
A1-CYLINDERS OVER SMOOTH A1-FIBERED AFFINE SURFACES

ADRIEN DUBOULOZ

ABSTRACT. We give a general structure theorem for affine A1-fibrations on smooth quasi-projective surfaces. As an
application, we show that every smooth A1-fibered affine surface non-isomorphic to the total space of a line bundle
over a smooth affine curve fails the Zariski Cancellation Problem. The present note is an expanded version of a talk
given at the Kinosaki Algebraic Geometry Symposium in October 2019.

INTRODUCTION

The Zariski Cancellation Problem asks under which circumstances the existence of a biregular isomorphism
between the cartesian productsX×An and Y ×An of two algebraic varietiesX and Y with the affine space An,
say over a an algebraically closed field of characteristic zero, implies that the varieties X and Y are isomorphic.
Cancellation is known to hold for smooth curves [1] and for a large class of algebraic varieties characterized
roughly by the property that they are not dominantly covered by images of the affine line A1 (see e.g. [18], [5]).
A specific stronger characterization due to Makar-Limanov [2] asserts that if X is an affine variety which does
not admit any effective algebraic action of the additive group Ga then every isomorphism X × A1 ' Y × A1

induces an isomorphism X ' Y (this is no longer true for products with affine spaces An of higher dimension,
see e.g. [9, 10]).

Among smooth affine surfaces with an effective action of the additive group Ga, cancellation is known to
hold for the affine plane A2 by [23, 25]. The first celebrated examples of smooth affine surfaces with effective
Ga-actions which fail cancellation were constructed by Danielewski [4]: he established that the smooth surfaces
Sn in A3 defined by the equations xnz = y(y − 1), where n ≥ 1, are pairwise non-isomorphic but that their
A1-cylinders Sn×A1 are all isomorphic. Since then, many other families of examples of smooth affine surfaces
with effective Ga-actions which fail cancellation have been constructed (see e.g. [26, 13] and the references
therein for a survey). All these constructions are derived from variants of the nowadays called “Danielewski fiber
product trick”, which depends on the study of the structure of the algebraic quotient morphisms of Ga-actions on
affine surfaces. These quotient morphisms are surjections π : S → C onto smooth affine curves, with generic
fiber isomorphic to the affine line A1 over the function field of C, called A1-fibrations. The local structure
of these fibrations in a neighborhood of their degenerate fibers has been studied by many authors after the
pioneering work of Miyanishi [24] and Fieseler [12]. The first result presented in this note is a general structure
theorem for affine A1-fibrations on smooth quasi-projective surfaces which generalizes and encompasses, in a
different language, all formerly known descriptions:

Theorem. Let S be a smooth quasi-projective surface and let π : S → C be an affine A1-fibration over
a smooth algebraic curve C. Then there exists a smooth algebraic space C of dimension 1 endowed with a
surjective quasi-finite birational morphism of finite type α : C → C and a factorization

π = α ◦ ρ : S
ρ→ C α→ C

where ρ : S → C is an étale locally trivial A1-bundle.

In the case of a smooth A1-fibration π : S → C on a smooth affine surface S, the above result was already
established in [12] and [7] (see also [13]) with the additional observation that in this particular case, the algebraic
space curve α : C → C is a smooth scheme, in general not separated. We will see below that for non-smooth
A1-fibrations, the existence of multiple fibers forces to consider algebraic space curves α : C → C which are
not schemes. This fact was already observed in [9, 10] where the existence of a factorization as above was
established for some particular examples of A1-fibrations with multiple fibers.

Our second result is an application of the above structure theorem to the construction of smooth affine surfaces
which fail cancellation. By applying a new variant of the Danielwski fiber product trick construction, we obtain
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the following characterization which basically fully settles the Zariski Cancellation Problem for smooth affine
surfaces:

Theorem. Let S be a smooth affine surface and let π : S → C be an A1-fibration over a smooth affine curve
C. Then the following alternative holds:

a) If π : S → C is isomorphic to the structure morphism of a line bundle over C then every smooth affine
surface S′ such that S′ × A1 ' S × A1 is isomorphic to S.

b) Otherwise, there exists a smooth affine A1-fibered surface S′ non-isomorphic to S such that S × A1 is
isomorphic to S′ × A1.

The characterization in the above theorem strongly overlaps similar results established in [13] for smooth
surfaces which admit A1-fibrations with reduced fibers. We also refer the reader to a forthcoming article in
collaboration S. Kaliman and M. Zaidenberg in which a similar result is established by different methods.

In this note, all schemes and algebraic spaces are assumed to be defined for simplicity over the field of
complex numbers C. We refer the reader to [20] for the basic properties of algebraic spaces which are used
throughout the text. Some of the results in this note are given without complete and detailed proofs, these will
appear elsewhere.

1. SMOOTH A1-FIBERED SURFACES AS ÉTALE LOCALLY TRIVIAL A1-BUNDLES

Definition 1. An A1-fibration on a smooth quasi-projective surface S is a surjective affine morphism π : S → C
to a smooth algebraic curve C, whose fiber over the generic point of C is isomorphic to the affine line A1

K(C)

over the function field K(C) of C.
An A1-fibration on a smooth quasi-projective surface S is said to be of affine type (resp. complete type) if the

curve C is affine (resp. complete).

Example 2. Given a smooth algebraic curve C, a P1-bundle π : P(E) → C for some vector bundle E of rank
2 on C and a section σ : C → P(E) of π, the restriction π : S = P(E) \ σ(C)→ C of π to the complement of
σ(C) is an A1-fibration which is a Zariski locally trivial A1-bundle over C, that is, there exists a covering of C
by Zariski open susbets Ci, i ∈ I , and isomorphisms π−1(Ci) ' Ci × A1 of schemes over Ci for every i ∈ I .

If C is affine, such Zariski locally trivial A1-fibrations π : S → C are simply line bundles. This is no longer
the case in general when C is complete. For instance, let S ⊂ A3 be the smooth affine quadric surface with
equation xz = y2 − 1. Then the morphism

π : S → P1, (x, y, z) 7→ [x : y − 1] = [y + 1 : z]

is a Zariski locally trivial A1-bundle which cannot be a line bundle. Indeed, otherwise the zero section of this
line bundle would be a complete curve contained in S, which is impossible as S is affine.

Proposition 3. [19, Lemma 1.3] Let S be a smooth quasi-projective surface and let π : S → C be an A1-
fibration onto a smooth curve C. Assume that all scheme-theoretic fibers of π : S → C are irreducible and
reduced. Then π : S → C is Zariski locally trivial A1-bundle.

Definition 4. Let π : S → C be an A1-fibration on a smooth quasi-projective surface S. A scheme-theoretic
fiber of π over a closed point c of C which is either reducible or non-reduced is called degenerate.

By [24, Lemma 1.4.2], every degenerate fiber of an A1-fibration π : S → C is a disjoint union of curves
isomorphic to the complex affine line A1 when endowed with respective reduced structures.

Example 5. Let n ≥ 2, let P (y) =
∏r
i=1(y − yi)mi ∈ C[y] be a non-constant monic polynomial with r ≥ 1

distinct roots yi ∈ C of respective multiplicities mi ≥ 1 and let S ⊂ A3 be the affine surface defined by
the equation xnz = P (y) − x. Then S is smooth by the Jacobian criterion and the projection prx induces an
A1-fibration π : S → A1 which restricts to the trivial A1-bundle A1 \ {0} × Spec(C[y]) over A1 \ {0} =
Spec(C[x±1]). On the other hand, the scheme-theoretic fiber π−1({0}) decomposes as the disjoint union of the
schemes

Fi = Spec(C[y]/((y − yi)mi [z]), i = 1, . . . , r

whose reductions are all isomorphic to the affine line A1 = Spec(C[z]).

1.1. The smooth relatively connected quotient of an A1-fibration. In this subsection, we show that every A1-
fibration π : S → C on a smooth quasi-projective surface S factors through a smooth morphism with connected
fibers ρ : S → C over a suitably defined algebraic space curve C over C.

96



A1-CYLINDERS OVER SMOOTH A1-FIBERED AFFINE SURFACES 3

Definition 6. Let C be a smooth algebraic curve. A smooth multifold algebraic space C-curve is a smooth
algebraic space C of dimension 1 endowed with a surjective quasi-finite birational morphism of finite type
α : C → C such that α∗OC = OC .

By generic smoothness, there exists a non empty maximal Zariski open subset U of C over which α : C → C
restricts to an étale morphism α : α−1(U)→ U . Given any separated open subset V ⊂ α−1(U), the restriction
α|V : V → C is a separated birational quasi-finite étale morphism. Since a quasi-finite morphism is quasi-
affine, V is thus a quasi-projective scheme and α|V : V → C is an open immersion by Zariski main theorem
[15, Théorème 8.12.6]. It follows in particular that there exists finitely many points c1, . . . , cs of C over which
α : C → C is not an isomorphism. Furthermore, for every i = 1, . . . , s, the fiber α−1(ci) consists of finitely
many points c̆i,1, . . . , c̆i,ri , and if α is unramified at c̆i,j then there exists a separated Zariski open neighborhood
Ŭi,j of c̆i,j in C such that α|Ŭi,j

: Ŭi,j → C is an isomorphism onto its image. So one can picture a smooth
multifold algebraic space C-curve α : C → C as being obtained from the curve C by “replacing” finitely many
points c1, . . . , cs of C by a collection of finitely many distinct algebraic space curve points c̆i,1, . . . , c̆i,ri .

Example 7. Let C be smooth affine curve, let c0 ∈ C be a closed point and let C be the curve obtained by
gluing r ≥ 2 copies αi : Ci

'→ C, i = 1, . . . , r, of C by the identity outside the points ci = α−1
i (c0). The curve

C is a non-separated scheme on which the morphisms αi glue to a surjective quasi-finite birational morphism
α : C → C which coincides with the canonical affinization morphism C → Spec(Γ(C,OC)). The restriction of
α over C \ {c0} is an isomorphism whereas α−1(c0) consists of r distinct point ci, i = 1, . . . , r.

Example 8. Let C be a smooth algebraic curve, let c0 ∈ C be a closed point and let ϕ : C̃ → C be a quasi-finite
morphism of degree m ≥ 2, with branching index m at c and étale elsewhere. Let c̃0 = ϕ−1(c0) and let C be
the smooth algebraic space obtained from C̃ by identifying two points c̃, c̃′ ∈ C̃ \ {c̃0} if ϕ(c̃) = ϕ(c̃′). More
rigorously, letting C∗ = C \ {c} and C̃∗ = C̃ \ {c̃0} = ϕ−1(C∗), C is the quotient of C̃ by the étale equivalence
relation

R = Diag t j : C̃ t C̃∗ ×C∗ C̃∗ −→ C̃ ×C C̃,
where Diag : C̃ → C̃ ×C C̃ is the diagonal morphism and j : C̃∗ ×C∗ C̃∗ → C̃ ×C C̃ is the natural open
immersion. TheR-invariant morphism ϕ : C̃ → C descends through the quotient morphism q : C̃ → C = C̃/R
to a bijective quasi-finite morphism α : C → C restricting to an isomorphism over C∗. On the other hand, the
inverse image of c0 by α consists of a unique point c0 = q(c̃0), at which α ramification index m. The sheaf
α∗OC is equal to theOC-submodule of ϕ∗OC̃ consisting of germs of R-invariant regular functions on C̃, hence
is equal to OC . Since R is not a locally closed immmersion in a neighborhood of the point c̃0 ∈ C̃, it follows
that the algebraic space C is not locally separated in a neighborhood of the point c0, hence is not a scheme.

Theorem 9. Let π : S → C be an A1-fibration on a smooth quasi-projective surface. Then there exists a smooth
multifold algebraic space C-curve α : C → C unique up to C-isomorphism and a smooth affine morphism with
connected fibers ρ : S → C such that π = α ◦ ρ.

Sketch of proof. A smooth multifold algebraic space C-curve α : C → C with the desired properties is obtained
as follows. Let c1, . . . , cs be the points over which the fibers of π : S → C are degenerate and let ᾰ : C̆ → C be
the scheme obtained from C as in Example 7 by replacing each point cs by distinct scheme points c̆i,1, . . . , c̆i,ri ,
one for each connected component Fi,j of the fiber π−1(ci), i = 1, . . . , s. The unique morphism ρ̆ : S → C̆
defined by

ρ̆(s) =

{
ᾰ−1(π(s)) if π−1(π(s)) is connected
c̆i,j if π(s) = ci and s ∈ Fi,j

is affine with connected fibers and satisfies π = ᾰ ◦ ρ̆. Since S is smooth and every connected component of a
fiber of π is irreducible and smooth when equipped with its reduced structure, we see that ρ̆ : S → C̆ is smooth
over a point c̆ of C̆ if and only if ρ̆−1(c̆) is a reduced irreducible component of π−1(ᾰ(c̆)).

Let c̆0 ∈ C̆ be a point such that ρ̆−1(c̆0) = mF , where F ' A1, is multiple, of multiplicity m ≥ 2 and
let s be a closed point of S supported on F . Since S and F are smooth at s, there exists a germ of smooth
curve C̃0 ↪→ S intersecting F transversally at s. The restriction ϕ = ρ̆|C̃0

: C̃0 → C̆ is quasi-finite onto its
image. By shrinking C̃0 if necessary we can assume without loss generality that the image of ϕ is an affine open
neighborhood C0 of c̆0 in C̆ with the property that π−1(ᾰ(c̆0)) is the unique degenerate fiber of π over ᾰ(C0)

and that ϕ : C̃0 → C0 is a quasi-finite morphism of degree m ≥ 2, with ramification index m at s and étale
elsewhere. Let βc̆0 : C̃0/R → C0 be the algebraic space curve over C0 determined by ϕ : C̃0 → C0 as in
Example 8 and let αc̆0 : Cc̆0 → C̆ be the algebraic space curve over C̆ obtained by gluing C̆ \ {c̆0} with C̃0/R

with by the identity along the open subsets C0 \ {c̆0} and β−1
c̆0

(C0 \ {c̆0}) ' C0 \ {c̆0} of C̆ \ {c̆0} and C̃0/R
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respectively. Letting c0 = α−1
c̆0

(c̆0), one checks locally on an étale cover of S that ρ̆ : S → C̆ factors through an
affine morphism ρc̆0 : S → Cc̆0 smooth over a Zariski open neighborhood of c0 and such that ρ−1

c̆0
(c0) = F . By

repeating the above construction for each of the finitely many points of C̆ over which the fiber of ρ̆ is multiple,
we obtain a smooth multifold algebraic spaceC-curve α : C → C and a smooth affine morphism with connected
fibers ρ : S → C factoring π.

By construction, for every closed point c ∈ C, the fibers of ρ : S → C over the points in α−1(c) are in
one-to-one correspondence with the connected components of the fiber of π : S → C over c. Therefore, if
α′ : C′ → C is another smooth multifold algebraic space C-curve with the same properties then its associated
smooth morphism ρ′ : S → C′ is locally constant on the fibers of π : S → C hence constant on the fibers
of ρ : S → C. This implies in turn by faithfully flat descent that there exists a unique morphism ϕ : C → C′
of algebraic spaces over C such that ρ′ = ϕ ◦ ρ. Reversing the roles of C and C′, we conclude that ϕ is a
C-isomorphism. �

Definition 10. Let π : S → C be an A1-fibration on a smooth quasi-projective surface S. The smooth multifold
algebraic spaceC-curve α : C → C such that π factors as π = α◦ρ for some smooth affine morphism ρ : S → C
with connected fibers is called the smooth relatively connected quotient of π : S → C.

It follows from the proof of Theorem 9 that the isomorphism type of α : C → C as a space over C depends
only on the irreducible components, taken with their respective multiplicities of the scheme-theoretic degenerate
fibers of π : S → C.

1.2. Illustration on a toy local model. Let C be the spectrum of a discrete valuation ring O with maximal
ideal m and residue field C and let t ∈ m be a uniformizing parameter. Given integers n,m ≥ 2, let Sn,m be the
smooth affine surface in C×A2 defined by the equation tnz = ym− t. The restriction to Sn,m of the projection
prC is an A1-fibration π : Sn,m → C whose fiber over the closed point c of C is irreducible of multiplicity m,
isomorphic to Spec(C[y]/(ym)[z]). The curve

C̃ = {z = 0} ' Spec(O[y]/(ym − t))

on S is smooth and the restriction of π to C̃ is a finite Galois cover ϕ : C̃ → C totally ramified over the closed
point of C, with Galois group equal to the group µm of complex m-th roots of unity, The normalization S̃n,m
of the fiber product Sn,m ×C C̃ is isomorphic to the smooth affine surface in C̃ × A2 defined by the equation
y(n−1)mz = um − 1. The Galois group µm acts on S̃n,m by (y, z, u) 7→ (εy, ε−1u, z), where ε is a primitive
m-th root of unity, and the quotient morphism S̃n,m → S̃n,m/µm ' Sn,m is étale. The restriction to S̃n,m
of the projection prC̃ is an A1-fibration π̃ : S̃n,m → C̃ whose fiber over the closed point c̃ of C̃ is reduced,
consisting of m disjoint copies F̃i = {y = u− εi = 0}, i = 0, . . . ,m− 1, of the affine line A1 = Spec(C[z]),
which form a unique orbit of the action of µm on S̃n,m.

Let α̃ : C̃ → C̃ be the scheme obtained as in Example 7 by gluing m copies α̃i : C̃i
'→ C̃ of C̃ by the

identity outside the points c̃i = α̃−1
i (c̃) and let ρ̃ : S̃n,m → C̃ be the unique morphism lifting π̃ : S̃n,m → C̃ and

mapping F̃i to c̃i. For every i = 0, . . . ,m− 1, the open subset S̃in,m = S̃n,m \
⋃
j 6=i F̃j of S̃n,m is isomorphic

to C̃ × Spec(C[vi]) where vi is the regular function on S̃in,m defined as the restriction of the rational function

vi =
(u− εi)
y(n−1)m

=
z∏

j 6=i(u− εj)

on S̃n,m. Via the so-defined isomorphism S̃in,m ' C̃ × A1, the restriction of ρ̃ : S̃n,m → C̃ on S̃in,m coincides
with the composition of the projection prC̃ with the inclusion of C̃ as the open subset C̃i of C̃. It follows that
ρ̃ : S̃n,m → C̃ is a Zariski locally trivial A1-bundle, in particular, a smooth morphism with connected fibers.

The action of the Galois group µm on S̃n,m descends to a free µm-action on C̃ defined by

C̃i 3 y 7→ εy ∈ C̃i+1 modm.

The geometric quotient of C̃ by this µm-action is an algebraic space C, isomorphic to the algebraic space C̃/R
associated to the finite cover ϕ : C̃ → C as in Example 8, and the quotient morphism q : C̃ → C = C̃/µm is an
étale µm-torsor. Let

ρ : Sn,m ' S̃n,m/µm → C̃/µm = C and α : C = C̃/µm → C̃/µm ' C

be the morphisms induced by the µm-equivariant morphisms ρ̃ : S̃n,m → C̃ and α̃ : C̃ → C̃ respectively. The
inverse image of c by α consists of a unique point c which is the image by q : C̃ → C of the µm-orbit formed by
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the points c̃i, i = 0, . . . ,m− 1, and we have a commutative diagram

S̃n,m

ρ̃

��

// Sn,m ' S̃n,m/µm

ρ

��
C̃

q //

α̃

��

C = C̃/µm

α

��
C̃ // C ' C̃/µm

in which the top square is cartesian. Since q : C̃ → C is étale and ρ̃ : S̃n,m → C̃ is smooth, the morphism
ρ : Sn,m → C is thus smooth, with fiber over c equal to π−1(c) endowed with its reduced structure.

1.3. A1-fibrations as torsors under étale locally trivial line bundles. Let π : S → C be an A1-fibration on a
smooth quasi-projetive surface, let α : C → C be its smooth relatively connected quotient and let ρ : S → C be
the corresponding smooth affine morphism with connected fibers. For every étale morphism f : B → C from a
smooth algebraic curve B, the projection prB : S ×C B → B is a smooth A1-fibration with connected fibers,
hence is a Zariski locally trivial A1-bundle by virtue of Proposition 3. It follows that ρ : S → C is an étale
locally trivial A1-bundle over C. Summing-up, we obtain:

Theorem 11. Every A1-fibration π : S → C on a smooth quasi-projective surface S decomposes as an étale
locally trivial A1-bundle ρ : S → C over a smooth multifold algebraicC-space curve C followed by the structure
morphism α : C → C of C.

Since the automorphism group of the affine line A1 is the affine group Aff1 = Gm nGa, every étale locally
trivial A1-bundle ρ : S → C is an étale affine-linear bundle, isomorphic to the associated fiber bundle V ×Aff1

A1 → C of a principal homogeneous Aff1-bundle V → C over C. It follows that there exists a uniquely
determined étale locally trivial line bundle p : LS/C → C, considered as a locally constant group scheme over C
for the group law induced by the addition of germs of sections, such that ρ : S → C can be further equipped with
the structure of an étale LS/C-torsor, that is, a principal homogeneous bundle under the action of LS/C . Namely,
the class of LS/C in the Picard group Pic(C) = H1

ét(C,Gm) of C coincides with the image of the isomorphism
class of V → C in H1

ét(C,Aff1) by the map H1
ét(C,Aff1) → H1

ét(C,Gm) in the long exact sequence of non-
abelian cohomology

· · · → H0 (C,Gm)→ H1
ét (C,Ga)→ H1

ét (C,Aff1)→ H1
ét (C,Gm)

associated to the short exact sequence 0 → Ga → Aff1 → Gm → 0 of étale sheaves of groups on C. Isomor-
phism classes of étale torsors under a given étale locally trivial line bundle p : L → C are in turn classified by
the cohomology group H1

ét(C, L) (see e.g. [17, XI.4] or [14, III.2.4]).
The line bundle p : LS/C → C associated to a given étale locally trivial A1-bundle ρ : S → C can be alterna-

tively described as follows: since ρ : S → C is an étale locally trivial A1-bundle, the pull-back homomorphism

ρ∗ : H1
ét(C,Gm)→ H1

ét(S,Gm) ' Pic(S)

is an isomorphism. The same local description as in [16, 16.4.7] then implies that LS/C is the unique étale line
bundle on C whose image by ρ∗ is equal to the relative tangent line bundle TS/C = Spec(Sym·ΩS/C) → S of
ρ : S → C, where ΩS/C denotes the sheaf of relative Kähler differentials of S over C.

Example 12. Let Q ⊂ P2 be a smooth plane conic. The pencil P2 99K P1 generated by Q and twice its
projective tangent line Lq at a given point q ∈ Q restricts on S1 = P2 \Q to an A1-fibration π1 : S1 → A1 with
irreducible fibers, having

π−1
1 (0) = (2Lq ∩ S1) ' 2A1

as a unique degenerate fiber of multiplicity 2. Similarly, given any interger n ≥ 2, the smooth surface Sn,2 ⊂ A3

defined by the equation xnz = y2− x has an A1-fibration πn,2 : S2 → A1 induced by the projection prx whose
unique degenerate fiber π−1

n,2(0) ' Spec(C[y]/(y2)[z]) is irreducible of multiplicity 2.
By Theorem 11, π1 and π2 factors through étale locally trivial A1-bundles over the multifold algebraic space

curve α : C → A1 defined as the quotient of Ã1 = Spec(C[u]) by the equivalence relation

A1 \ {0} 3 u ∼ −u ∈ A1 \ {0}.

Equivalently, C is the quotient of the affine line with a double origin α̃ : C̃ → Ã1 obtained by gluing two copies
C̃± of Ã1 by the identity outside their respective origins by the free µ2-action defined by C̃± 3 u 7→ −u ∈ C̃∓.
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Étale descent along the quotient µ2-torsor q : C̃ → C̃/µ2 ' C induces a one-to-one correspondence between
isomorphism classes of étale locally trivial line bundles on C and isomorphism classes of µ2-linearized line
bundles on C̃. Since the two origins of C̃ form a unique µ2-orbit, every µ2-linearized line bundle on C̃ is the
pull-back by α̃ : C̃ → A1 of a µ2-linearlized line bundle on A1 for the µ2-action u 7→ −u. It follows that Pic(C)
is isomorphic to Z2, generated by the class of the étale locally trivial line bundle p : L→ C corresponding to the
trivial line bundle C̃ × Spec(C[`]) endowed with the non-trivial µ2-linearization given by ` 7→ −` on the second
factor. Noting that this line bundle on C̃ is isomorphic to the cotangent line bundle T∨C̃ of C̃ endowed with its
canonical µ2-linearization, we see that L is isomorphic to the cotangent line bundle T∨C → C of C.

Let ρ1 : S1 → C and ρn,2 : Sn,2 → C be the étale locally trivial A1-bundles factoring π1 and πn,2 respec-
tively. The Picard group of S1 = P2 \ Q is isomorphic to Z2 generated by the restriction of OP1(1), which is
equal to canonical line bundle Λ2T∨S1

of S1. The Picard group of Sn,2 is also isomorphic to Z2, generated for
instance by the line bundle corresponding to the Cartier divisor D = {x = y = 0} on Sn,2, but in contrast,
since Sn,2 is a smooth hypersurface in A3, its canonical bundle Λ2T∨Sn,2

is trivial by adjunction formula. Since
the homomorphisms ρ∗1 : Pic(C)→ Pic(S1) and ρ∗n,2 : Pic(C)→ Pic(Sn,2) are isomorphisms, we then deduce
from the cotangent exact sequences

0→ ρ∗T∨C → T∨S → T∨S/C → 0

of the morphisms ρ1 : S1 → C and ρn,2 : Sn,2 → C respectively that

T∨S1/C ' (ρ∗1T
∨
C )∨ ⊗ Λ2T∨S1

' ρ∗1TC ⊗ ρ∗1T∨C
is the trivial line bundle on S1and that the line bundle T∨Sn,2/C is isomorphic to ρ∗n,2TC .

This implies in turn that ρ1 : S1 → C is an étale locally trivial torsor under the trivial line bundle on C, in
other words, a principal homogeneous Ga,C-bundle, whereas ρn,2 : Sn,2 → C is an étale locally trivial torsor
under the tangent line bundle TC of C. One can check further on a suitable étale cover of C that the isomorphism
classes in H1

ét(C, TC) of the TC-torsors ρn,2 : Sn,2 → C, n ≥ 2, are pairwise distinct.

2. A1-CYLINDERS OF SMOOTH A1-FIBERED SURFACES OF AFFINE TYPE

Given a smooth quasi-projective A1-fibered surface π : S → C with smooth relatively connected quotient α :
C → C, the isomorphism class of S as a scheme over C is determined by the pair consisting of the isomorphism
class in Pic(C) of the étale line bundle p : LS/C → C under which the associated étale locally trivial A1-bundle
ρ : S → C is an LS/C-torsor and of the isomorphism class of this torsor in H1

ét(C, LS/C). In contrast, the
following results shows in particular that when C is an affine curve, the isomorphism class as scheme over C of
the cylinder S × A1 over S is independent of the class of ρ : S → C in H1

ét(C, LS/C).

Theorem 13. Let π : S → C and π′ : S′ → C be smooth quasi-projective A1-fibered surfaces over a same
affine curve C. Let α : C → C and α′ : C′ → C be their respective smooth relatively connected quotients and
let ρ : S → C′ and ρ′ : S′ → C′ be the associated étale LS/C-torsor and LS′/C′ -torsor respectively.

Then the threefolds S × A1 and S′ × A1 are isomorphic as schemes over C if and only if there exists a
C-isomorphism ψ : C → C′ such that ψ∗LS′/C′ ' LS/C .

Proof. A C-isomorphism Ψ : S ×A1 '→ S′ ×A1 induces for each closed point c ∈ C a multiplicity preserving
one-to-one correspondence between the irreducible components of the fiber of π ◦prS over c and the irreducible
components of the fiber of π′ ◦ prS′ over c. It follows from the construction of the smooth relatively connected
quotients α : C → C and α′ : C′ → C that Ψ induces a C-isomorphism ψ : C → C′ such that ψ ◦ (ρ ◦ prS) =
(ρ′ ◦prS′) ◦Ψ. Since the morphisms ρ ◦prS : S×A1 → C and ρ′ ◦prS′ : S′×A1 → C′ are étale locally trivial
A2-bundles over C and C′ respectively, the pull-back homomorphisms

(ρ ◦ prS)∗ : Pic(C)→ Pic(S × A1) and (ρ′ ◦ prS′)
∗ : Pic(C′)→ Pic(S′ × A1)

are both isomorphisms. Let TS×A1/C and TS′×A1/C′ be the relative tangent bundles of the morphisms ρ ◦ prS
and ρ′ ◦ prS′ respectively. By definition of LS/C and LS′/C′ (see subsection 1.3), we have

Λ2TS×A1/C ' pr∗STS/C ' (ρ ◦ prS)∗LS/C and Λ2TS′×A1/C′ ' pr∗S′TS′/C′ ' (ρ′ ◦ prS′)
∗LS′/C′ .

Since on the other hand Ψ is an isomorphism and ψ ◦ (ρ ◦ prS) = (ρ′ ◦ prS′) ◦Ψ, we have

(ρ ◦ prS)∗LS/C ' Λ2TS×A1/C ' Ψ∗Λ2TS′×A1/C′

' Ψ∗((ρ′ ◦ prS′)
∗LS′/C′)

' (ρ ◦ prS)∗(ψ∗LS′/C′)

from which it follows that LS/C ' ψ∗LS′/C′ .
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Conversely, assume that there exists a C-isomorphism ψ : C → C′ such that ψ∗LS′/C′ ' LS/C . Letting
S′′ = S′×C′ C and π′′ = α◦prC : S′′ → C, it is enough to constructs a C-isomorphism S×A1 ' S′′×A1. We
can thus assume without loss of generality that C = C′ and that ψ = idC . We let L = LS/C = LS′/C . Note that
since C is affine and the morphisms π : S → C and π′ : S′ → C ′ are affine by definition, the surfaces S and S′

are both affine. Since C is affine, the étale line bundle p : LS/C → C has a non-zero section. Indeed, given any
rational section σ of L we can find a non-zero regular function f on C which vanishes sufficiently on the images
by α : C → C of the poles of σ so that s = (α∗f)σ is a regular global section of L on C. The cokernel Q of
s viewed as an injective homomorphism OC → L, where L denote the étale sheaf of germs of sections of L, is
a torsion sheaf on C. It follows that H1

ét(C,Q) = 0. Considering the long exact sequence of étale cohomology
associated to the short exact sequence

0→ OC
s→ L → Q→ 0,

of étale sheaves on C, we conclude that the homomorphism

H1(s) : H1
ét(C,Ga) = H1

ét(C,OC)→ H1
ét(C,L) = H1

ét(C, L)

is surjective. This implies the existence of an étale Ga,C-torsor ρ0 : S0 → C and a C-morphism ξ : S0 → S of
torsors which is equivariant for the homomorphism of group schemes

Spec(Sym·(ts)) : Ga,C = Spec(Sym·OC)→ L = Spec(Sym·L∨)

induced by s and which has the property that the isomorphism class of the L-torsor ρ : S → C in H1
ét(C, L) is

the image by H1(s) of the isomorphism class of the étale Ga,C-torsor ρ0 : S0 → C in H1
ét(C,Ga). Since S is

affine and ξ : S0 → S is an affine morphism, S0 is an affine surface. Now consider the fiber products

W = S ×C S0 and W ′ = S0 ×C S′.
Since ρ0 : S0 → C is an étale Ga,C-torsor, the projections prS : W → S and prS′ : W ′ → S′ are étale Ga-
torsors over S and S′ respectively. Since S and S′ are both affine, these torsors are thus trivial [16, Proposition
16.5.16], respectively isomorphic to S ×A1 and S′ ×A1 on which Ga acts by translations on the second factor.
On the other hand, the projections prS0

: W → S0 and prS0
: W ′ → S0 are both étale torsors under the étale

line bundle ρ∗0L on S0. Since S0 is an affine scheme, ρ∗0L is a Zariski locally trivial line bundle and the vanishing
of H1

ét(S0, ρ
∗
0L) = H1(S0, ρ

∗
0L) implies that W and W ′ are both isomorphic to the trivial ρ∗0L-torsor over S0,

that is, to the total space of the line bundle ρ∗0L on S0. Summing up, we have constructed isomorphisms

S × A1 'W ' ρ∗L0 'W ′ ' S′ × A1

of schemes over C. This completes the proof. �

Remark 14. The proof of Theorem 13 depends in a crucial way on the existence of an étale Ga,C-torsor ρ0 :
S0 → C with affine total space S0. Such a torsor does not exist in general if the curve C is not affine. For
instance, if C = C = P1, the vanishing of H1(P1,OP1) implies that the only Ga-torsor over P1 is the trivial one
P1 ×A1 on which Ga acts by translations on second factor, whose total space is not affine. Similiarly, if C = C
is a smooth elliptic curve, then the total space of the unique non-trivial Ga-torsor ρ0 : S0 → C corresponding
to the unique non-trivial extension

0→ OC → E → OC → 0

via the isomorphism Ext1(OC ,OC) ' H1(C,OC) ' C is a quasi-projective surface which is not affine.

Example 15. Consider again the smooth affine surfaces Sn,2 in A3 defined by the equations xnz = y2 − x,
n ≥ 2. By Example 12, each of these surfaces is an étale torsor ρn,2 : Sn,2 → C under the tangent line bundle
TC of the multifold algebraic space curve α : C → A1 obtained as the quotient of the affine line with a double
origin by a free µ2-action. One can check that up to composition by automorphisms of A1, πn,2 = prx|Sn,2

:

Sn,2 → A1 is the unique A1-fibration of affine type on Sn,2. Combined with the fact that the étale A1-bundles
ρn,2 : Sn,2 → C are pairwise non-isomorphic, this implies that the surfaces Sn,2 are pairwise non-isomorphic
as abstract varieties. On the other hand, it follows from Theorem 13 that the cylinders Sn,2 × A1, n ≥ 2, are all
isomorphic. We thus recover a particular case of non-cancellation for so-called affine pseudo-planes studied in
[22].

We conclude with the following theorem which provides a complete answer to the cancellation problem for
smooth affine surfaces admitting A1-fibrations of affine type.

Theorem 16. Let S be a smooth affine surface and let π : S → C be an A1-fibration over a smooth affine curve
C. Then the following alternative holds:

a) If π : S → C is isomorphic to the structure morphism of a line bundle over C then every smooth affine
surface S′ such that S′ × A1 ' S × A1 is isomorphic to S.
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b) Otherwise, there exists a smooth affine A1-fibered surface S′ non-isomorphic to S such that S × A1 is
isomorphic to S′ × A1.

Sketch of proof. Assume that π : S → C is a line bundle, let S′ be a smooth affine surface and let Ψ : S′×A1 '→
S ×A1 be an isomorphism of abstract algebraic varieties. If C ' A1 then π : S → A1 is a trivial line bundle so
that S ' A2. The assertion then follows from [25]. Otherwise, if C 6' A1 then since every morphism A1 → C
is constant, it follows that the composition of Ψ with the projection π ◦ prS : S×A1 → C descends to a unique
morphism π′ : S′ → C such that (π ◦ prS) ◦Ψ = π′ ◦ prS′ . Since π ◦ prS is a Zariski locally trivial A2-bundle,
it follows that the same holds for π′ ◦ prS′ . This implies in turn that π′ : S′ → C is an A1-fibration without
degenerate fibers, hence is a line bundle as C is affine. Arguing as in the proof of Theorem13, we conclude that
π : S → C and π′ : S′ → C are isomorphic line bundles over C, hence that S ' S′.

Now assume that π : S → C is not isomorphic to the structure morphism of a line bundle over C. Since
C is affine, it follows that π : S → C has at least a degenerate fiber. Let α : C → C be the smooth relatively
connected quotient of π : S → C and let ρ : S → C be the associated étale LS/C-torsor. Since π : S → C
has a degenerate fiber, it follows from the construction of the smooth relatively connected quotient that C is a
non-separated algebraic space or scheme and that α is not an isomorphism. Since S is affine, hence is a separated
scheme, this implies in particular that ρ : S → C is a non-trivial étale LS/C-torsor whose isomorphism class in
H1

ét(C, LS/C) is thus a non-zero element.
Let L be the étale invertible sheaf of germs of section of LS/C and let f be a non-zero regular function on

C. The multiplication by α∗f defines an injective homomorphism s : L → L which determines in turn a
non-zero homomorphism of group schemes ζ : LS/C → LS/C . Arguing as in the proof of Theorem 13, we can
find an étale LS/C-torsor ρ′ : S′ → C with affine total space and an s-equivariant C-morphism ξ : S′ → S of
torsors with the property that the isomorphism class of ρ : S → C in H1

ét(C, LS/C) is the image by H1(s) of the
isomorphism class of ρ′ : S′ → C in H1

ét(C, LS/C).
We claim that by choosing f ∈ Γ(C,OC) appropriately, we can ensure simultaneously that on the one hand

the morphism π′ = α◦ρ′ : S′ → C is the unique A1-fibration of affine type on S′ and that on the other hand, for
every automorphism ψ of C, the A1-bundles ρ : S → C and pr2 : S′ ×ρ′,C,ψ C → C are not isomorphic. Indeed,
the first condition is automatically satisfied unless C is isomorphic to the affine line A1. In the case where
C = A1, it is enough to choose a regular function f which vanishes sufficiently at the points of C over which
the fibers of π : S → C are degenerate to ensure the existence of an SNC-minimal projective completion S

′
of

S′ whose boundary divisor is not a chain, a property which implies that π′ : S′ → C is the unique A1-fibration
of affine type on S′ (see e.g. [3, Théorème 1.8] or [6, Theorem 2.16]). Similarly, choosing f so that it vanishes
at the points of C over which the fibers of π : S → C are degenerate is enough to guarantee that the images of
the isomorphism classes of ρ : S → C and ρ′ : S′ → C in PH1

ét(C, LS/C) do not belong the same orbit of the
action of the automorphism group of C.

To conclude, one checks that for a regular function f satisfying the two properties above, the surfaces S and
S′ are not isomorphic as abstract algebraic varieties. On the other hand, since ρ : S → C and ρ′ : S′ → C are
both étale LS/C-torsors, we deduce from Theorem 13 that S × A1 is isomorphic to S′ × A1. �

Example 17. (Danielewski counter-example [4] revisited). Let S0 be the smooth surface in A3 defined by the
equation xz = y2 − 1. The restriction of the projection prx on S defines a smooth A1-fibration π0 : S0 → A1

restricting to a trivial A1-bundle over A1 \ {0} and whose fiber π−1(0) is reduced, consisting of two disjoint
copies {x = y ± 1 = 0} of the affine line A1 = Spec(C[z]). The smooth relatively connected quotient of
π0 : S0 → A1 is thus isomorphic to the affine line with a double origin α : Ã1 → A1. On checks using
local trivialization as in the Example in subsection 1.2 that the induced morphism ρ0 : S0 → Ã1 is a Ga,Ã1 -
torsor, whose isomorphism class in H1(Ã1,Ga) = H1(Ã1,OÃ1

) is equal to the class of the Čech cocycle
g0 = 2x−1 ∈ C1(U ,OÃ1) ' C[x±1] for the natural open cover U of Ã1 by two copies of A1 = Spec(C[x]).
Let sn : OÃ1 → OÃ1 be the injective homomorphism given by the multiplication by xn and let

ζ : Ga,Ã1 = Spec(OÃ1 [t])→ Spec(OÃ1 [t]) = Ga,Ã1 , t 7→ xnt

be the corresponding homomorphism of group schemes over Ã1. The induced homomorphism

H1(sn) : H1(Ã1,OÃ1)→ H1(Ã1,OÃ1)

maps the class in H1(Ã1,OÃ1) of the Čech cocycle gn = 2x−n−1 ∈ C1(U ,OÃ1) onto the isomorphism class
of the Ga,Ã1 -torsor ρ0 : S0 → Ã1. It follows that there exists a Ga,Ã1 -torsor ρn : Sn → Ã1 whose isomorphism
class in H1(Ã1,OÃ1) is equal to the class of the cocyle gn and a ζ-equivariant morphism of Ga,Ã1 -torsors
ξ : Sn → S0.
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The desired Ga,Ã1 -torsor ρn : Sn → Ã1 is given for instance by the smooth affine surface Sn in A3 with
equation xn+1z = y2 − 1 endowed with the factorization ρn : Sn → Ã1 of the smooth A1-fibration πn : Sn →
A1 induced by the restriction of the projection prx. A corresponding sn-equivariant morphism is simply the
birational morphism

ξ : Sn → S0, (x, y, z) 7→ (x, y, xnz).

By Theorem 13, the cylinders Sn × A1, n ≥ 0, are all isomorphic. Clearly, the surface S0 admits a second
A1-fibration of affine type given by the restriction of the projection prz . On the other hand, for every n ≥ 2,
πn : Sn → A1 is the unique A1-fibration of affine type on Sn up to composition by automorphisms of A1 (see
e.g. [21]). It follows that for every n ≥ 2, Sn is not isomorphic to S0. Actually, the surfaces Sn, n ≥ 0, are
even pairwise non isomorphic [4, 21].

REFERENCES

1. S. S. Abhyankar, P. Eakin and W. Heinzer, On the uniqueness of the coefficient ring in a polynomial ring, Journal of Algebra, 23(2)
(1972), 310-342. 1

2. T. Bandman and L. Makar-Limanov, Nonstability of the AK invariant, Michigan Math. J. 53(2005), 263-281. 1
3. J. Bertin, Pinceaux de droites et automorphismes des surfaces affines, J. Reine Angew. Math. 341 (1983), 32-53. 8
4. W. Danielewski, On the cancellation problem and automorphism groups of affine algebraic varieties, Preprint, Warsaw, 1989. 1, 8, 9
5. R. Dryło, Non uniruledness and the cancellation problem II, Ann. Polon. Math. 92, 41-48 (2007). 1
6. A. Dubouloz, Completions of normal affine surfaces with a trivial Makar-Limanov invariant, Michigan Math. J. 52 (2004), 289-308. 8
7. A. Dubouloz, Danielewski-Fieseler surfaces, Transformation Groups vol. 10, no. 2, (2005), p. 139-162. 1
8. A. Dubouloz, Additive group actions on Danielewski varieties and the Cancellation Problem, Math. Z. 255 (2007), no. 1, p. 77-93.
9. A. Dubouloz, Flexible bundles over rigid affine surfaces, Comment. Math. Helvetici 90 (2015),121-137. 1

10. A. Dubouloz, Affine surfaces with isomorphic A2-cylinders, Kyoto J. Maths, Volume 59, Number 1 (2019), 181-193. 1
11. T. Fujita, On Zariski problem, Proceedings of the Japan Academy, Series A, Mathematical Sciences, 55(3), (1979),106-110.
12. K.-H. Fieseler, On complex affine surfaces with C+-actions, Comment. Math. Helv. 69 (1994), no. 1, 5-27. 1
13. H. Flenner, S. Kaliman, and M. Zaidenberg, Cancellation for surfaces revisited, Archive HAL,hal-01377067v2 (2018), 95p. 1, 2
14. J. Giraud, Cohomologie non abélienne, Die Grundlehren der mathematischen Wissenschaften, Band 179, Springer-Verlag, Berlin-New

York, 1971. 5
15. A. Grothendieck, Éléments de géométrie algébrique IV. Étude locale des schémas et des morphismes de schémas, Troisième partie,

Publications Mathématiques de l’IHÉS, 28 (1966). 3
16. A. Grothendieck, Éléments de géométrie algébrique IV. Étude locale des schémas et des morphismes de schémas, Quatrième partie,

Publications Mathématiques de l’IHÉS, 37 (1967). 5, 7
17. A. Grothendieck, Revêtements étales et groupe fondamental (SGA 1), Lecture Notes in Math., 224, Springer, Berlin, 1971. 5
18. S. Iitaka and T. Fujita, Cancellation theorem for algebraic varieties, Journal of the Faculty of Science, University of Tokyo, Section

1A, Mathematics, 24(1) (1977),123-127. 1
19. T. Kambayashi and M. Miyanishi, Flat fibrations by the affine line, Illinois Journal of Maths., 22, no 4 (1978), 662-671. 2
20. D. Knutson, Algebraic Spaces, Lecture Notes in Math., 203, Springer, Berlin, 1971. 2
21. L. Makar-Limanov, On the group of automorphisms of a surface xny = P (z), Israel J. Maths. 121(1) (2001), 113-123. 9
22. K. Masuda and M. Miyanishi, Affine pseudo-planes and cancellation problem, Trans. Amer. Math. Soc. 357 (2005), no. 12, 4867-4883.

7
23. M. Miyanishi, An algebraic characterization of the affine plane, J. Math. Kyoto Univ. Volume 15, Number 1 (1975), 169-184. 1
24. M. Miyanishi, Open algebraic surfaces, Centre de Recherches Mathématiques 12, Université de Montréal, Amer. Math. Soc., 2000. 1,

2
25. M. Miyanishi and T. Sugie, Affine surfaces containing cylinderlike open sets, J. Math. Kyoto Univ. 20 (1980), no. 1, 11-42. 1, 8
26. P. Russell, Cancellation, in Automorphisms in Birational and Affine Geometry, Springer Proceedings in Mathematics and Statistics

Volume 79 (2014), 495-518. 1

IMB UMR5584, CNRS, UNIV. BOURGOGNE FRANCHE-COMTÉ, F-21000 DIJON, FRANCE.
Email address: adrien.dubouloz@u-bourgogne.fr

103




