has been observed
by many authors [9, 10, 11] that the use of Lagrangian coordinates has an important
merit when constructing a solution for system (1.1). Namely, by the change of coordi-
nates, system (1.1) can be treated as a quasi-linear parabolic system, locally-in-time.
Following [3], we perform the Lagrangian change of variable to (1.1).

The flow X of u is (formally) defined by the solution of the integral equation

(1.7) X(t,y) = y+/0 u(r, X(7,y))dr.



A NOTE ON THE WELL-POSEDNESS OF THE COMPRESSIBLE VISCOUS FLUID 157

We denote the functions after the change of variables by p(t,y) := p(t, X (t,v)), a(t,y) :=
u(t, X (t,y)) and so on. We also denote the Jacobian and the inverse matrix of DX by
J:=det(DX) and A := (DX)~1, respectively. We refer to [5, 3] for the details on how
one may perform the change of coordinates.

For n x n matrices A = (Aij)1<i j<n and B = (Bjj)1<i,j<n, we further define the
trace product A : B by

A:B=) Ay;Bj.
ij

For a C'! function F : R” — R"™ x R™, we define div F' : R® — R™ by

(divF) ==Y 0;F;, 1<j<m,

We denote by adj(A) the adjugate matrix of A i.e. the transpose of the cofactor matrix
of A. If A is invertible then adj(A) = (det A)A~!, where A~! is the inverse matrix and
det A is the determinant of A. We shall denote by A the transpose of the matrix A.
We define the “twisted” deformation tensor and divergence operator (acting on vector
fields z) by the formulas

1
Da(z) = §(DZA + "AVz2) and divaz:='A:Vz=Dz: A

After changing the coordinates through (1.7), we have the following set of equations
( at(Jﬁ) = 07

(1.8) poﬁtib — div (adJ(DX)(TA(uz— P(p, 0))) =0,
p00:0 — div (adj(DX)(*A)VH)

+ P(p, 6)div (adj(DX)u) — 74 (u) : div (adj(DX)u) = 0,

where 74 (@) := 2uD oT + Adiv 4T.

The following is our main theorem.

Theorem 1.3. Letn >3 and 1 <p <n. Let uy be a vector field in Bﬁl_l and
0o, a real valued function with 8y — 1 in BE;Q. Assume that py satisfies pg — 1 € le
and (1.6). Then there exists a small enough T > 0 such that system (1.8) admits a
unique local solution (p,,0) with p bounded away from zero, p—1 in C([0, T7; Bﬁl) and
(w,0 — 1) in E,(T).

Furthermore, the flow map (po —1,up,600 —1) — (p—1,w,0 — 1) is locally Lipschitz
continuous from Bﬁl X le—l X 351_2 to C([O,T];Bﬁl) x E,(T).

Once we obtain the Lagrangian solution (p,7, ) for system (1.8), we may resort to
Proposition 4.4 in Appendix to revert back to the Eulerian coordinates. The restriction
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n > 3 and 1 < p < n ensure that the regularity of the “Eulerian solution” coincide with
that of the “Lagrangian solution”. Thus we may recover Proposition 1.2 through the
relation in (1.4) without having to use to the total energy along the flow.

§1.3. Banach’s Fixed point scheme

Our goal is to solve (1.8) by Banach’s fixed point theorem. Here, we formulate our
fixed point scheme. Note that having changed the coordinates we no longer have to
retain any reference to the initial Eulerian vector-field u by defining directly the “flow”
X of w by the formula

(1.9) X(ty) =y —I—/O u(r,y) dr.

To simplify the notation, we drop the bars of the Lagrangian coordinates hereafter.
Setting 1 := 6 — 1 and recalling the pressure is given by P(p,0) = 67 (p), let us
linearize system (1.8) around (1,0, 1):
(p=J"po,
Byu — py "divT + py TV (¢(po))
= pg " div | (adi(DX)ma(w) — 7) = (adj(DX)(¥ + D)(p) = ¥r(po)ld) ]

O — pg A = p ! (div ((adj(DX) *A ~ 14) V)

— (¥ + D7(p)div (adj(DX)u) + 7 : div (adj(DX)u)).

We are no longer concerned with the mass conservation equation since it is explicitly

solvable thanks to the change of coordinates. Hence, it suffices to construct a contraction
n n 1

map to the parabolic system for (u,?). With ag := pg — 1 € Bﬁl, ug € B}il_ and

.n_9
o :=0p—1€ By, we aim to solve system (1.8) in the critical Besov space defined in
(1.3). The system can now be written by

(1.10) { O — py 'divT + pg 'V (Y(po)) = pg div (I (u,u) + La(u, ¥)),
. O — py tAY = pyt (div (I3(u, ¥)) + Lu(u, ) + I5(u,u)),

where
Ii(v,v) := adj(DX,)7a, (v) — T,
Iy(v,¢) := —adj(DX,) (¢ + 1) (J; " po) — om(po)Id,
(111) I(v,¢) == (adj(DX,) A, — 1)V,
Ii(v, ) := = (¢ + D)m(J, " po)div (adj( D X))
and I5(v,v) := 7 :div (adj(DX,)v).

v,
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Therefore our fixed point scheme is given by the following:

(1.12) { Byu — py HdivT + pg 'V (Y7 (po)) = po ' div (11 (v, 0) + L2(v, @),
) O — palA¢ — pal(div (I3(v, ) + Is(v, ) + I5(v, v)),

for a given (v,¢) € E,(T). In order to solve (1.10) locally in time, it suffices to show
that the map

(1.13) D : (v, ) = (u, 1)

with (u, 1)) the solution to (1.12) has a fixed point in E,(T) when n > 3 and 1 < p < n,
for a small enough T.

The rest of the article unfolds as follows: in the second section, we show some a
priori estimates for linear parabolic equations. In the third section, we prove Theorem
1.2. In Appendix we state some technical tools that are used in the second section
without proof. We will denote by C' harmless generic ‘constants’ that may change from

line to line.

8§ 2. A priori estimates for parabolic equations

We first recall a result for the following heat equation with non-smooth coefficients:
(2.1) Oru — adiv (bVu) = f,
the study of which in the Besov spaces is summarized in the papers such as [3, 5] .

Proposition 2.1 ([5]).  Let a and b be bounded functions and assume that there
exists a constant 3 such that ab > 3 > 0. Suppose that aVb and bVa are in L>(0, T Bp;[l)
for some 1 < p < co. There exist two constants n and C' such that if for some m € Z

: p

inf Sm(ab)(t,z) > —=,
(t,m)el[g,T]x]R" (ab)(t, ) 2

— 5 n, <
|I(1d Sm)(aVb,bVa)HLoo(Bp <ng,

T p,1 )

we have

then the solutions to (2.1) satisfy for all t € [0,T],

||u||L§°(B;’1) + ﬁHUHL%(B;ff)

c [t . 9
< Cllluoll e, + £l 2 gss ) exp (g / <||Sm<aw,bw>||351d¢)
whenever —min(—, —) < s < — — 1, where p’ is the Hélder conjugate exponent of p.
pp p
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As a consequence of the above, we have the following a priori estimate obtained in
[5], on which the analysis of the momentum equation is relied. We consider

(2.2) Oru — adiv (2uD(u) + Mdivuld) = f,

where both u and f are valued in R™ and a is some variable coefficient. We assume that

the following uniform ellipticity condition is satisfied:

2. = mi inf t inf 2 A)(t .
23 ammin( it @), it Gackad(te) >0

Proposition 2.2 ([5]). Let a, A\ and p be bounded functions satisfying (2.3).
Assume that aVu, aV, uVa and AVa are in L>=(0,T; Bgl_l) for some 1 < p < 2n,
and that there exist some constants @, A and [i satisfying

2aji + a\ > 0 and afi > 0,
and a —a, A — X\ and pu — ji are in C([0,T); Bp?l). Finally, suppose that

li Id — Sy, A, uVa, A ny =0
im0 = $,)(@VpaVA, i, AV,
Then for any data ug € Blil_l and f € L(0,T; Bﬁl_l), system (2.2) admits a unique
solution u € C([O,T];Bﬁ;l) with Vu € L1(0, T Bgl).
Furthermore, there exist two constants n and C' such that if m is so large as to

satisfy

Y

i inf S t inf S (2 N(¢, >
win (|t S0, | S acta)(ea) ) 2

| o

I(1d = 8in)(@Vi, aV A, pVa, AVa)[| 2 <o
then we have for all t € [0,T],

lull a2+ al[Vull

L(Byy ) Li(B)

t
) exp (g/ |Sm (aV s, aV A, uVa, A\Va)||? » dT) .
0 BP

p,1

< C(lwoll -+ + I

R |
p,1 L%(Bpp,l )

Now we derive the a priori estimate for the linearized system

(2.4) { Ay — adiv (2uD(u) + Adivuld + ¢7ld) = f,

Op — adiv (bVY) = g.

In fact, the following statement is merely a corollary of Proposition 2.1 and 2.2.
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.n_q .n_o . n
Corollary 2.3. Letn>3,1<p<mn,uy € B}, ,vo€ By, ,feL'(0,T;B}

.n_9
and g € L*(0,T; By, ). Assume that a, b, \ and p satisfy the assumptions of Propo-
sition 2.2. Let a and b further satisfy assumptions of Proposition 2.1 with s = % — 2.

Assume that 7 belongs to the multiplier space ! M(B;l). Then system (2.4) admits a
unique solution (u,1)) with

we (0, T By, ) NLNO,T:B!) and ¥ €C(0,T); B2, ) NI (0,T; By,

Besides, if m is large enough (as in Propositions 2.2 and 2.1) then (u, 1) fulfills for all
te[0,T],

TR 1 <||¢o|| +||9||L1(Bp—))

LE(By ) L%(Bpl)
Xexp( /||S (aVb, bVa)||2% )
p,1
ol 5, + el e, < € (Mol 11, 5

7| n )exp(—/ 1S (aV i, aV A, pVa, AVa)|? » dT)'
a Jo BP

Hlall o 17l WL e

Proof. Tt suffices to solve the second equation of (2.4) according to Proposition
2.1. Note that in order to apply Proposition 2.1 with s = % — 2, we need n > 3 and
1 < p <n. Then we look at u as the solution to

Owu — adiv (2uD(u) + Adivuld) = f — aV (7).

The assumptions on a and 7, and the control of ¢ in L'(0, T; B pl) imply that « may be
constructed according to Proposition 2.2 and satisfies the desired a priori bound. U

” is used, here

We remark that unlike in [3] where the “total energy along the flow
we do not need to derive a new estimate for the absolute temperature . For the “total
energy along the flow”, one needs to establish some new parabolic estimate for equations

that differ from (2.1) or (2.2).

8§3. Proof of Theorem 1.2

In the rest of the paper, we shall show that the fixed point scheme (1.10) does
indeed work. We denote the linear part of the solution (u, ) by (ur, L), respectively,

IThe multiplier space ./\/l(B 1) is the set of all distributions f € S’ satisfying hf € B 1 for all
hGB;l,and ”fHM(B;J) = . sup thHBszl < 0.

| 3s =1
Bp,l

)
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ie.,

(9t’LLL — po_ldiV (Q;LDUL -+ )\diVULId) = 0, uL‘tzo = Ug,
oL, — py A, =0, Prli—o = 0.

Let u :=u — uy, and @Z := 1) — 1, then (u, 5) has to satisfy the following equations

(3.1) { O — py tdiv (2uDu + Adivald) = pg tdiv (I1(v,v) + Ii(v, 9)),
| O — py ' A = py (v (I3 (v, 0) + La(v,0) + 5 (v,v),

with (v, ¢) € E,(T"), where the terms on the right hand-side are defined in (1.11). We
claim that the Banach fixed point theorem applies to the map ¢ defined in (1.13) in a
closed ball Bg, (1)((ur,0L), R) centered at the linear solutions (ur,) with a radius
R, provided T and R are suitably small. .

If the right-hand side of the first equation is in L'(0, T} B; . 1) and if there exists
some m € Z so that the conditions of Proposition 2.2 are satisfied then u € E,(T"). The
existence of m so that we have, for some «,

. 1
inf Sy, (—)>
zER™ Lo

and ||(Id — Sm)(m

n_, <
P )HL%’(B:,I =1

|9

is ensured by the fact that pg — 1 belong to the space BE , which is defined in terms of a
convergent series and embeds continuously in the set of bounded continuous functions
decaying at infinity. Note that the choice of m only depends on pg

As the proof of Theorem is carried out by the Banach fixed point theorem: the
procedure is divided into 4 steps: We shall show

1. that the map ® in (1.13) is a map from the ball Bg (7)((ur,01), R) into itself for
suitably small T" and R;

2. that the map ® is a contraction;
3. the time-continuity of the solutions;
4. the Lipschitz stability of the solution with respect to the initial data.

We do not give the full proof of the above but the process is quite standard and easy
(see [3, 5]). Here we shall only show the stability of the ball.

First step: Stability of the ball BEP(T)((UL, Y1), R) for suitably small T and R.

From now on, we assume that for a small enough ¢, we have

3.2 Dv . n SE
(3.2) 1Dl 5
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Proposition 2.3 and the definition of the multiplier space M(B,, ') ensure that

1 D),y < CeConT (5| s [ E(0,0) + Bav, 9], 2
(3.3) M(B;, ) (B, 1)
U s [[divEs(v,0) + Li(v,9) + Ts(v,0)]

ot 5e ).
ol 32 Lh(Br )

The coefficient py ' indeed belongs to M(B;’J) for s =% —1and s =2 —2 by the
product estimate:

ao
1—|—CLO

- 1)h’

_1 . .
log Al < | < Clllaoll 5 +1)l1hll,

1

n
)

el

.S
Bp,l

under our assumptions on n and p (recall that ag := pg — 1).
Estimate of I; : The first term I; of (3.1) have been estimated in [5, 3] as follows :

Ii(v,v 2 < C(|lagll .= + 1)||Dvl|? n
@)l ge < Cllaoll g +DIDUE, g

Estimate of I» : Since

Ir(v, ) = —adj(DX,) (¢ + 1)m(J; " po) — om(po)ld
= —(adj(DX,)7(Jy " po) — m(po)Id)p — adj(DX,)m (S, " po),

we have thanks to Propositions 4.1 and 4.3 of Appendix

[12(v, o) < C(llaoll,

n
- P
p,1

n +1 Dv .n .n T||Dv n ).

Estimate of I3 : Owing to (3.2), the application of Propositions 4.1 and 4.3 gives us

1. n_; < dj(DX,)*A, —1d n ||V n_
150 9)1,, 30, < Clladi(DX,) Iy 1991 2
<C Dv . .n,
< |’L1T(B;1>||“0HL1T(B;1)

Estimate of I, : We decompose the term I, as follows:

Li(v, ) = —(p + )7m(J;  po)div (adj (DX, )v)
= —7(J;  po)pdiv (adj(D X, )v) — 7(J; po)div (adj( DX, )v).

Then thanks to (3.2) and Proposition 4.1 we have

I n_g
H 4(1}730)”L%1(Bpp’1 )
< n —+ 1 1 ] DXU n_o -+ d DXv n_y
< C(HCLOHB;I ) ([[pdiv (adj( )v)HLlT(Bp”J ) [[adj( >UHL1T(B;1 ))
< C(lagl] .= +1 o+ DT||v g
(1 O||Bp1,i1 )(H(’OHLlT(B;I) )T ||L°T°(Bpp,1 )
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Estimate of I, :

I5(v,v) = 7 : div (adj(D X, )v).

Similarly to the previous computations, we may easily obtain by Proposition 4.1

Is(v,v = ||7 : div (adj(DX, n_
1 (v, 0)][ BE = (adj( ))||L1T(B:12)
SCT|ol? _ aoy
LE(BP, )

In summary, we obtain the following estimates:
1
n_y || 1 n
105y 3 IR0 0) + 00,

0 n_o I I I n_o
105y 52 108 o0 0) + a0 0) + L0, s

< Clllaoll 3 + 12Ul 2+l oz +TIIDO,

+ . +||v n +1)T v o >
(\|90HL1T(B:1) | ||L%O(B:1 3 )| I\L?(B;’ll)

Plugging all the inequalities above to (3.3), we obtain

| (@, )| &, (1)
< CeCromT w11 2( n D » +T)|D "
< Cebro (HaoHB;lJr ) (M‘L;(Bgl)ﬂ‘ UHLlT<B;’,1)+ ) UHLIT(B;J)
+ n +4 n_y + 1)T||v . >
(H<P||L1T(B:l) v ”wapl 3 )T HLOTO(B;ll>

Since (v, ) belongs to the ball BEP(T)((uL, W), R), decomposing v into v+ uy, and
@ into ¢ + ¥y, gives us

1@, ), ()

< Cro,m v ’
< C,,cCro ((IWLII L, + [ Durl (pl)+R+T)(||DUL||L%(B:1)+R)

+ (ol n A lunl s+ R+ DT (lug 0)
(Il g+l s+ REDT (sl s+ )
where C), is some constant depending only on py and the dimension. Note that we

have

n_; <(C n
sl 32, < Clluol

p 1
by Proposition 2.2.

Choosing R and T sufficiently small we may see that ® is indeed a self-map on
the ball Bg, (r)((ur,Kr),R). The contraction estimate is also carried out in a similar

fashion to the proofs given in [5, 6, 3]. We omit the details.
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§4. Appendix

The purpose of this section is to present some technical results that have been used
in the paper. In the first paragraph, we recall common product estimates regarding
homogeneous Besov norms. Next, we state estimates for the flow and finally some
necessary tools for the Lagrangian transformation.

§4.1. Estimate for product, composition and flows

For the proofs of the following propositions, see Chapter 2 of [1] and Appendix of

[5, 6].
Proposition 4.1 ([5, 6]). Let v > 0 and —min(—, —) < 0 < — —v. The
pp p
following product law holds:
ool g, < Ol ol g -
Proposition 4.2.  Let F : I — R be a smooth function (with I an open interval

of R containing 0) vanishing at 0. Then for any s > 0, 1 < p < oo and interval I’

compactly supported in I there exists a constant C' such that
|E@)5,, < Cllall,
for any a € B;l with values in I'.
The following flow estimates are found in Appendix of [5, 6].

Proposition 4.3 ([5,6]). Let1l < p < oo and v € E,(T). Assume that for
small enough ¢,

T
/ Do« dt <&
0 By

p,1

We define X as the flow of v as in (1.9). Then for all t € [0,T], we have

[1d — adj(D X, (#))]] .

2 <C[Dvf| o,

Bppyl L’}'(Bpp,l)
Ild— A,0)]| .2 <CIDT|  .a
Bp,l LT(Bp,l)
HJjEl(t)—uyB% <colpv , » .
p,1 T(Bp,l)

§4.2. Lagrangian coordinate

The necessary tools for the Lagrangian transformations are given below. For more
details, we refer to [3, 5, 6].
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Let X be a C'!-diffeomorphism over R”. For a vector-valued function H : R® — R™,
denote H(y) := H(x) with x = X(y). The chain rule states that

DyH(y) = D H(X(y)) - DyX(y)
with (l)y)()l‘7 = aiji, and
VyH(y) = VyX(y) - Vo H(X(y)).

Hence, we have
D, H(X(y)) = DyH(y) - A(y)

with A(y) = (D, X (y))~t = D, X 1.
See Appendix of [5, 6] for the proofs of the following propositions.

Proposition 4.4 ([5, 6]).  Let X be a globally bi-Lipschitz diffeomorphism of R™
and (s,p,q) with 1 < p < oo and —}% <s < % (or just _z% < s < % if ¢ =1 and just
_1% <s < % if g = 00). Then a — ao X is a self-map over B;,q if one of following

cases holds:
1. s €(0,1),
2. s € (—1,0] and Jx-1 is in the multiplier space M(Bz’q),
3. s>1and (DX —1d) € B3,

Proposition 4.5 ([5, 6]).  Let K be a C'-scalar function over R™ and H be a
Cl-vector field. If X is a Ct-diffeomorphism such that J := det(D,X) > 0, then

V.K = J div,(adj(Dy X)K),

div . H = J 'div,(adj(D, X )H),
where adj(Dy,X) is the adjugate of Dy X.

From the above proposition, we have the following set of change of coordinates:

Agu = J 1div,(adj(D, X))V, u)
= J1div, (adj(D, X) (' A)V ),
V.div u = Jtdiv , (adj(Dy X)div zu)
= J 'div,(adj(D, X)(*A) : V),
V.P = J 'div,(adj(D,X)P),
where A = (D, X (y))~! and J = det(D,X). The following is stated as a lemma in [3].
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Lemma 4.6 ([3]). Let z : [0,7] x R" — R™ and X : [0,7] x R® — R™ be

differentiable functions with, in addition, X (t) : R® — R™ being a C' diffeomorphism
given by (1.9) for allt € R. Then the following relation holds:

0y(JZ) = J (0pz + div, (2u)),

where J := det(DX).

[

[10]

[11]
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