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Toward exact WKB analysis of nonlinear eigenvalue
problems

By

TAKAHIRO SHIGAKI*

Abstract

In this paper, we study the nonlinear first order ordinary differential equation which
Bender-Fring-Komijani studied as a model equation of nonlinear eigenvalue problems. We
announce our recent results on the Borel summability of O-parameter solutions of the equation
in question, and, by using this result, we show that the Borel sum of a 0-parameter solution
gives a separatrix, a solution which satisfies the boundary condition imposed by Bender-Fring-
Komijani.

§1. Introduction

Bender, Fring and Komijani introduced nonlinear eigenvalue problems in [BFK].
As a typical example, they studied

(1.1) y'(z) = cos[rxy(z)].
They pointed out that, for each n, the boundary condition

m+1/2
T

(1.2) y(z) ~

(withm =2n—1) asz — o0

determines a unique solution of (1.1), and argued that the initial value a,, := y(0) can
be considered as the corresponding eigenvalue (see also §2.2). Based on the complex
WKB method with some physically reasonable intuition, they derived the asymptotic

behavior of eigenvalues:

(1.3) an ~ 2°/%/n as n— .
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One of our goals is to give a mathematically rigorous proof of the formula (1.3) by
employing exact WKB analysis (see, e.g., [KT]). Although we have not succeeded in

proving it, we obtain

(1) the Borel summability of the so-called O-parameter solution of the equation (3.3)
associated to (1.1), and

(2) the solution of (1.1) which satisfies the boundary condition (1.2) by an exact WKB
theoretic argument

at this stage. In this paper we will give an announcement on (1) ([KoS]. Some results
are already given in [S]), and give a proof of (2) (where the result (1) will be used).

This paper is organized as follows: In §2 we will briefly recall the argument given
in [BFK]. We will also study more details about the asymptotic expansion of solutions
near the infinity. In §3, after scaling the variable and the unknown function, we will
construct O-parameter solutions and study their properties. Their Borel summability
will be explained in §4. This section is also an announcement of a result in our forth-
coming paper [KoS]. In §5 we will show that one of the O-parameter solution satisfies
the boundary condition (1.2). In §6 we will give some remarks on the solution which
satisfies (1.2) with an even integer m, and also the Borel summability of O-parameter
solution for argn # 0.

8§ 2. Nonlinear eigenvalue problems
In [BFK], Bender, Fring and Komijani studied

(2.1) y'(x) = cos[rry(z)]

as one example of nonlinear eigenvalue problems. To this equation we expect that the
solution behaves like

(2.2) y(z) ~ ML/

T
with some integer m (so that y’(z) tends to zero), as = tends to the infinity. Figure
1 shows a result of numerical computations! of the initial value problem of (2.1). We
can see from this figure that each solution approaches to a curve zy = (const). An
interesting observation made by [BFK] (see also [BO]) is that these asymptotic curves
are {xy = m+ 1/2} with an even integer m (cf. Figure 2). In fact there exists one and
only one solution which satisfies (2.2) with an odd integer m. In this section, basically
following [BFK] (see also [K]), we recall some results on solutions of (2.1) with (2.2).

INumerical computations in this paper were done by Mathematica.
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Figure 1. Graph of the solutions of (2.1) with y(0) = 0.2k (k=1,2,...21).

Figure 2. The solid curves are graph of the solutions of (2.1) with y(0) = 0.2k (k =
1,2,...21). The dashed curves are y = (m + 1/2)/x (m =0,1,...,10).
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§2.1. Asymptotic expansions of the solution

In [BFK, §I] it is claimed that

Proposition 2.1.  For any solution y(x) of (2.1) with a positive initial value at

the origin, there exists an positive integer m such that y(x) has an asymptotic expansion

m+1/2 =
(2:3) v~ =D

as x tends to +0o along the positive real axis.
We can determine coefficients of the asymptotic expansion (2.3) uniquely and re-

cursively by substituting (2.3) into (2.1), and comparing both sides degree by degree.
First four coefficients are

(2.4) c1 = %(m +1/2),

(2.5) ey = % (m+1/2),

(2.6) es = (—1)™ (m 2;/2)3 N 15(m7:g 1/2)]
(2.7) o= 8(771;;/2)3 N 105(77: 1/2),

and, in general, we obtain

Proposition 2.2.  The coefficients ¢y in (2.3) for k > 1 are determined by the
recursive relations ¢ = ((—=1)™/m)co and

(2.8)

1 Z (—1)lg2itl Z (—=1)™(2k — 1)

Ck = —— W Cky """ Chkyyq T Ck—1

T ™
1<I<(k—1)/2 k1+-+kap1=k

k1,...,k21412>1

for k > 2 with co = m +1/2.

Proof.  We set y(z) = co/z + w(z) with w(z) = D27, cx /2?1 and substitute it
into (2.1). Because

(2.9) Y (z) = —co/z? +w'(z) = —co/2* + O(1/x*) (z — 00)
and
(2.10) cos[rxy(x)] = cos(com) cos(mzw(x)) — sin(com) sin(rrw(x))

= cos(com) — (sin(com))mey /x* + O(1/x%) (xz — o0),
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we obtain cos(com) = 0 as a leading term of (2.1). Therefore ¢g = m+1/2 for an integer
m. Then (2.1) becomes

(2.11) w'(z) — (m+1/2)/2* = (=1)™ sin(rzw(x)).
After expanding the right-hand side of (2.11), we obtain (2.8). O
Let us determine the asymptotic behavior of ¢, as m tends to the infinity.

Proposition 2.3.  Let {cx}r>1 be a sequence satisfying (2.8). We regard each
¢k as a function of cg. Then

(i) cx (k> 1) is a polynomial of cy without a constant term. Its degree is k when k is

odd, and k — 1 when k is even.

(ii) The coefficient of the linear term of ci (k > 1) with respect to cq is

k
(2.12) (—1)™* @) W

(iii) Let dy, be the coefficient of the highest degree term of ci. Then, for 1 > 1, we obtain

(2.13) do-1= 57— (l i/12>

=SS () ()

J=0

In particular, each dy is non-zero. Here (Z‘) 18 a binomial coefficient, that is, (z) =

ala—1)--(a—k+1)/k.

Because ¢y = m+1/2 in our case, the asymptotic behavior of ¢, as m tends to the

dem’ {1 +0 (%)} (k: odd),
demh1 {1 10 (%)} (k: even)

Proof. The induction shows ¢ is a polynomial of ¢y with the degree described in

infinity is

(2.15) cp =

with a non-zero constant dj.

(i). If ¢g = 0, then we get ¢, = 0 for any k from the recursion relation (2.8). Therefore
& (k> 1) has no constant term. Thus we obtain (i).
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Because c¢; has no constant term, products of ¢;’s do not contain a linear term.
Hence the recursion relation (2.8) gives
m 2k —1

(2.16) (the linear term of ¢x) = (—1)
T

(the linear term of ck_l)

for k > 1. Thus we obtain (ii).
Finally, let us prove (iii). Because ¢; = (—1)"¢o/7m, we have d; = (—1)™/m. Since

_ k
(2'17) § : Cky """ Chkoyyq — E : dkl T dk21+1 Co
ki+-+korp1=k ki+--kap1=k
kl,...,l21+121 kl,...,k21+12120dd

+ (lower order terms).

holds when k£ > 3 is odd, we obtain

1 -1 l7T2l+1
(2.18) di=—— 3 ) i S iy dias

|
T 1<I<(k—1)/2 (20 +1)! k14 kopy1=k
kl,...,k2l+121:0dd
or
(_1>lﬂ.2l+1
(219) Z W Z dkl e dk21+1 = 0.

Oélé(k—l)/Q k1+~"k21+1:k

kl ..... k21+1 Z].:Odd

Let F(X) = Y50 d2kr1 X?*F1. Then (2.19) gives

(2.20) sin ((—1)"nF (X)) = X.

Thus

(221)  F(X)= (_?m sin~ (X) = (_i)m i 2j1+ 1 (_2/2) X2,

In a similar manner, since

(2.22) > (i S gy, = (1) 2k — 1)dky

!
0<I<(k—2)/2 (20)! ki ko1 =k

k}l,...,kngl:Odd
k21412>2:even

holds for even k, G(X) =3, -, dop X 2F is given by

(2.23) G(X) = (_;)m \/%

1 (Xsin—l(X) 2X? )

{F(X)+2XF'(X)}

a2 1— X2 1 xe
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This completes the proof of (iii). O

§2.2. The separatrix and the eigenvalue
As Figure 1 and 2 illustrate, a solution which behaves like

m+1/2
T

(x = 400)

(2.24) y(x) ~

with m =2n—1 (n=1,2,---) plays a special role:

Proposition 2.4 ([BFK], § I-A.).  Forn = 1,2,---, there exists a unique solu-
tion y,(x) of (2.1) which satisfies (2.24) with m = 2n — 1.

This y,(x) is called the n-th separatriz in [BFK], and a,, := y,(0) the n-th eigen-
value. To study the asymptotic behavior of the eigenvalue a,,, they introduce the scaling
of variables (cf. [BFK, §III]):

(2.25) x=1/2n—1/2-t, y(x) =+/2n—1/2- 2(t).

Then (2.1) is transformed to

(2.26) 2/ (t) = cos[Atz(t)]
with
(2.27) A= (2n—1/2)n.

Because z(t) also depends on A, we denote it by z(¢,\) from now on. Bender-Fring-
Komijani then claimed that the limit Z(¢) = limy_o 2(£, \) exists, and Z(0) = 2!/3
holds. Hence they concluded that

(2.28) an =Yn(0) = /20 —1/2- 2(0, (2n — 1/2)7) ~ 2V/3v/2n = 25/6\/n.

holds as n tends to the infinity.

Bender-Fring-Komijani compared their results with the usual eigenvalue problem
of the Schrodinger equation. See Table 1. Because of this analogy, they call a,, the
eigenvalue of the problem.

§3. Exact WKB analysis and 0-parameter solutions

As is mentioned in Introduction, our goal is to prove the asymptotic behavior (2.28)
of the eigenvalue a,,. Following the conventional notation of exact WKB analysis, we use
7 instead of \ as a large parameter (i.e., we replace A\ with 7 in (2.26)). An immediate
consequence of Proposition 2.1, Proposition 2.3, (2.25) and (2.27) is
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NEP Schrédinger
Equation y' () = cos[rxy(x)] — " (x) + 2t () = B (x)
Boundary condition  y(z) ~ % (x — 00) limy, 400 (x) =0
Eigenvalue a, = y(0) E,=F
Asymptotic behavior an ~ 256/ B, ~ 30(3/4)/7n/3 /T(1/4)
(n — o0)
Number of nodes of n nodes n nodes

n-th eigenfunction

Table 1. Nonlinear eigenvalue problems (NEP) and well-known eigenvalue problems of
Schrodinger equation.

Proposition 3.1.  The equation (2.26) has a formal solution of the form

(31) ) = (ko i) with ) = S aln)
=1

Here ¢,(n) is a polynomial in n=1 of degree | — 1.

Because of this property, we transform the unknown function by

1 _
to remove the term 1/t from z(¢,7n). Then the resulting equation
0 . 1 iU t7
(3.3) n_lgu(t,n) = tsinu(t,n) + ; +n 1%

has a suitable form for WKB analysis. We now construct the so-called 0-parameter
solution (cf. [KT]) of (3.3).

Proposition 3.2. The equation (3.3) has a formal power series solution
OO .
(3.4) a(t,n) =Y 0 7u(t)
§=0

with respect to n. Here uy(t) satisfies

(3.5) sinug(t) = 2
and u;(t) (j > 1) are (multi-valued) holomorphic functions in U* = C\ {0, +£1, £i},
which are determined uniquely and recursively once we fix a solution of (3.5). Fur-
thermore, for any compact set K in U*, there exist positive constants Ax,Ck such

that
(3.6) sup luj1(t)] < AxCr74! (=0,1,2,...).
te
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Proof. By substituting (3.4) into (3.3), we obtain

(3.7) Z nI1 Quj (t) =t [ sinug(t) cos Z n 7 u;(t) + cosug(t) sin Z N Iu;(t)

1 ZU—J lu]

The leading term of (3.7) with respect to n gives (3.5). Therefore

- 1 , l 1
(3.8) ug(t) = —sin~* (t_2> = ilog (t_2 +14/1 - t_4>

We fix a branch of sin™! in (3.8) so that

~+

1 ) 1 2n—+1
3.9 in~ =N —
( ) S t n + Z nl 24n 2n + 1) <t2)

holds for ¢t > 1, where N is an integer. As t tends to +00, ug(t) — —Nm, and hence
cosug(t) — (—1)N. Therefore

Vit —1

27

(3.10) cosug(t) = (=1)N /1 —sin®up(t) = (=1)V

where we have chosen a branch of square root such that vt* —1 > 0 for ¢ > 1.
The terms of n~! in (3.7) give

(3.11) () = t(cos uo())ua () + “(’t(t).
By (3.10) and
, 2

(3.12) ug(t) = <_1)Ntt4——1’
we obtain
(3.13) uy(t) = % + (=N t41_ - sin ! 3

Finally the terms of n=7=1 (j > 1) in (3.7) give
(3.14) u; (t) = t(sinug(t)) P ;(t) + t(cosuo(t))(ujt1(t) + P2, (t)) + ujt(t).

Here @1 ;(t) is a coefficient of n77/~! in

(3.15) cos | Y n7Tu(t) ],
j=1
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and @2 (1) is a coefficient of n™7~1 in
(3.16) sin Z nlui(t) | — Z n I (t).
j=1 j=1

Their explicit forms are

(=1)*
(3.17) Dy ,(t) = E 2h)] E wg, () -+ - uy,, (1)
1<k<(j+1)/2 ' ll+~--l+l;8:j+1

and

(1)
(318) (I)Q,j (t) - Z YN Z Uy (t) Crr Ulgg g (t)

iy | BRHADY s
1;70
Therefore each u;1(t) is determined from (3.14) recursively and uniquely once we fix
a branch of ug(t).
It also follows from (3.14) and the Cauchy integral formula that, for any point
to € U* and for any positive number r such that a closed disk {t € C | |t — to| < r} is
included in U*, there exist positive constants C7, Cy for which

o\
(3.19) sup {ujH(t)‘ <Cy (—2> J!
[t—to|<r—e €
holds for any 7 = 0,1,2,--- and any positive € small enough. Since this is somewhat a
routine task, and we omit its detail here. Estimates (3.6) follow from (3.19). O

Here we summarize the results obtained in this proof:

(3.20) ug(t) = —sin™t —,  wy(t) = ﬁ% + (=1)N

{tu)(t) —w;(t) + @1,5(t)} — P2, 5(2).

1
Vit —1

It follows from (3.20) and (3.21) that each w;(¢) is holomorphic except at t #

0,+£1,+£:. It is also holomorphic near the infinity. By substituting the Taylor expansion

of u;(t) near t = oo into (3.4), u(t,n) becomes a double power series of ¢t~ and 5.

(3.21) wpia () = (~1)N

Proposition 3.3.  The solution u(t,n) in Proposition 3.2 coincides with u(t,n)
in Proposition 8.1 as a formal power series in t—! and n='. Here the branch of ug(t)
in u(t,n) is chosen as the principal value, that is, N = 0 in (3.9).
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Proof. Because both 4(t,n) and @(t,n) are formal solutions of (3.3), and because

they have the form
OO .
(322) u(t, 77) = Z ﬁj’kn_jt_k with ’LALO’O = 0,
J,k=0

it is enough to prove the uniqueness of the formal solution of the form (3.22).
By substituting (3.22) into (3.3) and comparing both sides degree by degree, we

obtain

(3.23) U1,0 = Up,1 = 0,

(3.24) Ug0 =1U1,1 =0, Ugo = —1,

(3.25) fig0 = fig, = Q1,9 = Tig,3 =0

and for [ > 3,

(3.26) dypq(t,n) = — > kim0 TR T 20 o (8, )

J+k+2=1,j>0,k>1

+ Z % Z ,&jl (tvn) o 'aj2m+1 (tﬂ?)~

1<m<l/2 Dt tiame1 =141, >1

Here we set (t,1) = 35 4y jxz0 Uik 7t % By (3.26), 441(t,n) is determined
uniquely from {u; x};yr<i—1. Therefore once {4, 1} +r<i is given, then {@; x};+r=1+1
is determined uniquely. By induction with respect to [, we conclude that there exists a
unique formal solution (3.22) of (3.3). O

§4. Borel resummation method and Stokes geometry

§4.1. Borel resummation method

To give an analytic meaning to the O-parameter solutions constructed in Proposition
3.2, we employ the Borel resummation method. In this subsection we recall its definition

and basic properties. See, e.g., [KT| for more detailed explanation.

Definition 4.1 (Borel transform).  For a power series
(4.1) fy =% fin™
j=1

of a large parameter 7, we define the Borel transform of f by

(42) Folu) = 30

If fg converges in a neighborhood of y = 0, f is said to be Borel transformable.

j=1
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Definition 4.2 (Borel sum).  When a power series (4.1) satisfies the following
three conditions, f is said to be Borel summable.

(i) A power series f is Borel transformable.

(ii) There exists d > 0 such that the Borel transform fz(y) can be analytically continued
into

(4.3) Y(0) :={z € C|dist(z,Ry) < d}.

(iii) For each 0 < ¢’ < ¢, there exist positive constants By and Bs such that

(4.4) fB(y)| < ByeP2W

holds for any y € X(d").

When f is Borel summable, we define its Borel sum F(n) as the Laplace transform

(4.5) o= [ e sntwiy
0
of fg(y). Here the path of integration is chosen to be the real axis.

If a power series has a constant term with respect to n=! like u = Z;io ujn*j , wWe
define

(4.6) (the Borel transform of u) := vp, where v :=u — uy,

(4.7) (the Borel sum of u) := ug + (the Borel sum of v).

If f is a convergent power series, f coincides with its Borel sum. When f is a
divergent power series, we obtain

Theorem 4.3.  If (4.1) is Borel summable, the power series f is the asymptotic
expansion of Borel sum F(n) in {n € C| Ren > By}: for anye > 0, there exists positive
constants A, B such that

N
(4.8) F(n) =Y fn™?| < ABNTY(N + 1)l[n|~N !

j=1
holds for N =0,1,... and Ren > By +¢.

We refer to [E, Theorem 4.4] for the proof.

Our formal solution (3.4) is a formal power series with respect to n whose coefficients
depend on t. To discuss a power series of this kind, we define
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Definition 4.4.  Let f(t,n) = >3, fi(t)n~7 be a formal power series whose
coefficient f;(t) is a holomorphic function in some domain  C C. We say f(t,n) is
Borel summable with respect to n uniformly in Q if

(i) f(t,n) is Borel transformable for each t € (2.

(ii) There exists > 0 such that the Borel transform fp(t,y) can be analytically con-
tinued into  x X(4).

(iii) For any 0 < ¢’ < § and any compact set K C (2, there exist positive constants By
and Bs such that |fz(t,y)| < B1eP2¥l holds for any (¢,y) € K x %().

8§4.2. Stokes geometry

The leading order part of the linearized equation of (3.3) at ug(t) (i.e., an equation
obtained by substituting u(t,n7) = uo(t) + (Au)(t,n) into (3.3) and eliminating both
non-linear terms with respect to Au and the lower order terms with respect to n) is

VAT

(4.9) 7~ (Au) = tcos (ug(t))Au = (—1) ;

Au.

Here we have used (3.10). In analogy with the Riccati equations, we define Stokes
geometry of (3.3) by

t

5> 4
(4.10) Q(t):z{(—l) —H} ol

that is, we define a turning point as a zero of (¢) and a Stokes curves as a curve

emanating from a turning point a satisfying

(4.11) Im/ VQ(s)ds = 0.

Note that, in our case, Stokes geometry does not depend on N, i.e., a choice of a branch
of ug(t), as Q(t) does not depend on N. We also define a Stokes region as a domain
surrounded by Stokes curves. Figure 3 shows the Stokes geometry of (3.3). There exist
five Stokes regions. This Stokes geometry is degenerate in the sense that there exists
Stokes curve which connect two turning points. As in the case of second order linear
differential equations, the sign of Re f; \/Ws)ds does not change on a Stokes curve
emanating from a turning point a (cf. [KT]).

Let X = C\ {0,+1, 43}, a set of points which are not turning points nor a singular
point. Following [KoSc| we introduce two notions. First one is
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II I

11 IV

Figure 3. Stokes curves of (3.3).

Definition 4.5.  For any ty € X, the level curve I'y, is defined as a curve passing
through ¢y and satisfying

(4.12) Im/t VQ(s)ds = 0.

We also define its positive (resp., negative) component of the level curve I'y, by

Im/\/ ds—ORe/ ds>0

to tO
t 4 _ t _

Im/ (2 21ds:0,Re/ Lis<ol).
to S to

See Figure 4 for examples of level curves of Q(t). (We choose one point from each

(4.13) Tt .= {t €Ty,

(4.14) <resp., i) = {t €Ty,

Stokes regions, and draw a level curve passing through it.)

The second notion we introduce is

Definition 4.6. For a domain 2 C X, we define a Stokes closure of 2 by

(4.15) Q:= ]I
We also define the positive (resp., negative) component of Q by

(4.16) Q) .= U P§+) (resp., Q=) = U l"l(t_)) .

teQ)
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Figure 4. Stokes curves and level curves of (3.3).

§4.3. Borel summability of O-parameter solutions

In this subsection we state some results on the Borel summability of the formal
solution (3.4) of (3.3). The following Theorem 4.8 is an announcement of [KoS].
A first result on the Borel summability is

Theorem 4.7 ([S]).  In each Stokes region LILIII or IV in Figure 3, the formal

solution (3.4) of (3.3) is Borel summable uniformly.

To state this theorem more precise, we first fix the branch of ug(t): we place cuts

as in Figure 5 and choose an integer NV such that

(4.17) ug(t) = —sin~'(1/t?) - —Nr

as t tends to the infinity along the positive real axis. Second we define w(t) by
(4.18) ntw(t,n) = u(t,n) —uo(t) — 0~ ua(?).

Then Theorem 4.7 follows from

Theorem 4.8 ([KoS|).  Let Q be an open or closed region in X = C\{0,£1, +i}.

(I) In the case when N is even:



192 TAKAHIRO SHIGAKI

We further assume that (i) the level curve I’,E;r) flows into oo for each ty € €1,
and (i1) the (usual) closure of QW) does not contain turning points £1, +i. Then

there exist 0, By, Bo > 0 such that the Borel transform wg(t,y) satisfies

(4.19) lwe(t,y)| < Bo b ((t,y) € Q) x 2(8)).

Especially the formal solution (3.4) is Borel summable uniformly in Q.

(IT) In the case when N is odd:

We further assume that (i) the level curve F,E;) flows into oo for each ty € €,
and (i) the (usual) closure of Q) does not contain turning points +1, +i. Then

there exist 0, By, Bo > 0 such that the Borel transform wg(t,y) satisfies

()
(O) (O)

(E)
Figure 5. The level curve I';, and its positive and negative component.
We can show that any compact set K included in Region I, II, IIT or IV satisfies

the assumption of Theorem 4.8: In fact, let us take a point ¢y from Region I. Then the

positive and negative components of the level curve I';, run as shown in Figure 5, i.e.,
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both of them flow into the infinity. Furthermore, because K is a compact set in Region
I, its Stokes closure does not contain £1, +¢. Thus Theorem 4.7 follows in this case.

Even in the case of ¢ being on Stokes curves, the formal solution (3.4) can be Borel
summable: For example when N is even, FE;F) for ¢ty on the Stokes curve (O) indicated
in Figure 5 flows into the infinity. Hence the Borel summability of (3.4) follows from
Theorem 4.8. On the other hand, when ¢, lies on the Stokes curve (E), the corresponding
level curve Fg:) flows into a turning point. Therefore we cannot say anything about the
Borel summability in this case from Theorem 4.8.

Here we give a sketch of the proof of Theorem 4.8. Because the Borel transforma-
bility of w(t,n) is proved in Proposition 3.2, what remains for the proof is the analytic
continuation of the Borel transform of w(t,n), and its estimates. Our argument below
is based on the idea used in [S]. We refer to [KoS] for a full proof of the theorem, where
a slightly different idea is used in which we follow [KoSc|]. To make the argument below
simple, we restrict ourselves to the case when N = 0.

We fix a point ¢ty € 2 and transform the variable from ¢ to z by

(4.21) 2(t) = /tt \/ S:g Las

Note that the level curve I'y, (resp., its positive component I'

(+)) in t-plane is mapped

to the real axis (resp., the positive real axis) in z-plane. We also transform the unknown
functions by

(4.22) d(2(t),y) = t*wp(t,y).

By this transformation of the variable and the unknown function, we can integrate
the Borel transform of the equation (3.3) to obtain an integral-convolution equation:

(4.23)  P(z,y) —uz(z+y) = /F1 z+y—y)e(z+y—v,y)dy

y
—/ Foz4+y—y)(@*@)(z+y—y.y)dy
0

/ Z nB* QM) (z+y —y,y)dy,
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where we set 12(2(t)) = t2us(t), and coefficients of this equation are given as follows:

1

(420) Fi(0) = -+ m(®)
- 1
(1.35) Fale(t) = e,
(4.26)
~ L& (@ 1 (e
Gop(2(t),y) =1 ;<_1) 2n - 2)! { @n+ 1) VA1 (@nt2) }
(4.27)
~ 00 . ygn_g u (t)Qn 1 y2n—1 u (t)2n+1
Grp(=(1),y) = ;(_” {(Qn o )l VT n = 1)1 (2 £ 1) } /
(4.28)

. R B o VPRV B A 1 ) e Ly wm@®™
Go,B(2(1),y) = 55 Z(_l) {(Qn —2)! (2n—1)! T VHE—12n—1)! (2n)! } 7

and, for m > 1,

2n+2m—2 Uy (t)2n

. D™ gy
(429)  Gamirp(2(t)y) = W ;)(—1) { (2{? +2m —2)! (2n)!

1 y2n+2m71 u1<t)2n+1 }

Vit —1(2n+2m—1)! (2n+1)!

~ -1 m—+1 o n 2n+-2m uq(t 2n+l1

1 y2n+2m—1 U1<t)2n }

CVE—1@2n+2m—1)! (2n)!

+

Here the convolution f x ¢ is defined as

(4.31) u*muwwz/wﬂuy—ywwymy
0
for f(t,y) and g(t,y), and

n times

To obtain a solution of (4.23), we use the successive approximation: Let us define
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(2,9)}nzo0 by

Yy _
(4.33) ®o(z,y) =U2(z+y) — / Goslz+y—v,y)dy,
0

L
(4.34)  ®y(z,y) = —/ Fi(z+y—y)o(z+y—y,y)dy,
0

y
(4.35)  @n(z,y) = —/ Fiz4+y—vy)®1(z+y—9,y)dy
0

v
—Z/ Fy(z4+y—y) (@ xPp o j)(z+y -9y y)dy
, 0

_Z 2. /GkB*‘Dml ek @ ) (2 +y — oy )dy

k=1m1+-- —|—mk
=n—k—

for n > 2. Then, by induction, we can show

Proposition 4.9. There exist positive constants C1,Co,Cs and r for which

(4.36) @, (2,9)] < Cy |y| SCalyl

holds for any (z,y) € 2(Q) x {y | dist(y,Ry) < r}.

By this estimates we find that

(4.37) =) 0(z,y)

n>0

converges and gives a solution of (4.23). We can also show that it coincides with

t>wp(t,y) after the change of variable (4.21), and can prove the statements of the

theorem.

(i)

(i)

Remark 4.10.

Estimates (4.19) and (4.20) in Theorem 4.8 become stronger than those obtained
in [S] in the sense that we obtain |¢|~2 in the right-hand side. The above argument
is a stronger version of that used in [S]. Theorem 4.7, however, follows from the

weaker result of [S]. This vanishing factor |¢|=2 will be used in the next section.

A difference between (3.3) and the Riccati equation appears when we study (3.3)
near the origin: the coefficient u;(¢) in the O-parameter solution (3.4) contains
some power of logt, and its degree becomes greater and greater as j increases.
Such a singular point does not observed for the Riccati equation associated with
the Schrodinger equation with rational potentials, and hence it is not discussed in
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[KoSc]. As we will see in §6, when we vary argmn, some of Stokes curves and level
curves flow into the origin. By the exactly same reason, it is not straightforward to
include Region V in Theorem 4.7. These problems will be studied in [KoS].

85. A consequence of Theorem 4.8

We can construct the solution of (2.1) satisfying the boundary condition (2.2) with
an odd integer m from the Borel sum of the O-parameter solution (3.4) of (3.3), which
we will see below. Note that the solution y(x) of (2.1) is transformed as

(5.1)

B — 2n —1/2 1 O O -
ylr) = van 1/2{ x +7r:17\/2n—1/2 ( 271—1/2’(2 UQ))}

_nt2 1w o oy
=—0  t— (\/m,@ 1/2))

in Section 2.2 and (3.2).

Theorem 5.1.  Let U(t,n) be the Borel sum of u(t,n) defined by (3.4). Then
there exist M > 0 and R > 0 such that

(5.2) pn(z) = V2L g <2L (2n — 1/2)7r>

x T n—1/2

satisfies

(5.3) Yn(x) — (x > Rn)

3

2n—1/2‘ Mn
<
x

for any sufficiently large positive integer n. Here we choose a branch of ug(t) as N =0

(cf. (4.17)).

Theorem 5.1 and the uniqueness of the solution satisfying y(x) ~ (2n — 1/2)/z as
x — oo guarantee that (5.2) should coincide the n-th separatrix of (2.1) for sufficiently
large n. (Cf. Section 2.2).

Proof. Let Q be a region in ITUIV U {t > 1} so that QN {¢ > 1} is not empty set
(Q={teC||t—2] <1/2} is enough). It follows from Theorem 4.8 that there exist
By, B1 > 0 and R’ > 1 such that for any ¢ > R’ and any y > 0,

By
(5:4) lwp(t,y)| < t—2€Bly
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holds. We can also take a constant Cy > 0 such that

(55) us (1) < 52 (5= 0,1)

holds for ¢ > R’ (cf. (3.20)). Let W(t,n) be the Borel sum of w(t,n). For n > 2B; and
t > R/, we obtain

By [ _ By [ _ _12By Byl
. tn)| < = (Bi=n)yq <—/ W2y < pmt 2 < 222
(5.6)  [W(t,n)| < tz/o € vsm o€ ySN 5 S g
Therefore, for t > R’ and n > 2By,
(5.7) Ut n)| < [U(E,n) — uo(t)] + |uo(t)]
= Hur () + W ()| + |uo(t)] (. (4.18))
1 1
< Q—Bl\W(tﬂ?)’ + |uo(t)] +2—Bl‘ul(t)‘ (- n>2DB)
1( 1 By
< —— (5. .
_t2{2B1 (00+B1)+Co} ( (55) and (56))
M/
pu— t_2
Hence
on—1/2] |1 z
5.8 n(T) — =|— U| ——,2n—-1/2)7
65 - M | L (m< />>
< 1 M’
- nx (x/\/W)z
_ M'(2n-1/2)
N w3

holds for (2n — 1/2)7 > 2B; and > R'\/2n —1/2. Let M = 2M'/7 and R = /2R’
Then we conclude that

2n —1/2 Mn
— <

(5.9) Yn () - =3

holds for z > Rn and n > By /7w + 1/4. O

§6. Concluding remarks

In ending this paper we give two remarks here.

The first remark concerns the Borel summability of the 0-parameter solution in
the case when m = 2n in (2.3): In the previous sections we have constructed the 0-
parameter solution of (3.4), and have proven that this corresponds to the solution of
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(2.1) which satisfies (2.3) with m = 2n — 1. By the exactly same way, we can construct
0-parameter solutions when m = 2n. In this case the transformation of variables

(6.1) z=+/m+1/2t,
(6.2) y(x) = z(t)/m+1/2,
(6.3) n=(m+1/2)r,

together with (3.2), gives

(6.4) n‘lguwn) = (—=1)" 'tsinu(t,n) + % + n‘lu(tT’n)-

When m = 2n, the coefficient of ¢sinwu(¢,n) in (6.4) is —1. Because of this minus sign,
although Stokes curves coincide with those for m = 2n — 1, the dominance relation
on each Stokes curve becomes reversed. Therefore, although we can prove the Borel
summability of the 0-parameter solutions in Region I, II, ITI and IV similarly, we cannot
prove the Borel summability on R~. This is, however, what we expect: As we saw in
Figure 2, the condition (2.3) with m = 2n does not determine a solution of (2.1)
uniquely. Therefore the O-parameter solutions which corresponds to m = 2n should not

be Borel summable on R+ ;.

The second remark is on the Stokes geometry when argn # 0: One way to study
the analytic structure of the Borel transform of 0-parameter solutions is to vary argn
from 0, and see what happens for such argn. This method is known as the “Voros’
radar method”, because rotating argn corresponds to rotating the path of integration
of the Laplace integral to define Borel sum. Stokes curves for argn = 6 is defined by

(6.5) Im (a’" /a t \/mczs> = Im (a’" /a t Em) =0,

where a is a turning point (i.e., a zero of Q). The level curves and their positive or

negative components are defined similarly. See Figure 6 for the Stokes curve when
0 =kr/8 (—4 < k <4). As these figures show, the degeneration of the Stokes geometry
for 6 = 0 is resolved for —7w/2 < 0 < 0 and for 0 < § < 7/2 (actually the degeneration
of Stokes geometry occurs only when # = 0 mod 7.).

For argn # 0 mod =, i.e., when the degeneration is resolved, Theorem 4.8 gives
only a partial answer to the Borel summability of the 0-parameter solutions (cf. Remark
4.10). To make the argument concrete, we consider the case when § = —7/4. In this
case Stokes regions consist of 8 regions (Figure 7). All of the level curves passing through
a point in Regions I, II, IIT and IV in Figure 7 flow into the infinity, and we can show
the Borel summability of the 0-parameter solutions by the same argument which gives
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Theorem 4.8. If we choose a point from Region V, VI, VII or VIII, however, one end of
the level curve passing through it flow into the origin, as shown in 8. The analysis in
this case will be studied in [KoS].

K
P
s

0=m/2 0 =3m/8 0=mn/4

As

i
e
o

9:7r/8 9:—71'/8

0=—7/4 6 =-37/8 0=—7/2

Figure 6. Stokes curves for 0 = n/2,37/8,7n/4,7/8,0,—7/8, —7/4,—3mw /8, —m /2
(argn = 0).
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Figure 7. Stokes regions for § = —7/4.

Figure 8. The level curve for tg €V and VII.
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