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SEMISIMPLE SYMMETRIC SPACES THAT DO NOT

MODEL ANY COMPACT MANIFOLD

YOSUKE MORITA

Abstract. In a previous paper, we obtained a cohomological obstruc-
tion to the existence of compact manifolds locally modelled on a homo-
geneous space. In this paper, we give a classification of the semisimple
symmetric spaces to which this obstruction is applicable.

1. Introduction

A manifold is said to be locally modelled on a homogeneous space G/H
if it is covered by open sets that are diffeomorphic to open sets of G/H
and the transition functions are left translations by elements of G. A basic
example of a manifold locally modelled on G/H is a Clifford–Klein form,
i.e. a quotient space Γ\G/H, where Γ is a discrete subgroup of G acting
properly and freely on G/H. We always assume that the transition functions
satisfy the cocycle condition (see [28, §2]). This assumption is automatically
satisfied if G/H is connected and G acts effectively on G/H. Also, every
Clifford–Klein form satisfies this assumption.

Since T. Kobayashi’s initial paper [13], the study of topology of Clifford–
Klein forms has attracted considerable attention, and in particular, various
obstructions to the existence of compact Clifford–Klein forms of G/H (or,
more generally, of compact manifold locally modelled on G/H) has been
found (see surveys [16], [18], [20], [21] and references therein).

In a previous paper [26], we obtained the following obstruction:

Fact 1.1. Let G/H be a homogeneous space of reductive type and KH a
maximal compact subgroup of H. Let g, h and kH denote the Lie algebras
of G, H and KH , respectively. If the homomorphism i : H•(g, h;R) →
H•(g, kH ;R) induced from the inclusion map (Λ(g/h)∗)h ↪→ (Λ(g/kH)∗)kH is
not injective, then there does not exist a compact manifold locally modelled
on the homogeneous space G/H (and, in particular, there does not exist a
compact Clifford–Klein form of G/H).

Remark 1.2. (1) In [26], Fact 1.1 was proved only for the case of Clifford–
Klein forms, but the same proof applies to the case of manifolds locally
modelled on G/H (see [28]). Note that we are not sure if this is an
essential generalization, as we do not know any example of a compact
manifold locally modelled on a homogeneous space of reductive type
that is not a Clifford–Klein form.

(2) For the case of Clifford–Klein forms, Fact 1.1 was generalized by
Tholozan [37] and the author [29].

The purpose of this paper is to classify the semisimple symmetric spaces
G/H to which Fact 1.1 is applicable. Our main result is the following:
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SEMISIMPLE SYMMETRIC SPACES 2

Theorem 1.3. For a semisimple symmetric pair (g, h), the following two
conditions are equivalent:

(A) The homomorphism i : H•(g, h;R) → H•(g, kH ;R) induced from the
inclusion map (Λ(g/h)∗)h ↪→ (Λ(g/kH)∗)kH is injective.

(B) The pair (g, h) is isomorphic (up to possibly outer automorphisms)
to a direct sum of the following irreducible symmetric pairs (B-1)–
(B-5).

(B-1) (l, l) (l: simple Lie algebra).
(B-2) (l⊕ l,∆l) (l: simple Lie algebra).
(B-3) (lC, l) (lC: complex simple Lie algebra, l: real form of lC).
(B-4) An irreducible symmetric pair (g′, h′) with rank h′ = rank kH′,

where kH′ is a maximal compact subalgebra of h′.
(B-5) • (sl(2n+ 1,C), so(2n+ 1,C)) (n ⩾ 1),

• (sl(2n,C), sp(n,C)) (n ⩾ 2),
• (so(2n,C), so(2n− 1,C)) (n ⩾ 3),
• (e6,C, f4,C).

Remark 1.4. By Fact 1.1, there exists a compact manifold locally modelled
on a semisimple symmetric space G/H only if the corresponding semisimple
symmetric pair (g, h) satisfies (B). So far, we cannot exclude the possibility
that the converse holds, but it seems unlikely to be true. At least, it is false
for Clifford–Klein forms: many of the irreducible symmetric spaces in (B-
3)–(B-5) do not to admit compact Clifford–Klein forms ([13], [15], [2], [32],
[37], [29]). Note that all of the irreducible symmetric spaces in (B-1)–(B-2)
admit compact Clifford–Klein forms.

In Table 1, we list all the irreducible symmetric pairs (g, h) that do not
satisfy the condition (B) among Berger’s classification of the irreducible
symmetric pairs [4]. By Fact 1.1, there does not exist a compact manifold
locally modelled on an irreducible symmetric spaceG/H if the corresponding
pair (g, h) is listed in Table 1.

g h Conditions

⋆ sl(2n,C) so(2n,C) n ⩾ 1
sl(p+ q,C) sl(p,C)⊕ sl(q,C)⊕ C p, q ⩾ 1

⋆⋆ sl(p+ q,R) so(p, q) p, q ⩾ 1, p, q: odd
⋆ su(p, q) so(p, q) p, q ⩾ 1, p, q: odd

su(n, n) sl(n,C)⊕ R n ⩾ 1

⋆⋆ sl(2n,R) sl(n,C)⊕
√
−1R n ⩾ 2

⋆ sl(n,H) sl(n,C)⊕
√
−1R n ⩾ 2

sl(p+ q,R) sl(p,R)⊕ sl(q,R)⊕ R p, q ⩾ 1
sl(p+ q,H) sl(p,H)⊕ sl(q,H)⊕ R p, q ⩾ 1

⋆ so(p+ q,C) so(p,C)⊕ so(q,C) p, q ⩾ 2, (p, q) ̸= (2, 2)
⋆ so(2n+ 1,C) so(2n,C) n ⩾ 1

so(2n,C) sl(n,C)⊕ C n ⩾ 3
⋆⋆ so(n, n) so(n,C) n ⩾ 3
⋆ so∗(2n) so(n,C) n ⩾ 3
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p, q ⩾ 1, p, q: odd,
⋆⋆ so(p+ r, q + s) so(p, q)⊕ so(r, s) r, s ⩾ 0, (r, s) ̸= (0, 0),

(p, q, r, s) ̸= (1, 1, 1, 1)
so(n, n) sl(n,R)⊕ R n ⩾ 3
so∗(4n) sl(n,H)⊕ R n ⩾ 2
sp(n,C) sl(n,C)⊕ C n ⩾ 1

⋆ sp(p+ q,C) sp(p,C)⊕ sp(q,C) p, q ⩾ 1
⋆ sp(2n,R) sp(n,C) n ⩾ 1
⋆ sp(n, n) sp(n,C) n ⩾ 1

sp(n,R) sl(n,R)⊕ R n ⩾ 1
sp(n, n) sl(n,H)⊕ R n ⩾ 1

⋆ e6,C sp(4,C) —
⋆ e6,C sl(6,C)⊕ sl(2,C) —

e6,C so(10,C)⊕ C —
⋆ e6(6) sl(6,R)⊕ sl(2,R) —

⋆⋆ e6(6) sl(3,H)⊕ su(2) —

⋆ e6(−26) sl(3,H)⊕ su(2) —

e6(6) so(5, 5)⊕ R —

e6(−26) so(9, 1)⊕ R —

⋆ e7,C sl(8,C) —
⋆ e7,C so(12,C)⊕ sl(2,C) —

e7,C e6,C ⊕ C —
e7(7) sl(8,R) —

e7(7) sl(4,H) —

e7(−25) sl(4,H) —

e7(7) e6(6) ⊕ R —

e7(−25) e6(−26) ⊕ R —

⋆ e8,C so(16,C) —
⋆ e8,C e7,C ⊕ sl(2,C) —
⋆ f4,C sp(3,C)⊕ sl(2,C) —
⋆ f4,C so(9,C) —
⋆ g2,C sl(2,C)⊕ sl(2,C) —

Table 1: (g, h) not satisfying (B)

In Table 1, the signs ⋆⋆ and ⋆ signify

⋆⋆: The nonexistence of compact Clifford–Klein forms of G/H seems to
be not known before [26].

⋆: The nonexistence of compact Clifford–Klein forms of G/H had been
known before [26], but not for the locally modelled case.

Note that we saw in [26, Cor. 1.4] the nonexistence of compact Clifford–Klein
forms of ⋆⋆ except for the case (e6(6), sl(3,H)⊕ su(2)).

Remark 1.5. Our proof of Theorem 1.3 relies on Berger’s classification of the
irreducible symmetric pairs [4]. Thus, we do not know why the conditions
(B-1)–(B-5) looks relatively simple. In particular, we do not know why the
pairs listed in the (B-5) are all complex.
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Remark 1.6 (cf. [12, §0.1.5], [17, §4], [18, §4.3]). We mention some previous
works on the existence problem of compact Clifford–Klein forms. To the
best of the author’s knowledge, there are basically four methods to study
this problem (this paper is based on the method (ii)):

(i) A criterion for properness in terms of the Cartan projection (e.g. [13],
[15], [2], [32]).

(ii) Comparison of relative Lie algebra cohomology and de Rham cohomol-
ogy (e.g. [19], [3], [26], [37], [29]).

(iii) Zimmer’s cocycle superrigidity (e.g. [38], [8], [22], [23]).
(iv) Estimate of the decay of matrix coefficients (e.g. [24], [31], [35]).

Each of them has its own advantage and applies to different examples. For
example, in the case of SL(n,R)/SL(m,R) (n > m ⩾ 2), where SL(m,R) is
put in the upper-left corner of SL(n,R) unless otherwise stated, each method
gives the following results:

• Kobayashi [15] (method (i)): If (n − 1)/3 ⩾ ⌊(m + 1)/2⌋ and m ⩾
2, then SL(n,R)/SL(m,R) does not have a compact Clifford–Klein
form.

• Zimmer [38], Labourie–Mozes–Zimmer [22], Labourie–Zimmer [23]
(method (iii)): If n− 3 ⩾ m ⩾ 2, then SL(n,R)/ SL(m,R) does not
have a compact Clifford–Klein form. If, in addition, n ⩾ 2m, then
there does not exist a compact manifold locally modelled on G/H.

• Benoist [2] (method (i)): If m ⩾ 2 is even, then every dis-
crete subgroup Γ of SL(m + 1,R) acting properly and freely on
SL(m + 1,R)/ SL(m,R) is virtually abelian, and in particular,
SL(m+1,R)/ SL(m,R) does not have a compact Clifford–Klein form.

• Margulis [24] (method (iv)): Let αn be the irreducible representation
of SL(2,R) into SL(n,R). If n ⩾ 4, then SL(n,R)/αn(SL(2,R)) does
not admit a compact Clifford–Klein form.

• Shalom [35] (method (iv)): If n ⩾ 4, then SL(n,R)/ SL(2,R) does
not have a compact Clifford–Klein form.

• Tholozan [37], Morita [29] (method (ii)): If m ⩾ 2 is even and
n > m, then SL(n,R)/SL(m,R) does not have a compact Clifford–
Klein form.

We remark that SL(n,R)/ SL(m,R) and SL(n,R)/αn(SL(2,R)) are not
semisimple symmetric spaces. Among these methods, (iii) and (iv) are not
applicable to the case of semisimple symmetric spaces, whereas they some-
times give sharper results in the nonsymmetric case.

Main results of this paper, along with an outline of proofs, were announced
in [27]. We shall give somewhat simpler proofs based on a necessary and
sufficient condition for the injectivity of the homomorphism i : H•(g, h;R) →
H•(g, kH ;R) obtained in [30] (Fact 2.5). The author apologizes for the long
delay in writing this paper.

Remark 1.7. We take this opportunity to correct some errors in [27]:

• In [27, Th. 2.1], the pair (sl(2n,C), sp(n,C)) (n ⩾ 1) should be
(sl(2n,C), sp(n,C)) (n ⩾ 2).

• The pairs (sp(2n,R), sp(n,C)) (n ⩾ 1) and (sp(n, n), sp(n,C)) (n ⩾
1) should be labelled as ⋆.
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• Since so(4,C), so(2, 2) and so∗(4) are not simple Lie algebras, the
pairs (g, h) with g = so(4,C), so(2, 2) or so∗(4) should not be listed
in the table.

2. Preliminaries

2.1. Reductive pairs and semisimple symmetric pairs. We say that
(g, h) is a reductive pair if g is a (real) reductive Lie algebra with Cartan
involution θ and h is a subalgebra of g such that θ(h) = h. We then put
k = gθ and kH = hθ. Similarly, we say that a homogeneous space G/H is of
reductive type if G is a linear reductive Lie group with Cartan involution θ
and H is a closed subgroup of G with finitely many connected components
such that θ(H) = H. We then put K = Gθ and KH = Hθ. Note that K
and KH are maximal compact subgroups of G and H, respectively.

If g is a semisimple Lie algebra and h = gσ for some involution σ of
g, we call (g, h) a semisimple symmetric pair. In this case, there exists a
Cartan involution θ of g such that θσ = σθ ([4, Lem. 10.2]), and any other
Cartan involution that commutes with σ is of the form exp(X)θ exp(−X),
where X ∈ h ([25, Lem. 4]). Therefore, (g, h) can be seen as a reductive
pair in a natural way. Similarly, if G is a connected linear semisimple Lie
group and H is an open subgroup of Gσ for some involution σ of G, we
call G/H a semisimple symmetric space, which has a natural structure of
homogeneous space of reductive type. We say that a semisimple symmetric
pair (g, h) is an irreducible symmetric pair if g is simple or (g, h) is isomorphic
(up to possibly outer automorphisms) to (l ⊕ l,∆l) for some simple Lie
algebra l. A semisimple symmetric space is called an irreducible symmetric
space if the corresponding semisimple symmetric pair is irreducible. Every
semisimple symmetric pair is uniquely decomposed into irreducible ones.
The complete classification of the irreducible symmetric pairs (up to possibly
outer automorphisms) is accomplished by Berger [4].

2.2. The graded algebra (Sg∗)g and the graded vector space Pg∗. Let
us recall some basic results on the algebra (Sg∗)g of g-invariant polynomials
on g.

Fact 2.1 (Chevalley restriction theorem, see e.g. [7, Ch. VIII, §8, no. 3,
Th. 1]). Let g be a (real or complex) reductive Lie algebra. Let j be a Cartan
subalgebra of g and W the associated Weyl group. Then, the restriction map

rest : (Sg∗)g → (Sj∗)W

is an isomorphism.

Fact 2.2 (Chevalley–Shepherd–Todd, see e.g. [11, Th. 3.5 and Prop. 3.7]).
Let g be a (real or complex) reductive Lie algebra of rank r. Let j be a Cartan
subalgebra of g and W the associated Weyl group. Then, (Sj∗)W (or equiv-
alently, (Sg∗)g) is generated by r algebraically independent homogeneous el-
ements (P1, . . . , Pr) of positive degree. The degrees (degP1, . . . , degPr) do
not depend on the choice of (P1, . . . , Pr).

For a complex simple Lie algebra g, the degrees of algebraically indepen-
dent generators of (Sg∗)g (≃ (Sj∗)W ) are as follows (see e.g. [11, p. 59]):
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g Degrees

sl(n,C) 2, 3, . . . , n
so(2n+ 1,C) 2, 4, . . . , 2n
sp(n,C) 2, 4, . . . , 2n
so(2n,C) 2, 4, . . . , 2n− 2, n
e6,C 2, 5, 6, 8, 9, 12
e7,C 2, 6, 8, 10, 12, 14, 18
e8,C 2, 8, 12, 14, 18, 20, 24, 30
f4,C 2, 6, 8, 12
g2,C 2, 6

Table 2: Degrees of generators of (Sg∗)g

If g is abelian, the graded algebra (Sg∗)g = Sg∗ is generated by the
elemnts of degree 1.

For the classical cases, the structure of graded algebra (Sg∗)g is explicitly
described as follows:

Fact 2.3 (see e.g. [7, Ch. VIII, §13]). Let fk ∈ (Sk(gl(n,C)∗))gl(n,C) (k =
1, 2, . . . , n) denote invariant polynomials defined by

det(λIn−X) = λn+f1(X)λn−1+f2(X)λn−2+ · · ·+fn(X) (X ∈ gl(n,C)).

We use the same notation fk for the restriction of fk to sl(n,C), so(n,C)
or sp(m,C) (if n = 2m). Then,

• The graded algebra (S(sl(n,C)∗))sl(n,C) is the polynomial algebra of
(n− 1) variables f2, f3, . . . , fn. We have f1 = 0.

• If n = 2m + 1, the graded algebra (S(so(n,C)∗))so(n,C) is the poly-
nomial algebra of m variables f2, f4, . . . , f2m. We have f1 = f3 =
· · · = f2m+1 = 0.

• If n = 2m, the graded algebra (S(sp(n,C)∗))sp(n,C) is the polynomial
algebra of m variables f2, f4, . . . , f2m. We have f1 = f3 = · · · =
f2m−1 = 0.

• If n = 2m, the graded algebra (S(so(n,C)∗))so(n,C) is the poly-

nomial algebra of m variables f2, f4, . . . , f2m−2, f̃ , where f̃ ∈
(Sm(so(n,C)∗))so(n,C) is the Pfaffian of n × n skew-symmeric ma-

trices. We have f1 = f3 = · · · = f2m−1 = 0 and f2m = f̃2.

Let us then recall the definition of the space Pg∗ of primitive elements in
(Λg∗)g, and its relation with the algebra (Sg∗)g (see [9] and [33] for details).

For a (real or complex) reductive Lie algebra g, we denote by Pg∗ the
space of primitive elements in (Λg∗)g, i.e.

Pg∗ = {α ∈ (Λ+g∗)g : α(x ∧ y) = 0 for all x, y ∈ (Λ+g)g},

where Λ+ denotes the positive degree part of the exterior algebra. Then Pg∗

is oddly graded: Pg∗ =
⊕

k⩾1 P
2k−1
g∗ ([9, Ch. 5, §5]).
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We define the Cartan map ρg : (Skg∗)g → (Λ2k−1g)g (k ⩾ 1) by the
following formula: for X1, . . . , X2k−1 ∈ g,

ρg(P )(X1, . . . , X2k−1)

=
∑

σ∈S2k−1

sgn(σ)P (Xσ(1), [Xσ(2), Xσ(3)], . . . , [Xσ(2k−2), Xσ(2k−1)]).

Remark 2.4. Up to scalar multiple, the above definition of ρg coincides with
the definition in [9, Ch. VI, §2], which uses the Weil algebra (see [9, Ch. VI,
Prop. IV])

If g is reductive, ρg induces a linear isomorphism

ρg : (S
+g∗)g/((S+g∗)g · (S+g∗)g)

∼−→ Pg∗

([9, Ch. VI, Th. 2]). Therefore, one can derive the degrees of a basis of Pg∗ ,
called the exponents of g, from Table 2:

g Degrees

sl(n,C) 3, 5, 7, . . . , 2n− 1
so(2n+ 1,C) 3, 7, 11, . . . , 4n− 1
sp(n,C) 3, 7, 11, . . . , 4n− 1
so(2n,C) 3, 7, 11, . . . , 4n− 5, 2n− 1
e6,C 3, 9, 11, 15, 17, 23
e7,C 3, 11, 15, 19, 23, 27, 35
e8,C 3, 15, 23, 27, 35, 39, 47, 59
f4,C 3, 11, 15, 23
g2,C 3, 11

Table 3: Degrees of a basis of Pg∗

If g is abelian, the graded vector space Pg∗ is concentrated in degree 1.
If (g, h) is a reductive pair, the restriction map rest : (Λg∗)g → (Λh∗)h

induces a linear map

rest : Pg∗ → Ph∗ .

Similarly, the restriction map rest : (Sg∗)g → (Sh∗)h induces a linear map

rest : (S+g∗)g/((S+g∗)g · (S+g∗)g) → (S+h∗)h/((S+h∗)h · (S+h∗)h).

The following diagram commutes:

(S+g∗)g/((S+g∗)g · (S+g∗)g)
∼
ρg

//

rest
��

Pg∗

rest

��
(S+h∗)h/((S+h∗)h · (S+h∗)h)

∼
ρh

// Ph∗

([9, Ch. VI, Prop. 2]).

2.3. The injectivity of i : H•(g, h;R) → H•(g, kH ;R) and the graded
vector space (Pg∗)

−θ. The following fact, proved in a previous paper [30],
plays a foundational role in our classification:
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Fact 2.5. Let (g, h) be a reductive pair with Cartan involution θ. Put kH =
hθ. Then, the homomorphism i : H•(g, h;R) → H•(g, kH ;R) is injective
if and only if the linear map rest : (Pg∗)

−θ → (Ph∗)
−θ is surjective, where

( · )−θ denotes the (−1)-eigenspace for θ.

Remark 2.6. The isomorphism

ρg : (S
+g∗)g/((S+g∗)g · (S+g∗)g)

∼−→ Pg∗

induced by the Cartan map commutes with the Cartan involution θ. There-
fore, Fact 2.5 is rephrased as follows: the homomorphism i : H•(g, h;R) →
H•(g, kH ;R) is injective if and only if the linear map

rest : ((S+g∗)g/((S+g∗)g · (S+g∗)g))−θ → ((S+h∗)h/((S+h∗)h · (S+h∗)h))−θ

is surjective. See [30] for some other conditions equivalent to the injectivity
of i : H•(g, h;R) → H•(g, kH ;R).

2.4. Some properties of (Pg∗)
−θ. We mention some results on (Pg∗)

−θ

that are useful when we verify whether rest : (Pg∗)
−θ → (Ph∗)

−θ is surjective
or not.

Fact 2.7 (cf. [9, Ch. X, Prop. VII]). Let g be a reductive Lie algebra with
Cartan involution θ. Put k = gθ. Let ρg : (S+g∗)g → (Λ+g)g be the Cartan
map for g. Then,

(Pg∗)
−θ = {ρg(P ) : P ∈ (S+g∗)g, P |k = 0}.

Fact 2.8 ([9, Ch. X, Cor. to Prop. VI]). Let g be a reductive Lie algebra
with Cartan involution θ. Put k = gθ. Then,

dim(Pg∗)
−θ = rank g− rank k.

Proposition 2.9. For a simple Lie algebra g with Cartan involution θ, the
degrees of a basis of (Pg∗)

−θ are as follows:

g Degrees

sl(n,R) 5, 9, 13, . . . , 4⌊n+1
2 ⌋ − 3

sl(n,H) 5, 9, 13, . . . , 4n− 3
so(p, q) (p, q: odd) p+ q − 1
e6(6) 9, 17

e6(−26) 9, 17

sl(n,C) 3, 5, 7, . . . , 2n− 1
so(2n+ 1,C) 3, 7, 11, . . . , 4n− 1
sp(n,C) 3, 7, 11, . . . , 4n− 1
so(2n,C) 3, 7, 11, . . . , 4n− 5, 2n− 1
e6,C 3, 9, 11, 15, 17, 23
e7,C 3, 11, 15, 19, 23, 27, 35
e8,C 3, 15, 23, 27, 35, 39, 47, 59
f4,C 3, 11, 15, 23
g2,C 3, 11
Otherwise —

Table 4: Degrees of a basis of (Pg∗)
−θ
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Proof. Although this proposition seems to be already known in the early
1960s (cf. [36]), we give its proof for the reader’s convenience.

If rank g = rank k, we have (Pg∗)
−θ = {0} by Fact 2.8. We thus assume

rank g ̸= rank k.
Let gC denote the complexification of g. We use the same symbol θ for

the complex linear extension of θ to gC. It suffices to compute the degrees
of a basis of the complexification (Pg∗)

−θ ⊗ C = (Pg∗C
)−θ.

Suppose that g is a complex simple Lie algebra. We write gR for g regarded
a real simple Lie algebra. We have a natural isomorphism (gR)C ≃ g ⊕ g.
The Cartan involution θ acts on P(gR)

∗
C
≃ Pg∗ ⊕ Pg∗ by (α1, α2) 7→ (α2, α1)

(α1, α2 ∈ Pg∗). Therefore dim(P k
(gR)

∗
C
)−θ = dimP k

g∗ for every k ∈ N, and
Proposition 2.9 in this case follows from Table 3.

Suppose that g = sl(n,R). Then (gC, kC) = (sl(n,C), so(n,C)). Let
fk ∈ (Skg∗C)

gC (2 ⩽ k ⩽ n) be as in Fact 2.3. The restriction of fk to

kC vanishes if and only if k = 3, 5, . . . , 2⌊n+1
2 ⌋ − 1. Since the images of fk

(2 ⩽ k ⩽ n) under the Cartan map form a basis of Pg∗C
, we obtain from

Fact 2.7 that the degrees of a basis of (Pg∗C
)−θ are 5, 9, 13, . . . , 4⌊n+1

2 ⌋ − 3.

Suppose that g = sl(n,H). Then (gC, kC) = (sl(2n,C), sp(n,C)). The
restriction of fk ∈ (Skg∗C)

gC (2 ⩽ k ⩽ 2n) to kC vanishes if and only if k =

3, 5, . . . , 2n−1. Thus, the degrees of a basis of (Pg∗C
)−θ are 5, 9, 13, . . . , 4n−3.

Suppose that g = so(p, q), where p and q are odd. Then (gC, kC) =
(so(p + q,C), so(p,C) ⊕ so(q,C)). The restriction of f2k ∈ (S2kg∗C)

gC (1 ⩽
k ⩽ p+q

2 − 1) to kC is nonzero for every k, and that of f̃ ∈ (S(p+q)/2g∗C)
gC is

zero. Thus, (Pg∗C
)−θ is a 1-dimensional vector space concentrated in degree

p+ q − 1.
Suppose that g = e6(6). Then (gC, kC) = (e6,C, sp(4,C)). Let us fix al-

gebraically independent generators g2, g5, g6, g8, g9, g12 (deg gk = k) of the
algebra (Sg∗C)

gC (cf. Table 2). Notice from Table 2 that the degrees of gen-

erators of (Sk∗C)
kC are all even. Therefore, (Skk∗C)

kC = 0 if k is odd, and in
particular, g5|kC = g9|kC = 0. By Fact 2.7, the images of g5 and g9 under
the Cartan map are nonzero elements of (Pg∗C

)−θ. Their degrees are 9 and

17, respectively. Since dim(Pg∗C
)−θ = rank gC − rank kC = 2 (Fact 2.8), they

form a basis of (Pg∗C
)−θ.

Finally, suppose that g = e6(−26). Then (gC, kC) = (e6,C, f4,C). Again,

(Skk∗C)
kC = 0 if k is odd, and rank gC − rank kC = 2. The degrees of (Pg∗C

)−θ

are hence 9 and 17 by the same argument as the case of g = e6(6). □

3. Some results on the surjectivity of rest : (Pg∗)
−θ → (Ph∗)

−θ

Our goal is to classify the semisimple symmetric pairs (g, h) such that
i : H•(g, h;R) → H•(g, kH ;R) is injective. In view of Fact 2.5, it suffices to
classify (g, h) such that restriction map rest : (Pg∗)

−θ → (Ph∗)
−θ is surjec-

tive. In this section, we give some easy-to-check necessary conditions and
sufficient conditions for the surjectivity.

Although our main interest in this paper is the case of semisimple sym-
metric spaces, many results in this section are valid, more generally, for
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homogeneous spaces of reductive type. Thus, we state some direct conse-
quence of these results in a general setting (Remark 3.2, Corollaries 3.5, 3.8
and 3.10), while they are not used in this paper.

3.1. Comparison of the total dimensions. As we saw in [30], we obtain
the following necessary condition for the surjectivity of the restriction map
rest : (Pg∗)

−θ → (Ph∗)
−θ from Fact 2.8:

Proposition 3.1. Let (g, h) be a reductive pair with Cartan involution θ.
If rank g − rank k < rank h − rank kH , the restriction map rest : (Pg∗)

−θ →
(Ph∗)

−θ is not surjective.

Proof. By Fact 2.8,

dim(Pg∗)
−θ = rank g− rank k < rank h− rank kH = dim(Ph∗)

−θ. □

Remark 3.2. Kobayashi’s rank conjecture [14, Conj. 6.4] follows immediately
from Facts 1.1, 2.5 and Proposition 3.1 (see [30]).

3.2. Comparison of the dimensions of low degree parts. Let g be a
reductive Lie algebra and write g as

g ≃ Rn+ ⊕
√
−1Rn− ⊕

⊕
l: simple

Lie algebra

ml · l.

We then put

d1(g) = n+,

d2(g) =
∑

l: complex simple
Lie algebra

ml,

d3(g) =
∑
k⩾3

msl(k,R) +
∑
k⩾3

msl(k,C) +
∑
k⩾2

msl(k,H),

d4(g) = mso(7,1) +mso(5,3) + 2mso(8,C)

+
∑
k⩾4

msl(k,C) +
∑

k⩾7, k ̸=8

mso(k,C) +
∑
k⩾2

msp(k,C).

Remark 3.3. When we compute dk(g), we must be careful in the following
accidental isomorphisms:

• d1(g): so(2,C) ≃ C = R⊕
√
−1R, so(1, 1) ≃ R.

• d2(g): so(4,C) ≃ sl(2,C)⊕ sl(2,C), so(3, 1) ≃ sl(2,C),
• d3(g): so(6,C) ≃ sl(4,C), so(3, 3) ≃ sl(4,R), so(5, 1) ≃ sl(2,H).
• d4(g): so(5,C) ≃ sp(2,C), so(6,C) ≃ sl(4,C).

Proposition 3.4. Let (g, h) be a reductive pair with Cartan involution θ.
If dk(g) < dk(h) for some 1 ⩽ k ⩽ 4, the restriction map rest : (Pg∗)

−θ →
(Ph∗)

−θ is not surjective.

Proof. It is enough to check that rest : (P 2k−1
g∗ )−θ → (P 2k−1

h∗ )−θ is not injec-
tive. By Proposition 2.9, we have

dim(P 2k−1
g∗ )−θ = dk(g) < dk(h) = dim(P 2k−1

h∗ )−θ. □
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Corollary 3.5. Let G/H be a homogeneous space of reductive type. If
dk(g) < dk(h) for some 1 ⩽ k ⩽ 4, then there does not exists a compact
manifold locally modelled on G/H.

Proof. Combine Facts 1.1, 2.5 and Proposition 3.4. □

3.3. The c-dual of a semisimple symmetric pair. Let (g, h) be a
semisimple symmetric pair defined by an involution σ (i.e. h = gσ). Put
q = g−σ and

gc = h⊕
√
−1q ⊂ gC,

where gC is the complexification of g. Then (gc, h) becomes a semisimple
symmetric pair. It is called the c-dual of the semisimple symmetric pair
(g, h). If θ is a Cartan involution of g that commutes with σ, one can define
a Cartan involution θc of gc by

θc|h = θ, θc|√−1q = −θ.

Note that gcc = g, and the c-dual of an irreducible symmetric pair is again
irreducible.

Proposition 3.6. Let (g, h) be a semisimple symmetric pair and (gc, h) its
c-dual. Then, the restriction map rest : (Pg∗)

−θ → (Ph∗)
−θ is surjective if

and only if rest : (P(gc)∗)
−θc → (Ph∗)

−θc is surjective.

Proof. We use the same symbols θ and θc for their complex linear extensions
to gC. The restriction map rest : (Pg∗)

−θ → (Ph∗)
−θ is surjective if and only

if

im(rest : Pg∗ → Ph∗) ⊂ (Ph∗)
−θ,

or equivalently,

im(rest : Pg∗C
→ Ph∗C

) ⊂ (Ph∗C
)−θ.

Similarly, rest : (P(gc)∗)
−θc → (Ph∗)

−θc is surjective if and only if

im(rest : Pg∗C
→ Ph∗C

) ⊂ (Ph∗C
)−θc .

Since θ = θc on hC, these two conditions are equivalent. □

3.4. Complex reductive pairs. A reductive pair (g, h) is called complex
if g is a complex Lie algebra and h is a complex subalgebra of g. We remark
that the Cartan involution θ of g is complex antilinear in this case. We use
the notation gR (resp. hR) when we regard g (resp. h) as a real Lie algebra.

Proposition 3.7. Let (g, h) be a complex reductive pair with Cartan invo-
lution θ. Then, the following three conditions are equiavlent:

(1) The (real) linear map rest : (PgR∗)−θ → (PhR
∗)−θ is surjective.

(2) The (complex) linear map rest : Pg∗ → Ph∗ is surjective.

(3) The (complex) graded algebra homomorphism rest : (Sg∗)g → (Sh∗)h

is surjective.

Proof. (1) ⇔ (2). As we saw in the proof of Proposition 2.9, the Cartan
involution θ acts on PgR∗ ⊗ C ≃ Pg∗ ⊕ Pg∗ by (α1, α2) 7→ (α2, α1) (α1, α2 ∈
Pg∗). Thus (PgR∗)−θ ⊗ C ≃ {(α,−α) : α ∈ Pg∗}, and similarly (PhR

∗)−θ ⊗
C ≃ {(β,−β) : β ∈ Pg∗}. By these isomorphisms, the restriction map
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rest : (PgR∗)−θ → (PhR
∗)−θ is rewritten as (α,−α) 7→ (α|h,−α|h) (α ∈ Pg∗).

This is surjective if and only if so is rest : Pg∗ → Ph∗ .
(2) ⇔ (3). Recall that the restriction map rest : Pg∗ → Ph∗ is canonically

identified with

rest : (S+g∗)g/((S+g∗)g · (S+g∗)g) → (S+h∗)h/((S+h∗)h · (S+h∗)h)

via the Cartan maps. By Fact 2.2, the above linear map is surjective if and
only if rest : (Sg∗)g → (Sh∗)h is surjective. □

Corollary 3.8. Let G/H be a complex homogeneous space of reductive type
(i.e. a homogeneous space of reductive type such that the corresponding re-
ductive pair (g, h) is complex). If the restriction map rest : Pg∗ → Ph∗ is

not surjective or, equivalently, rest : (Sg∗)g → (Sh∗)h is not surjective, then
there does not exists a compact manifold locally modelled on G/H.

Proof. Combine Facts 1.1, 2.5 and Proposition 3.7. □

3.5. Complexifications.

Proposition 3.9. Let (g0, h0) be a reductive pair with Cartan involution θ0.
Let g and h be the complexifications of g0 and h0, respectively. We denote
by θ the Cartan involution of g such that θ|g = θ0. Then, the restriction
map rest : (Pg∗R

)−θ → (Ph∗R
)−θ is surjective only if so is rest : (Pg∗0

)−θ0 →
(Ph∗0

)−θ0.

Proof. We write θC for the complex linear extension of θ0 to g. We note that
θC is a complex linear involution on g, whereas θ is complex antilinear. If
the linear map rest : (Pg∗R

)−θ → (Ph∗R
)−θ is surjective, so is rest : Pg∗ → Ph∗

by Proposition 3.7 (1) ⇒ (2). In particular, it is surjective on the (−1)-
eigenspaces for θC, namely,

rest : (Pg∗0
)−θ0 ⊗ C = (Pg∗)

−θC → (Ph∗)
−θC = (Ph∗0

)−θ0 ⊗ C

is surjective. This is equivalent to saying that rest : (Pg∗0
)−θ0 → (Ph∗0

)−θ0 is
surjective. □

Corollary 3.10. Let G0/H0 be a homogeneous space of reductive type with
Cartan involution θ0. Let G/H be a complex homogeneous space of reductive
type such that G and H are the complexifications of G0 and H0, respectively.
If the homomorphism i : H•(g0, h0;R) → H•(g0, kH0 ;R) is not injective or,
equivalently, rest : (Pg∗)

−θ → (Ph∗)
−θ is not surjective, then there does not

exist a compact manifold locally modelled on G/H.

Proof. Combine Facts 1.1, 2.5 and Proposition 3.9. □

4. Proof of Theorem 1.3

Notice that a direct sum of two semisimple symmetric spaces (g1, h1) and
(g2, h2) satisfies the condition (A) (resp. (B)) if and only if both (g1, h1)
and (g2, h2) satisfy (A) (resp. (B)). Recall from Fact 2.5 that the injectivity
of the homomorphism i : H•(g, h;R) → H•(g, kH ;R) is equivalent to the
surjectivity of the linear map rest : (Pg∗)

−θ → (Ph∗)
−θ. Therefore, it is

sufficient to prove the following two claims:
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• If an irreducible symmetric pair (g, h) is listed in (B-1)–(B-5), the
restriction map rest : (Pg∗)

−θ → (Ph∗)
−θ is surjective.

• If an irreducible symmetric pair (g, h) is listed in Table 1, the re-
striction map rest : (Pg∗)

−θ → (Ph∗)
−θ is not surjective.

If (g, h) satisfies (B-1) or (B-2), the surjectivity of rest : (Pg∗)
−θ → (Ph∗)

−θ

is obvious.
If (g, h) satisfies (B-3), its c-dual (gc, h) satisfies (B-2), and therefore the

restriction map rest : (Pg∗)
−θ → (Ph∗)

−θ is surjective by Proposition 3.6.

If (g, h) satisfies (B-4), we have dim(Ph)
−θ = rank h − rank kH = 0 by

Fact 2.8. Hence, rest : (Pg∗)
−θ → (Ph∗)

−θ is trivially surjective.
Suppose that (g, h) satisfies (B-5). By Proposition 3.7 (3) ⇒ (1), it

suffices to see that rest : (Sg∗)g → (Sh∗)h is surjective. If (g, h) =
(sl(2n+1,C), so(2n+1,C)), (sl(2n,C), sp(n,C)) or (so(2n,C), so(2n−1,C)),
the surjectivity easily follows from Fact 2.3. If (g, h) = (e6,C, f4,C), the sur-
jectivity is proved in [36, p. 322].

Let (g, h) be one of the irreducible symmetric pairs listed in Table 1.
If (g, h) satisfies dk(g) < dk(h) for some 1 ⩽ k ⩽ 4, the restriction map
rest : (Pg∗)

−θ → (Ph∗)
−θ is not surjective by Proposition 3.4. The remaining

cases are the following:

g h Conditions

sl(2n,C) so(2n,C) n ⩾ 1
sl(p+ q,R) so(p, q) p, q ⩾ 1, p, q: odd
su(p, q) so(p, q) p, q ⩾ 1, p, q: odd
so(2n+ 1,C) so(2n,C) n ⩾ 3

p, q ⩾ 1, p, q: odd,
so(p+ r, q + s) so(p, q)⊕ so(r, s) r, s ⩾ 0, (r, s) ̸= (0, 0),

(p, q, r, s) ̸= (1, 1, 1, 1)

Table 5: (g, h) listed in Table 1 to which Proposition 3.4 is
not applicable

The pair (sl(p + q,R), so(p, q)) is the c-dual of (su(p, q), so(p, q)). The
pairs (sl(2n,C), so(2n,C)) and (so(2n + 1,C), so(2n,C)) are the complex-
ifications of (su(2n − 1, 1), so(2n − 1, 1)) and (so(2n, 1), so(2n − 1, 1)), re-
spectively. Hence, by Propositions 3.6 and 3.9, it is sufficient to verify that
the restriction map rest : (Pg∗)

−θ → (Ph∗)
−θ is not surjective when (g, h) is

(su(p, q), so(p, q)) (p, q: odd) or (g, h) = (so(p+ r, q + s), so(p, q)⊕ so(r, s))
(p, q: odd, (r, s) ̸= (0, 0)). If (g, h) = (su(p, q), so(p, q)) (p, q: odd), the
nonsurjectivity follows from Proposition 3.1. If (g, h) = (so(p + r, q +

s), so(p, q) ⊕ so(r, s)) (p, q: odd, (r, s) ̸= (0, 0)), we have dim(P p+q−1
g∗ )−θ <

dim(P p+q−1
h∗ )−θ, and the map rest : (Pg∗)

−θ → (Ph∗)
−θ cannot be surjec-

tive. □

Appendix A. The nonlinear case

Let G/H be a homogeneous space and π : G̃ → G a covering map. Let

H̃ = π−1(H). Then, G̃/H̃ is diffeomorphic to G/H via π. In this appen-
dix, we discuss the difference between the existence problem of a compact
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Clifford–Klein form of G̃/H̃ and of G/H (or, more generally, the existence

problem of a compact manifold locally modelled on G̃/H̃ and on G/H).

Remark A.1. Recall that we have assumed the cocycle condition for the
transition functions ([28, §2]) in the definition of a manifold locally modelled
on a homogeneous space. Without this assumption, all the discussion in this
appendix is false. Note that Clifford–Klein forms always satisfy the cocycle
condition.

Every manifold locally modelled on G̃/H̃ can be naturally regarded as a
manifold locally modelled on G/H. In particular, if there does not exist a

compact manifold locally modelled on G/H, neither does on G̃/H̃. On the
other hand, it is not necessarily possible to give a structure of a manifold
locally modelled on G̃/H̃ to a manifold locally modelled on G/H: in general,

one cannot lift transition functions from G to G̃ so that the cocycle condi-
tion is still satisfied. Thus, even if there exists a compact manifold locally
modelled on G/H, it does not imply the existence of a compact manifold

locally modelled on G̃/H̃.

The situation is similar for Clifford–Klein forms. If Γ̃\G̃/H̃ is a Clifford–

Klein form (i.e. if Γ̃ is a discrete subgroup of G̃ acting properly and freely on

G/H), π(Γ̃)\G/H is also a Clifford–Klein form. However, even if Γ\G/H is a

Clifford–Klein form, π−1(Γ)\G̃/H̃ is not a Clifford–Klein form except when

G̃ = G: indeed, the π−1(Γ)-action on G̃/H̃ is not free, and if π is an infinite
covering, it is not even proper. Note that, when Γ is finitely generated (this

is always satisfied if the Clifford–Klein form Γ\G/H is compact) and G̃ is
linear, one can circumvent the freeness issue by Selberg’s lemma [34, Lem. 8].

Thus, if G̃ is a finite linear covering of G, the existence problem of compact
Clifford–Klein forms of G̃/H̃ is equivalent to that of G/H.

Now, let us state our result. Let G/K be an irreducible Hermitian sym-
metric space of noncompact type (i.e. G a connected linear simple Lie group
whose fundamental group is infinite and K its maximal compact subgroup).
By A. Borel’s theorem [5], G/K admits a compact Clifford–Klein form. In
contrast, we have the following:

Proposition A.2. Let G/K be an irreducible Hermitian symmetric space

of noncompact type. Let π : G̃ → G be the universal covering map of G and
K̃ = π−1(K). Then, there does not exist a compact manifold locally modelled

on G̃/K̃. In particular, G̃/K̃ does not admit a compact Clifford–Klein form.

Proof. We shall apply the following generalization of Fact 1.1:

Fact A.3 ([28, Th. 1.2 (2) and Prop. 5.1]). Let G be a (possibly nonlinear)
Lie group such that the adjoint action of g on itself is trace-free. Let H be a
closed subgroup of G with finitely many connected components such that h is
reductive in g (i.e. that g is completely reducible as an h-module). Let KH be
a maximal compact subgroup of H. If the homomorphism i : H•(g, h;R) →
H•(g, kH ;R) is not injective, there does not exist a compact manifold locally
modelled on G/H.

Notice that K̃ is noncompact since π is an infinite covering. Let K̃ss be a
connected Lie subgroup of K corresponding to kss = [k, k]. It follows easily
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from the Cartan–Malcev–Iwasawa–Mostow theorem (see e.g. [6, Ch. VII,

Th. 1.2] or [10, Ch. XV, Th. 3.1]) that K̃ss is a maximal compact subgroup
of G. Thus, it suffices to see that the homomorphism

i : H•(g, k;R) → H•(g, kss;R)
is not injective. Take a nonzero element X of the centre of k. Let F be
the element of g∗ corresponding to X via the Killing form of g. We have
Stabg(F ) = k. Then, ω = dF is an element of (Λ2(g/k)∗)k. Note that ω
corresponds to the G-invariant Kähler form on G/K under the isomorphism
(Λ2(g/k)∗)k ≃ Ω2(G/K)G. Since ω is a nondegenerate symmetric form on

g/k, we have ωN/2 ̸= 0, where N = dim(G/K). Since HN (g, k;R) ≃ R,
it follows that [ωN/2]g,k ̸= 0 in HN (g, k;R). In particular, [ω]g,k ̸= 0 in

H2(g, k;R). On the other hand, since F ∈ ((g/kss)
∗)kss , we have [ω]g,kss =

[dF ]g,kss = 0 in H2(g, kss;R). Therefore, the above homomorphism i is not
injective. □
Remark A.4. The homogeneous space G̃/H̃ might be a rather unnatural

object from a geometric viewpoint: the G̃-action on G̃/H̃ is not effective

unless G̃ = G. However, it sometimes appears in the study of the Lie group
G̃. For instance, in the erratum of [1], Atiyah–Schmid considered a homo-

geneous space G̃/K̃ in order to construct the discrete series representations

of G̃, where G̃ is a nonlinear finite covering of a linear semisimple Lie group
G and K is a maximal compact subgroup of G. In fact, they needed to
study the nonlinear case separately since it is not known if G̃/K̃ admits
a compact Clifford–Klein form, unlike the linear case to which A. Borel’s
theorem [5] applies. Note that Proposition A.2 is not applicable to the
case which Atiyah–Schmid studied; this proposition concerns the case of a
nonlinear infinite covering of a linear semisimple Lie group G.
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