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A certain property of a unified family of Pj-hierarchies
(J=I,1I,1V, 34) with a large parameter

By

Yoko UMETA*

Abstract

We study a unified family of Pj-hierarchies (J=I,1I,1V,34) with a large parameter. The
explicit forms of the deformation equation and the Schrédinger equation associated with the
unified family of Pj-hierarchies are derived from the underlying Lax pair.

§1. Introduction

In the series of papers ([1], [6]-[14], [16]-[19]), the exact WKB analysis for higher
order Painlevé equations has been progressed and important results have been estab-
lished. T. Kawai, T. Koike, Y. Nishikawa and Y. Takei ([10], [17]) proved that there
is a closed connection between the Stokes geometries of Pj-hierarchies (J=I,1I,1V,34),
the Noumi-Yamada system and those of their underlying Lax pairs. For example, the
following important properties are shared.

(i) If t = 7! is a turning point of the first kind of a system of non-linear ordinary
differential equations, a double turning point merges with a simple turning point in
the Stokes geometry of the underlying Lax pair at t = 7.

(ii) If t = 7! is a turning point of the second kind of a system of non-linear ordinary
differential equations, two double turning points in the Stokes geometry of the

underlying Lax pair merge at t = 711

(iii) Under generic assumptions, if ¢ lies on a Stokes curve of a system of non-linear
ordinary differential equations, two turning points are connected by a Stokes curve
in the Stokes geometry of the underlying Lax pair.
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These three properties play an important role in analyzing the Stokes phenomenon
on a Stokes curve of non-linear differential equations (see [10]-[12], [16] and [19] for Pj-
hierarchies). The author has a question: Do three properties always hold for any system
of non-linear ordinary differential equations which describes the compatibility condition
of a Lax pair? To investigate the question, the author proved that (i), (ii), (iii) also hold
for a unified family of Pj-hierarchies (J=I,II,IV,34) in [20] . The unified family of Pj-
hierarchies is introduced in [21]. The system has arbitrary coefficients. If we specify the
coefficients, then the unified family is equivalent to the m-th member of Pj-hierarchies
(J=I, II, 1V, 34). However it is not certain whether the system contains other known
Painlevé hierarchies or essentially new equations or not. Motivated by the problem, this
paper makes clear the difference between Pj-hierarchies (J=I,11,1V,34) and the unified
family. The plan of the paper is as follows: In §2 and §3, we recall the explicit form
(2.2) of a unified family of Pj-hierarchies (J=I,II,1V,34) with a large parameter and
the underlying Lax pair. In §4, we apply the method given by T. Koike in [13]| and [14]
to (2.2). We derive the deformation equation and the Schrédinger equation from the
Lax pair in §3 and the difference between (2.2) and the Pj-hierarchies is clarified. In
§5, we give a supplementary explanation.

Acknowledgments The author would like to express her sincere gratitude to Professor
Naofumi Honda. §4 is inspired by T. Koike’s idea in [13] and [14]. The author would
like to express her thanks to Professor Tatsuya Koike.

§2. A unified family of Pj-hierarchies (J=I,1I,1V, 34)
with a large parameter

In [21], a unified family of Pj-hierarchies (J=I,II,1V, 34) with a large parameter 7 is
derived from some common structures between the m-th members (Py),, (m =1, 2, ---)
of Pj-hierarchies. Let us recall the explicit form of the system. Let 6 be an independent
variable and the notation A = B means that A — B is zero modulo #™12. We denote by
O(t)[[0]] the set of formal power series in 6 with coefficients in holomorphic functions
of variable ¢t. Let U, V and C denote generating functions of unknown functions ug, vg
(k=1,2,...,m) of t and constants ¢, as follows.

m—+1 m—+1

U0) == > wpb®, V(0):= Y wb* C0) = et
k=1 k=1 k=1

with arbitrary polynomials w11, Umi1 € O(t)[uq, ..., Um, v1, ..., Uy] on condition
that w,;,+1 and vy, 1 do not include n. Let us define H(U, V') by the polynomial in U
and V with arbitrary complex constants p; of the form

(2.1) H(U, V) := (prU? + paV?)0 + p3UV + psCU + psCV + pgU + p7V + psC + po.
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O[]
o()[ernem+=

. d (Ub 0-1)\ [2& 0
o2 (0)=(2) 0o () () ()

where f1, fo are defined by

We consider the following system on

f1:=p7+ (aur + pscr) 0+ y10™ + (yrug + y2)0™

(2.3)
fa = =B = (2Bur + avi +c1) 0 + 210" + (2z1u1 — yrv1 + 22)0"

with arbitrary holomorphic functions y;, z; of t. Here ¢ is the coefficient of the leading
term of C(0) and «, 3, € are defined by

(2.4) a:=p3+pr, B:=ps+py and e :=ps+ ps,

respectively.

The system (2.2) is equivalent to the following form of the first order system with

2m unknown functions u;, v;:

(L du;
1d_tj = —aujy1 — (U + psci)uj — 2pavj — PsCjt1 + Y165, m—1 + Y205, m,
i=1.2 ... m,
(2.5) .
U_ld—tj = fujt1 + p3vj+1 + pacit1 + (2Bur + avi + 2p1 + ecy)u;
L + wjt1 + 2105, m—1 + (2101 — y1v1 + 22)05,m,  J=1,2,...,m.

Here 6 ym—1, 0j,m stand for Kronecker’s delta, ¢,,,41 = 0 and wyj is recursively defined

by

j—1 Jj—2 Jj—2 Jj—1
w; = E WrUj—f + P1 E UgUj—k—1 + D2 E VgVj—k—1 + D3 E URVj—k
k=1 k=1 k=1 k=1

(2.6)
Jj—1 Jj—1
Py ukci—k +Ps Y vrcj—k + Buj +proj +pse; (1< j<m+1).
k=1 k=1

If pj,yi,2 in (2.1) and (2.3) are specified by the following list, then (2.2) (also
(2.5)) is equivalent to the m-th member (Py),, of Pj-hierarchy (J = I, II, IV, 34) which
are studied by Kudryashov ([15]), Gordoa, Joshi and Pickering ([5]), Clarkson, Joshi
and Pickering ([3]) and so on.
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0—0 B0, k=m+3,
(P)m po=—1,p3s =2, pg =1, 20 = 2t.
0=0, B£0, k=m+2

(P34)m | p2=—1,pg =2, pg = 1, 21 = 2vt, 20 = 4rytcy (7 # 0).
020, B=0, k=m+3,

(Pil)m | p2=1,p3=p5=2.

a#0, =0, k=m+2,

(Pv)m | p2=1,p3=p5 =2, y1 = =279t (v #0).

Remark that other p;,y;, z; which are not listed are zero and the explicit forms of ;11

and v,,4+1 are described in [21].

§ 3. Lax pair of the system

Firstly, the system (2.2) is expressed in the following form

d 0H

-1 — o o m+1
(3.1) o (U0) = f1(1-U) oY% AUy 116077,

. d HU,V) O0H

1™ — o ) m—+1
(3:2) U dt(ve) = (1-U)+ 1“0 Tau T (2Bum+1 + avmy1)d
with
(3.3) U0) :=> wb®, V(0):=) wb", C0):=> crb".
k=1 k=1 k=1

To admit terms of negative power in 6, we formally calculate the following underlying

Lax pair on O(¢)[[0, 671]] := { Z fub® | fr € O(t)}.

k=—oc0
(3.4) o2 A v, 1) =0 9 _ B P60, 1) =0
' o0 R T T
with
(3.5) A= A1(1=U)0 ; B = ol ’
AQ —Al DQ _Dl
where A; and O; (j = 1, 2) are defined by
L 10H P3 1 m m+1 «a m+1
Aq = 597 2 (1-0)+ 2(y10 +y20™T) 2“m+19 )
OH H{U,V m m
Ag = py X (_ ou 1(— U) = (710" + (2101 — y1v1 + 22)0" )

(3.6)
— (2BUmy1 + me+1)9m+1>,

1
0O := —%(Oz + (qui +psc1)d), i = —%(5 + (28u1 + avy + ec1)0).
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Then the compatibility condition of (3.4) is given in the form

0A 0B My M,
(3.7) 5 9’“5 +n(AB — BA) = <M3 _M1> = 0.

Apparently the matrix B contains %, but the compatibility condition of M; = 0 (i =
1, 2, 3) does not contain terms of negative power in 6. Therefore we can consider the
O)[[6]]
O(t)[[e]]em+2’
coefficients p;, arbitrary holomorphic functions y;, z;, and arbitrary polynomials 1,

equations M; = 0 on that is M; = 0. The system (2.2) has arbitrary

Um+1. However, (2.2) dose not necessarily have the underlying Lax pair. As is shown
in [20], if we choose w41, Um+t1, Pi, ¥i and z; satisfying the conditions which will be
given in Theorem 3.1, then the system (3.1), (3.2) has the underlying Lax pair.

Theorem 3.1.([20]) Assume that pr = 0 and k is m + 3 or m + 2. Let v and
p2 be arbitrary nonzero constants. If we choose ;1 and vy,+1 so that they satisfy
the conditions blow, then the system (2.2) (also (2.5)) is equivalent to the compatibility
condition (M; =0 (i =1, 2, 3)) of (3.4).

(3.8)

4 / 0 m
7@0'“‘2 ylem y29m—|—1 o uat-l-l em—i—l’
/ ’ ! ’ a a
7ﬁ9k72 (zlem (21u1 o 22)9m+1 (26 Ug:f—l—l o ’Ug?-l) 0m+1) '

Here ' denotes the derivative with respect to t.

§4. The deformation equation and the Schrodinger equation associated
with (2.2)

Let us investigate the difference between (2.2) and (Py),, (J=I, 11,1V, 34). In what
follows, equations are formally calculated on O(t)[[f, #~!]] and we do not use relations
which hold on % unless otherwise mentioned. Following T. Koike’s idea (A.34)
in [13], we take the change of unknown functions ¢ and ¢ in (3.4):

0
(41) W = exp (-% / W, 9)d9> 2,

where

(07 +p5C — y19m — y29m+1 + aum+19m+1

(4.2) h(t, 8) := o

Then (3.4) is transformed into

(4.3) (wk% - n/i) @(t, 6) =0, <% — nB) @(t, 6) = 0.
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Here A and B are defined by

g e (1RGO -0\ p (Biegy 1)
JAD) —A1 + 560%R(t, 0) O, -Oi+ %

where Aj;, O; (j = 1,2) are defined by (3.6). We can verify that the compatibility

condition of (4.3) is completely the same as (3.7) under the conditions (3.8) in Theorem
3.1. From now on, we consider the Lax pair of (4.3) for (2.2).

P2
for (4.3) satisfies. By the same argument in [13|, Proposition A.2, the following two

differential equations are derived from (4.3), if (1 — U)6 # 0 holds:

Let us calculate the equations that the first component ¢; of a solution ¢ = (’01)

0? 0
202k (1 _ _
(v 0" (1 U)5gz +1b(t, 0; 7’)69 +nq(t, ; 77)) 1 =0,

8g01 . a§01
ot =A% 00

(4.5)

(1-U)—% +nBepi

with 1
A=~0F1 B= —glaur +pse)(1 = U) + p2V.

Here p(t, 0;7n) and (¢, 0;n) are defined by

B, 0:m) = 142071 ((k Sna-v)+ %—Z@) 0t 0)(1 - ),

1
it 6:0) = (e 0267 — 2% - 201 - U)0) (1= V)
ov oUu
—1 k+1 1— e
+n ’)/6 p2(86( U)+V89)
Therefore, in O(t)[[0, 071]], (4.5) is rewritten in the following forms.

Ot 02 gt 0 m)) o =0
892 b 7789 y U5 P1 =Y,

(4.6) i )
opr 901
B A + By
with -
79 _ (L P2V
A= I B—ﬂ( 2(04u1+p501)+1_U)-

Here p(t, 0;7) and q(t, 9; n) are defined by

ple, 05 == Tice. 0) + 5 (5 ).

2 oU
oy N 1 22k 2 77 oV 89
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The compatibility condition of (4.6) is ©1 = O3 = 0, where ©1, O, are defined by
_ 1 @91
- - (1-—
1=ty (70~ 0 -0)) e+ (-0 ),
S 14 00,
Wn - = pm-oop ( F1-0) (-er+05)
n 1 oU 00, n?
o <(606 (1 U))@2+(1—U)0 50 + 20%@3
with
oU &
@1 = 8—0+n(2pzv9+h9 — (a+(au1 —|—p561)9)(1—U)) s
oV
Oy 1= pza—e + 1 (Ao +p2(B + (2Bur + avy +ec1)0)(1 - U)),
ov
(48) @3 = (ylgm + y20m+1 — QUppg 10m+1) at 0
m m—+1 8U
—p2 (210™ + (z1u1 — Y101 + 22 + 2BUm41 + QUp41) 0T BN -0
du1 dUl
et bt 1 — m—+2
+p2 | 21 o — Y1 dt>< U)o

Note that, if (U, V') is a solution of (2.2), then we see ©; =0 (i = 1, 2, 3) on %

Let us compute the Schrédinger equation associated with (2.2). We change the
unknown function ¢q by ¢ so that the second term in the first equation of (4.6) vanishes.

(4.9) 01 = e—% I p(t, 6; U)d(’(p

Then we have the Schrodinger equation associated with (2.2) by the first equation of
(4.6):

82
0 S = Qlt 65 e,
. CoY . 1 U dp )
Q(t, 0;m) = —q(t, 6;n) + 4p(t, 0; m)* + 590 (t, 0; n).

The explicit form of the potential @) is given by
02

Q(t, 0; m) = 29% — ordetA

p2 (OV . G 104 10k
{M(ae i R UG PG

G en GE))

n
(4.11) -
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Here A is defined by (3.5). By the condition (3.8), we have

oh Y 0 0 ‘ N %(I—U)

Therefore, by (4.9), the second equation of (4.6) is transformed into

Do _ 40¢ 1 (ma  F(=U) ) —
(4.12) 8t_A86’ 2<9+ G + Ap(t, 0;m) — 2B | ¢.

The equation (3.1) is written in the form

d
(4.13) n_la(Uﬁ) = —2pVO + (o + (quy + psc1)d) (1 —U) — h(t, )6*.
Using (4.13) in (4.12), we have

ot o0 2007

Summing up, by (4.9), the deformation equation and the Schrédinger equation associ-
ated with (2.2) are obtained from (4.6):

(4.14) 9o _ g9 104

82
6—;5 = Q(t, 0; n)p,
(4.15) k—1
Op _ 400 10A_ 90
ot o0 2087 Ti1ZU

Here @ is defined by (4.11). In (4.15), we emphasize that A is independent of p;,y;,2;.
This means that the deformation equation associated with (2.2) is completely the same
as (Py)m (J=L 11,1V, 34). The difference between (2.2) and (Pj),, is the form of poten-
tial . This calculation implies the following. If the potential () is deformed such as
(4.11), the same geometric structures (specifically, (i),(ii),(iii) in §1) as (Py),, hold.

§5. Remark

The expressions of (Py),, in the series of papers [10]|-[14] are derived by the trans-
formation of 6 = % Set

m m m

(5.1)  Ulx,t) =Y ui(t)a™ I, V(w, t) = vi(t)a™ 7, C(z) =) cjz™ .

7j=1 7j=1 7j=1

By 6 = 1, we have

)
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By the relation, (3.1) and (3.2) are rewritten in

_au OH
N~ = = (pre + (auy + pscr)) (2™ —U) — 55 + (12 + Y2 — Qumt),
dt oV
ay
(5.2) 77_1% = —(Bz + (2Bur + avy +ecq)) (2™ —U)
oH  HU,V
A — H, V) + (217 + (2101 — Y101 + 22 + 2BUmt1 + QVm1))
au m—U
with
(5.3)

H(U, V) = p2V2 + (ngV + psCU +p5CV) T+ (p6L{ + p7V + ng) M + p9$2m+1.

In the original equation (2.2), A = B means that A — B is zero modulo §™2. In
the procedure of derivation of (5.2), we multiply both sides of the original equation by
™1, Hence we consider our problem with mode #("+2)=(m+1)  For that reason, the
notation = in (5.2) means that we exclude the terms of 27 (j < —1), that is, we consider
(5.2) on O(t)[[z]]. If we compare the coefficients of 7 (j = 0, 1, ..., m — 1) in both
sides of (5.2), we obtain (2.5).

By 6 = %, Theorem 3.1 is rewritten in the following.

Theorem 5.1.  Assume that p1 =0 and k is m + 3 or m+ 2. Let v and ps be
arbitrary nonzero constants. Let us choose upmy1 and vym1 of (5.2) by the following

conditions.

ou
yaz™ R =y 4y, — (;;H :

(5.4)

B 0
76$m+3_k - — <215L’ + Zlul — yl’Ul + 252 + 25 uw;—l—l + « 'Ug;—l-l) .

Here ' denotes the derivative with respect to t. Then we have a Laz pair for (5.2) of the

following form.

—18_90 _ lxk—(m—l-?)) ng —(z™ = U)
or v Ny —(p2V + 2h(t, x))

77_18_90 _ —%(aul —|—p501) 1 o
ot —p2(Bx + (26u1 + avy +€cq)) % (2azx + (quy + pscr))

Here H(U, V) is defined by (5.3), As and h(t, ) are defined by

(5.6)
A oH HU,V
Ay :=po S —— HUY) 212 4 (2101 — Y101 + 22 + 2BUm 1 + QWm1) |
au m— Y
1
h(t, x) :== 3 (p5Cx +ax™ T — gz —yo + aumH) )

respectively.
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By the same arguments in §4, we have

0?2 0
(— +p(t, 3 n) 5= +q(t, z; 77)) 01 =0

2
91 _ 1991 _
ot Tor T

Here p(t, z;n), q(t, z;n), A and B are defined by

20 k—(m+3) k—(m+3)  FEm-U)
plt. ain) = 2z (t,2) - == -
2
q(t, zyn) = %:1;2(]“_(””))]92 <5:1;2m+1 +eCax™m T + V(y1x + y2 — Q1)
(5.8) + (@™ —U)(z1z + (21w — y1v1 + 22 + 2BUmy1 + me+1))>
o) m
N k—(m+3) %(l' - U) B a_v
L p2< u Y or )
A= _’Yxm—_ and B = 5 ((Oém + pscr) — —xmpiu) ;

respectively. By the following transformation
(5.9) 01 = e*%fmp(t,ac;n)docl/}7

the system (5.7) is transformed into

( 82¢
@ - Q(t7 x; 77)7/)7
(5.10) QUt, w3 m) = —qlt, 75 1) + ~p(t, w5 1) + = 22(t, 25 )
* 7x777_ q?‘r’n 4p 7x7/r] 281. 7'1;7/’77
oy oy 19D o ygm 3k
. " Pa% ;e P au
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