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Abstract. In the computations of incompressible fuids, it is essentially important to obtain 
accurately the velocity components that satisfy the incompressible condition (∇ · u = 0) as 
well as the pressure variables which are consistent with the velocity felds. For this purpose, 
a pressure-velocity correction method (C-HSMAC method) has been proposed by Ushijima 
et al. (2002) with a fnite volume method (FVM) for incompressible fuids. The purpose of 
this paper is to estimate the effects of the unsatisfed incompressible condition on the passive 
scalar convection and to confrm that the C-HSMAC method is able to suppress them. The 
C-HSMAC and usual SMAC methods were applied to the passive scalar convection in the 
cavity having an oscillating top wall. It was concluded that the unsatisfed incompressible 
condition may cause the unphysical scalar overshoots in the SMAC method. In contrast, the 
C-HSMAC method enables us to control |∇ · u| with the given threshold ϵD and to suppress 
such overshoots. In addition, it was demonstrated that the C-HSMAC method allows us 
to obtain reasonable results without overshoots even in combination with a higher-order 
scheme for convection terms with fner cell divisions. 

Keywords: Incompressible fuid, Velocity divergence, Pressure-velocity correction, 
C-HSMAC method, Passive scalar convection 

1. Introduction 

In the computations of incompressible fuids, it is essentially important to obtain the velocity 
components that satisfy the incompressible condition (∇ · u = 0) accurately as well as the 
pressure variables which are consistent with the velocity felds. It has been shown that the 
non-negligible numerical errors due to the unsatisfed incompressible condition cause the 
unphysical change of volumes of the fuid during the unsteady computations [1] as well as 
the unphysical overshoots of scalar variables that will be shown in this paper. It is noted that 
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the numerical errors arising from the unsatisfed incompressible conditions are substantially 
different from the inherent compressibility of the actual fuid properties. 

In order to suppress such numerical errors and to control the divergence of velocity 
vector u so that |∇ · u| < ϵD can be established with a given threshold ϵD, which is not 
possible by the usual numerical algorithms for incompressible fuids like a simplifed MAC 
(SMAC) method [2], the pressure-velocity correction algorithm (C-HSMAC method) has 
been proposed and confrmed its effectiveness in the preceding studies [1, 3, 4]. Although 
the similar computation method that is able to control ∇ · u was proposed as a HSMAC or 
SOLA method [5] in 1980, it has also been shown that the computational efficiency of the 
C-HSMAC method is much better than the HSMAC or the SOLA method in our previous 
study [6]. 

The purpose of this paper is to estimate the effects of the unsatisfed incompressible con-
dition on the passive scalar convection by incompressible fuids. Thus, the C-HSMAC and 
usual SMAC methods are applied to the same passive scalar convection in the cavity having 
an oscillating top wall. From the comparisons of computational results, it is shown that the 
unphysical overshoots occur in the calculated passive scalar when the incompressible con-
dition is not adequately satisfed with the SMAC method. In contrast, it is confrmed that 
the C-HSMAC method enables us to control |∇ ·u| in each fuid cell with the given threshold 
ϵD and that the unphysical overshot scalar can be suppressed. Finally, it is demonstrated 
that the scalar convection is reasonably predicted with the C-HSMAC method even in com-
bination with a higher-order scheme, for example a third-order total variation diminishing 
(TVD) scheme [7], for convection terms with fner cell divisions. 

2. Numerical procedures 

2.1. Governing equations 

The governing equations for an isothermal and incompressible Newtonian-fuid are given 
by the following incompressible condition and Navier-Stokes equations respectively: 

∂ui 
= 0 (1)

∂xi 

∂ui ∂(uiu j) 1 ∂p ∂2ui 
+ = − + ν 2 (2)

∂t ∂x j ρ ∂xi ∂x j 

In addition, the following convection equation of passive scalar c is dealt with in this study: 

∂c ∂(cu j) 
+ = 0 (3)

∂t ∂x j 

where t is time, xi is the i−component of the orthogonal coordinates, ui is the velocity 
component in xi direction, ρ is density, p is pressure and ν is kinematic viscosity. In this 
study, ρ and ν are constants. All dependent and independent variables in this paper are 
non-dimensional. 
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The passive scalar c can be thought of as any physical variable, such as the normalized 
concentration of solution without diffusion or the color function used in VOF methods, any 
of which are in the range of 0 ≤ c ≤ 1. In case that c is used as the color function, the 
results obtained in this study give us useful information for the surface tracking between gas 
and liquid phases. Since one of the merits in the present method is that the calculation of 
c is conducted with a fnite volume method (FVM), the conservation of mass or volume in 
incompressible fuids is sufficiently satisfed in contrast to most of the other surface tracking 
methods. In addition, the unphysical numerical oscillations can be suppressed when using 
the C-HSMAC method as concluded in this paper. 

2.2. Discretization and computational procedures 

The governing equations are discretized with a fnite volume method (FVM) in the collo-
cated grid system [8] as illustrated in Fig. 1. In contrast to the staggered grid system, all 
variables are defned at the cell center points as shown in Fig. 1. While the convection and 
diffusion terms are calculated at the cell-center points, the cell-center velocity components 
are spatially interpolated on the cell boundaries in the pressure calculations in order to pre-
vent velocity-pressure coupling oscillations [8]. 

The merits of the collocated grid system are that it can be used in the unstructured 
meshes [8] and that it is easy to implement the domain decomposition method for parallel 
computations in distributed-memory systems. In fact, the C-HSMAC method has been de-
veloped in the unstructured tetrahedron cells [9] as well as been parallelized with the domain 
decomposition method [10]. 

In this study, the two-dimensional uniform rectangular cells are used as shown in Fig. 1 
to make the problems simple. The variables, uc,i, p and c, are all defned at the cell-center 
points, while cell-boundary velocity components ub,i are also used to estimate the mass, 
momentum and scalar fuxes on the cell boundaries. 

Figure 1: Fluid cell in 2D collocated grid system 
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For simplicity, the governing equations, which are discretized only in the time direction 
with a frst-order semi-implicit method, are shown to explain the outline of the numerical 
procedures. The unknown variables un+1 and pn+1 satisfy the following equation: i 

1 ∂pn+1 
n+1 nu = ui − ∆t + Fi

n∆t (4)i ρ ∂xi 

where superscripts n and n + 1 stand for the time steps and ∆t is the time increment. The 
convection and diffusion terms are included in Fn asi 

∂(un
i u

n
j ) ∂2un 

Fi
n = − + ν 2 

i (5)
∂x j ∂x j 

∗Meanwhile, we can calculate the tentative velocity component ui with the following equa-
tion using pn: 

1∗ n ∂pn 
u = ui − ∆t + Fi

n∆t (6)i ρ ∂xi 

Subtracting Eq. (6) from Eq. (4), the following equation is derived: 

1 ∂ϕn+1 ∗u = u ∆t (7)i i − ρ ∂xi 

where 
nϕ = pn+1 − p (8) 

On the other hand, un+1 need to satisfy the incompressible condition given byi 

∂un+1 
i 
= 0 (9)

∂xi 

With Eq. (9) the partial derivative of Eq. (7) with respect to xi becomes 
∗∂2ϕ ρ ∂ui 

2 = (10)
∂x ∆t ∂xii 

Since the right hand side of Eq. (10) is already calculated, ϕ can be easily obtained by solving 
the spatially-discretized Eq. (10), which corresponds to a pressure-Poisson equation, with 
some matrix solvers. After ϕ is obtained, un+1 and pn+1 are calculated from Eq. (7) and i 
Eq. (8) respectively. 

The convection equation of scalar c, given by Eq. (3), is also discretized with a fnite 
volume method in a rectangular fuid cell as shown in Fig. 1. The scalar fuxes cui are 
estimated on cell boundaries using the velocity components ub,i located on the boundaries 
so that the scalar c can be conserved in each fuid cell. 

2.3. C-HSMAC method 

In the pressure computation procedure, in which Eq. (10) is solved, the following C-HSMAC 
method [1] is used in order to obtain the velocity components that satisfy the incompressible 
condition as well as the pressure variables consistent with the velocity components. In this 
method, the following iterative calculation is conducted: 

263 

A Self-archived copy in
Kyoto University Research Information Repository

https://repository.kulib.kyoto-u.ac.jp



�������
�������

Journal of Advanced Simulation in Science and Engineering 

do k = 1, 2, · · · , km 

∂2ϕ
2∂xi 

=

k∂uρ b,i 

∆t ∂xi 
(11) 

k+1p = kp + ϕk (12) 

k+1ub,i =
kub,i −
∆t ∂ϕk 

ρ ∂xi 
(13) 

exit if 
k+1∂ub,i 

∂xi 
< ϵD in all cells (14) 

enddo 

In the above equations, ub,i is the cell-boundary velocity, as shown in Fig. 1, which is esti-
mated from the spatial interpolation of uc,i defned at the cell-center point in the collocated 
grid system. The superscripts k and k + 1 stand for the iterative number of the C-HSMAC 

1 ∗method. The initial values u are given as ui calculated at the cell-center point. The thresh-b,i 
old that controls the divergence of the velocity vector is given by ϵD. 

It is noted that the threshold ϵϕ, which is used to solve the linear system of ϕ, needs to 
be decreased according to the iterative steps of the C-HSMAC method [1]. To maintain this 
condition, ϵϕ at k−th iteration of the C-HSMAC method may be set like ϵϕ,k = α

k ϵϕ,0, where ϕ

the parameter αϕ is in the range of 0 < αϕ < 1 (i.e. αk+1 < αk is established where k isϕ ϕ

exponent) and ϵϕ,0 is an initial threshold. Thus, the threshold ϵϕ,k becomes smaller as the 
number of iteration number increases. This numerical procedure on the thresholds is due to 
the fact that the errors of incompressible conditions |∇ · u| are related to the residuals of the 
linear system of ϕ, which was mathematically derived in our previous paper [10]. 

After the iterative computations of the C-HSMAC method, |∇ · u| < ϵD is established in 
all fuid cells in the computational domain. However, the usual SMAC method [2], which 
corresponds to the C-HSMAC method without the above iteration (i.e. km = 1), is unable to 
control |∇ · u| directly by such threshold. In the following section, the threshold for Eq. (11) 
in the SMAC method is denoted by ϵϕ,0, since km = 1 in the SMAC method. 

In summary, the usual SMAC method cannot control the incompressible condition ∇·u =
0 directly. Instead, the incompressible condition is indirectly controlled through the linear 
system of ϕ. Thus, some trials and errors are necessary to determine the suitable threshold 
ϵϕ,0 for the linear system of ϕ. In contrast, the C-HSMAC method monitors |∇ · u| in each 
cell every computational step so that |∇ · u| can be less than the given threshold ϵD, which is 
the essential merit of the C-HSMAC method. 

3. Passive scalar convection calculated with C-HSMAC method 

3.1. Conditions of computations 

In order to demonstrate the validity of the C-HSMAC method, it is applied to the passive 
scalar convection due to an incompressible fuid in a cavity with an oscillating upper wall. 
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Figure 2 shows the initial distributions of the passive scalar in a square cavity, in which 
all side lengths are 1.0. The orthogonal coordinates are defned as shown in Fig. 2. In the 
initial conditions, the fuid is static and the scalar c is set at 1.0 in x2 ≥ 0.5 and 0.0 in x2 < 0.5 
respectively. The velocity U of the oscillating top wall is given by U = cos(2πt) as shown in 
Fig. 2. On the other wall boundaries, non-slip conditions are imposed on the velocity, while 
∂p/∂n = 0 and ∂c/∂n = 0 are given on all boundaries. The kinematic viscosity ν is set at 
1.0 × 10−2 in the following computations. 

Figure 2: Computational area and initial scalar distributions 

In the following part of the present study, the thresholds and the related parameter in 
pressure computations are set as follows: ϵϕ,0 = 1.0 × 10−3 for both C-HSMAC and SMAC 
methods, while in the C-HSMAC method ϵD = 1.0 × 10−10 and αϕ = 0.1 with sufficiently 
large km to obtain the converged results in the iterative calculations. To solve the linear 
system of ϕ, which are derived from the discretization of Eq. (11), the Bi-CGSTAB [11] 
method is used in both C-HSMAC and SMAC methods. 

3.2. Overshoots of scalar due to unsatisfed incompressible conditions 

In the unsteady computations of the passive scalar convection as shown in Fig. 2, the max-
imum value of c should be less than or equal to 1.0, since there are no source terms in 
the convection equation of c given by Eq. (3) and no incoming nor outgoing scalar fuxes 
through the boundaries of the closed cavity. The convected scalar, however, is not calculated 
adequately in case that the non-negligible numerical errors arise in the calculated results for 
the incompressible condition defned by Eq. (9). 

In this section, it will be shown that the unphysical overshoots of c may arise, which 
means that the scalar larger than 1.0 appears in the calculated results, when the SMAC 
method is used with the threshold ϵϕ,0 as written above. In addition, it is also demonstrated 
that such unphysical overshoots can be suppressed by using the C-HSMAC method. 

In the calculations, in order to prevent the numerical oscillations, which might arise from 
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higher-order schemes for convection terms, a simple frst-order upwind method is used to 
estimate the momentum and scalar fuxes on cell boundaries which need to be calculated in 
the FVM. Thus, the calculated results for c should be included in the range of 0.0 ≤ c ≤ 1.0, 
when the velocity components are adequately obtained. The number of fuid cells is 20 × 20 
in x1 and x2 directions respectively. The time increment ∆t is 2.0 × 10−2 and unsteady 
computations were conducted until t = 10.0. It is noted that since the top wall oscillates 
with the velocity U = cos(2πt) as shown in Fig. 2, the scalar distributions are not always 
symmetric in the process of the unsteady computations. 

In the frst time step from the initial conditions, from t = 0.0 to t = ∆t, the 20 itera-
tive calculations were conducted in the C-HSMAC method to satisfy the given thresholds 
described above. The elapsed computational time was about 1.27×10−2 [sec] in the frst 
time step of the computation. The total elapsed time until t = 10.0 was about 5.81 [sec]. 
These elapsed computational times were measured by a serial computation with the Intel 
Xeon Broadwell 2.1GHz processor. All calculations in this paper were performed with 
serial numerical procedures, while the parallelized C-HSMAC method has already been im-
plemented in a three-dimensional computation method by Ushijima et. al. [10]. 

Figure 3 shows the time histories of cmax, which is the maximum c in all computational 
area shown in Fig. 2. As shown in Fig. 3, the maximum values of cmax in the SMAC method 
are about 7% of the initial cmax = 1.0, while no overshoots are found and cmax is kept nearly 
1.0 throughout the computations in case of the C-HSMAC method. 

Figure 3: Time histories of maximum c with frst-order upwind method (number 
of fuid cells = 20 × 20) 
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It is thought that the overshoots found in the SMAC method in Fig. 3 are caused by the 
numerical error due to the fact that the incompressible condition is not accurately satisfed. 
Figure 4 (a) shows the distributions of the area where overshoots occur in the SMAC method 
at t = 3.0. In Fig. 4 (a) cerr is the overshooting values from the initial cmax = 1.0 defned by 

cerr = 100 (c − 1.0) [if c > 1.0 otherwise cerr = 0.0] (15) 

As shown in Fig. 4 (a), the large overshoots occur near the upper right corner. Figure 4 (b) 
shows the distribution of ∇ · u calculated with the SMAC method at t = 3.0. While ∇ · u
ought to be almost zero in the incompressible fuid, relatively large positive values appear 
near the upper right corner of the cavity, where the large overshoots are found in Fig. 4 (a). 

0.0 0.2 0.4 0.6 0.8 1.0

x1

0.0

0.2

0.4

0.6

0.8

1.0

x
2

 0

 1

 2

 3

c
e
r
r
 [

%
]

0.0 0.2 0.4 0.6 0.8 1.0

x1

0.0

0.2

0.4

0.6

0.8

1.0

x
2

-0.2

-0.1

0.0

0.1

0.2

d
i
v
u

(a) Distribution of cerr (b) Distribution of ∇ · u
Figure 4: Distributions of cerr and ∇ · u calculated with frst-order upwind method 

and SMAC method (t = 3.0, number of fuid cells = 20 × 20) 

On the other hand, in case of the C-HSMAC method, ∇ ·u is directly controlled with the 
given threshold ϵD = 1.0×10−10, so that |∇ ·u| should be less than ϵD. Actually, the range of 
∇·u is from −2.45×10−11 to 3.69×10−11 at t = 3.0, which is sufficiently small compared with 
the result of the SMAC method as shown in Fig. 4 (b). In addition, regarding the distribution 
of cerr, no overshoots are found at t = 3.0. Throughout the unsteady computation with 
the C-HSMAC method, the maximum value of the overshoot is 3.92 × 10−12 in the whole 
computational domain. This value is negligible compared with the results of the SMAC 
method shown in Fig. 4 (a). Therefore, it can be said that the C-HSMAC method is effective 
to prevent the overshoots of the passive scalar convection. 

From the above results, it is expected that the numerical error in ∇ · u is closely related 
to the overshoots of cmax. In the following part, more detailed relationship between ∇·u and 
the overshoots of cmax will be discussed. 

For simplicity, let us consider the transportation of scalar c in the fuid cell located at the 
upper right corner of the computational area as illustrated in Fig. 5. In this fuid cell, just 
two fuxes, which are indicated as q1 and q2 in Fig. 5, are related to the increase or decrease 
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rate of c2. This is written as the following discretized equation: 

cn+1 − cn 
2 2 

∆x1∆x2 = q1∆x2 − q2∆x1 (16)
∆t 

where ∆x1 and ∆x2 are lengths of the rectangular fuid cell in x1 and x2 directions respec-
tively. 

Figure 5: Confguration of variables in fuid cell located at upper right corner 

In case that the directions of velocity components ub,1 and ub,2 are given as shown in 
Fig. 5, the fuxes q1 and q2 are estimated with the upwind method as q1 = c1ub,1 and 
q2 = c2ub,2 respectively. At the beginning of computations, the scalar in the upper region is 
expected to be near 1.0 taking account of the initial condition shown in Fig. 2. Thus, when 
we assume that cn 

1 = c2 
n = 1.0, Eq. (16) is rewritten as 

∆t 
cn+1 = 1 + D (17)2 ∆x1∆x2 

where D corresponds to the divergence of the velocity vector in the fuid cell given by 

D = ub,1∆x2 − ub,2∆x1 (18) 

Thus, D should sufficiently be close to zero in the incompressible fuid. However, if D takes 
a non-negligible positive value rather than near-zero value, cn+1 in Eq. (17) becomes larger 2 
than 1.0, which results in the overshot estimation. This fact indicates that the estimation 
of velocity components that satisfy the incompressible condition accurately is essentially 
important to prevent the overshoots of the passive-scalar calculations. Therefore, it can be 
concluded that the C-HSMAC method is effective to calculate passive-scalar computations, 
since this method allows us to control the divergence of velocity vectors in all fuid cells 
with the given threshold ϵD. 
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3.3. Calculations of scalar distributions with TVD scheme 

In the above section 3.2, it was confrmed that the unphysical overshoots of passive scalar 
occur due to the unsatisfed incompressible conditions and that the overshoots can be sup-
pressed by the C-HSMAC method. In section 3.2, a simple frst-order upwind method was 
used in the computation of passive scalar in order to exclude the possibility that the numeri-
cal oscillations arise from the higher-order schemes used to calculate convection terms. The 
purpose of this section is to demonstrate that the reasonable results for passive scalar without 
overshoots can be obtained even in combination with a higher-order scheme for convection 
terms with fner cell divisions. 

In the calculations of convection terms included in Eqs. (2) and (3) with the FVM, the 
momentum and scalar fuxes are estimated on the fuid-cell boundaries with the third-order 
total variation diminishing (TVD) scheme [7]. In addition, the number of fuid cells is set at 
100 × 100 and the time increment ∆t is 2.0 × 10−3. 

In the pressure computations, both SMAC and C-HSMAC methods are used to compare 
the results of cmax. Figure 6 shows the time histories of cmax in the present computations. 
In case of the C-HSMAC method in Fig. 6, no overshoots are found and cmax is kept at 
around 1.0. However, when using the SMAC method, overshoots still arise as shown in 
Fig. 6, which are caused by the same reason as the results shown in Fig. 3 obtained with a 
frst-order upwind method. From these results in Fig. 6, it can be seen that the C-HSMAC 
method is effective when using the third-order TVD scheme in the fner 100 × 100 cells. 

Figure 6: Time histories of maximum values of c with TVD scheme (number of 
fuid cells = 100 × 100) 
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Finally, the computational results obtained with the C-HSMAC method will be shown. 
Figure 7 shows the distributions of the velocity vectors at the thinned points from the actual 
100 × 100 fuid cells. It can be seen that the fows due to the top wall movements occur 
only in the upper area of the cavity, since ν = 0.01 and the Reynolds number is small; 
Re = |U/ν| ≤ 100. As shown in Fig. 7, the clockwise and counterclockwise fows occur 
periodically depending on the direction of the movement of the upper wall. 

(a) t = 10.0 (b) t = 30.5 (c) t = 50.0 

Figure 7: Velocity vectors calculated with TVD scheme and C-HSMAC method 
(number of fuid cells = 100 × 100) 

Figure 8 shows the distributions of the passive scalar at t = 10.0, 30.5 and 50.0, which 
were calculated with the third-order TVD scheme and the C-HSMAC method using 100 ×
100 fuid cells. As the fows in the upper region of the cavity develop due to the oscillating 
top wall, the scalar initially located in the lower region is lifted up from near the center of 
the interface at t = 10.0 to 30.5 and then it reaches the top boundary at t = 50.0 as observed 
in Fig. 8. It can be seen that the behavior of passive scalar is adequately calculated without 
unphysical overshoots and with keeping a sharp interface between two scalar values. 
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Figure 8: Distribution of passive scalar c calculated with TVD scheme and C-
HSMAC method (number of fuid cells = 100 × 100) 
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4. Conclusions 

In the computations of passive scalar convected by incompressible fuids, it is essentially 
important to obtain the velocity components that satisfy the incompressible condition (∇·u =
0) as well as the pressure variables which are consistent with the velocity felds. In this 
study, the effectiveness of the pressure-velocity correction algorithm (C-HSMAC method), 
has been demonstrated for passive scalar convection, since the C-HSMAC method enables 
us to obtain velocity and pressure felds that satisfy incompressible conditions correctly. 

To discuss the effects of the unsatisfed incompressible conditions, the C-HSMAC and 
usual SMAC methods were applied to the passive scalar convection in the cavity having 
the oscillating top wall. As a result, it was shown that when the incompressible condition 
is not adequately satisfed with the SMAC method, the unphysical overshoots occur in the 
calculated results of the passive scalar. Thus, such numerical errors possibly arise in case 
that the usual SMAC method is applied to pressure computations for the incompressible 
fuids with an inappropriate threshold ϵϕ,0. In contrast, it was demonstrated that the C-
HSMAC method enables us to control |∇ · u| in each fuid cell with the given threshold ϵD 

and that the unphysical overshoots of scalar can be suppressed by the C-HSMAC method. In 
addition, it was shown that the computational results of scalar convection in the cavity have 
no overshoots with the C-HSMAC method even in combination with a higher-order scheme, 
which is a third-order TVD scheme as an example in this paper, for convection terms with 
fner cell divisions. 

One of the defcits of the usual SMAC method and other similar algorithms for incom-
pressible fuids is that they cannot control the incompressible condition ∇ · u = 0 directly. 
Instead, this incompressible condition in these methods is indirectly controlled through the 
linear system of ϕ. From that reason, some trials and errors are necessary to determine the 
suitable threshold ϵϕ,0 for the linear system of ϕ which needs not a little manpower. If the 
excessively strict threshold ϵϕ,0 is given, the computational time may much larger than that 
of the C-HSMAC method. In contrast, the C-HSMAC method monitors |∇ · u| in each cell 
every computational step so that |∇ · u| can be less than the given threshold ϵD, which is 
the notable merit of the C-HSMAC method. In this paper, it was demonstrated that the C-
HSMAC method allows us to suppress the unphysical overshoots arising in the computations 
of passive scalar caused by the unsatisfed incompressible conditions. 
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