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Abstract

We give an overview of the “finite multiple zeta values” in the sense of Zagier, who
has introduced a new framework of considering the “mod p multiple harmonic sums” studied
by Hoffman and Zhao among others since ten years. We present a conjecture predicting a
connection between finite multiple zeta values and ordinary multiple zeta values, by defining a
real counterpart (“symmetric multiple zeta value” or “finite real multiple zeta value”) of the
finite multiple zeta value, and give some results and conjectures concerning relations among
finite (and symmetric) multiple zeta values, which are analogous to the known relations in
the theory of ordinary multiple zeta values. Several properties of the symmetric multiple zeta
values are also given.
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BIRANIZINHORELR R\ DT, £ VT v 7 ADET k; 130 F213ATH LWk
THHD, ZITIRIEOBDAIZIRET 5, EERIZIFIEOBZHF L TR E L TD Zy4
BEDLLLRWI ERRBIIREINED2, Hlz21E

CA(_17372> = %CA(LQ) - %CA(272)

DEYIC, B 2EI 2R OHEOBORRRAEL TL 53, £4HEIE, Zap DERICE WL
THIZ by > 2 1CHIR L THEEIIZED S RN LRI N5,
ZDZEMDRIGIZOWT, Zagier I FEUEFIE4IC L h X2 PR 72,

RILFRE (Zagier [14]) ¥Fldp % dy=1,d, =0, dy = 1, B X li{b
di =dg—o+dr—3 (k>3)

TED D L&,
dimQ Z.A,k = dk_g (: dk - dk—2) (Vk’)

TH2I.
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pELEY — ZHDOZEBDRIT, H5WVIFFER LEOLEEY —FfH%Z “mod ((2)” THl-> 7%
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(A (k)¢ (k2) = ¢ (ks ko) + A (Ko, kr) + ¢ (k1 + ka)
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3¢A(kL, ..., ky) DEIEF k1 4+ +k DZETHBD, —2OD p ZFEEL T modp FIFTEZBR
D, k1 4+ +kr i3 mod (p—1) TL2ERZF/ LV, ADOHPTEILILICL>THHELRL &
ICHEIEEZLENLERS,
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X 2325127 = 272325 + 232725 + 232527) 12 & D) REUS E AR B OMHE Z ATz DT
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L, ZDHHZ CAEDHEIZ L DB R S,

B 1.3. EX1DHE, X0 TRITFNUE
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TEDLDTHS, 2K (1.2) (Dp Iz 72 L72b D) 1 Hoffman [7], Zhao [23]
CH 205, =N X—A DOXREFMAREH O TESICEHTE S, FiE CALE-1)
137 < 97TIC Vandiver [20] 12 (REMICFEZAFKDY) HTw»2
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Fic/lz k9, ) —w v =%l ((k) DFFZELY ¢Ak) 130 THDD,
D Z(k) B ¢(k) D (EMEICIX (k) mod ¢(2) D) FHNZEPTH L LEZ NS, ZD
HFAEIE 2 D/NGRTTWL K DR 22, O LD DR AFIHIZLLTOEY (R0 AR
FBEEIT R D 20 |

C(k) ) Fer%nat ’ g(k B (p N 1)) Eljer _p —k = Z<k)(p) (mOd p)
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—HAIBWTL, Z(k) A0 TH2ARE DB DBALNTVARVDTHS | HiE>T
Z(k) Q0?7 V) 2TEBGERTLOR, SROMETHS ). ETFEZEKEL
7ELThH, BURTIE Z(k) £0 IFHA W, W) DX C(R) (kIFFE) &7 OXREDQ
ERASID E ) 02 LDy, (k) D3C(2) DT B LEHE—FHLE W IHTRITIE RS B L v
T ERDVTB Do TRV 5 TH S,

2 TOWTIL, A UAGD S50, HIDBIKZE A DILIC OB TBEXTE L,
z€Q*ITHL logy(z) e A%

P~ -1

I%A@:=< Imd@ e A

p
TEHTS (VbW 7 2)Ve—H). 72 e—0O/NERIZ K> TIDERITEEKE b
5, z,y € QX IZX L Tlogs(zy) = loga(x) + log 4 (y) IO T &, log4(£1) =0
BEZIHErO 5N D, ST, ZITIIHERME S

logy : QX — A

DI {£1} THAID? 2% D, 2P~ =1 (mod p?) BERMEZ RS ITXTOHELp T
DD KD AR 2 13 £1ICR22?2 ZHU3IERICH o £ b 6 LI BN 2 D BIED
LISAMENTOAVEITHS, LoL, abe PEDIELIFIUE I OFEDHES

SFEiF log 4(2), log4(3) ET 4 V7V LD AMRERS Z EDHKE DT, BIRIIRVICH S, AT
ZDHAD—BAIZ DV TR, SHOFETH L L LTEL.
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EDRHISNT WS [18]8, F7 Z i@z LIRS 255m U CE s TROMIY)
DELE R TEI &, ABE T, ") ‘do’ BERMZERC T XRTOFEHTHERZ
HTie=+12?2 L I8R5,

§2. BARZSEE—FEDOWVSWVNBLBERI

Bl ZIXEH» S fHHICT > 2BRE LT (EROMD m; —p—m; £ 5)
CAkey, .. k) = (=)ot Re A Ey)

3B, [7], 23] ICIZZDIEP W D2 DOREBRADEI SN Tw 5, 2Tkt Y
&L OBEPOBED 5, AAKBRHKDRINIOCTIEXNTAT G,

MAaxX  HINZEE0 Ta,

> Gk, k) = C(R)

ki+-+kr=k
kp>2

FELASR, fHED OB SN TS, 2 OHFRENEEEIZLIET [11] 28V
TP ZREEFLALCHIBRTEZIRHAZMBEIE > 7D T, FHEKICOW
T OERARECIETIRIBLAZDDTH -7, 2z (ADSETH L, &E
Sk I rizonT
A r(k—1
Yo Alha k) = (14 (-1) <r__1>)ZU®

k14 +kpr=k
kp>2

DD LoD, EWIHREICE S, THUIEGE Saito-Wakabayashi [16] 12 & D —#{b X
NTCAEH SN, JORDRER DT E, > 2 L W) FHEIE®REZ RS20 EHICED
NEDOTHED, TOFENEZHT I ETHUDAADIRD LODTH S, k. =1 FTH
O3 EEADHNL 01275, ZORNL, " ELEL—SME) (k... k) IR

5 M D3
, (k-1
> i) = (521w

ki+-+kr=k
kp>2

ThHrIe®EZBL, MAWEZL TV, FLARSEY -V HOESMN S A
ZEZTEEOMARIZ
k—1

> Mk k) = (p—mr+-(r__1))zag

ki+-+kr=k
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6 Z o3k ZE I PRI #Hd - 72,
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Lo TWwT, Z0d [16] TiEHE N Tw 3,
MARDER L LT Le-Murakami ®BI{R= Aoki-Ohno DBIRA & MEXN % H D
DBHDHH, ZN6DFELE LT

> et Lo -2z
kel(k,s) 5
B
? k—1
A,x - _ ol—-k

> et Loy T -2z

keI(k,s)
ZYRTS. 2T I(k,s) BEIDVE "TRI YTy 7201 X HRZVRT O
B) s THHEIBICREA VT v 7 A (REOEITB2UETHLHD) OfELGEE
L, dep(k) A v 7y 7 Ak DES KT, HMIFEBICHUEZ LTV, HilllL
54D Aoki-Ohno DEAFRFIX

* _ k—1 1—k
> cw=2(y ) )a- 2w,
kel(k,s)
Le-Murakami OBRRIZE I BEBD L 21z BUMEX H) AT, W50 L Fi3haU
1ZOL X — A BCENT 00 BT B (k) TH D (FERIZIZER) . n
5O VRO Z(k) BB TV 2008, Z(k) % (k) D ABPLE T HBHD—>
Th 5.
TRTCOFPHROBMIZO & ZICBIEN 2D D TH D (B X OEHHBW LGS L ORI
T, 72720 s=1 Lo T RNBSEIGEHPRONTHE5D b H S), Zagier (T
X % Pari-GP 7’0 77 5% H\WT, #lZ21E 500 LT ORI WT (WD Z D FEEIR
TR—HTHI %) HIV22METHRORBGIHEIPOSNS,

B RS EL — FEIC DT D 32BN & R S B 2 BIR 0 H
%. Hoffman 1 [7] IZEWVWTA ¥ T v 7 AT 20BN ZEERL, E5ME, GR%
HLY =S EICOWTOBNMEZFH L7z, 2D YTy 7 R (k... k) & (Iy,..., 1)
23 Hoffman DK TIHIDBIRICH % L1, TRTDL, [ Z1+1+---+1 EFHOE
LE, ~foave U 20 T+ 12, Mlzav<ilZ2iipBonsl 2597,
(ki,... k) @ Hoffman DERTOWN% (ky,... k)Y EHL LT3, HlELT,
)Y =>04+---+1D"V=(@1,...,1), (2,1)V=01+1,1)"=(1,1+1) = (1,2)
N’

n

BE, COLEFMEOEIIZHELL, HIITOowTIE TESOM = HE +1, OGRS
%3, BROBIIICICHE S, ETIDE E, A @ Hoffman P MEIZRDIEE L 5.

(2.1) CM(Ryy o k) = —CA (k. k) Y).
TZ OFADHS IS EHAIREI Eb - 7
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Ik (A DOSECHEMZ 2L (ZOFSWZITAMTIEZ Y, Hoffman [7, EHE 4.7)
), EROA Vv Ty 7 Ak = (k1,..., k) ICKL

¢tk = (1)) ¢AK)

k’>=k

EhhB, 22T, oA VT Ak EK DPEBRK - kichb i kDK =

(Ki,...,k)yDav= T 1 OO0z T+, ITZEZ RN LE2E). HIAIE

(1,3,2,1)
(1,3,2,1)

(143,2,1)=(4,2,1), (1,3,2,1) = (14+3,2+1) = (4,3),
(1+3+2+1)=(7)

Y 1Y

mE,

Ohno DR HINAER TN A v T v 7 A% (k,... k), (K),..., kL) &
T2 (ERFEMT S, Hl2IE[1] €% 127 2H) . s EEEOEE > 01cxfL,

Yo Ckten . kete) = Y (K el kL +el)

e1+---+er=l1 e’1+~»+e/,:l
€20 e’.zor
ALY LD, LI DB HWS Ohno DBIFATH 2. 1 =0 DBFEDI iS22 TRHE
i 5w, Zho CABBIE LTREFIT S, £3 (k... k) & (K. k) 13
Hoffman DERTORIIA » 7y 7 AT 5, Z0n L8>0kl

Z CA<k1+elv-"7kr+€T) ; Z CA((]{II—I-GI,...,]C:*—Fei*)V) :

el+é~~->9-gr=l ef ek =l

ZZCHADHHIZD 9 & Hoffman ORI ZH-> T3 Z EICHRE, > TIi=0D
BEIZHWAZZBEGRRE 25, ¢A* 12OV T O Hoffman DBCFEH (2.1) ZIKRT 2T
@ Ohno BIRADELMDIH 2 DT 67\, | =1 DAL, BTHEXZEY vy
7 VEIRAE L COHEBANKR (uK) Ik DiEHE N, I oic—Boga b /MIZERER
K (JuR) ko TGEHEI N (Wing il ke i) .

ZFOM  flic, —FEEGENZ DL LT, HEKDOEDRER

n

oo , ? oo T
;gv“u 2,1,2;...,1,2/)3; = exp( ) CA(l,gn—l)ﬁ)

Y
N

n=1
2r n:odd

®, fFED a,b>01IXT 5%

sz =02 (o, ) - (55 ) )20
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gz = (0o g ) (1) - ()2
b

BEL TR, (K IZEMDOATIE 20+ 2b+ 3, ZDOHTIE 2a + 2b+ 1.) REIF DO T
AT 255D

¢(kn)

n

z")

1+ kk,....k)z" = ex —1)nt
; ¢( T ) p(;( )
(D k=3DHA) ICHIELTws Llbis. HEDDIF Brown DREREH (Hoff-
man RO & RkA BB ZRES) (3] THLE o7, Zagier ICX 2% (Z DD
ER 4.1, F72[22) OEUYITH B3, 415 lE Pilehrood-Pilehrood-Tauraso [15] T
At SN Tw 3,
T, L EHHMICAALEAOHLTH

¢M1,3,...,1,3) = 0
N—————
2r

b [11] TPHL TwZdd (Z1UIHEIE Zhao [23] TIAEHI N TW:), ZhzE&E Bowman-
Bradley DEIRROEELY % S 51— il L 72 & 9 7% ¢A DBIfRDY Saito-Wakabayashi
[17] ICB W TEEH I T 5,

Bry 7 VEFRR T, ME—#EoPRIZ 2012 FOHEF TINIRFS TR T,
INHITRTZEL TRILDBEDETESL 2 25HH L TAIE A, FRPRERRITIC
FCHETICEES o7 (BEI9FTIELI WD, 10 AR T 2) . HIWEREEIC
FHRRLETHELETTH S ) LI TwrBRRoBKE LT T7 Yy —7BFRR
(associator relations), "8 vy 7 )WBIfR (double shuffle relations); 23 -7z, HIR
ZEEXY—FHIZOWTINS DI H 502 ? &0 ) DIFBRFDL SN TH 2038, #
>y 7 VEIRAKICOWTIE, BaaRD (2.3) Rz2FH, GEHL, Ihi (2.2) 2A4bE 5
ETPRRILECTHR LT 0TI RVY, ETFPHTICEST, Thbb,

FA . ROMIEBIRADIEIL Z 4, ODXIt% PRUEE T & TICR 2 7210 DML 2%
Bz & Th s ¢

(2.2) H(O)xk) =0  (V>1,Yk st. L+ k| =k),
(2.3)  (AMkyuky) = (=1)*lcA (kg ky) (Vky, Vks s.t. |ki|+ [ko| = k).

IITREDEKRTH 2, ZNETNDLEAL, ZODA Ty 7 AT 2@ DS E
Y= DOz "B vy 7V BEO RIS vy 7V CRBELZ L ZIES
N —RKEEEIBOT, BRI (% (A IREZLDD, |ko| BA VT Y 7 ADEE, ke
3 ko ZWMEICTRAZA YTy 7 A, (ki k) EFHOTVLEDIERZODA VT v 7 ADiH
fili 2 R,
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X (2.2), (2.3) IZABICHEHHE S, IO (2.2) 13 ¢4 EL vy 7 VDKL
eI EE, WE1DADB0THEIE (CA) =0) ICX2METHD. RD (2.3)
LEMBEBEE DY vy 7VEEZHCTEIORT I LKL, 202 LIFEHIEREK
bIEML, F-eesve (E-Bbns) K% Brown D¥FAD Jarossay 235H DU FIERD
HETHEHLTWw2 k9 Ths, ik, bThRz kI, IhonFEEETHD Tt
WL EY — 7 i) BRLEEHAI N TV 5, W RSGOEY vy 7 VERRIZ, =2
DLHEYX—FEOEEZ JEICEHREL CZNo2F L wEBLTH N BB TH -2
(IEfEIIE, Zonx PRUEF © LTI Fsio TIERL, 27> ons b0 EThE
D52 ERRE) . So5s, X (2.3) IHEICHETILDTIERVWE I TH S,

ZDOZODBRAEZ TR FREELL FICE TR L85 2 & %2, Mathematica
WX DEX 15 ETHlE» D, FRITHEMKIX sage ZHWTESI 18 F TPHHICED
52 EzfErdond, LarLliedys, X@22) 8w, oA vyTy 7 AL LTE
I1DHBDDARZR->TWE (29 LawELUR—MITIZ0ICR SR \n) KT, K4
TRCOBMEAGRRZEAL I 2D, 2 F CHRNENLSS 2 DAL FRETIE
HHDT, MEERTL CS5VITLTEBLOBRI BN,

Hoffman @ “parity result” Hoffman ®i@X [7] (AW A EHE WA RZ &
ATV BN, ZD—DIT “parity result” 23H 5. Tiabb

EI 2.1 (Hoffman [7, Theorem 6.4 DHif]).  (A(ky,... k) DEI LFES OEED
FIUEE, (Aky,... k) BESOIVED CAfEE, CAHORE B D—RFEATET 2.

HURE NG A OFBROREE ([19], [9) DEBITH %25, HHNZREAE TH
WPEL DL E ) WEIWEL S, LI LD THHL I LICHEE, ZoTHIEMZ2EEKT
20, HIffioBcRZ X1, I 1O CAEIZOTHD, EZ 2DHDIX (k) DEEY
MERBIND Z(k) DEELE TE T T, DF DEI DR 6 —2EbDD LI
WKIR25->Tw3, Otz PH2EL TEMNITIMHEREL 4tk TS, T4
bt Ak, ... k) D TARYD ) HEidr—1 (T ERZ2DBEIRHIELVDTH
%. Z LT, parity result 12X % &, BEI EEIOMHFNEL W CAHED TAYD, (&
VI =D DEKIE, FPHEZEL RT3 HIN ALY - S HD) EIIE 2SI 0,

EV1T—EREDBER  FHBRZ LIRS D2 FTD CAEIZSERICT P> T
W, ROWEI 3DOGEVEFIIHES 2 LRONIREDDTH S, HHlWE “HY—%
flIZEY 27— EFEEREREZR>Tw (5]) . ZITEID 24 FTITOWTH
EFRZ AT 7oA, EI DB L CHEIDIZDT D (A fEANES Q X7 b ILVER ORI
M k/2 — 2 — dim Sp(SLa(Z)) E->Tw2 5 LI EMBEI N, 2 21T Sp(SLa(Z))
X, Y 27— SLo(Z) ICBHT 2ES k DRFIERD T2 Z2 R T,

HIR D parity result 1C X IUFE I DMEECHEI Y4 D CAEDEI 2D T LI
RS TWBIETTH S, [5]ITBWVT, ((odd,odd) &\ 9 LW HEHEY — ¥ HDOZEM %
RoTwizZ eZkby ML, ¢A(1,even, 1, even) L WIHTEDILEEZEZCAS, HIZ k



fR% H+E — 4 i (FINITE MULTIPLE ZETA VALUES) 185

EL7EE k, ko PMABCThy + ko =k -2, B2X9BAYT v 7R (1,k1,1,ks) I3
k/2—2M8d %, FEBEIRRT20D1E, s DOBOILOMICTE dim Sk (SLe(Z)) D
MIEBIRDSK D 52D, L) bDTH S, PleZifs Ls,

2¢4(1,2,1,8) — 18¢*(1,4,1,6) — 9¢A4(1,6,1,4) — 16¢*(1,8,1,2) =0,

327¢A(1,2,1,12) + 111¢4(1,4,1,10) + 53¢4(1,6,1,8)
+ 59¢4(1,8,1,6) 4+ 120¢4(1,10,1,4) + 366¢4(1,12,1,2) = 0,

55778¢A(1,2,1,14) + 16470¢4(1,4,1,12) + 5615¢*4(1,6,1,10) + 3560¢(1,8,1,8)
+6045¢4(1,10,1,6) + 17210¢4(1,12,1,4) + 57608¢*(1,14,1,2) = 0.

5] TIEZD &I BEEREES vy 7 VEHRAZ > THEH L 72, 2 2T°b5%ka (2.2), (2.3)
Z I FARROFEHDE 2 DTH A 95 . Lo L E TR N ATE, &5t
Blickils ki, €Y a7 BRIMHET 2 TRIHLEN, 25 (A(1,even, 1, even)
725 ORIRAZME D T BN 2 tilAa, 2 RWEIRIERS v,

5121, RIED Brown [4] O THiFHLEL — Sl IZOWVTORELTHED A H
PUZOWTHMHPFERZ LI ENRH 20, BROHZLIATH 2,

§3. BEREZEE—¥{EL multi-poly-Bernoulli # & DORFR

GRZE X — Y HD p 57 1F multi-poly-Bernoulli 2 WIHIETEZ 65, i
i TEE 1y WO RIREAC [11], [13] & ETHERL Ty, —MRIZ [10] 1B W T
AERH L 72, REBHIERNCEEL <1372 <, multi-poly-Bernoulli ZLDEFE & L THER & 1357
25D L7 DT, BRBHMICKR 29, [10] TDOA VT v 7 ADNEFIEZ
DN EMTH LD T, ZOHiTOAZLLEZEATSEL, ARSEY—FEIZAZ M
KL 29 892, (Thbb Calk,. .. k) =k, 1))

9 AL — A5 (12]) DS 65 3%5EMOF ) %, RBISE VT

mi>-->me>0 M M

(PERDEFTTIEIELIZ (ef — 1) THIH>TWz,) ZDEE, KWK I,

SZnsozhziud, RO TLERAR, BICETEY vy 7 VIIRA» S HIT 2 2 L iP5 5,
9Hamahata-Masubuchi [6] 7% & CHRAIN TV 2ER (213 d &b EEHD 2] THOLERZDED)
ZHOTHEERT LRI DED, BIMREL ARV ELLAVEEZLE>TLE Y.
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EHE 3.1. TEDr>1%& keZITHL

Calky, ..., k) = —C,Sk_g_l’k? """ ) mod p.
FO—-MICTr>1,>0B8X0k eZIZXL
C.A(]-a R 17 kla s 7kr)(p) = _C;]ilj__lékz 7777 r) mod b.
J

BRYIDRTE 1Z1THE, DFDERMICIDPHATYS LI 2GE1F%ED LD

NEADRH B LIk s, TOEME, EEHEBDIADEED poly-Bernoulli D B0}

oS =l 2HGT, RO TEE 1) O8O Hoffman OS2 % FEH 4
52 LDk,

EE 3.2 (Hoffman [7, Theorem 5.2]). fEEDOHKRE k, n> 1120 L

§4. WHSEE—5ME

RDOXH 5@y OM%EHEZ 510,

¢S (ks ky) = Y (D)t R O ey oK) ey Rig)
=0

¢S (kyy k) s = > (= D)Rr R () (R Kig)
1=0
SICHAD RN, A YTy 7 ADEIIC 1 93 A IR E 2 iEs vy 7
VR FOTIEBL L 222 #£ 5. EBULIcowTIE (1], [9) 28O L, 22T
FEREEMT 5, FF, HAICENZIERLE LT, “T =¢(1)” 2% L7, R[T] Icff
ZHD

T

¢S (s k) s = Y (=D)F et (g ks T)C (R Kigns T)
1=0

CEM (kyy .o k) s = > (=Rt Rt TV (s Ky T)
=0

ZERHALTEZEZLTH, OB TICELRVHERTHS I LIGFEHTE 3,

0z k9 %% 27883 Kontsevich 2% Zagier 1258 CHIMEDTDOHE 2 DLGEDRBIZL S,
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ZoEHE (LT z2lio7)) 1%, BRI, 0 DA OBEICHY < %
1<2<3<--+<(0=-00)<-+—3<-2=<-1

Z ATz & Z DI

> =
k1 k

my =< <mp m]_ ..'mTT
m; #0

HEZDLZEIHYTEY, my <o <m, IZBWTmy 226 m; T2 CEFOEKT)
1E, mig1 26 m, FTHELETIE, O<mi < <m; £0< —m, < -+ < —mjp
ﬁﬁﬁm@wf,QQJWH++quwwmxmwn¢HgﬁmT<5,:@&%m
ki R kil W1 ERBT 20T, EBLZLTW2DTHS. TXTD Lk 252 Mk
7% 6 ERLIFAE T ¢ (ky, ... k) = ¢S (ky,... k) THD. FLEHEKRKIZZ
DHF L WIHFNEH DOAERT 1/my > --- > 1/m, EEF 22 L, BXORIOHHE%E
Imy| < MAZHIBR L 72 B RA%ZFZ 2 TH MR M — co ZHLS EPCRL ¢5*(ky, ..., k)
252252 ERERINT (B Zagier IKBTEHE) . 20X ) IR TOmEICH
%, (S*(ky,... k) DSERIBOBHENCHES 2 LIXAWICA 3,

B AL Q) (O (ko k) ERRIBO B 2 7
i1) ¢S (ko) &GS Ry, k) 1T 22 /C(2) 2 1T ELIGER GRS

CS*(ky, .. k) = ¢ (ky, ... k) (mod ((2)).

i) ¢S % (kyy .. kp) S (ky, .. k) BES D r — 1 UMD ELY - Y EE X U0%
HY =Y HOBEDO RIS TEIT S, HIZk & r OEED T 5L EREIr—2FT
%H 5.

A2 HRICE VTR (L L CRBEHE T [14] 22 1) 13, ko k)i
% BT IERLoERICHI > TEZ 2 LFREY L DENCHAZTL %28, Hoffman (2
X B IENS AR 2 H WS ELY =YD £ 5 2512 X > Ty I FHE T ULk
%, i) IcoWwTIE b D IEBLoRI DB (9 ]’%HH ZHOWTZo% RS L AR
<< %, BRI ZS>0fEOMDOBRIE, #21E

CS*(ky, . k) = ¢ (e, ... k)

r/2
+ (=DM, 2 Y (DRt () C (K Ripme)-
m=1 0<i<r—2m
m kitr1==kjfom=1

2, AU OHDOMD i 1d, ki1 25 L TEE 2m 1 208K 9 % i 2blo
TWC, 20X % i B3R FHIAIZ0 L5, #>T (ky,... k) I 1 2% L TS
H_0o 5 co ETIHA TV ZEH OEME, LHHFD 025 HFEL T, co Z2HICROEA TEADEDIEA

T3 ELRZDTH%,. Kontsevich DB e X, ARZEXY—FHEZEZLELEEDN0<m <ma <p
EBWT, modp TlEp=02FED 0<mi <ma<0tRX!E0HIBbDTHoT,
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ZEDRFIUL, ¢S*(ky, .. k) =S (k.. k) TH D, ((2,...,2) =0 (mod ((2))
ThHHD 5, i) DERIED Z>Tw 3,

i) IR D “parity result” ZHw5, Ziud, ZEHELXY—VHIZZOEI LFEI DM
WR—HLBWEE, LVEWESIBIOEZELELTOICRS, EW)TRTHD, F
X 208413 Buler ICE2DIE5, Iz E, F (k... k) DEZRICBWT, X
DIROLES BLIOBERZELE L TEZDLLS (—D)kintthe 2 () ITEZ TR, %
DX HICEZTHHNEZ M- CEHET 5 LRI TL 5, O

FEERDOKERD S ¢S* (b, k) 2 O (k.. k) D Zr %R EPHL T
7o, ZNEND Zp RS 2 L3RG LHIERKIC X DREH I 17z [21].
STRIREL Zr/C(2) 2R DIECS (K1, .., k) ZRCTERT 5.

EE 4.2.
Cs(kh ) kr) P CS7*(k‘17 SR k?") mod C(2) S Z]R/C(z)ZR

i 4.1 ) &b, HATEE" (k... k) ZERALTCHEIZFACTH S, Hlzs
\J5.

Bl 4.3. EIPB1DEE:

¢S (k) = (DR (k) + (k) = {QC(’“)O (mod ¢(2)) k%L,

0 k &EL
X oT, Zp/C(2)2g KB VT (S(k) = 0.
EXD 2 DEA
¢S (ki k2)
= (1) (g, ky) 4 (1) (k)¢ (k2) + ¢F (R, k2)
0 ky + ko 102,

k1 + ko

rnodEC(Q) C*(k1, ko) — (*(ko, k1) = (—1)k2( .

)g(k:l + ko) ki o+ ko WEL
ZIT, btk PEEDOLE (BB L EIIES), [22, Proposition 7] DARXEZ M2 &
BBOFERDBH S, XoT, (k) 13k DMEBOR; 25 /¢(2) 2 127 & 072226 (Euler) ,
Zr/C(2)Zr 1B VT (S (ki ko) = (D)% (M) ¢ (k1 + ko). THHI (A DL TOER
(1.2) IZIRT 2 DTH 5.

ITHY)—E TEPHE) 2R8XRTE ).
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FHE oD QMREZ4 BEUY Zr/C(2)Zp 1FWIE CA (K1, ... k) & CS(ky, ... k)
WX DFEBTH S .
ZA =~ Zr/((2)2R.

ISR CIX, 750 AN OFEEAE W TES 17 ¥ TR PHEZEAMA T 2 W60 D 5
nTws, Lo LHEwWNICE, BIRTIE—IT2 65D well-defined ZHERRIDSEAET
52ELFATC0RG, LA T2EFy 7SEY—FH) IZBWT S (k... k) P
M (ky, .. k) ICH72bD%ERL T (AKOXTERT UL well-defined TH %),
Z DD S DHEFTIDIH 5 L\ IH RIS L T S FEZ BRI I o7 d Ltk
W, BN AD LK) R OX—FH L FEEMAEDOMED D B IEMEICRIG L TWw X9
LIXEXTHoT,

COFRICEIUL, §2 ThBRAX IR, Z4 TTHEINTVEERSLELY—F D
MDOBIRAIZTRT, (A% CCICEZT ZR/C(2) 2R IKBWTHKDEDZ L FHEINS
Zticks, ZuiowT, FARILDOBGRKZ 52 Tw 3 L PRI N DDBRDATED
BIRTH 2 (v vy 7 VBIRER) . CHBEREHELY —FHE (A IOV TR D 7D (2.2),
(2.3) ITHIBTHHDTH 5.

R 4.4. TEDE>21HLT, 2Zr/¢(2)2r KBV TRD ZDODBRKIHLD

(4.1)  ¢S((0)xk) =0  (V>1,Yk st L+ |k| = k),
(4.2) ¢S(kymky) = (—1)*2l¢S(ky, ky) (Vki, Yk s.t. k| + |ks| = k).

X (4.2) IZ2WVTH,
¢S (kywky) = (=1)*I¢S (kg ko)

D3 ZR I2BWT (mod((2) Z¥TUC) D IZ->TWw5, ZHU, [9] DIREOH (THEIL
ey 7 VBIRAL) TEAL L) Rz CTERMET 5 L, MR (BWwL Z
Fo—EERE) O Z EOBBICEIT2H 2HRTIFET S 2 LR T, 205Xz
FHIERKIC X > TE S N7,

Z DAth, §2 TIHBR7-—HOBRAD ¢S FHPUZ, WEHCESL CHErOSN2 D%
BREFRIFEAEFERE TN TR VY, WOHDADHROTHWEDT, HIREE
TIERIEHER 2 LR L T b (I, “height-one duality” (A HIEEIEE, Ohno B4
BRD [ = 1 OB IFFERENL, —BI/MIEREE (OFndiuk) ik b
Nt) ., $LI2ICBVLTHREFLMERL, EoMEOBMBRANTHIICETHEEL) 2
PO LEBRROBETH B, Ev) I ETHE, oz T g 2R %
T2, LWIHIDLTFEAEMEZ W OLRETZ2DOTIERVrEEbDNS,



190

1]
2]

3]
[4]
[5]

MASANOBU KANEKO

References

mIMES, &1FBfE, £EHY—FMEAM, COE Lecture Note Vol. 23, JUMK5: (2010).

T. Arakawa and M. Kaneko, Multiple zeta values, poly-Bernoulli numbers, and related
zeta functions, Nagoya Math. J., 153 (1999), 189-209.

F. Brown, Mixed Tate motives over Z, Ann. of Math. (2), 175 (2012), 949-976.

F. Brown, Depth-graded motivic multiple zeta values, preprint, arXiv:1301.3053. (2013).
H. Gangl, M. Kaneko, and D. Zagier, Double zeta values and modular forms, Automorphic
Forms and Zeta Functions, S. Bocherer et. al. (eds.), World Scientific, Singapore, (2006),
71-106.

Y. Hamahata and H. Masubuchi, Special Multi-Poly-Bernoulli Numbers, Journal of Inte-
ger Sequences, 10, article 07.4.1 (2007), 6pp.

M. Hoffman, Quasi-symmetric functions and mod p multiple harmonic sums, preprint,
arXiv:math/0401319v2 [math.NT], 17 Aug 2007. (AFKIEFIC Kyushu J. Math., 69
(2015), 345-366 & L CTHIfE 117z.)

I, Fermat & TBOMT 1 122 T, RIMS WFFEsEs TRERIT: & 3886 (1992.3.22.—
3.28)1 W4, No. 810 (1992), 324-341.

K. Thara, M. Kaneko, and D. Zagier, Derivation and double shuffle relations for multiple
zeta values, Compositio Math., 142-02 (2006), 307-338.

K. Imatomi, M. Kaneko, and E. Takeda, Multi-poly-Bernoulli numbers and finite multiple
zeta values, Journal of Integer Sequences, 17, Article 14.4.5, (2014).

STBE, ARSHEEY -7 mod p £ % HYX — 7 HOBIRA, RIMS s '£HL— 71l
DEEMH (2010.9.6-9.9) 1 WE%E, No. 1813 (2012), 27-31.

M. Kaneko, Poly-Bernoulli numbers, J. Théor. Nombres Bordeauz, 9 (1997), 221-228.
M. Kaneko, Poly-Bernoulli numbers and related zeta functions, in “Algebraic and Analytic
Aspects of Zeta Functions and L-functions” (Ed. by G. Bhowmik, K. Matsumoto and
H. Tsumura), MSJ Memoir, 21 (2010), 73-85.

M. Kaneko and D. Zagier, Finite multiple zeta values, in preparation.

KH. H. Pilehrood, T. H. Pilehrood, and R. Tauraso, New properties of multiple har-
monic sums modulo p and p-analogues of Leshchiner’ s series, preprint, arXiv:1206.0407v3
[math.NT] 22 Mar 2013.

S. Saito and N. Wakabayashi, Sum formula for finite multiple zeta values, J. Math. Soc.
Japan, to appear.

S. Saito and N. Wakabayashi, The Bowman-Bradley type theorem for finite multiple zeta
values, preprint (2013).

J. H. Silverman, Wieferich’s criterion and the abc-conjecture, J. Number Theory, 30
(1988), 226-237.

H. Tsumura, Combinatorial relations for Euler-Zagier sums, Acta Arith., 111.1 (2004),
27-42.

H. S. Vandiver, On developments in an arithmetic theory of the Bernoulli and allied
numbers Scripta Math. 25 (1961), 273-303.

S. Yasuda, Finite real multiple zeta values generate the whole space Z, Int. J. Number
Theory, 12 (2016), 787-812.

D. Zagier, Evaluation of the multiple zeta values ((2,---,2,3,2,---,2), Annals of Math.,
175 (2012), 977-1000.

J. Zhao, Wolstenholme type theorem for multiple harmonic sums Int. J. Number Theory,
4-1 (2008), 73-106.



