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Local cohomology solutions of holonomic D-modules
associated with a non-isolated hypersurface singularity

By

Shinichi TAJIMA*

Abstract

A hypersurface with a smooth 2-dimensional singular locus is considered in the context
of Computational Algebraic Analysis. The holonomic D-module associated with each root of
the reduced b-function is computed. Local cohomology solutions to the holonomic D-module
are explicitly computed.

§1. Introduction

In this paper, we consider a hypersurface with a smooth 2-dimensional singular
locus in the context of Computational Algebraic Analysis. We explicitly compute holo-
nomic D-modules associated with the reduced b-function of the hypersurface by using
a computer algebra system and we study holonomic D-modules by computing its local
cohomology solutions.

In 1970’s, M. Kashiwara studied b-functions by using D-modules. It turned out
that holonomic D-modules that he introduced to study b-functions contain a wealth
information on singularity. It is important therefore to analyze the structures of the
holonomic D-module associated with a root of b-functions.

In a previous paper [15], Y. Umeta and the author of the present paper studied
certain kinds of hypersurfaces with a smooth 1-dimensional singular locus. We con-
sidered the holonomic D-module associated with a root of the reduced b-function of
hypersurfaces. We described in particular a method for computing structures of rel-
evant holonomic D-modules. As a sequel of the previous paper [15]|, we address the
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case of hypersurface with a 2-dimensional singular locus. We consider one example of
hypersurface with non-isolated singularity which is given by A. Zaharia in [17]. In this
paper, we present in particular an effective method for studying holonomic D-modules
associated with roots of b-functions. The key of our approach is a use of the concept of
local cohomology.

In section two, we compute the b-function, local b-functions of the hypersurface.
We compute the holonomic D-modules associated with roots of the reduced b-function.
In section three, we analyze structures of the holonomic D-modules by computing local
cohomology solutions.

§ 2. An example of non-isolated hypersurface singularity

Let S = {(x1,72,y1,92) € X | g(x1,22,y1,92) = 0} where g = y7 (y1 + 27 +13) +y3.
The singular locus ¥ of S is the 2-dimensional plane {(z1,22,0,0) | z1,29 € C}. The
hypersurface above is taken from Table 4 (page 51) in a paper [17]. The table 4 is
obtained by A. Zaharia as one of results of classification of simple germs.

The defining function g is a weighted homogeneous polynomial with respect to the
weight vector w = %8(2, 3,6,9). Let E denote the Euler operator defined by

FE = lmli + lei -+ lyli + lyzi
9 "0xry 6 “Ors 37 0yr 277 0ys
Then, g satisfies, E(g) = g.

In this section, we compute the b-function, local b-functions of the defining function
g and compute the holonomic D-module associated with each root of the reduced b-
function of g. For this purpose, we use a computer algebra system Risa/Asir [11] and
four algorithms bfct, ndbf.bf_strat, ann and cgsw_dx implemented in Risa/Asir.

By using bfct, we compute the b-function of g.

[250] G=y1~2*%(y1l+x1~3+x272)+y2"2;
y1~3+(x173+x272) *y1~2+y2~2

[251] fctr(bfct(G));
[[1,1],[s+1,2], [2*s+3,1],
[9%s+10,1], [9*s+11,1], [9%s+13,1], [9*s+14,1], [9%s+16,1], [9*s+17,1]]

The output means

3 10 11
(s+ 1) (s + s+ s+ 7

13
9

14
9

16
9

17

s+ )+ s+ )+ )

is the b-function of the polynomial g.
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§ 2.1. a stratification and local b-functions

First, we briefly recall the concept of local b-functions. Let X be a complex mani-
fold, Ox the sheaf on X of holomorphic functions, f a germ of holomorphic function at
a point x € X. Let Dx be the sheaf on X of linear partial differential operators with
holomorphic coefficients. There exists a polynomial b(s) in s and partial differential
operator P(s) € Dx|s] in a neighborhood of z such that

P(s)f ()" = b(s) f(x)".

The monic generator b¢ ,(s) of the ideal consisting of such polynomials b(s) is the local
b-function of f at x € X. This is defined in the context of analytic functions and
described in terms of holomorphic linear partial differential operators.

In 1997, T. Oaku showed that local b-functions of a polynomial f in Clzy, za, ..., ;]
can be computed by applying computations in Weyl algebra and gave an algorithm for
computing local b-functions at all points simulateneously by using a primary decomposi-
tion algorithm. The algorithm outputs a stratification of C™ giving the local b-function
bs . which is constant on each stratum. More recently in 2010, K. Nishiyama and M.
Noro proposed alternative method for computing local b-functions([10]). The resulting
algorithm ndbf.bf_strat is implemented in Risa/Asir([11]).

We compute local b-functions of g by executing ndbf.bf_strat on Risa/Asir. By
analyzing the result of computation, we see that the stratification of the space X = C*
associated with the local b-functions of g consists of 5 strata :

30,217,292, 5 =2, X — 5,
where
Yo ={(0,0,0,0)}, $1 = {(z1,22,0,0) | 2} + 25 =0} — Ty, Lo = ¥ — £; U S,.
We have b, . (s) = (s + 1) on the non-singular locus S — X, and
bgo(s) = (s+ 1) on Bz,  by(s) = (s+1)*(25+3) on Xy,
byu(5) = (s +1)%(s + 5)(s + P) s+ ) (s + 5)(s + §)(s + F)(s + 7 ) on .

§ 2.2. holonomic D-modules

First, we recall some basics. Let Annp [4(f®) denote the annihilating ideal of f¢
in the ring Dx]|s] :
Annpq(f°) = {P € Dx[s] | Pf* = 0}.

Let
I = AnnDX[S}fS + Dx[s]f + Dx[S]Jf,
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where Dx[s|Js is the ideal generated by g—gl, 88—52, - aamf )

For each root 3 of the reduced b-function of f, the Dx-module Mg defined by

Dx[s]/(I + Dxls](s — §))

is holonomic and the support of Mp is a subset of the singular locus of the hypersurface

S, in general.

In this subsection we compute holonomic D-modules associated with roots of the
reduced b-function of g in question.

We define a list of variables, a matrix for term ordering and a list of generators of
the ideal I for preparations. For this purpose, we use the algorithm ann.

[300] G=y1~2*(y1+x1~3+x272)+y2~2$
[301] w=[[x1,x2,y1,y2], [dx1,dx2,dyl,dy2]]$

[302] Mat=newmat(11,10,[[0,0,0,0,0,1,1,1,1,0],[0,0,0,0,0,1,0,0,0,0],
(o,0,0,0,0,0,1,0,0,01,[(0,0,0,0,0,0,0,1,0,0],[0,0,0,0,0,0,0,0,1,0],
(1,1,1,1,0,0,0,0,0,01,[1,0,0,0,0,0,0,0,0,0],[0,1,0,0,0,0,0,0,0,0],
(o,0,1,0,0,0,0,01,[0,0,0,1,0,0,0,0,0,0],[0,0,0,0,0,0,0,0,0,111)%

[303] L=append([G,diff(G,x1),diff(G,x2),diff(G,y1),diff(G,y2)], ann(G))$

Note that in the list L above ann(G) is a list of generators of the annihilating ideal
Annp, 59°. The contents are as follows.

[304] ann(G);

[-3*dy2*y1~2+(-2*%dy2*x1~3-2%dy2*x2"2) *y1+2xy2xdy1,
-3*dy2*x1~2*%y1~2+2*xdx1*y2,

-dy2*x2xy1~2+dx2*y2,
Oxdy2*y1~3-6*xy2*xdyl*yl+(4*dx1*x1+6*%dx2*x2) *y2,
(-3*x172%dy1+3*dx1) *y1+2*xdx1*x1~3+2*xdx1%x2"2,
(6*x2*%dy1-9*dx2) *y1l-4*dx1*x2*x1-6*%dx2*x2"°2,
-3%dx2*x1"2+2*xdx1*x2,
18*s-6*dyl*yl-9*xdy2*xy2-2*xdx1*x1-3*dx2*x2]

Now we compute holonomic D-modules by using the algorithm cgsw_dx con-
structed recently in [8] by K. Nabeshima, K. Ohara and the author of the present

paper.
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[305] cgsw_dx(L, [s],W,1,Mat);

[[s+1],[1]]
[y2,y1,-2*%dx1*x1-3%dx2*x2-3, -3*xdx2*x1"2+2*dx1*x2]

[[2*s+3], [1]]
[y2,y1°2,-6*dyl*yl-2*dx1*x1-3*%dx2*x2-18, (-2*x2*dyl1+dx2) *y1l-4*x2,
-3*%dx2*x1"2+2*dx1*x2,y1+x173+x272, (3*xx1"2*dy1l-dx1) *y1+6*x1~2]

[[9*s+10], [1]]
[y2,y1,x2,x1]

[[9*s+11], [1]]
[y2,y1,x2,-dx1*x1-2,x1~2]

[[9*s+13], [1]]
[y2,9%dx2*y1-16%x2,y1°2,x2%yl,9%y1+16%x2"2,
-6*%dyl*xyl-2%dx1*x1-3*xdx2%x2-17,x1*yl,x2%x1,-3*dx1*y1+8*x1~2]

[[9*s+14], [1]]
[y2,9*%dx2*y1-20%x2,y172,x2%yl,-9%y1-20%x2"2,
-6*dyl*xyl-2%dx1*x1-3*xdx2%x2-19,-3*dx1*y1+10*x1~2]

[[9*s+16], [1]1]

[y2,-6*dyl*yl-2*dx1*x1-3*dx2*x2-23,y1"3,
(-18*x2*dy1+9*dx2) *y1-46%*x2,x2%xy172,9%y1~2+10%x2"2*y1,
27xx2xy1+28%x273 ,x1*y172,x2*xx1*yl, 9*xx1*y1+28*x2~2*x1,
-3xdx2%x172+2%dx1*x2, -9*dy1*y1~2+15xy1+28*x1~3+28*x272,
(9%x1~2%dy1-3*dx1) *y1+23*x1~2]

[[9%s+17], [1]]

[y2,-6*dyl*yl-2*dx1*x1-3*dx2*x2-25,y1°3,

(-18*x2*dy1+9*dx2) *y1-50%x2,x2*%y1"2,

Oxy172+14%x27 2%yl , 27*x2*y1+32%x273, -3*dx2*x1"2+2*xdx1*x2,
-9%dyl1*xy1~2+21%y1+32%x1~3+32*x272, (9*x1"2*dy1-3*dx1) *y1+25*x1°2,
x172%y172,x2%x172%y1,9%x 1~ 2%y 1+32*%x2~2%x1~2]

[[0],[1062882%s~8+12223143%s~7+61135398%s~6+173682792%s"5

65
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+306514368*s~4+344058597*s~3+239861032*s~2+94945468%s+16336320] ]
[1]

No. of segment is
9
0.0312sec(0.093sec)

The output consists of each factor of the reduced b-function, the Grobner basis of
the holonomic D-module associated with each root of the reduced b-function.

§ 3. Local systems and local cohomology solutions

In this section we study structures of the holonomic D-modules presented in the
previous section. We explicitly compute algebraic local cohomology solutions.

§3.1. Algebraic local cohomology solutions supported on >,

Let s+ 1 = 0. Then a Grobner basis of the holonomic ideal associated with the
root 8 = —1 is given by

0
8x2 )

0 0 0
201 — + 319—— + 3, 2 — 3z2
Y1, Y2, $18x1 + x26x2 + 95, iﬁzaxl Ty

Let 7-[[222] (Ox) be the sheaf of algebraic local cohomology supported on Y5, where
Yo = {(x1,22,0,0) | 21,22 € C} — {(x1,22,0,0) | 25 + 23 = 0}.

Set

Hy, = {?ﬂ € Hin, (Ox) | y1tp = yatp = 0} :

Then any germ at a point () € 39 of the sheaf Hy, can be represented in a form

1
h(thQ) [ ] )
Y1 Y2

where [ | denotes the Grothendieck symbol and h(x1,z2) ia a germ at @ of holomorphic
functions on Xs.
Algebraic local cohomology solution 1 of the holonomic D-module M_; satisfies
the following system of linear partial differential equations
0 0 400

0
(221 =— + 32— +3)h =0, (2za— — 3z

h =0.
8x1 8.1‘2 8901 18$2) 0



LOCAL COHOMOLOGY SOLUTIONS 67

2.1’1 3.1’2

Since = —6(x3 + 232), the singular locus of the holonomic D-module

29 —3a2
M_1 is
{(Il,xg,0,0) | l‘? -l-CE% = 0} == 21 U Eo.

We set h(z1,x2) = (3 + 23)“. Then we have

0 0 0
201 — — h = h, (2 — 322
( T 8:[:1 + 31‘2 61‘2 + 3) (60[ + 3) N ( T2 —— axl 3 an

o'

The monodromy structure on ¥, of the holonomic D-module M_; is non trivial.

2 \h=o0.

Hence,

N|=

(F +23)”
is a local cohomology solution.

Since the local cohomology solution ¥ can not be analytically continued to »; U X,
there exists no non-trivial algebraic local cohomology solution in H[QE} (Ox) at Xo.

§ 3.2. Algebraic local cohomology solutions supported on 3

Since the local b-function is (s 4+ 1)(s + 3) on the strutum X;, we consider two
cases.

(i) Let 2s 4+ 3 = 0. Then a Grobner basis of the holonomic ideal associated with the
root = —% is given by

0
+ 611 + 18,
Oy1

0
o+ 23y, Yo Y2, 23— + 3xo

0x1 0xo
0 0 0 0 0 0
92 -2 — —4
”axl 3$1a S’ yla o 351712U1a » 63717 yla 7 $2y18 " Z2.

From (x3 + 22)? = (23 + 23 — y1) (2} + 23 + y1) + y?, we see that (23 + 23)? is an

annihilator. Therefore the holonomic D-module M_ 3 is supported on ¥ U Y, where

2

Y1 U = {(21,72,0,0) | 25 + x5 = 0}.

Now consider algebraic local cohomology class ¢ in 3, (Ox) supported on ¥ of
the form

1

+b
(23 + 23) yi 2

Vv =a

. . 27 _ _ 3
Note that the weighted degree of v is equal to —3g = —3.
Then, ¢ satisfies, y$1) = 129 = 0 and

0 0 0 0
221 7 229 —— — 322 Vop = 0.
(221 e + 33028 + 61 o + 18)y = (2x4 3x] =0
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From

(23 + 22 +y1)v = (a +b)

1
(3 + 23) 1 yz]

we have a + b = 0. Therefore, we set

Y=

1 1
(@7 +23) yi yz] (7 + 3)° ym] '

It is easy to verify that the local cohomology class 1) above satisfies

0 o 9 P
(yl 8551 3x1y1 a Y1 6.T%)¢ = (yla—@ — 2332:1]18_% — 4[1)‘2)’(# = 0

Since the solution ¢ can be analytically continued to Xy, ¥ belongs to

H%I U3 (OX)

and the dimension of the algebraic local cohomology solutions of the holonomic D-
module M _s is equal to one at the origin .

[

(ii) Let s+1 = 0. It is easy to see that the holonomic D-module M_; has no non-trivial
local cohomology solution in ”H%l (Ox).

§ 3.3. Local cohomology solutions supported at

Since the reduced local b-function at Xy of g is equal to

Byso = (5 Dls + 505+ )5+ 5 )5+ )5+ )5+ )5+ ),

we compute algebraic local cohomology solutions for the holonomic D-module associated
with each root of the reduced local b-function.
Let 7-[?22]((9 x ) be the algebraic local cohomology supported on ¥.

(i) 9s —|— 10 = 0. Then, a Grobner basis of the holonomic ideal associated with the root
f = —- is given by {1, =2, y1, y2}. We see that the local cohomology class

1
T1 T2 Y1 Y2

is a solution of the holonomic D-module M_ 10.

9

i) 9s + 11 = 0. Then, a Grobner basis of the holonomic ideal associated with the root
= —4 is given by {22, x2, y1, Y2, T150 a -+ 2}. The local cohomology class

[ 1 ]
2
T T2 Y1 Y2

(i
B
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is a solution of the holonomic D-module M .

(iii) 93 + 13 = 0. Then, a Grobner basis of the holonomic ideal associated with the root
g = —= is given by
TiTy,  Tiyi, Loy, i, Y2, 1623+ 9y,
0 0 0 0
201 — +3 6y — + 17, 3 —8x7, 9 — 16x5.
1718 +$28 +y18y+ yla 3 9182 x2
Note that since
1625 = 25(16x3 4+ 9y1) — 9z231
and
4 9 2 9 9
8x1 = —a3(3y15— — 8a7) + 35— (¢y1) — 611,
8 I 8 1
partial differntial operators x7,z3 belong to the annihilating ideals. It follows in par-

ticular from this fact that the support of the holonomic D-module M _ 13 is the origin
>o.

Since the weighted degree of the solution is equal to —2

%> we consider algebraic

local cohomology class ¢ of the form

1 1 1
b=al| , +b 3 +c 5 .
Ty T2 Y1 Y2 1 Lo Y1 Y2 T1 T2 Y1 Y2
From
(B2 — 8y = —(Ba+30) | ,
— 8z a c
v Oxq ! 37% T2 Y1 Y2
and
0
(9y1 =— — 16x2)Y = —(16b + 9c¢) ) ,
O T1 Ty Y1 Y2
we have

8a+ 3¢ =0, 16b+ 9¢ = 0.
We thus have

1
¢[
T{ T2 Y1 Y2

as local cohomology solution.

L3
2

1 8 1
13y Y2 | 3 |1 w2 yF v

V) 95 —I— 14 = 0. Then, a Grobner basis of the holonomic ideal associated with the root
= — is given by

(i
B
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0
+ 6y1

+ 19,
0y1

0 0
Toy1, Vi, Y2, 2023 + 9yy, 2015 + 3wy
L1 2

) 9
— — 1022 — —20
1 oz 01, 1 Oxo vz

A direct computation yields the following local cohomology solution :

b 1 3 1 5 1
oy ye | A2t adyrye| 3 |ataayfye|

(v) 9s + 16 = 0. Then, a Grébner basis of the holonomic ideal associated with the root
B = —< is given by
2 2 2 3
28125 + 9x1Y1, T1X2Y1, T1YT, T2yi, 2Tx2y1 + 283,
10$§y1+9y%> yi;? Y2, Pl; P27 Ql? Q27 Q37
where
Py = 22150 + 3wa 58 + 6y1 50 + 23, Pr = 20050 — 3152,
Q1 =3y15% — ga:%yla%l —232%, Q2 = 9y1 5% — 18:1:2y18%1 — 462,
Qs = 9y7 5o — 2827 — 2813 — 15y1.
Let
1] 1] 1]
wl = s w2 = ) ¢3 = s
_JTI T2 Y1 Y2 | _fCiL ¥3 v Y2 | _3311 T2 Y7 Y2 |
1] 1] 1]
Yy = 5 , s = 3 2 , e = 3
| T1 T2 Y1 Y2 | | T1 T2 Y1 Y2 | | T1 T2 Y1 Y2 |
Then,

3 7 27 7 35
¢—¢1+§¢2—6¢3+E¢4—Z¢5+E¢6

is a local cohomology solution.

(vi) 9s + 17 = 0. Then, a Grébner basis of the holonomic ideal associated with the root
B = —< is given by
32x%x% + Qx%yl, x%xgyl, x%y%, xgy%, 27Txoy1 + 32:1:%,
a5y + 995, vi, v2, P1, P, Q1, Q2, Qs,
where

Pl = 2371% + 3%2% —|—6y1% + 25, P2 = 2.%2% — 31:%%,
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Q1 = 3y18%1 — 996%?;18%1 — 2523, Q2 = 9y18%2 — 18902?;16%1 — 50z2,

Qs = 97 o= — 322 — 3223 — 21y

Let
1] [ 1] [ 1 ]
Qpl - 3 1/)2 - ’ 77Z}3 - s
_91751S T2 Y1 Y2 | _fﬁ? ¥3 v Y2 | _3?‘;’ T2 Y7 Y2 |
1] 1] 1]
Py = , Y5 = , Yo = -
|21 23 Y1 Y2 2% 23 yf e | | 2f 22 Y} o |
Then,

3 16 27 4 56
Y =11+ sz - 1—51% + 4—0¢4 - g¢5 + —45%
is a local cohomology solution.

(vii) s+ 1 = 0. Grobner basis of the holonomic ideal associated with the root g = —1

i 0 0 3 2.0
18 {yl? ?;/27 2$16_m+3x28_332+37 2x28_$1 _3'T18_x2

1

P . Then,
Ty T3 Y1 Y2

Letw:[

0 0 . .
(25618_:131 + 33328—332 + 3)¢ = (—22 — 3] + 3>¢

Therefore there is no non-trivial local cohomology solution supported at the origin .

(viii) 2s+ 3 = 0. Recall that

0 0 0
¥+ adty, vl Y2, 22015— + 319 -+ by -+ 18,

0x1 ox oy
0 0 0 0 0
2rg—— — 323 ——, Y1 =— — 3TIY =—— — 627, Y1 =—— — 2xoy —— — 4
T2 o1, Ty D2y Y1 O T1Y1 Em Ty, Y1 B T2Y1 e T2
is a Grobner basis of the holonomic ideal associated with the root g = —%
1
Letp=| ., ; . Then,

L1 T Y1 Y2

(2x i4—3:1: i—l—G i~|—18)17D— (—2i — 3j — 6k + 18)¢

! (9x1 2 81;2 v 6’y1 n J '

Therefore, we have (i, 7, k) = (3,2, 1).

Since

(23@2i — 3x2i) [ ! ] # 0.
2

1
0z ozx x‘;’ x% Y1 Yo
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Therefore there is no non-trivial local cohomology solution supported at the origin .

We have verified in this section that

dimc(HomDX(MB,'HELEﬂ(OX)):1, for 6:_%),_2 _%,_

and

—_

4 16 _ 17
97 9

9" 9

Homp, (Mg, Hk, (0x)) = {0}, for f=—1,-5.
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