TUTORIAL ON LOCAL INTERSECTION INEQUALITIES
IVAN CHELTSOV

ABSTRACT. We survey several local intersection inequalities for effective Q-divisors on
smooth surfaces, and present their global applications as examples and exercises.

Let S be a normal surface, let P be a smooth point of the surface S, and let

D = zr: aiC'Z-
i=1

where C1,...,C, are distinct irreducible curves on S, and aq,...,a, are non-negative
rational numbers. Let f: S — S be a birational morphism such that S is smooth,
let Ey,..., E, be exceptional curves of the morphism f, and let 61, e ,5,, be proper
transforms of the curves (', ..., C, on the surface S , respectively. Then

i=1

=1

for some rational numbers by, ..., b,. Suppose also that all curves 6’1, cee 5T are smooth,
and the divisor

E1+...+En_|_51_|_..._|_5r

has at most simple normal crossing singularities.

Definition. The log pair (S, D) is log canonical at P if the following conditions hold:

(1) a; < 1 for every i € {1,...,r} such that P € C;;
(2) bj <1 for every j € {1,...,n} such that f(E;) = P.

Exercise 1. Show that this definition does not depend on the choice of f.

If [ multp(D) > 2| then (S, D) is not log canonical at P.

Question. Which simple conditions on D imply that (.S, D) is log canonical at P?
Here is an easy answer to this question:

Exercise 2. Show that the inequality

implies that the log pair (S, D) is log canonical at the point P.

Let us show how to use this simple criterion.

We assume that all considered varieties are projective, normal and defined over complex numbers.
1
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2 IVAN CHELTSOV

Example 3 ([3, Lemma 1.7.9]). Let S = P! x P!. Suppose that D has bi-degree (a,b),
where a € Q and b € Q such that a < 1 and b < 1. Then (S, D) is log canonical at P.
Indeed, let Ly and Ly be the curves of bi-degree (1,0) and (0, 1) such that P = Ly N Lo.
Then (S,al + bLs) is log canonical at P. Moreover, if Ly Z Supp(D), then

12b=L1-D> (L D) > multp(Ly)multp(D) = multp(D),
so that (S, D) is log canonical at P as required. Similarly, if Ly  Supp(D), then
1>2a=Ly-D > (L2 . D)P > multp(Lg)multp(D) = multp(D),

so that (S, D) is log canonical at P. Hence, we may assume that L; = C; and Ly = Cy. Put

. <6L1 CL2>
p=min| —, —
a’ b

which gives 1 < 1, since a1 < a and ay < b. Moreover, if 4 = 1, then a; = a and ay = b,
which implies that D = alL;+bLs, so that the pair (S, D) is log canonical at P as required.
Therefore, we may assume that u < 1, which implies that » > 3. Let

a; — pa as — pb . a;
D' = L+ Loy + C;
L—p 1 Z;l—u

so that either Ly € Supp(D’) or Ly € Supp(D’). Moreover, we also have D" ~q D, so that
the log pair (S, D’) is log canonical at P (we just proved this). But

D= (1—p)D"+ u(aLy + bLy)
and (S,aly + bLsy) is log canonical at P. This implies that (S, D) is log canonical at P.

Exercise 4 ([16, Lemma 4.8]). Let S = Fy, let C and L be irreducible curves on the sur-
face S such that C? = —1, C'- L =1 and L? = 0. Suppose that

D ~Q aC + bL,
where a € Q and b € Q such that a < 1 and b < 1. Prove that (S, D) is log canonical at P.

Exercise 5 ([4, Lemma 3.1]). Let S be a smooth hypersurface of degree 6 in P(1,1,2,3).
Suppose that D ~g —Kg. Prove that (S, 2D) is log canonical.

Unfortunately, the application scope of this simple multiplicity-criterion is very limited.
To expand its application scope, we suppose that r» > 2 and write

A = i (]JZ'CZ'
1=2

so that D = a,C; + A.
Theorem 6 ([6, Theorem 7]). If a1 < 1, P € (Y, the curve C) is smooth at P, and

(o), <1

then the log pair (S, D) is log canonical at P.
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TUTORIAL ON LOCAL INTERSECTION INEQUALITIES 3

Let us show how to apply this result.

Example 7 ([13, Theorem 3.3]). Let S be a surface of degree 4 in P(1, 1, 1,2) that has at
most isolated ordinary double points, and let 7: S — P? be the double cover induced by
the projection P(1,1,1,2) --» P2, and let R be the quartic in P? that is the ramification
curve of the morphism 7. Suppose that D ~g —Kg and (S, D) is not log canonical at P.
We claim that 7(P) € R. Indeed, suppose that 7(P) € R. Let us seek for a contradiction.

Let g: S — S be the blow up of the surface S at the point P. Then

Kg+ D+ (multp(D) = 1)E ~q g (Ks + D) ~g 0

where D is the proper transform of the divisor D on the surface S , and F is the exceptional
curve of the morphism g. Then the log pair

(§, D+ (multp(D) — 1)E)

is not log canonical at some point () € E. Hence, our original criterion gives

multp (D) + multg (ﬁ) > 2

but | — K| contains a curve Z such that its proper transform Z via g passes through Q).
Note that P € Z and Z is smooth at the point P, so that (S, Z) is log canonical at P.
Thus, arguing as in Example 3, we may assume that the support of D does not contain
at least one irreducible component of the curve Z. If the curve Z is irreducible, then

2 —multp (D) = 2 —multp (Z) multp (D) -7-D > multg (2) multg (IA)) = multg (IA?),

which contradicts the inequality we proved earlier. Thus, the curve Z must be reducible.
We may then write Z = Z; + Z,, where Z; and Z, are irreducible smooth rational curves.
Without loss of generality we may assume that the curve Z5 is not contained in Supp(D).
Then P € Z;, because otherwise P € Z5, so that

1=D-7Zy > multp(ZQ)multp(D) = multp(D) > 1.

Similarly, we see that Z; is contained in Supp(D), so that we may assume that C) = Z;.
Let k be the number of singular points of the surface S that are contained in C. Then

k
1:Z2'DZGIZZ'OI+ZQ'A2@1(Z2-Ol):<2—§>al’

2
1—k

< 1| because k < 2 (why?). Recall that the log pair

which gives |a; <

<§, 0,161 + 3 + (multp(D) — 1)E>

is not log canonical at (), where 61 and A are the proper transforms of C; and A on

the surface S, respectively. Then a; > ﬁ, since

k ~ ~
(2-3)m=Cr- (B+ (multp(D) = 1)E) > 1
by Theorem 6. This is a contradiction.
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4 IVAN CHELTSOV

Exercise 8 ([4, Lemma 4.1]). Let S be a hypersurface of degree 6 in (1, 1,2, 3) that has
at most Du Val singular points of type A; or A,, and let v: .S — S be its minimal resolu-
tion of singularities. Suppose that D ~qg —Kg. Show that (9, %D) is log canonical at P.

Exercise 9 ([13, Theorem 3.1]). Let S be a hypersurface of degree 6 in P(1,1,2,3) that
has at most Du Val singularities, let O be its singular point of type Dy, let C' be the unique
curve in the linear system | — Kz| that passes through O, and let v: S — S be the minimal
resolution of singularities of the surface S. Suppose that v(P) = O. Suppose also that

D ~qg —Kg,

and the support of the divisor D does not contain the proper transform of the curve C.
Prove that the log pair (S, D) is log canonical at P.

Under an additional constrained on A, the assertion of Theorem 6 can be improved.

Theorem 10 ([10, Lemma 3.5]). Suppose that a; < 1, P € (4, and C} is smooth at P.
If multp(A) < 1 and

<Cl-A)P<2—a1

then the log pair (S, D) is log canonical at P.

Let us show how to apply this result.

Example 11 ([17, Remark 2.11]). Let S be a smooth surface of degree 6 in P(1,1,2,3).
Suppose that D ~g —Kg, and C} is a curve in the pencil | — Kg| that passes through P.
Suppose also that a; < %, and C is singular at P. Then (S, %D) is log canonical at P.
Indeed, suppose that (S, %D) is not log canonical at P. Let us seek for a contradiction.
Let m = multp(A). Then m < 52, since

1:D«C’1:(alCl+A)'C>a1+2m.

Let g: S — S be the blow up of the point P, let E be the exceptional curve of blow up g,
let C; and A be the proper transforms of C; and A on the surface S, respectively. Then

~ 3a; 5 3+ 3

2

is not log canonical at some point () € E. Note that 3a; + %m —1< 1. But

E-3:m<1_04<1

2 2
Thus, we have Q) € EN C by Theorem 6. On the other hand, we have

3~ 3
multg <§A+ (3@1 + §m— 1>E> <3(a;+m)—1<1

so that we can apply Theorem 10 to our log pair at (). This gives

9 1 ~ 3~ 3 3
5(11—5:0' <§A+<3a1+§m—1)E> >2—§CL1,

so that a; > %, which is a contradiction.
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TUTORIAL ON LOCAL INTERSECTION INEQUALITIES 5

Exercise 12 ([17, § 4.1]). Let S be a smooth cubic surface in P, let g: S — S be the blow

up of the point P, and let D be the proper transform of the divisor D on the surface S.
Suppose that P is an Eckardt point of the surface S, and C;, Cy and C3 are the lines in
the surface S that passes through P. Suppose that D ~g —Kg, and

17

multp (D) + multg (ﬁ) < 9

for every point () in the g-exceptional curve. Suppose also that a; < g, as < g and az <
Prove that the log pair (S, £D) is log canonical at P (cf. Exercise 5).

©|01

Some problems requires very special analogues of Theorems 6 and 10.

Exercise 13 ([8, Lemma 25]). Let m = multp(A), and let € Q such that 0 < z < 1.
Suppose that P € (1, the curve C] is smooth at P, a; < % +3and m < 1+ 5 —ar.
Suppose also that

<ClA) §1—£+a1
P 2

so that m <1 — § + a;. Show that (S, D) is log canonical at P.

In many generalizations of Theorems 6 and 10, we have to deal with two special curves
among C1, ..., C,.. Because of this, we assume that r > 3, and we let

Q= i aiC’l
=3

so that D = a1C + a9C5 + 0.

Theorem 14 ([9, Corollary 1.29]). Suppose that P € C; N Cy, the curves C; and Cy are
smooth at the point P, and they intersect transversally at P. Suppose also that
2m — 2 " 2

a a
m+1 " m41

for some integer m > 3. If

<C’1 . Q)P < 2a; — as

and

(c9),

then (S, D) is log canonical at P.

a2 —
m—1

Let us show how to apply this result.

Example 15 ([9, Theorem 4.1]). Let S be a hypersurface of degree 6 in P(1,1,2,3) that
has Du Val singularities, and let v: S — S be it minimal resolution of singularities.
Suppose that D ~g —Kg, and v(P) is a Du Val singular point of the surface S of type As.
Then (S, D) is log canonical at P. Indeed, suppose that (S, D) is not log canonical at P.
Let us seek for a contradiction. We may assume that C;, Cy and C5 are v-exceptional
curves with the following intersection form
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6 IVAN CHELTSOV

o | (| Cy| Cy
Ci||-2| 1 0
Coll 1T |=2] 1
Cs| 0 1| -2
Write A = a3C3+---+a,C,.. Then D-Cy =D -Cy =D -C3 =0, so that

2a1—a2:A-C1>O
2@2—&1—0,3:/\'0120
2@3—(12:/\'0120

which implies that a; > 0, a; > 0 and a3 > 0. Let Z be the unique curve in | — Kg| that
passes through v(P), and let Z be its proper transform on the surface S. Then

Z+C+0Cy+Cs~—=Kg

and Z is irreducible. Arguing as in Example 3, we may assume that Z € Supp(A). Then
0<Z'A:1—6L1—(Z2,

so that which (together with previous inequalities for aq, as and a3) gives

a1

oW

5
NN

)
w
VAN

| o

If P e )\ Cy, then Theorem 6 gives
2@1—(12:/\’01 > ].,

which gives a contradiction with previously obtained inequalities, so that P ¢ C; \ Cs.
Similarly, we see that P ¢ C5\ C5. Using the same approach, we obtain P & Cy\ (C1UC5).
Thus, without loss of generality, we may assume that P = C; N (5. Then

(A-C’l)PéA-Clz2a1—a2

and a; + %ag < 1. Thus, applying Theorem 14 with m = 3, we get

3
2&2—&1—&3:A'022(A'02> >§CL2—G1
P

which immediately leads to a contradiction.

Exercise 16 ([9, Lemma 4.6]). Let S be a surface of degree 6 in P(1,1,2,3) that has one
singular point, which is a singular point of type A4, and let v: S — S be the minimal res-
olution of singularities. Suppose that D ~g —Kg. Show that (S, %) is log canonical at P.

Theorem 14 has very limited application scope. It can be generalized as follows:
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TUTORIAL ON LOCAL INTERSECTION INEQUALITIES 7

Theorem 17 (|9, Theorem 1.28]). Suppose that P € C; N Csy, the curves C; and Cy are
smooth at the point P, and they intersect transversally at P. Suppose also that there are
non-negative rational numbers «, 8, A, B, M, and N such that

((aay + Pas <1
AB—1)>1,
a(A+M—1)> A*(B+ N — 1),
ol - M)+ Ap > 4,

M<1
| V<1
Suppose that 2M + AN <2ora(B+1—-MB—-N)+p(A+1—-AN—-M)> AB—1. 1If

Y

Y

(CI-Q>P<M—I—Aa1—a2

and

<01-Q>P<N+Ba2—a1

then the log pair (S, D) is log canonical at P.
This result has more applications than Theorem 14 (see [5] for examples).

Example 18 ([12, Lemma 4.9]). Let S be a smooth cubic surface in P?, and let Tp be its
plane section that is singular at the point P. Suppose that Tr = L+ C', where L is a line,
and C is a conic that intersects L transversally at P. Suppose also that D ~g —Ksg.
Then (S, D) is log canonical at P. Indeed, suppose that (S, D) is not log canonical at P.
Let us seek for a contradiction. Arguing as in Example 3, we may assume that either
the line L or the conic C' (or both) is not contained in Supp(D). If L Z Supp(D), then

1=L-D> (L-D) > multp(D) > 1,
P
which is a contradiction. So, we see that L is contained in Supp(D), so that C'  Supp(D).
We may assume that C; = L. Let m = multp(A). Then
2=C-D=2a1+A-C =2a; +m.

Let g: S — S be the blow up of the point P, let E be the g-exceptional curve, let C'1 be the
proper transform on S of the line C1, and let A be the proper transform of the divisor A.
Then (S,a,Cy + (a1 +m — 1)E + A) is not log canonical at some point @ € E, since

K§+a101+A+(a1+m—1)E~@g (Ks+ D).

Moreover, it follows from Example 7 that () = 61 N E. Now, applying Theorem 17 with

(M =1,
N =0,
A=1,
B =2,
a=1,
[ A=1,
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8 IVAN CHELTSOV

we get

~

mzA-E}(ﬁ-E) >1l+(@m+m—1)—a;=m
P

or

~

1—|—a1—m:A-612(3-6»>2a1—(a1+m—1):1+a1—m

where we used F and 51 as the curves C; and C5 in Theorem 17, respectively.
The assertion proved in Example 18 can be reproved using the following result:

Theorem 19 ([6, Theorem 13]). Suppose that P € C} N Cy, the curves C; and Cy are
smooth at P, and they intersect transversally at P. Suppose that multp (Q) <1 If

(1-0) <2(1-a)

and

(C:0) <2(1-a)

then the log pair (S, D) is log canonical at P.

Let us show how to apply Theorem 19.

Example 20 ([12, Lemma 4.8]). Let S be a smooth cubic surface in P3, and let Tp be
its plane section that is singular at the point P. Suppose that D ~p —Kg, and

(Tp=Li+ Ly + Ls|

where Ly, Lo, L3 are lines such that L1 N Ly = P & Ls. Then (S, D) is log canonical at P.
Indeed, suppose that (S, D) is not log canonical at P. Let us seek for a contradiction.
Arguing as in Example 3, we may assume that one line among L;, Ly and L3 is not
contained in the support of the divisor D. If L;  Supp(D), then

1=Ly-D> multp(Ll)multp(D) = multp(D) > 1,

which is absurd. This shows that L; C Supp(D). Similarly, we see that Ly C Supp(D).
Thus, the line L3 is not contained in Supp(D). We may assume that C), = Ly and Cy = Lo.

Then

1:L3~D:L3-<a101+a202+9):&1+CL2+L3-Q2G1+CZQ.

Put m = multp(2). Then
1=0- <a101+a202+(2> =—a1+ay+C1-Q>—a;+ay+m,
1=C,- <a101+a202+9> —a —ag+Cy-Q>ay—ag+m,
which implies that m < 1. Thus, we can apply Theorem 19 to (S, D). This gives

l4+a1—a=C;-Q > (ClQ> >2(1—(12)

or

l—a14+a=Cy-Q > (CQQ) >2(1—6L1)

so that a; + ay > 1. But we proved already that a; + as < 1.
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TUTORIAL ON LOCAL INTERSECTION INEQUALITIES 9

Exercise 21 ([12, Corollary 1.13]). Let S be a smooth cubic surface in P?, and let Tp be
the plane section of the surface S that is singular at the point P. Suppose that D ~g —Kg,
and at least one irreducible component of the cubic curve Tp is not contained in Supp(D).
Show that (S, D) is log canonical at the point P.

Exercise 22 ([11, Theorem 4.1]). Let S be a smooth surface in P(1,1, 1,2) of degree 4.
Suppose that D is ample. Let

A_2(—1:(3-19)
3 D2

and suppose that —Kg — AD is nef. Prove that (S, \D) is log canonical at P.

Exercise 23 ([1, Theorem 1.2]). Let S be a smooth hypersurface in P? of degree 4, let Tp
be its hyperplane section that is singular at P, let

A= sup{,u cQ ’ the log pair (S, ,qu) is log canonical at P}

and suppose that D ~g Tp. Prove that (S, AD) is log canonical at P.

Exercise 24 ([2, Theorem 4.1]). Let S be a smooth hypersurface in P? of degree d > 3,
and let T be its plane section that is singular at the point P. Suppose that D ~g Tp.
Let A = 2. Prove that (S, AD) is log canonical at P.

Theorem 19 has other applications (see [13, 7]). Let us present one of them.

Example 25. Let C be a smooth curve of bi-degree (1,2) in P! x P! that is given by

2 2
T1Ty = Y1Ys

and let L) be the curve given by x; = Ay, so that L., is the curve given by y; = 0.
Let m: S — P! x P! be blow up of k > 4 points in the curve C such that no two of them
are contained in one curve L, for every A € C U {oo}. Suppose that C; is the proper
transform of a curve L, for some p € C\ 0 such that L, contain no points blown up by ,
and (Y is the proper transform of the curve C, and P = C; N Cs. Suppose that

1
1>a,> 5 >a =20
and D ~gp —Kg. Then the log pair (S, D) is log canonical at P. Suppose that it is not.
Let us seek for a contradiction. Let § = 1—ay and m = multp(Q2). Then a; +m— 5 < 1,
because

1>>2ﬁ:Cl-Q><C’1-Q>P>m.

Let g: S — S be the blow up of the point P, let E be the g-exceptional curve, let 61 be
the proper transform of the curve C] via g, let Cs the proper transform of the curve Cs,
and let €2 be the proper transform of the divisor (2. Then the log pair

(g, alél -+ (1 — 5)62 -+ (Cll +m — 5)E—|— ﬁ)

is not log canonical at some point () € E. We have () € 61 U 52, since otherwise

25>m:E~§>(E-Q)Q>1
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10 IVAN CHELTSOV

by Theorem 6. Similarly, we have @) € 62, since otherwise Theorem 6 gives

_ " 1
1>>2B>E-Q>(E-Q> Sl-a >

Since muth(Q) m < 1, we can apply Theorem 19. Either it gives

28>m=FE-Q>283

or it gives

2—Bk—4)—2a1—m=C-Q>2(1—a,—m+p)
so that 28 > m > (k — 2)5. In both cases, we obtain a contradiction.

Finally, let us present two local inequalities discovered in [15].

Theorem 26 ([15, Theorem 3.4]). Suppose that P € C; N Cy, the curves C; and Cy
are smooth at the point P, and they intersect transversally at P. Let m = multp(€).
Suppose that a; < 1, ap < 1 and m < 1. Suppose that

<01~Q>P<2—a1—a2

in the case when a; +m > 1. Suppose also that

(c9),

mn (1—a1)—1—|—a2

ag—i-m—l

in the case when ag +m > 1. Then (5, D) is log canonical at P.

Proof. By Theorem 6, we may assume that a; < 1. We will use an inductive argument.
Let g: S — S be the blow up of the point P, let E' be the g-exceptional curve, let Cl be
the proper transform of the curve C via g, let C’Q the proper transform of the curve (s,
and let O be the proper transform of the divisor 2. Then the log pair

<§, (1161 +a252 + ((11 + a9 +m — 1)E + Q)

is not log canonical at some point Q) € E. If a; +m < 1, then a; +ao +m —1 < ay < 1.
Similarly, if a; +m > 1, then

a1+ ar+m—1<K O,1+CL2+(01‘Q) —1<1.
P

Observe also that 61 N 61 NE =o. R R
Arguing as in Example 25, we see that Q = C;1 N E or Q = Co N E, because m < 1.
Moreover, if @) = C, N E, then applying Theorem 6 twice, we see that

1< (G ((a1+a2+m—1)E+§))Q = a+ay+m—1+ (&ﬁ)@ —atay—1+ <01.9>Q

and L R
1< (E (CL101+Q)>Q:CL1+ <E-Q>Q:a1—|—m,

which contradicts our assumptions. This shows that ) = 62 N E. Thus, the log pair

<§,a262+(a1+a2+m— 1)E—|—Q>
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TUTORIAL ON LOCAL INTERSECTION INEQUALITIES 11
is not log canonical at the point ). Applying Theorem 6 to this log pair, we obtain
1< <E (a262+§))Q = as + <E~§>Q:a2+m.

Then, by our assumption, we have

m
Q) <—(1-— -1
(Cz >P a2+m—1( al) +a2

since we just proved that ay +m > 1.
Set a; = a; + as +m — 1. Now we are going to apply our theorem to the log pair

(§,(a1+a2+m—1)E+a262+§).

Here, we use induction on the number of blow ups used in the definition of log canonicity.
Of course, we have to check that the new log pair satisfies all the condition of our theorem.

~

We know that a; < 1. Set m = multg(€2). Then m < m < 1. We have to check that

<E§\2) <2—/CL\1—(12
Q

in the case when a; +m > 1, and we have to check that

(62'§>Q<L(l—a)—l+a2

CLQ—I—T?L—l

in the case when ay +m > 1. R
Suppose that @, +m > 1 and (E-Q)g > 2 —a; — ag. Let us seek for a contradiction.
We have

a1+2(a2+m—1)+1:a1+2a2+2m—1:al+a2+m>a1+a2+(E'§)Q>2-
so that

1 —
2>—a1
as+m—1

since we proved earlier that as +m > 1. Similarly, we have
G-m+(C-Q) za+m>1
because (Cy - Q)p = m + m. Since a; = a; + as + m — 1, this gives
ay + as + (02~Q>P > 92,
which can be rewritten as
2(1 —ay) =2 —2as < <C’2-Q>P+a1—a2: (C’g-Q)P—(l—al)—l—l—QQ.

Thus, we have

<C'2-Q>P—(1—a1)+1—a2

2 <
1-— (45}
which immediately gives
2<aﬁTnfl(l—al)—1—|—a2—(1—a1)—|—1—a2: 1—a1
1—as as +m—1’
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12 IVAN CHELTSOV

because (Cy - Q)p < —7-—(1 — a1) — 1 + az. Hence, summarizing, we get

1—a1 > 1-@1
as +m—1 as +m—1’
which is absurd. This shows that (F - (AZ)Q <2—a; —ayifa;, +m>1.

Now we suppose that as+m > 1 and we suppose that (62?2)@ > #(1 —a)+ay—1.
Let us seek for a contradiction. We have

My tvms (0o0) > (608) rms
ar +m—1 p Q
m m
S — - —1l4+m>—(1-a —1
a2+fh—1( a) + ay +m/a2—|—m—1( a) + as +m,
since m > m. This gives
m m
_ - 1)=—  (a— >
m anLm_l(ag%—m ) a2+m—1(a ay) >m,
which is absurd. This shows that (62-§)Q<#(1—6)+a2—1ifa2+ﬁ1>1.

Thus, we can apply our theorem to the pair (§, (a1 +as+m—1)E+ asCy + (AZ) at @,
which gives us a contradiction, since this pair is not log canonical at Q). O

Corollary 27 ([15, Corollary 3.5]). Suppose that P € C; N Cy, the curves Cy and Cy are
smooth at the point P, and they intersect transversally at the point P. Let m = multp(£2).
Suppose that a1 <1, a, <1land m < 1. If

(C’1~Q>P<1—a2

(c9),

(CQ.Q)Qé (Cl-Q)P—Haz

then the log pair (S, D) is log canonical at the point P.

or

(1—a1>—1+a2

Proof. Suppose that (.S, D) is not log canonical at P. Then (C1-Q)p > 1—ay by Theorem 6.
Thus, to complete the proof, we may assume that

(¢:-9)
P
<Cl . Q) —1 + ag
P
Let us seek for a contradiction. If m > 1 — as, then

m
C.Q) <——(1—ay) -1 ;
( 2 Q m—1+a2( @) + a2

(1-@1)—1+(Z2.

(-9, <

since m < (C - Q)g. Then (C) - Q)p > 2 —a; — ag and a3 +m > 1 by Theorem 26. But

(Cl,g) B (1—a)(1 — as)
m < <02-Q)P< (Cl-Q)P—f—i—aQ(l_al)_1+a2_a2_a1+ <01'Q>1P_1ja2’
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which implies that

a; + as + <C’1-Q>P

l<ar+m<1—(1—as) <1
(C . Q) —1 “+ ag
P
which is absurd. O
Exercise 28 ([15]). Let us use assumptions and notation of Example 25. Suppose that
1 B(r—4)
< _ 27
"S5 8
andr>7. Let A\=1+ 1%0' Prove that (5, a;C1 + AaxCs + XQ) is log canonical at P.

Exercise 29 ([14, Proposition 7.6]). Suppose that S is a smooth cubic surface in P?,
and P is its Eckardt point. Suppose also that C is a line in S that contains P, and

D = a16’1 + A ~Q —KS.
Let A = g}:—gi Suppose that a; < 1. Prove that (S,a;Cy + AA) is log canonical at P.
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